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Abstract

A-nuclei (groups of regular permutations) of a quasigroup are studied. A quasigroup is
A-nuclear if and only if it is group isotope. Any quasigroup with permutation medial or
paramedial identity is an abelian group isotope. Definition of A-center of a quasigroup is
given. A quasigroup is A-central if and only if it is abelian group isotope. If a quasigroup is
central in Belyavskaya-Smith sense, then it is A-central. Conditions when A-nucleus define
normal congruence of a quasigroup are established, conditions normality of nuclei of some
inverse quasigroups are given. Notice, definition of A-nucleus of a loop and A-center of a
loop coincides, in fact, with corresponding standard definition.
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1 Introduction

1.1 Historical notes

G.N. Garrison [43] was the first who has defined concept of a quasigroup nucleus. A nucleus
(middle, left, or right) "measures” how far is a quasigroup from a group. Unfortunately, if a
quasigroup (@, -) has a non-trivial Garrison’s nucleus, then this quasigroup is a right loop, or
a left loop, either is a loop [70, p. 17]. Therefore many authors tried to diffuse (to generalize)
concept of nucleus on ”proper” quasigroup case.

Various definitions of groupoid, quasigroup and loop nuclei were given and researched by
A. Sade, R.H. Bruck, V.D. Belousov, P.I. Gramma, A.A. Gvaramiya, M.D. Kitaroaga, G.B.
Belyavskaya, H.O. Pflugfelder and many other mathematicians [31, 72, 57, 32, 44, 14, 45, 15, 26,
58, 19, 63, 24, 21, 70, 77, 52].

V.D. Belousov discovered connections of quasigroup nuclei with the groups of regular map-
pings of quasigroups [10, 14, 17, 53, 51, 52, 55].

Belousov studied autotopisms of the form («, e, ) of a quasigroup (@, o). In this paper we
study autotopisms of the form («,e,7), i.e. we use Kepka's generalization [53, 54]. By this
approach "usual” nuclei of quasigroups are obtained as some orbits by the action of components
of A-nuclei on the set (). The study of A-nuclei of («, 5,7)- and (r; s; t)-inverse quasigroups was
initiated in [51, 52].

In the paper we develop Belousov approach to parastrophes of quasigroup nuclei [12] using
concept of middle translation [15]. Also we make an attempt to extend some results of A. Drapal
and P. Jedlicka [38, 39] about normality of nuclei.

1.2 Quasigroups, identity elements, translations

For convenience of readers we start from some definitions which it is possible to find in [14, 17,
70, 89, 77].



Definition 1.1. A binary groupoid (G, A) is understood to be a non-empty set G together with
a binary operation A.

As usual the product of mappings is their consecutive realization. We shall use the following
(left) order of multiplication of maps: if p, v are some maps, then (uv)(z) = p(v(x)).

Definition 1.2. A groupoid (Q,0) is called a right quasigroup (a left quasigroup) if, for all
a,b € Q, there exists a unique solution x € @) to the equation xtoa =0 (aox =1b), i.e. in this
case any right (left) translation of the groupoid (Q,o) is a bijective map of the set Q.

In this case any right (left) translation of the groupoid (@, o) is a bijective map of the set Q.

Definition 1.3. A groupoid (Q, o) is called a quasigroup if for any fized pair of elements a,b € Q
there exist a unique solution x € Q) to the equation x o a = b and a unique solution y € Q to the
equation a oy = b.

Definition 1.4. An element f is a left identity element of a quasigroup (Q, -) means that f-x = x
forallz € Q.

An element e is a right identity element of a quasigroup (Q,-) means that x - e = x for all
T € Q.

An element s is a middle identity element of a quasigroup (Q,-) means that x - x = s for all
T EQ.

An element e is an identity element of a quasigroup (Q,-), ifv-e=e-x =z for allxz € Q.

Definition 1.5. A quasigroup (Q,-) with a left identity element f € Q is called a left loop.
A quasigroup (Q, ) with a right identity element e € Q is called a right loop.
A quasigroup (Q, ) with a middle identity element s € Q) is called an unipotent quasigroup.
A quasigroup (Q,-) with an identity element e € Q is called a loop.

Define in a quasigroup (@, -) the following mappings: [ : x — f(z), where f(x)-x = x;
e: x> e(x), where x - e(x) = x; s : x — s(x), where s(x) =z - .

Remark 1.6. In a left loop f(Q) = 1, in a right loop e(()) = 1, in an unipotent quasigroup
s(Q) = 1, where 1 is a fixed element of the set Q.

Definition 1.7. A quasigroup (Q,-) with identity x - x = x is called an idempotent quasigroup.

Remark 1.8. In an idempotent quasigroup the mappings e, f, s are identity permutations of
the set Q. Moreover, if one from these three mappings is identity permutation, then all other
also are identity permutations.

In a loop (@, ), as usual [14], an element b such that b-a = 1 is called left inverse element
to the element a, b = ~!(a); an element c such that a - ¢ = 1 is called right inverse element to
the element a, ¢ = (a)™'.

Definition 1.9. A binary groupoid (Q, A) with a binary operation A such that in the equality
A(xy, x0) = x3 knowledge of any 2 elements of x1, x2, x3 uniquely specifies the remaining one is
called a binary quasigroup [16, 67].

