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Abstract

In the framework of an arbitrary D-dimensional metric theory, perturbations are
considered on arbitrary backgrounds that are however solutions of the theory. Con-
served currents for perturbations are presented following two known prescriptions:
canonical Noether theorem and Belinfante symmetrization rule. Using generalized for-
mulae, currents in the Einstein-Gauss-Bonnet (EGB) gravity for arbitrary types of
perturbations on arbitrary curved backgrounds (not only vacuum) are constructed in
an explicit covariant form. Special attention is paid to the energy-momentum tensors
for perturbations which are an important part in the structure of the currents.

We use the derived expressions for two applied calculations: a) to present the
energy density for weak flat gravitational waves in D-dimensional EGB gravity; b) to
construct the mass flux for the Maeda-Dadhich-Molina 3D radiating black holes of a
Kaluza-Klein type in 6D EGB gravity.



1 Introduction

As multidimensional theories become more and more popular, the study of the behaviour
and properties of solutions in these theories has gained prominence. In particular, it is
especially important to describe perturbations in such theories (see, for example, [1] - [6],
and numerous references there in). It is very important to construct conserved quantities
for such perturbations. Although several approaches have been developed, including our
recent results (see [7] and references there in), these have been restricted, as a rule, to
only constructing surface (non-local) expressions. The surface expressions are obtained after
integration of so-called superpotentials. However, keeping in mind cosmological and astro-
physical applications it is important to construct local conserved quantities (which usually
are expressed by conserved currents for perturbations), and to connect them with non-local
conserved quantities. In this approach, conservation laws are presented in a form where
superpotentials are connected with correspondent conserved currents.

Arguably, at the present moment, among multidimensional generalizations of usual 4-
dimensional general relativity (4D GR), a Gauss-Bonnet (GB) modification is the most
popular. The action of the Einstein-Gauss-Bonnet (EGB) theory has a lower (quadratic in
curvature) order of the action of the Lovelock gravity [8]. The latter is a generalization of
GR, when an action includes higher order curvature terms preserving the diffeomorphism
invariance and still leading to field equations containing no more than second order deriva-
tives. On the other hand, independently, the GB term occurs in the effective lower energy
action of superstring theory [9]. The EGB gravity has many new useful and interesting
properties. Therefore in the framework of the EGB gravity numerous important topics and
problems are intensively studied. They are multidimensional black hole solutions, black hole
thermodynamics and conserved charges, AdS/CFT correspondence, wormhole solutions and
their properties, cosmological dynamics, membrane paradigm, etc. It is impossible to give a
full bibliography on studies related to Lovelock and EGB theories; for a review and further
references one can recommend, e.g., [10], where many aforementioned aspects are discussed.

In [7], where superpotentials and correspondent charges in EGB gravity were constructed,
we have used the following three approaches well known in 4D GR. The first approach,
canonical (direct application of Neether theorem), starts from the Einstein pseudotensor
[11] and the Freud superpotential [12]. The final and maximally generalized form in 4D
GR is presented by Katz, Bicdk and Lynden-Bell [13]. The second approach is based on
the Belinfante symmetrization method [14], which firstly in 4D GR has been applied by
Papapetrou [15] for symmetrization of the Einstein pseudotensor and for the correction of the

Freud superpotential. Maximally generalized application of the Beinfante method in 4D GR



is presented in the works [16, 17]. The third approach is frequently called as field-theoretical
(or symmetrical) one, where all perturbations (including metric ones) are presented as an
united field configuration, which propagates in a background spacetime and is described by
symmetrical (metric) energy-momentum tensor. For review of the above methods see [18].

To the best of our knowledge, unlike superpotentials, authors have not paid attention to
constructing currents in modified theories. Here, at least in part, we try to close this gap.
Following the proposals in [18], we present currents of a generalized form in an arbitrary
metric theory in the canonical and Belinfante symmetrization approaches. Following this,
the generalized formulae are used to construct the currents in EGB gravity. Thus, continuing
the research begun in [19] and [7], we add superpotentials presented in [7] by corresponding
currents. The symmetrical approach, due to its technical particularities, requires a separate
investigation, therefore we do not consider it here.

The paper is organized as follows. In section 2, general definitions in an arbitrary D-
dimensional metric theory are given, and general identities necessary for constructing con-
served quantities are presented and discussed. In section 3, in an arbitrary metric theory
conserved currents for arbitrary perturbations on arbitrary curved backgrounds that are
however solutions of the theory, are presented in the framework of both the approaches. In
section 4, the results of section 3 are used to construct explicit covariant expressions for the
currents in EGB gravity. In section 5, the new expressions for the currents are used to con-
struct energy density for weak flat gravitational waves and mass flux for radiating solutions
in the EGB gravity. The concluding remarks are placed in the last section. In Appendix,

we present the necessary, although somewhat cumbersome, expressions from EGB gravity.

2 Arbitrary D-dimensional metric theories. The main

identities

2.1 Preliminaries

To present an arbitrary D-dimensional metric theory we consider the Lagrangian:

A 1 - A
Lo =5 —Ly(0) + Lun(gpu @) (2.1)
Kp

One includes derivatives up to the second order of the metric g,, and ®, where the last
defines matter sources without concretization. Here and below “hat” means densities of
the wight +1, for example, §" = /—gg"’, L = /—gL, etc; (,a) = 0, means ordinary

derivatives; Greek indexes enumerate D-dimensional spacetime coordinates. Variation of



(2.1) with respect to g" leads to the gravitational equations:
Guw = kT . (2.2)

Variation (2.1) with respect to ® gives corresponding matter equations. In this section,
we derive the identities applying both the Ncoether theorem only and the Ncoether theorem
together with the Belinfante procedure to the gravitational part of the Lagrangian (2.1).