From Definition 1.9 it follows that with any quasigroup (@, A) it possible to associate else
(3! — 1) = 5 quasigroups, so-called parastrophes of quasigroup (Q,A): A(xy,x2) = 23 <
A(lrQ)(l'Q,Jfl) = I3 < A(B)(l'g,(EQ) = T < A(23)($1,$3) = X9 & A(123)(£L'2,.I3) = T <
A(132) (I‘g,xl) = T9.



We shall denote:

the operation of (12)-parastrophe of a quasigroup (@, -) by x*;

the operation of (13)-parastrophe of a quasigroup (@, -) by /;

the operation of (23)-parastrophe of a quasigroup (@, -) by \.

We have defined left and right translations of a groupoid and, therefore, of a quasigroup.
But for quasigroups it is possible to define and the third kind of translations, namely the map
P,:Q—Q,x-FPx=aforal xze@ [15].

In the following table connections between different kinds of translations in different paras-
trophes of a quasigroup (@, -) are given [40, 75]. In fact this table is in [15].

Table 1

\ | ¢ [(12)](13)](23)](123) ][ (132) |

R| R | L |R* P | Pt LT

L | L|R|PYLY R P

Pl PPt LY R| L | R

RYWR?Y LY R |PY P L

L LY \RY P | L | R | P

prtlpPty P L R LY R

With any quasigroup (@, -) we can associate the sets of all left translations (L), right transla-
tions (R) and middle translations (IP). Denote the groups generated by all left, right and middle
translations of a quasigroup (@, -) as LM (Q,-), RM(Q,-) and PM(Q, -), respectively.

The group generated by all left and right translations of a quasigroup (@, -) is called (following
articles of A.A. Albert [2, 3]) multiplication group of a quasigroup. This group usually is denoted
by M(Q,-). By FM(Q,-) we shall denote a group generated by the sets L, R, P of a quasigroup
(Qa )

Connections between different kinds of local identity elements (and of course of identity
elements) in different parastrophes of a quasigroup (@, -) are given in the following table [73, 75].

Table 2

e (2)[(13)](23) ] (123) ] (132) |
flfl e S f e S
elle f e S S f
s|s| s f e f e

In Table 2, for example, s(1?3) = f0).

Lemma 1.10. Parastrophic image of a loop is a loop, or an unipotent left loop, either an unipo-
tent right loop. Parastrophic image of an idempotent quasigroup is an idempotent quasigroup.

Proof. It is possible to use Table 2. U

In this paper an algebra (or algebraic structure) is a set A together with a collection of
operations defined on A. T. Evans [41] defined a binary quasigroup as an algebra (@, -, /,\) with
three binary operations. He has used the following identities:

z - (z\y) =y, (1)
(y/z) -z =1y, (2)
z\(z-y) =y, (3)
(y-z)/z=y. (4)



Definition 1.11. An algebra (Q,-,\, /) with identities (1) — (4) is called a quasigroup [41, 30,
33, 14, 17, 70].

In any quasigroup (@, -, \, /) the following identities are true [30]:
(z/y)\z =y, (5)
z/(y\z) = y. (6)

1.3 Isotopism

Definition 1.12. A binary groupoid (G, o) is an isotope of a binary groupoid (G,-) (in other
words (G, 0) is an isotopic image of (G,-)), if there exist permutations i, pa, i3 of the set G
such that x1 0 xy = pz (121 - poxs) for all vy, 19 € G [14, 17, 70].

We can write this fact and in the form (G,o0) = (G, )T, where T = (pu1, o, f43)-
Definition 1.13. If (o) = (+), then the triple (p1, 2, p3) is called an autotopy of groupoid (Q, -).

The set of all autotopisms of a groupoid (@, -) forms a group relative to usual component-wise
multiplications of autotopisms [14, 17, 70]. We shall denote this group as Avt(Q, -).
The last component of an autotopy of a groupoid is called a quasiautomorphism.

Lemma 1.14. 1. If (Q,0) = (Q,)(«o,¢,¢), then L} = L, ., R, = R,a, P? = P,a for all
T € Q.

2. If (Q,0) = (Q,)(g,B,¢), then LS = L3, RS = R, (Pt = (P,)7'8 forall x € Q.

8. If (Q,0) = (Q,")(e,e.7), then Ly =y~'L,, R =77 'R;, Py =P, for allz € Q.

Proof. Case 1. We can re-write equality (Q,0) = (@, )(a,&,¢) in the form x oy = ax -y = 2
for all z,y € Q. Therefore Lyy = L.y, R,x = R,ax, Px = P ax.

Case 2. We can re-write equality (@, o) = (Q,-)(g, 5,¢) in the form z oy = x - fy = z for all
z,y € Q. Therefore Lyy = L, By, Ryx = Ry, x, (P2) "'y = (P;)~"By.

Case 3. We can re-write equality (Q,0) = (Q,-)(¢,&,7) in the form z oy = v~ 1(z - y) for
all z,y € Q. Therefore LS = v 'L, R; = ’yflRl). froy =~ x- y) =z then PPz =y,
Plx=y, P>=P,.. ]
Corollary 1.15. In conditions of Lemma 1.1}

1. (i) ifa=(R;)™", then R = ¢, (Q,0) is a right loop.

(ii) if a = (P;)7', then P? = ¢, (Q,0) is an unipotent quasigroup.

2. (i) of B= (L)', then Ly =€, (Q,0) is a left loop.

(ii) if B = Py, then P° =¢, (Q,0) is an unipotent quasigroup.
3. (i) if y=L,, then LS = ¢, (Q,0) is a left loop.
(ii) if v = R;, then RS =€, (Q,0) is a right loop.

Proof. The proof follows from Lemma 1.14. U



Lemma 1.16. If (Q,0) = (Q,)(«a, f,¢) and (Q,0) is a loop, then there exist elements a,b € Q
such that o = R;Y, 8= L;' [14, 17].

If (Q,0) = (Q,-) (g, B,7) and (Q,0) is a right unipotent loop, then there exist elements a,b €
Q such that B = P,, v = Ry.

If (Q,0) = (@, )(,e,7) and (Q, ) is a left unipotent loop, then there exist elements a,b € Q
such that o = P, Y, v = L.

a

Proof. Let zoy = ax - fy. If x =1, then we have 1oy = y = al - fy. Therefore L,10 = ¢,
B = L. If we take y = 1, then we have x 01 = 2 = ax - 31, Rgia =€, a = Rgll.

Let zoy =~z - By). If y =1, then we have © = v~ !(z - 31). Therefore v = Rgx. If
r =y, then 1 =~y Yz fzx),y1 = x - Bx, P,yo = Bx. Denote S1 by b, 71 by a.

Let zoy =y !(az-y). If x = 1, then we have y = v !(al - y). Therefore vy = Loy If
r =y, then 1 =y Ya-2), 7l =azx -z, P{llaz = ax. Denote al by b, v1 by a. O

Definition 1.17. Isotopism of the form (R, ", Lb_l, e) where Ly, R, are left and right translations
of the quasigroup (Q,-) is called LP-isotopism (loop isotopism) [14, 17].

Theorem 1.18. Any LP-isotope of a quasigroup (Q,-) is a loop [14, 17].
If (Q,0) = (Q, ) (e, P, Ry), where (Q,-) is a quasigroup, then (Q, o) is a unipotent right loop.
If (Q,0) = (Q,) (P}, g, L), where (Q,+) is a quasigroup, then (Q,0) is a unipotent left loop.

Proof. Case 1. Prove that quasigroup (Q, o), where zoy = R, 'x- Lb_ly, isaloop. Let 1 =b-a.
If we take 2 =1, then 1oy = R, 'ba - Lgly = R,'R,b- Lljly =b- Lljly = LbLgly =19.

If we take y = 1, then we have 7o 1 = R; 'z - L, 'ba = R;'v-a = R,R;'x = x. Element 1 is
the identity element of the quasigroup (@, o).

Case 2. Prove that quasigroup (@, o), where z oy = Rb_l(az - P,y), is a right unipotent loop.
Let 1 = R, 'a = a/b. If we take y = 1, then x o 1 = R, '(x - P,R; 'a) = R, '(z - b) = z, since
P,R,'a = b. Indeed, if P,R,'a = b, then R,'a-b = a, a = a. Also we can use identity (2).
Therefore element 1 is the right identity element of quasigroup (@, o).

If we take x = y, then we have xrox = Rb_l(:v -Px) = Rb_la = 1 since by definition of middle
translation = - P,z = a, (Q, o) is an unipotent quasigroup.

Case 3. Prove that quasigroup (@, o), where z oy = L;I(Pglx -1), is a left unipotent loop.
Let 1 = L,'a = b\a. If we take z = 1, then 1oy = L, (P, 'L, 'a-y) = L, ' (b-y) = y, since
P;ngla = b. Indeed, if P;lLb_la = b, then b - Lb_la = a, a = a. Therefore element 1 is the left
identity element of quasigroup (@, o).

If we take # = y, then we have r oz = L, (P 'z - x) = L, 'a = 1 since by definition of
middle translation P, 'z - x = a, (Q,0) is an unipotent quasigroup. O

Remark 1.19. Instead of direct proof of Theorem 1.18 it is possible to use Corollary 1.15.

There exists well known connection between translations of a quasigroup and translations of
its LP-isotopes [84, 47]. In the following lemma we extend this connection.

Lemma 1.20. [froy = R, 'z L'y, then L3 = Ly, Ly, RS = R, 1 R,", P2 = LyP.R;".

Ly y "a

Ifzoy=R, ' (- Puwy), then L = R,'L,P,, R = R, 'Rp,,, P? = P, Pp,..

z a

Ifroy= L, (P 'z -y), then LS = Lb_lLPa—lm, R = L,'R,PY, P° =P, P L.

Proof. Case 1. If xoy = R 'z - Lb_ly = z, then P’z =y, P.R;'z = Lb_ly7 LyP.R'r =y,
P°x = LyP.R;'x.

Case 2. If zoy = R, '(z- Py) = 2, then Rox = R,'Rp,yx, Pix =y, R, '(z - Py) = z,
Pg,.x = Py, Pa_IPRbZZL‘ =y, Plx = Pa_IPRbZJ:, Ly = Rb_lePay.

Case 3. Ifzoy = L, (P;'x-y) = 2, then P°x =y, P7lo -y = Lyz, PP lx =y,
P =P, Pt Loy =L, 'Lpy, Rjx = L, R,P "z O
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We shall use the following well known fact.

Lemma 1.21. If a quasigroup (Q,-) is a group isotope, i.e. (Q,-) ~ (Q,+), where (Q,4+) is a
group, then any parastrophe of this quasigroup also is a group isotope [90].

Proof. The proof is based on the fact that any parastrophe of a group is an isotope of this
group, ie. (Q,+)7 ~ (Q,+) [14, Lemma 5.1, [17, p. 53]. If (Q,-) ~ (Q,+), then (Q,-)7 ~
(Qv +)U ~ (Q’ +)' U

1.4 Autotopy. Leakh Theorem

Lemma 1.22. [If quasigroups (Q, o) and (Q,-) are isotopic with isotopy T, i.e. (Q,0) = (Q, )T,
then Avt(Q, o) = T ' Avt(Q, )T ([17], Lemma 1.4).