To examine perturbations, we need to consider the background D-dimensional spacetime.
g

7ps COvVariant

Let it belong the metric g,,,, from which the background Christoffel symbols T
derivatives D, and the background Riemannian tensor EJTM are constructed; here and below
“bar” means that a quantity is a background one. We also use the background Lagrangian
defined as ZD =L p(Guw, @) and corresponding background gravitational and matter equa-
tions. We assume that the background fields g, and ® satisfy the background equations,
and, thus are known (fixed). Here, for our purposes, we incorporate the background metric
G, Into ﬁg changing the ordinary derivatives d, by the covariant D, ones in the usual way:
00w = Doy ~T ) gu!|". The generalized notation g,w|g corresponds to the Lie derivative
definition:

Legu = = Dagu + guls Dal”, (2:3)

thus g,w|g = —2¢p(,0,); the choice of a sign corresponds to [20]. Then, using
Ao, = T8, =T, = 19" (Dudp + Dupu — Dypgyw) (2.4)
RMpe = DAY, —DyAN + ALAT — ANAT 4Ry = Ry + Ry, (2.5)
we transform the pure metric Lagrangian ﬁg into an explicitly covariant form: ﬁg =L, =
ﬁc(gu,,; Do9uv; Dgaguw), where Dg, = DgD,,. Here and below § means a difference between

a dynamical and a background quantity. Thus for an arbitrary tensor density Q:
Q=0Q-Q (2.6)

that is a finite (exact, not infinitesimal) perturbation.

2.2 The Noether method and identities

A direct application of the canonical Neether procedure to —ﬁc/ 2Kkp, as a scalar density,
gives the identity —1/2kp (£5ﬁc + 8a(§°‘ﬁc)) = 0, which is equivalent to

-D, [aaagff + 7, "D, + ﬁawﬁmﬂgﬂ =Dy i% = 0,48 =0. (2.7)
Here, the coefficients are defined in unique way (without ambiguities) by the Lagrangian:
1 14 - _
i1, = —— [0 + kplly® + kpin R4, ] | (2.8)
KD
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It can be seen that n,%? = n,*%7. We use the notations

. 16L, oy 5L

O = g 0= Tl = T ghe 2.11
ga 2 59/w gW|U 5guaglw 59“09 ’ ( )

. 1 oL. — L. R
Z/[o—a = — — c DO’ Juv + _7cDo-g v 5?£C> y 2.12
T (a(pgagw) 590 5 Bugm) (212)

5‘CAC aﬁc e ( aﬁc )
0(Dugy)  0Dagu) " \O(Dasgpw)

As usual, 6L, /69, means Lagrangian derivatives, G, is exactly the symmetrical left hand
side of (2.2), and U*, is the generalized canonical energy-momentum related to the gravita-
tional Lagrangian in (2.1).

The generalized current in (2.7) can be rewritten as
QY P% A« A o A~ pQ 200
it = — {(Ua + TR )€ + PP OE ) + Zo} (2.14)
where z-term is defined as

22‘(5) = mmﬁgcrﬁ + PP (25“/%/) - EPCﬁ“{) ) (2-15)

and 2¢,, = —£¢g,, = 2D(,&y). Thus, z-term disappears, if £# = A\ is a Killing vector of the
background spacetime. Then only the current (2.14) is determined by the energy-momentum
(u + nR)-term and the spin m-term.

Opening the identity (2.7) and, since &7, 0,7, 03.&7 and 0,5,£7 are arbitrary at ev-

ery world point, equating independently to zero the coefficients at £7, D,£7, ﬁ(ga)f" and
D(,50)E° we get a system of covariant identities of the Belinfante-Rosenfeld type:
Daii® + 2R, . + 1 D,R, =0, (2.16)
lip® + Dyin + 1R, + 2, PR, =0, (2.17)
1, @) + Dyi, NP = 0, (2.18)
AP = 0. (2.19)

These are the generalization to arbitrary curved backgrounds of the expressions given by
Mitzkevich [20]. The above identities are not independent: the first one (2.16) is a conse-

quence of the other three.



As a rule, a divergence L= OZ”,,, in the Lagrangian is not essential for deriving field
equations. However, in a definition of canonical conserved quantities it plays an important
role. Let us illustrate this below. For the scalar density L= dAVJ, one has the Nceether
identity

(£ed® +€%d" ) 0 =0, (2.20)

which has to be considered together with (2.7). An expression under divergence in (2.20)
defines an additional contribution

i = =, + m, T D,E (2.21)
e 9D (8ld?y, L =2sld”, Al =0. (2.22)

o

into the current (2.14). Note that the construction of the quantities (2.22) in the additional

current (2.21) does not depend on the inner structure of v

2.3 The Belinfante symmetrization
Using the Belinfante rule [14] generalized in [17] we define the Belinfante correction:
goBo _ _gBao _ _m)\a[agﬁp\ _ m/\a[ogﬁ]A + m)\ﬁ[ggalk 7 (2.23)
and modify (2.14). Thus, the Belinfante corrected current is
i =+ Dp(5°77€,) = — [(@o” + "Ry, — Dps™, ) €7 + 25(6)] | (2.24)
By definition, it does not contain the spin term (coefficient at 9jg€,)). The new z-term
£5(6) = (77" + 2970 %) G + 7,7 (2D5¢5 — Dy ) (2.25)

disappears for Killing vectors of the background as well. Due to antisymmetry in (2.23), this

current (2.24) is also identically conserved:
0,05 = Dyai = 0. (2.26)

It is important to note that the Belinfante procedure cancels the addition (2.21) induced by
a divergence in Lagrangian.

Because the currents i and 7% satisfy the identities (2.7) and (2.26) they have to be
expressed through correspondent antisymmetrical tensor densities (superpotentials) igﬁ and
%7, for which 0,05i%7 = 0,051% = 0. Indeed, following the standard prescription [18] and

(2.17) - (2.19), one can construct these superpotentials satisfying

& = Dl = 05127, (2.27)

1% = D%’ = 915 . (2.28)
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These demonstrate a principal form of a connection of the currents constructed here with
the superpotentials in [7].

Here, the coefficients (2.8) - (2.10) are uniquely defined by the pure metric part of the
Lagrangian (2.1). Consequently, Neether’s and Noether-Belinfante’s procedures give uniquely
defined currents. The same claim is related, of course, to all the quantities constructed below

for perturbations and based on the identities presented here.

3 Currents in arbitrary D-dimensional metric theories

In previous section, we have derived the identities and the identically conserved currents
related to the external background spacetime which looks as an auwxiliary structure. Here,
we use these results to describe perturbations, which are determined when one (dynamical)
solution of the theory is considered as a perturbed system with respect to another solution
(background) of the same theory. Perturbations in such a scenario are exact (not infinitesimal
or approximate), and the background spacetime acquires a real sense, and is not just an
auxiliary structure. The same scheme, which can be named as bimetric, has been explored

in [7]. Linear and higher order approximations simply follow once the exact form is presented.

3.1 Canonical Noether current

The expressions presented in subsection 2.2 are maximally adopted to construct Noether
canonical conserved quantities in the framework of the bimetric formulation. Following the

Katz-Bicak-Lynden-Bell (KBL) ideology [13] we construct the Lagrangian:

fo— - (ﬁg — L, + aacia> . (3.1)
2Kp

This Lagrangian, constructed for perturbations, has to be vanishing for vanishing perturba-
tions. Thus usually d® is chosen to satisfy this requirement, i.e., to disappear for vanishing
perturbations, see, e.g., [13, 21]. Applying the barred procedure to (2.14) and taking into
account the divergence (using (2.21) and (2.22)), one obtains the current corresponding to
(3.1): I8 = i% — 72 + 7*. We then use the dynamical equations (2.2) in 4,*. We change
G, (as a part of 4,%, see (2.8)) by the matter energy-momentum 7}, at right hand side of

(2.2). Next, we do the same combining @, and the barred equations (2.2). In the result one

obtains that the identically conserved current I& related to (3.1) transforms into the current

T(€) = 00,%€7 + cMPO,q + ¢ Z2°(€) (3.2)



for perturbations. Now, the conservation law:
DoZ8(€) = 0.15(€) =0 (3.3)

holds in place due to the field equations (not identically). The generalized canonical energy-

momentum, spin and Z-term are

c0,% = 0T+ 6U," + k' Ds(0l*d”) | (3.4)
cMP = g, Pger — kptgrled? (3.5)
c29(€) = 052+ wpi(yd) (3.6)

where perturbations are constructed following the general definition (2.6). To calculate

perturbations one has to use quantities presented in (2.2), (2.9), (2.10), (2.12) and (2.15).

3.2 Belinfante symmetrized current

To construct the Belinfante corrected conserved currents for the perturbed system (3.1) we
turn to subsection 2.3. We subtract the barred expression (2.24) from the original one (2.24):
1% = i% —7%. Of course, the same is obtained after applying the Ncether-Belinfante method
directly to the Lagrangian in (3.1). Again, using the equations (2.2) and their barred version

in 4,* and 7,®, the current I% related to (3.1) transforms into
I5(8) = 50,67 + pZ°(¢). (3.7)
Thus, one has a conservation law
DaZ(8) = 0a15(§) = 0 (3:8)

for perturbations satisfying the field equations. As it has to be, the current (3.7) does not

contain a spin term, unlike (3.2). The Belinfante corrected energy-momentum and Z-term
are

50,° ST + oU,™ + D365, | (3.9)

B2Y(E) = —855(8). (3.10)

To calculate perturbations one has to use quantities presented in (2.2), (2.9), (2.10), (2.12),
(2.23) and (2.25).

Note that, the energy-momenta (3.4) and (3.9) are separated into the two parts: matter
and pure gravitational ones. However, this separation is conventional because the relation
between these two parts can be changed easily by another combination with the field equa-

tions (2.2) that is quite permissible.



4 Currents in the Einstein-Gauss-Bonnet gravity

4.1 Preliminaries

In this section, we apply the theoretical results of the previous sections to derive the explicit
structure of the currents in the EGB gravity of both the kinds (3.2) and (3.7). We search
for the expressions in the most general form: they are not to be restricted by any concrete
backgrounds or dynamic solutions. As a basis for calculation, we use expressions presented
in the Appendix. Because Z-terms in (3.2) and (3.7) disappear for the Killing vectors of the
background they are not so essential. Therefore, we do not give their explicit form, since
these can be easily reconstructed using the auxiliary expressions from the Appendix.