Lemma 1.22 allows (up to isomorphism) to reduce the study of autotopy group of a quasigroup
to the study autotopy group of an LP-isotope of this quasigroup, i.e. to the study of autotopy
group of a loop.

Corollary 1.23. If H is a subgroup of the group Avt(Q,-), then T-*HT is a subgroup of the
group Avt(Q, o).

Proof. The proof follows from Lemma 1.22 and standard algebraic facts [48]. O

Lemma 1.24. If T is a quasigroup autotopy, then any its two components define the third
component uniquely.

Proof. If (ay,3,7) and (s, 3,7) are autotopies, then (a5 ', 37!, v7!) is an autotopy and
(1o !, B8~ vy = (aayt,e,e) is an autotopy too. We can re-write the last autotopy in
such form: ajoy 'z -y =2 -y, then oy = as.

If (g,€,7172) is an autotopy, then we have z -y = v175 (2 - y). If we put in the last equality
y = e(x), then we obtain 2 = 7,7, 'z for all z € Q, i.e. 71 = 7. O

Corollary 1.25. If two components of a quasigroup autotopy are identity mappings, the the
third component also is an identity mapping.

Proof. The proof follows from Lemma 1.24. O
There exists [62] more strong result than Lemma 1.24. 1.V. Leakh proves this result using
geometrical (net theory) approach in more general case than in the following

Theorem 1.26. Leakh Theorem. Any autotopy T = (o, 9, a3) of a quasigroup (Q,0) is
uniquely defined by any autotopy component oy, i € {1,2,3}, and by element b = aja, where a
is any fived element of set Q, i # j [62].

Proof. Case 1. i = 1,57 = 2. If we have autotopies (a, f1,71) and (a, fa,72) such that
fra = Paa = b, then we have ax o f1a = v1(x 0 a) and ax o faa = va(x 0 a). Since the left sides
of the last equalities are equal, then we have v, (x 0 a) = y(x 0 a), 1Rz = Y2 Rex, 71 = 72 and
by Lemma 1.24 8 = fs.

Case 2. © = 1,j = 3. Suppose there exist autotopies (a, 81,71) and (a, B2,72) such that
ma = ypa = b for some fixed element a € Q. Since (Q, o) is a quasigroup, then for any element
x € @ there exists a unique element z’ € () such that x o 2’ = a. Using the concept of middle
quasigroup translation we can re-write the last equality in the form P,z = 2’ and say that P, is
a permutation of the set Q.



For all pairs z, 2" we have ax o 12’ = y1(z o 2') = b and ax o fex’ = Yo(x 0 2') = b. Since
the right sides of the last equalities are equal we have ax o 512" = ax o fox’, f12' = [oa’ for all
2’ € Q. The variable 2’ takes all values from the set Q) since P, is a permutation of the set Q.
Therefore g1 = By and by Lemma 1.24 v = 5.

All other cases are proved in the similar way with Cases 1 and 2. 0

Lemma 1.27. Any autotopy («, 5,7) of a loop (Q,-) has the form (Rgllfy, L 1v,7), where al -
81 =1.

Proof. If we put in equality ax - fy = y(xy) = y = 1, then al - f1 = 1. If = 1, then
al- By =y, B=L,1vy. Ify=1,then ar- 1l =~r, a = Rgllfy. U

Theorem 1.28. The order of autotopy group of a finite quasigroup Q) of order n is a divisor of
the number n! - n.

Proof. The proof follows from Lemma 1.22 (we can prove loop case), Lemma 1.24 and Lemma
1.27 (we can take the second and third components of loop autotopy). O
Also by the proving of Theorem 1.28 it is possible to use Leakh Theorem (Theorem 1.26).

Example 1.29. The order of autotopy group of the group Z, x Z5 is equal to 4 -4 -6 = 4! -4,
i.e. in this case autotopy group is equal to the upper bound.

Remark 1.30. There exist quasigroups (loops) with identity autotopy group [37]. In this case
autotopy group is of minimal order.

1.5 Isostrophism

Isostrophy (synonymous with isostrophism) of a quasigroup is a transformation that is a combi-
nation of parastrophy and isotopy, i.e. isostrophe image of a quasigroup (@, A) is parastrophe
image of its isotopic image or, vice versa, isostrophe image of a quasigroup (Q, A) is isotopic im-
age of its parastrophe (Definition 1.33). Therefore, there exists a possibility to define isostrophy
by at least in two ways.

If T'= (a1, as,a3) is an isotopy, o is a parastrophy of a quasigroup (@, A), then we shall
denote by T the triple (a,-11, p-19, Qg-13).

In order to give some properties of quasigroup isostrophisms we need the following

Lemma 1.31. (AT)" = A°T7, (T'T»)° = T7TY [14, 16].

Remark 1.32. It is possible to define action of a parastrophy ¢ on an isotopy T = (aq, ag, ag)
also in the following (more standard) way: T7 = (qy1, 02, @p3). In this case Lemma 1.31 also
is valid.

Recall, if (), A) is a binary groupoid, then x5 = A(xy, z5) (Definition 1.9).