The action of the Einstein D-dimensional theory with a bare cosmological term Ag and

a Gauss-Bonnet correction term (see, for example, [22]) is

— 1 D A D ’
S = QKD/d [EﬁEGB—F/d :L',Cm
_ b [ dPev/=g1R =20 + a(RR)as] + [ dPaLn. (4.1)
2/€D
(RR)gp = R25 5 —AR2, + R, (4.2)

where kp = 2Qp_sGp > 0 and a > 0; Gp is the D-dimension Newton’s constant. Below,
the subscripts “g” is related to the pure Einstein part of the action (4.1), and the subscript
“aB” is related to the Gauss-Bonnet part connected with a-coefficient. The field equations
that follow from (4.1) have the form of (2.2) with

X 5 .

gr = ~5g Lrep = \/—_9{(RW — 39" R+ QWAO)
177

+ 20 |[RR™ = 2R",",R7 + R',, R — 2R", R™ — 1g" (RR)gp) b (4.3)

4.2 Canonical prescription

Let us turn to the current (3.2). Its structure (3.4) - (3.6) essentially depends on the diver-
gence in the Lagrangian. We choose the divergence induced by the Katz-Lifshits approach
23] (see discussions in [7, 24]). Thus, in (3.4) - (3.6) we consider

0 = oy ™ = 201,67 + 0 (R, — 2R — 28T R 4 sl g R) A%, (4.4)
In D-dimensional GR, the Katz and Livshits superpotential [23] turns out uniquely the KBL
superpotential [13]. In EGB gravity, their superpotential (essentially connected with (4.4)
and the GB term (4.2)) naturally transfers into the KBL superpotential for D = 4. Thus,



although the GB term does not affect the derivation of the field equations for D = 4, it
plays an important role (as a criterium) in definition of superpotentials of canonical type.
The use of the term (4.2) in the Lagrangian even in four dimensions turns out important
when the other ideas are elaborated. For example, in [25] Olea includes the GB term to
regularize conserved quantities, in [26] Miskovi¢ and Olea show that the standard holographic
regularization procedure of AdS gravity with counterterms is topological and, thus, can be
presented by the addition of the GB term.

Now, not calculating Z-term, we construct (3.4) and (3.5). The matter part in (3.4) is
defined by the sources in (2.2), however its concrete form will not be presented here. For
present purpose, it is more interesting to focus on the gravitational part of (3.4) denoted

below as ¢7,*. Thus, we calculate (3.4) with the use of (A.5) and (4.4):

~

A A — 1 S
C@O'a = (5T0_a + 07:704 = w/—nga — 1/ —g To.a + ﬂ(sg |:Rp7—lp7— - 2A05\/ _gi|
D

+ M (AGr AT, + AJ AT + 03 AGAT, — 63AGL AT ) g7

KD T
1 B o ~
+ —Dﬁ((s Gpd )+—5 5(RR),

2004/ —
n OzI{D [(Rocﬁp 4gp[aR£] + Rgp[a(;f]) DJAEP

+ 20° (DpR™ + 205 RV) AL 00 — 9" A0, R] . (4.5)

The symbol § without subscripts, once again, means a perturbation of a quantity with respect
to a background (2.6); we also use the notation: I’" = §§*™ = §(/—gg*") [17].

To calculate the spin term (3.5) we use (A.6) subtracting the barred (A.6) and taking
into account (4.4). Thus

CMO’OCB _ _N

L1ar, (277097 +5797) — A (207797 + 57977

2I<LD
1 - 200,/ —
_ _ga[a(GB)dm + . g [Ran)\Afp _ 2Ra(76)pA¢)\} g)\a
4 day/—yg
+ SV agre RIAT, + 2R g A, + 20"V RIAY, + g7 (REAZ, — REAS))
KD
T T T 1e% —)\o 40[_ o ~T o
— (970 TN 9N ) RS 7 - 7 Ded (97R3)
2 \/ 201
I o [ B_I_A }y)\a_‘_ erD 5( R) (46)
/‘€D

As expected, these expressions disappear for vanishing perturbations. The Einstein parts in
(4.5) and (4.6) exactly coincide with the energy-momentum and the spin tensor presented
n [13]. We do not present explicitly the terms with (GB)CZO‘ because this does not simplify

the expression as a whole.
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4.3 Prescription of the generalized Belinfante procedure

Here, we turn to the current (3.7). Its structure, see (3.9) and (3.10), unlike the canonical
case, does not depend on a spin term and a divergence in the Lagrangian. As before, we do
not consider Z- term. Constructing (3.9) we calculate explicitly the pure gravitational part
only, it is denoted below as 7. We substitute (A.5) and (A.8) into (3.9), raise indices,
use the field equations (2.2) with (4.3) and, as a result, obtain

ANoa P(a— ca — (a=0)p _ [ —= 0
5O —5Tpgp+T =V=9T;°g"" =g T

- L " R,.g* + 2" R]) — 2§“A05\/—_g}
2I<LD -
+ g (g - g Do, 2 (79 - ) Do)
+ i T (9T ANAT, + 2 AL AT)) + Mg AT A
+ ,:D 77 (A2, AL577 — 282 Aleg77) + g (A7 AL — AT, Ale — AT Al) g7 ]