Definition 1.33. A quasigroup (Q, B) is an isostrophic image of a quasigroup (Q, A) if there
exists a collection of permutations (o, (a1, ag, a3)) = (0,T), where 0 € Sy, T = (a1, ag, a3) and
aq, g, a3 are permutations of the set QQ such that B(xy,xs) = A(x1,29)(0,T) = (A% (21, 22))T =
oz ' Az, 11, aag13) for all 21,20 € Q [81, 82].

Remark 1.34. There exist formally other but in some sense equivalent definitions of isostrophy
and autostrophy. See, for example, [51, 52].



A collection of permutations (o, (aq, oo, a3)) = (0, T) will be called an isostrophy of a quasi-
group (@, A).

Often an isostrophy (o,T") is called o-isostrophy T or isostrophy of type o. We can re-write
the equality from Definition 1.33 in the form A°T = B, where T' = (aq, as, a3). It is clear that
e-isostrophy is called an isotopy.

Probably R. Artzy was the first who has given algebraic definition of isostrophy [6]. For
n-ary quasigroups concept of isostrophy is studied in [16]. Isostrophy has clear geometrical (net)
motivation [70, 8]. See also [62].

Let (0,7T) and (7, 5) be some isostrophisms, 7" = (aq, as, a3), S = (b1, B2, f3). Then

(0,T7)(1,S) = (o1, T7S) (7)
We can write the equality B = A(o7,77S) in more details: (the right record of maps)
B(x1, 19, 23) = A(T1(r-10-1) Q11 B1, To(r-15-1)Qar—1 B2, T3(r-15-1) X371 33). (8)
If we shall use the left record of maps, then
B(ZL“h T2, I3) = A(/Bla’r—llxa—l(’r—ll)v 5207—12550—1(7—12), /63a7'_13xa_1(’r_13))' (9)
Lemma 1.35. If (0,T) = (0, (a1, o, cv3)) is an isostrophy, then
(0, T) " = (0 (T ) = (07" (ol a3, 053)) (10)

Proof. Indeed, (o,7)! = (0*17(T*1)"71), (7”1)("71 = (ozfl,agl,ozgl)fl = (a;ll,oz;;,oz;gl).

Then

1

(@, T) (o (T ) = (007", T (T71)7 ) = (e,¢),
(' (TN Vo, T) = (6o, T7'T) = (¢,¢).

1

]
If B = A, then isostrophism is called an autostrophism (autostrophy). Denote by Aus (Q, A)
the group of all autostrophisms of a quasigroup (@, A).
We can generalize Lemma 1.22 and similarly prove the following

Lemma 1.36. If quasigroups (Q,o) and (Q, ) are isostrophic with an isostrophy T, i.e. (Q,0) =
(Q, )T, then Aus(Q,0) =T 'Aus(Q,-)T.

Proof. The proof repeats the proof of Lemma 1.4 from [17]. Let S € Aus(Q,o). Then
(Q7 )T = (Qv )T‘Sv (Q7 ) = (Q, ')TSTilj
T Aus(Q, o)T_1 C Aus(Q, ).

(1
If (Q,0) = (Q,-)T, then (Q,0)T! = (Q,-), expression (11) takes the form T'Aus(Q, )T
Aus(Q,0),

1

~—

N

TAus(Q,0)T~ D Aus(Q, ). (1
Comparing (11) and (12) we obtain Aus(Q, o) =T Aus(Q, )T

Corollary 1.37. If quasigroups (Q, o) and (Q,-) are isostrophic with isostrophy T', i.e. (Q,0) =
(Q, )T, then Avt(Q,o) =T Avt(Q,-)T.

Proof. The proof repeats the proof of Lemma 1.36. We only notice, if S € Avt(Q, o), then
T71ST € Avt(Q,-). O

Corollary 1.38. If T is an autostrophy of a quasigroup (Q,-), i.e. (Q,-) = (Q,-)T, then
Avt(Q, ) = T~ Avt(Q, )T

Proof. The proof follows from Lemma 1.36. O

O X



1.6 Group action

We shall denote by Sg the symmetric group of all bijections (permutations) of the set Q.
We recall some definitions from [42, 48].

Definition 1.39. A group G acts on a set M if for any pair of elements (g,m), g € G,m € M,
an element (gm) € M is defined. Moreover, g1(g2(m)) = (g192)m and em = m for all m € M,
g1, 92 € G. Here e is the identity element of the group G.

The set Gm = {gm|g € G} is called an orbit of element m. For every m in M, we define
the stabilizer subgroup of m as the set of all elements in G that fix m: G,,, = {g|gm = m}

The orbits of any two elements of the set M coincide or are not intersected. Then the set M
is divided into a set of non-intersected orbits. In other words, if we define on the set M a binary
relation ~ as:

my ~ mg if and only if there exists g € G such that msy = gmy,

then ~ is an equivalence relation on the set M.

Every orbit is an invariant subset of M on which G acts transitively. The action of G on M
is transitive if and only if all elements are equivalent, meaning that there is only one orbit.

A partition 6 of the set M on disjoint subsets 6(x), x € M is called a partition on blocks
relatively the group G, if for any f(a) and any g € G there exists a subset 6(b) such that
gf(a) = 0(b). It is obviously that there exist trivial partition of the set M, namely, partition
into one-element blocks and partition into unique block.

If there does not exist a partition of the set M into non-trivial blocks, then the group G is
called primitive.