2 — ) —_—
+ O‘T\/_gg/\a [(RaﬁpT — 4g°l°RA) 4 Rgp[a(;f}) D\Aj, — gp(aA@)DBR
D

) av a AV T Y _ao 2 D P9
24P (DBR + 2R Aﬁ)p) A(ug”)T} 4 %g S (RR)aB + Dgdcp)s B

_ QT"_Qy)\[oc |:RJ]7TpTR)\7rpT N 2RJ]7T>\pR7rp _ QRZ}R + R}\ R} (47)
D

The Einstein part exactly coincides with the one presented in [17]. Recall that, even this part
(symmetrized) is not symmetrical in general, see [17]. Here, we do not open the divergence of
the GB-part (g B)éo‘ﬁ" of the Belinfante correction, see (2.23), because this does not simplify
the expression; for calculations it is more convenient to use the already known/calculated
components obtained with using (A.8). The symmetrical matter part and the last line in
(4.7) are the result of the secondary use of the field equations (2.2) with (4.3). Like (4.5),
the energy-momentum (4.7) disappears for vanishing perturbations, note that the barred

last line in (4.7) vanishes due to the antisymmetrization.

5 Applications

5.1 Weak flat gravitational waves

Here, we use formulae from previous sections to calculate energy density for weak flat grav-
itational wave in the EGB gravity. Such a gravitational wave propagates in D-dimensional

flat spacetime and is described by the linearized vacuum equations (2.2) with (4.3). Due
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to the requirement of the flat background the GB part in (4.3), being quadratic in cur-
vature components, does not contribute to the linearized equations, and Aqg = 0. Thus,
effectively, these are the linear Einstein equations in D dimensions without cosmological
term. Assume that g,, = 1, + h,, and that the Lorentz coordinates are used. Then one
has 7, = diag(—1,1...1) and A}, ~ h,. .. Linear Einstein equations after applying the
standard technique of the T'T-gauge [27] have a form

Ry = —2huo®=0. (5.1)

Assuming hy,, = hy,(t — 2) = hy(2° — z') one obtains hg, = hia = h% = 0, and non-
zero components are hy; where the Latin indices from the middle of alphabet numerate:
kl...=23...,D—1.

Let us turn to the canonical prescription. To calculate the energy density one has to cal-
culate the 0-component of the current (3.2) with the Killing vector £* = A\* = (=1, 0); A\, =
(1, 0). Then, only the 00-component of the pure gravitational energy-momentum T in
(4.5) contributes (without spin term (4.6)); for the linearized wave we calculate «75° up to
the second order. In direct calculations we take into account: a) a flat background with zero
Riemannian tensor and its contractions; b) zero linear parts of the Ricci tensor and curvature
scalar due to (5.1); c¢) proportionality A, ~ h.. .. In the end we show that, including the

quadratic terms, the GB part of Tl is equal to zero as a whole. Considering the Einstein

part one obtains in quadratic approximation:

1 D—-1

T’ =—— > Iy (5.2)

4kp k=2

where dot means differentiation with respect to t = 2°.

Now we turn to the Belinfante prescription to calculate the 0-component of the current
(3.7). Keeping in mind the above assumptions and using the Killing vector A* we need to
calculate only the 00-component of the pure gravitational energy momentum 5T in (4.7).
Again the GB part is equal to zero in quadratic approximation. Thus, 57 is also defined

by the Einstein part only:
D—1

1 .
pTY = P SR (5.3)
KD 1=
Contracting both (5.2) and (5.3) with the Killing vector A* one obtains the unique

expression for the energy density of the flat weak gravitational waves:

1 D-1
R ) 5
k,l=2
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This is in a full correspondence with the standard results in 4D GR [27]. Because the
equations (5.1), in fact, are the Einstein ones the energy density (5.4) is acceptable. Thus,
the new energy-momentum expressions applied here to describe flat gravitational waves
satisfy simple, but important and non-trivial, test. Indeed, the equations (5.1) are from the
start the linearized EGB equations, not the Einstein equations; the currents (3.2) (with (4.5)
and (4.6)) and (3.7) (with (4.7)) from the start have been constructed in the framework of
the EGB gravity, not the Einstein gravity.

5.2 Radiative 3D black hole of the Kaluza-Klein type

In this subsection, we apply the new formulae to describe mass fluxes for interesting and
important solutions obtained recently in the works [28, 29]. The main assumption is that a
spacetime is to be locally homeomorphic to M4 x KP~4 with the metric g, = diag(gap, 7Vab),
A B=0,---,d—1; a,b=d,---,D — 1. Thus, gap is an arbitrary Lorentz metric on M2
Yap is the unit metric on the (D — d)-dimensional space of constant curvature KP~9¢ with
k = 0, £1. Factor rq is a small scale of extra dimensions. Vacuum gravitational equations
G*, = 0 (see (4.3)) are decomposed into two separate systems G4p = 0 and G% = 0. The
first one is a tensorial equation on MY, whereas the second one is a constraint for it. However,
to obtain more interesting solutions one has to consider a special case, when the expression
G4 disappears identically. This is possible for d < 4 only. In this case, constants are chosen
so as to suppress the coefficients in G4, which is possible when D > d + 2, k = —1 and
Ay < 0. After taking into account all of the above, a single governing equation is G%, = 0.
In reality it is the unique scalar equation on M% because G%, ~ §¢ and depends on gap only.