Definition 1.40. The action of G on M is called:

1. faithful (or effective) if for any two distinct g,h € G there exists an x € M such that
g(x) # h(x); or equivalently, if for any g # e € G there exists an x € M such that
g(x) # x. Intuitively, different elements of G induce different permutations of M;

2. free (or semiregular) if for any two distinct g,h € G and all x € M we have g(x) # h(zx);
or equivalently, if g(x) = x for some x then g = e;

3. reqular (or simply transitive) if it is both transitive and free; this is equivalent to saying
that for any two x,y in M there exists precisely one g in G such that g(x) = y. In this
case, M is known as a principal homogeneous space for G or as a G-torsor [102].

Denote the property of a set of permutations {p1, p2,...,pm} of an m-element set @Q “p,-pj_1
(i # j) leaves no variable unchanged” [66] as the T-property. An m-tuple of permutations 7' can
also have the 7-property. We shall call the m-tuple T" as a 7-m-tuple.

In [66], in fact, Mann proves the following

Theorem 1.41. A set P = {p1,p2,...,pm} of m permutations of a finite set QQ of order m
defines Cayley table of a quasigroup if and only if P has the T-property.

A permutation « of a finite non-empty set () which leaves no elements of the set () unchanged
will be called a fized point free permutation.

Definition 1.42. A set M of maps of the set Q into itself is called simply transitive (more
precise, the set M acts on the set QQ simply transitively) if for any pair of elements x,y of the
set () there exists a unique element ji; of the set M such that p;(x) =y.
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In Definition 1.42 we do not suppose that the set M is a group. Notice that concepts from
Definition 1.40 are suitable for the set M.

Theorem 1.43. A set T' = {p1,p2,...,pn} of n permutations of a finite set Q of order n is
simply transitive if and only if the set T has the T-property [66].

Lemma 1.44. If (Q,-) is a quasigroup, then the sets L, R, P of all left, right, middle translations
of quasigroup (Q,-) are simply transitive sets of permutations of the set Q.

Proof. Indeed, if a, b are fixed elements of the set (), then there exists an unique element x € ()
such that x-a = b, there exists an unique element y € ) such that a-y = b, there exists an unique
element z € @ such that a-b = z. We establish the following bijections between elements of the
sets @ and elements of the sets L(Q, ), R(Q,-),P(Q,): ¢1:2 > Ly, @2 : @ 4> Ry, 310 <> Py
Therefore there exists an unique element L, € £(Q, ) such that L,a = b, there exists an unique
element R, € R(Q),-) such that R,a = b, there exists an unique element P, € P((Q, -) such that
P,a=0b. O

Definition 1.45. The centralizer of a set S of a group G (written as Cg(S)) is the set of
elements of G which commute with any element of S; in other words, Cu(S) ={x € G | za =
ax for all a € S} [48, 46].

Definition 1.46. The normalizer of a set S in a group G, written as Ng(S), is defined as
Ne(S)={x€ G | 25 = Sz}.

The following theorem is called NC-theorem [101].
Theorem 1.47. C(S) is always a normal subgroup of N(S) [39, 101].

Proof. The proof is taken from [101]. If cisin C'(S) and n is in N(.S), we have to show that n=ten
is in C'(S). To that end, pick s in S and let ¢ = nsn~!. Then ¢ is in S, so therefore ct = tc. Then
note that ns = tn; and n='t = sn™'. So (n"'cn)s = (n7te)tn = n~ (tc)n = (sn™')en = s(n~ten)
which is what we needed. U

2 Garrison’s nuclei and A-nuclei

2.1 Definitions of nuclei and A-nuclei

We recall standard Garrison’s [43] definition of quasigroup nuclei.

Definition 2.1. Let (Q,0) be a quasigroup. Then Ny = {a € Q | (aoz)oy =ao(xoy)},
N, ={a€eQ | (roy)oa=zo(yoa)} and N, ={a € Q | (roa)oy ==xzo0(aoy)} are
respectively its left, right and middle nuclei [43, 14, 70].

Remark 2.2. Garrison names an element of a middle quasigroup nucleus as a center element
[43].

Definition 2.3. Let (Q,-) be a quasigroup. Nucleus is given by N = N, N\ N, N Ny, [70].

The importance of Garrison’s quasigroup nuclei is in the fact that N;, N, and N, all are
subgroups of a quasigroup (@, ) [43].

The weakness of Garrrison’s definition is in the fact that, if a quasigroup (@, -) has a non-
trivial left nucleus, then (Q),-) is a left loop, i.e. (@, -) has a left identity element; if a quasigroup
(@, ) has a non-trivial right nucleus, then (@, ) is a right loop, i.e. (Q,-) has a right identity
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element; if a quasigroup (@, ) has a non-trivial middle nucleus, then (Q,-) is a loop, i.e. (Q,")
has an identity element ([43]; [70], I.3.4. Theorem).

It is well known connection between autotopies and nuclei [10, 12, 14, 53].

Namely the set of autotopies of the form (L,, ¢, L,) of a quasigroup (@, o) corresponds to left
nucleus of (@, o) and vice versa.

Similarly, the set of autotopies of the form (g, R,, R,) of a quasigroup (@, o) corresponds
to right nucleus of (@, o), the set of autotopies of the form (R,, L, ¢) of a quasigroup (Q,o)
corresponds to middle nucleus of (), o).

It is easy to see that from Garrison definition of left nucleus of a loop (@, -) it follows that
R;;RyRma =aforall z,y € Q and all a € N;. Permutations of the form R;yl R, R, generate right
multiplication group of (Q,-). It is clear that any element of left nucleus is invariant relatively
to any element of the group <R;y1RyRI |z, y € Q>

Similarly from Garrison definition of right nucleus of a loop (@Q, -) it follows that L, L, L,a =
aforall z,y € @ and all @ € N;. Permutations of the form L;yleLy generate right multiplication
group of (Q,-). It is clear that any element of left nucleus is invariant relatively to any element
of the group (L ) L, Ly |z, y € Q).

For middle nucleus situation is slightly other and of course Garrison was right when called
elements of middle loop nucleus as central elements.

P.I. Gramma [44], M.D. Kitaroaga [58], and G.B. Belyavskaya [21, 22, 23, 24] generalized on
quasigroup case concepts of nuclei and center using namely this nuclear property. G.B. Belyav-
skaya obtained in this direction the most general results.

In [52] the following definition is given.

Definition 2.4. The set of all autotopisms of the form («,e,7) of a quasigroup (Q, o), where &
is the identity mapping, is called the left autotopy nucleus (left A-nucleus) of quasigroup (@, o).

Similarly, the sets of autotopisms of the forms («, 5,€) and (e, 3,v) form the middle and
right A-nuclei of (Q,0). We shall denote these three sets of mappings by Ni*, N2 and NA
respectively.

Using Definition 2.4 we can say that to the elements of left Kitaroaga nucleus of a quasigroup
(Q, ) correspond to autotopies of the form (L,L;' e, L,L;"), where a € @ (in fact @ € N in
Kitaroaga sense), h is a fixed element of the set @ [58].

Autotopies of the form (LaLgl,s, La.e(h)Lgl), where a € @ (in fact a € N; in Belyavskaya
sense) correspond to the elements of left Belyavskaya nucleus [21].

Remark 2.5. Often, by a generalization of some objects or concepts, we not only win in gen-
erality, but also lose some important properties of generalized objects or concepts.

The weakness of Definition 2.4 is in the fact that it is not easy to define A-nucleus similarly
to quasigroup nucleus as an intersection of left, right and middle quasigroup A-nuclei.

Lemma 2.6. [52].

1. The first components of the autotopisms of any subgroup K(N*) of Nf* themselves form a
group Ki(N;).

2. The third components of the autotopisms of any subgroup K(N{*) of Ni* themselves form
a group K3(Nf).

3. The first components of the autotopisms of any subgroup K(N2) of N2 themselves form a
group Ki(N;3).
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4. The second components of the autotopisms of any subgroup K (N2) of N2 themselves form
a group Ky(N{).

5. The second components of the autotopisms of any subgroup K (N2) of N2 themselves form
a group Ko(N2A).

6. The third components of the autotopisms of any subgroup K(NA) of N2 themselves form
a group Kz(N2).

Proof. Case 1. Let (a1,¢,m), (a2, €,72) € K(N/). Then ajzoy = v, (woy) and apzoy = Yo(z0y)
for all z,y € Q. From the first equation, a;(aex) oy = 1 (a0 y) = Y172(x 0y) by virtue of the
second equation. Thus, (ayag,€,7172) € K(N{).

Let = oy 'u. Then, oz oy =y (zoy) = uoy=y(a; ' uoy) = aj'uoy =~ (uoy) so
(a7t e, ") € K(ND).

Clearly, (g,¢,¢) € K(N{!). Hence, ¢ is a first component and, if a; and ay are first compo-
nents so are ajay and aj .

Other cases are proved in similar way with Case 1. O

From Lemma 2.6 it follows that the first, second and third components of N, N4 and N
each form groups. For brevity, we shall denote these nine groups by 1 N/, o N/4, 3N/, | NA N2,
3N717417 1N7:4, 2N7‘:4 and 3N,;.4

Next two lemmas demonstrate that A-nuclei have some advantages in comparison with Gar-
rison’s nuclei.

Lemma 2.7. In any quasigroup Q its left, right, middle A-nucleus is normal subgroup of the
group Avt(Q).

Proof. Let (u,e,v) € Nf, (o, 8,7) € Avt(Q). Then
(@87 (e, v)(a, B,7) = (@ tpa, .97 vy) € N
The proofs for right and middle nucleus are similar. [l

Lemma 2.8. If quasigroups (Q,-) and (Q,0) are isotopic, then these quasigroups have iso-

morphic autotopy nuclei and isomorphic components of the autotopy nuclei, i.e. NZA(Q, ) =
NlA(Q7 O); 1NZA(Q7 ) = 1NlA(Q7 0)7 3NZA(Q7 ) = 3NIA(Q7 O); a’nd S0 on.
Proof. We can use Lemmas 1.22 and 2.6. O

Corollary 2.9. If a quasigroup (Q,-) is an isotope of a group (Q,+), then all its A-nuclei and
components of A-nuclei are isomorphic with the group (Q,+).

Proof. It is clear that in any group all its A-nuclei and components of A-nuclei are isomorphic
with the group (@, +). Further we can apply Lemma 2.8. U

Lemma 2.10. Isomorphic components of A-nuclei of a quasigroup (Q,-) act on the set Q) in
such manner that the numbers and lengths of orbits by these actions are equal.

Proof. In Lemma 2.8 it is established that A-nuclei and the same components of A-nuclei
are isomorphic in pairs. Notice all A-nuclei of a quasigroup (Q,-) are subgroups of the group
Sg % Sg x Sg. Components of these A-nuclei are subgroups of the group Sg.

If two components of A-nuclei, say B and C' are isomorphic, then this isomorphism is an
isomorphism of permutation groups which act on the set (). Isomorphic permutation groups are
called similar [48, p. 111].