Here, we consider the case D = 6 and d = 3 presented in [29]. A suitable set of constraints

for the constants is rZ = 12a = —3/Ag. Then, the unique scalar equation is

(d>R = 2A07 (55)

where subscript ‘()" imply that a quantity is constructed with the use of g4p only. This scalar
equation is satisfied by both the static and the radiative metric [29]. Here, for constructing
the mass fluxes, it is quite appropriate to use the new current expressions. We apply them

to radiative solution gap(v,r) of the Vaidya type [29]:
ds® = — fdv® + 2dvdr + r*d¢ f=r*/+q)/r— ) (5.6)

where [2 = —3/Ag. In this conctrete case u(v) and q(v) depend on the advanced time

v. Non-zero components corresponding to the solution (5.6), d = 3 sector, are as follows.
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Metric components are goo = —f(v), go1 = 1, gop = r?; Christoffel symbols, components of

Riemannian and Ricci tensors, curvature scalar, and components of the Einstein tensor are

Ty = (ff = f)/2, 0% = f//2, T, = —f/2, T2, =1/r, T}, = —rf, IS, = —r,(5.7)
!
1 .
ROI0L  _ Lgr  po212 _ f RI212 _ _27«3(ff, )

2 ) 2_,,,.3’
RY = —Llpepem+f]. B =-terer, re--L
2r ’ 2r ’ r3’
1
R = - (rf"+2f"), (5.8)
Gy = Gi=1/P—q/2r*, Gy= (r—q)/2r%, G3=1/+q/r*, (5.9)

where ‘prime’ and ‘dot’ mean 9/9r and 0/0v. The scalar curvature of D — d = 3 sector is
(- = 6k/rg = 2Ag = —1/2a. (5.10)

In fact, (5.6) - (5.9) together with (5.10) present 6D solution in EGB gravity. Whereas
(5.6) - (5.9) without (5.10) can be considered as a solution to the Einstein 3D equations on

M3, which are not vacuum equations with redefined cosmological constant A = —1/1%

@Ras — 59483 R + gapA = ksTap . (5.11)

A natural treating in [29] is that T4, corresponding to (5.9), is created by extra dimensions.

Here, both the full 6D presentation in the framework of the EGB gravity and the 3D
interpretation (5.11) are explored. We consider a cylinder S := r = const. The wall S can
be thought as 5D timelike hypersurface in 6D spacetime, or as 2D timelike hypersurface
in 3D spacetime; 0% is an intersection of S with a lightlike hypersurface v = const. To
present a mass flux through 9% one has to calculate the component Z* of the currents (3.2)
or (3.7) and integrate it over 03. The total background metric in the 6D derivation can be
chosen as §,, = Gap X 70Yas With the AdSs metric g,p presented by f = r?/I> 4+ 1 in the
element of the type (5.6), see [24]. Whereas the background metric in the 3D derivation is
chosen as the same AdS3; metric §,5 only. Background components are derived from (5.6) -
(5.10) after applying the barred procedure. To calculate the mass flux we use the timelike
background Killing vector £ = \* = (—1,0); A\, = (f, —1,0) where 0 includes all the rest
space dimensions both for 6D and for 3D derivations.

Let us present results of calculations in the framework of the canonical prescription of
subsection 3.1 with the formulae of subsection 4.2 in detail. Turn to the 6D derivation. Then
using all the components (5.6) - (5.10) together with the barred ones, we substitute them
into (4.5) and (4.6). Recall that Z(\)-term disappears, and note that, unlike subsection 5.1,
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we need to calculate the spin term (4.6). After very prolonged and cumbersome calculations
we obtain for (3.2): (5Z&(\) = @mZ&(N\) = 0 that gives Zh(\) = 0. Thus,

M = b dzP7*TL = 0. (5.12)

At a first glance, the result (5.12) looks strange. However, it is in full correspondence
with the results in [24] where we have just calculated the masses of d = 3 objects in D = 6
EGB gravity with the use of the superpotentials constructed in [7]. Let us demonstrate
this correspondence. A general expression for the total mass has been obtained as a surface

integral in D = 6 dimensions [24]:

M= dP [Ty T = doy g, I Py =V f doyaa T

(5.13)
Integration over d = 3 sector gives zero. In the canonical approach, it is so because Z2' =
0 (in more details (GB)fgl = —(E)igl # 0). For the Belinfante corrected approach the
integration over d = 3 sector gives zero due to the asymptotic behaviour of Z%, in spite of
7% # 0. The formula (5.13) shows that one needs to consider two possibilities: (i) when extra
D — d = 3 dimensions are not compactified; (ii) when they are compactified by appropriate
identifications.

In the case (i), one has to consider objects as 6 dimensional ones. Of course, in spite of
Vo — 00, their masses in (5.13) have to be equated to zero. Next, because M is defined for
arbitrary 0X one has Myys,, = Mpy, = 0 that determines null flux through 9%. One finds
just a correspondence of (5.12) with the corresponding conclusion in [24].

The case (ii), in our opinion, has a more physical sense. Now, V,, in (5.13) is finite.
Then, because Z°" ~ 1/kg one can set r3 = g/ Vs,, and, really, in (5.13) one has M ~ 1/xs3.
This means that the 6D Einstein constant xg is reduced to the 3-dimensional one k3 that
is the standard Kaluza-Klein prescription. One has to reject 6D derivation and turn to 3D
derivation with the Einstein presentation (5.11) and with the evident interpretation of 3.
In this case, null mass is quite unacceptable. Therefore one has to use ingredients of the
Einstein theory only, and not the EGB one. Thus, applying superpotentials constructed in
7], we have used their Einstein parts only, changing g by k3: (E)j(ﬂ =(u+1-—q/r)/2k3
that gives acceptable mass for the solution (5.6) on the AdSs background [24]:

M = § e T8 = (u+ /s (5.14)

Exploring the expressions for currents presented here one has to use the Einstein inter-
pretation (5.11) also. However now, unlike the superpotential application, we cannot use the

reduced the Einstein part of the current of the 6D description because (GB)fé = (E)fé = 0.
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Nevertheless, there is no a contradiction. Recall that in 6D picture we are based on the
vacuum EGB equation (pure gravitational), whereas for the 3D description (5.11) construct-
ing currents (see (3.2) and (3.4)) we must use the created matter at the right hand side of
(5.11). Thus, in 3D derivation, the component T = (fir —¢)/2k3r* in (5.11) just determines
B Le = /—gT" o\’ = — (i — ¢/r)/2k3 by a crucial way. This gives the flux:

(E)M =P d:)sD_z(E)fé = —fm /K3 . (5.15)

Differentiating mass (5.14) (obtained in the framework of the superpotential derivation) with
respect to v one obtains: (E)M = [ur/k3 [24]. One can see a difference in a sign, however
there is no contradiction. A simplified differentiation of M with respect to v gives, in fact,
an absolute value of the flux. A check with using Z! = 9,Z'° and antisymmetry 710 = —701
shows a correspondence in signs also.

The same conclusions follow when the Belinfante symmetrization method developed in
subsections 3.2 and 4.3 is applied. Though, unlike the canonical approach, in 6D description:
T} # 0; and, in 3D interpretation, (g Z} is not determined by the created energy-momentum
in (5.11) only. However, due to the asymptotic behaviour, additional terms do not contribute
into the final expressions after integration. Thus, once again, in the case (i), one obtains a

zero mass flux (5.12), whereas, in the case (ii), one needs to use the 3D (5.11) interpretation
and has the flux (5.15).

6 Concluding remarks

The modern development of multidimensional metric theories themselves, naturally, in-
cludes/induces a development of methods for constructing conserved quantities. In the
present paper, in the framework of the D-dimensional EGB gravity we have presented the
explicit covariant expressions for the conserved currents of perturbations of an arbitrary type
on arbitrary curved backgrounds. The two methods, canonical and Belinfante corrected, have
been applied. The main parts in the structure of the canonical and Belinfante corrected cur-
rents, which are the energy-momentum tensors (4.5) and (4.7), are the generalization of the
Einstein pseudotensor [11] and of the Papapetrou pseudotensor [15], respectively.

Together with an evident academic interest, a construction of such currents can be very
useful in applications. Indeed, many solutions of modified metric theories need to be exam-
ined in detail. It is necessary because frequently such solutions look quite exotic, and one has
to understand the physical meaning they represent, how contradictive or non-contradictive

they are, etc. Thus, by presenting rules for constructing conserved quantities including
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conserved currents that are important physical characteristics of objects, we present the
instrument for analyzing these objects.

Applications in section 5, should be seen as tests for the new expressions. Indeed, weak
flat gravitational wave is the standard object with well studied properties; also properties
of the 3D radiating black holes already have been studied by us in [24]. However, the
direct calculation of the mass flux using the new current expressions can be viewed as an
important independent result. In [28, 29], the matter presented by the energy-momentum
at the right hand side of (5.11) is treated as being created by all the extra dimensions
as a whole. Of course, such a derivation differs from the standard Kaluza-Klein picture
where each of compactified extra dimensions determines its own charge. Nevetherless, as
we show in subsection 5.2, the compactified dimensions are reduced in the standard Kaluza-
Klein prescription. Also, we demonstrate that the created matter in (5.11) determines the
classically defined mass (5.14) (see [24]) and mass flux (5.15) of the objects. Thus, keeping
in mind the above comments, we support the claim of the authors of [28, 29] that their
solutions present the objects of the Kaluza-Klein type.

It is important to compare our results with the results by Cai, Cao and Ohta [30]. The
authors, in the framework of the Lovelock gravity of an arbitrary order, have constructed and
analyzed a new solutions analogous to (5.6)-(5.10), only static. Using the Wald technique
[31], they have proved that the objects corresponding to such solutions have zero entropy
and, consequently, zero mass. This coincides with our conclusions. Indeed, [30] uses the
EGB Lagrangian in all D dimensions. In our consideration, in the case (i), when objects
are examined in all 6 dimensions, both mass of the objects [24] and their mass flux (even in
radiative regime (5.12)) are equal to zero.

In the future, we intend to continue to construct conserved quantities in EGB gravity, and
present conserved currents in the framework of the symmetrical approach (see Introduction).
Also, we plan to use the new expressions, both for the superpotentials and for the currents
in EGB gravity, to describe interesting solutions, say, 4D objects in D-dimensional EGB
gravity [28].

Lastly, the possibility of a connection between AdS gravity and a conformal field theory
(CFT) living on its boundary induces a considerable attention. A definition of conserved
quantities and an existence of nonzero energy for asymptotically AdS vacuum spacetime
could be useful to identify the AdS/CFT correspondence at the boundary. To define finite
conserved quantities one requires a regularization procedure, the mechanism of which does
not invoke the substraction of background configurations. In this context, one of more

popular approaches is the boundary counterterm method. 1t is developing more intensively
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in the framework of EGB gravity, one can recommend, e.g., interesting works [32, 33] and
numerous references there in. Unlike the boundary counterterm method, the prescriptions
explored here (and in [7, 18, 24]) use the background spacetime in a crucial way. Nevertheless,

it could be very useful to compare these approaches, and we plan to do this in future.
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A Auxiliary expressions in EGB gravity

In this appendix, we calculate the coefficients, which are derived following the definitions
(2.8), (2.9) and (2.10), and correspond to the Lagrangian Lpgp in (4.1). However, at the
first it is useful to present the next derivatives:
~2kp 0Ly —2kp (OLp  OLgn
V=9 09 V=3 <5’9W g )
= 19"(R—2Mo) + [2(g"AL,AY, + g™ AY, AL
agh”
2
204[ ( A(uAV) A+ a/\A(u A”) D A”)) R\P7 — RmponTW}
— 8 [2 (gAY, AL, + g* AV AY + gV DAY ) R — R RY|
+ 20R[2(g" Aa[ + g AN+ DAL ) g7 - R (A1)

+ 9" DAL ) g7 — R

ple

(Rarpe RX7 = 4R R* + R?)

o p]T

—2I<LD 8£AEGB —2fip< aEAE aLAGB )
Bl -

V=9 0Dag) V-39 \0Dugp) ' 0Dugy)

= [Aapgg[ﬁgﬂ]l’ + gaoAg‘;g”)p _ ga(qui)gap]
aop( V) _ A DROUY
+ Ao [2ROPVEAY, — NS R
— o [2R°“7A£f;g”)p — QQQ(“AZ)[)RUP + 2g°‘C’Ag‘;R” — 2R “A”pg"p
+ A(O;pR””g’“’ + A(O;pg“”R“” — 2AO‘ Ro ")p}

+ AaR[A%,gPg" 4 g2 AL g — g* AL g7 ; (A.2)
—2Kp 8ﬁEGB . —2Kp ( aﬁE aﬁGB )
V4 a(ﬁﬁaglw) V=g 8(Eﬁag,uu> 8(Dﬁag,uu)

_ {ga(ung _ gof g;w}
+ 20 [2RYME — 4ROW G L 9g RO 4 9o R 4 R (g7(g)P — g7 )] L (A.3)
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With using (A.1) - (A.3) we calculate the coefficients (2.8) - (2.10) for the EGB La-
grangian in (4.1). Because (2.8) is defined by (2.11), (2.12) and (2.10) we present these parts
separately. Thus

G® = (1G°+ (ap)GY (A4)

= V=g (RS — $03R+ 53 A)
+ ayv=g [2(RRS = 2R, R + R*,r R, — 2RSR ) — L35 (RR)g) -

U," = U+ @pls" (A.5)
_ -9 T a] a
— _V%D 20" D, A8 — 65 (R — 2A)]
LoV I [(Re%r, — 4gPleRY) + Rg#1*6%) D, A,
Kp

- o oAV - o — AN/ —3
+ 2g™ (DR + 2R AD)) AT g0y — A DsR| + 2rp Vo FR)cs

me"" = ;""" + @pym."” (A.6)

= \/_[5%,)79 2A§‘pgﬁp+Azggaﬂ]

2%5

+ 2a\/_[R“TP AS, — 2RO A2 ]

dov/=g
+ I [agrleRAAT 4 2RgTPAY 4 20" RIAY,
Kp
— g7 (DR + R,AS, — ROAL, )]

a\/— I [(0208, 977 — 208,6% + AL g% R — 269750, ]

TALUAQB = (E)TALU)‘aﬁ —+ (GB)TAZUAQB (A7)
NV TI [ 4B MasB)
= T {9 0y — g0, }

L g I L 2R, —4RM ™ + 4R g + R (9762 — g5} |
KD

It was checked directly that the coefficients 4,* in (2.8) (calculated with the use of (A.4),
(A.5) and (A.7)), and the coefficients (A.6) and (A.7) themselves satisfy exactly the identities
(2.16) - (2.19).

At last, using (A.6) we calculate the Belinfante correction (2.23) for the EGB gravity:

safBo safBo

= ®5 " tT@Bs

_g o—=p|0 T, O |0—, g —, loa —
= _VI{D [A[Tpgﬁ} g+ A%,9 [ogAIA —A)\pgp[ g — 2l ‘7 Blxgp —I—A Pl vide

§a60
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2004/—
+ KD : [g)\[a (RB]MP - 2R6]TUP) AN+ ?MQAE]pRMP/\ + EMQRBWAA%

+ 7 (A — 4]

i % [(RRg”A2) — g RV AL — g RIAL, + D R g™ + RY,AS,67) 7
_ (R;gp(UAfz) _ 4R’ A9 — P RTAY, 4+ D, R(a B Ry A(" T) o

+ (20 RIAL, — R AY, + g RE A — D, R[a ar R” A[)\ )

! 2(W— ? (o771, — AL g + AL T ALY — 7 A ) R
+ (gk[ag} +g g )@R} (A8)

Of course, the Einstein part exactly coincides with the one presented in [17].
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