Let B = C, where B, C are isomorphic components of A-nuclei, ¢ is an isomorphism. Then
we can establish a bijection ¢ of the set () such that ¥(g)(p(m)) = ¢(g(m)) for allm € Q,g € B
[48, p. 111]. ]
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2.2 A-nuclei and isosotrophy

In this section we find connections between components of A-nuclei of a quasigroup (@, -) and
its isostrophic images of the form (@, o) = (Q,-)((0)(c, 8,7)), where o € S5, o, 8,7 € Sg.
We omit the symbol of autotopy nuclei (the symbol A) and put on its place the symbols

” "

of binary operations "o” and ”-” respectively. Denote isostrophy (o, (o, 3,7)) by (o, T) for all
cases.

Lemma 2.11. If quasigroup (Q, o) is isostrophic image of quasigroup (Q,-) with an isostrophy
S = ((12)7T)7 1.e. (Q7 O) = (Q7 )S7 then Nl(@7 O) = S_INT(Qa )S7 1NZ(Q7 O) = a_l QNT(Q7 ')Oé,
SNZ(Qv O) - ,7_1 3NT(Q7 )’7

Proof. The proof repeats the proof of Lemma 1.36. Let K € N;(Q,0). Then (Q,-)S = (Q,-)SK,

(Q7 ) = (Q> ’)SKS_l,
SN(Q,0)S™" C N.(Q, ), (13)

since

((12), (e, 8,7)) (6, (1N 8, 3N7)) ((12), (B~ a7l v ™) = (6, (5, a0 N a ™ v s NPy ™).
If (Q,0) = (Q,-)S, then (Q,0)S™' = (Q, -), expression (13) takes the form
STIN(Q,)S C Ni(Q, o). (14)
Indeed,
((12), (67 a7y ™) (e, (e, 2Ny, 5N,) ((12), (a, B,7)) = (e, (a7 e Ny, €, 771 3N,).

We can rewrite expression (14) in such form
Nr(Qv') - SNl(an)Sil' (15)

Comparing (13) and (15) we obtain N,(Q,-) = SN/(Q,0)S™!. Therefore a;Nya™! = 3N,
1Nlo = Oé_l QN,;,C)[, 3Nlo = "}/_1 3NT')/ ]
All other analogs of Lemma 2.11 are proved in the similar way.

In Table 3 connections between components of A-nuclei of a quasigroup (Q,-) and its
isostrophic images of the form (Q,0) = (Q,-)((0)(a, ,7)), where 0 € S3, o, 8,7 € Sg are

collected.
Table 3

| (e1) [((12),7)  ((13),T) ] ((23),T) [((132),T) ((123),T)
1Ny ofllNl'oz oflgN;oz oflgNl'oz ofllN;na a’lgNmoz oflgN;oz
3Nlo 7713N[.’V 71 N ,)/fllNi,Y -1 N 71 N 7712N7.«7
oNy | BN B 5 1Nﬁ B4N,,B /3 3N/3 5 3N5 ﬁ_11N'5
sNY | v s Noy | v Ny TNy TNy | TNy e Ny
1N a YN alabyN « 04_13N7;oz a‘llNl'oz ()(_IQN?;()[ oz_lgNl'oz

oNp | BN, B BHN,, B B7NB | BN B | BN, B | BHNB

If (Q,0) = (Q,-)((123)(a, 3,7)), then from Table 3 we have s N4(Q, o) = 371 NAB(Q, -).

Theorem 2.12. Isostrophic quasigroups have isomorphic A-nucle.
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Proof. The proof follows from Table 3. O

Remark 2.13. From the proof of Lemma 2.11 it follows that Table 3 can be used for the
finding of connections between concrete components of A-nuclei. For example, if (Q,0) =
(Q,)((23)(, B,7)), then from Table 3 we have s NA(Q,0) = B7'3NAB(Q,-). Therefore, if
p € 3NA(Q, ), then there exists an element u € o NA(Q, o) such that = 7!pS and vice versa,
if p € sNA(Q,0), then there exists an element y € 3N-(Q,-) such that p = S~ 1us.

2.3 Components of A-nuclei and identity elements

There exist some connection between components of A-nuclei and local identity elements in any
quasigroup.

Lemma 2.14. 1. If (Q,-) is a quasigroup and (a,e,7y) € Avt(Q,-), then af(x) -z = ~yx,
az-e(r) =y, ar-x = ys(x) for all z € Q.

2. If (Q,-) is a quasigroup and (e, ,v) € Avt(Q,-), then f(z) - fx = vz, © - fe(x) = 7z,
x - Pr=rys(x) for allxz € Q.

3. If (Q,-) is a quasigroup and («, 5,¢) € Avt(Q,-), then af(z) - fr = x, ax - fe(x) = x,
ax - fx = s(x) for all x € Q.

Proof. Case 1. If we put x = f(y), then we obtain a.f(y) -y = vyy. If we put y = e(x), then we
obtain «a(z) - e(x) = yx. If we put x = y, then we obtain az -z = vs(x).
Cases 2 and 3 are proved similarly. 0

Corollary 2.15. 1. If(Q,) is an idempotent quasigroup and (a,e,7v) € Avt(Q,-), then ax -
T =7, Qr = P{,rl forallz € Q.

2. If (Q,-) is an idempotent quasigroup and (g, 3,7) € Avt(Q,-), then x-fx = vz, fx = P,x
forallz € Q.

3. If (Q, -) is an idempotent quasigroup and (o, B,e) € Avt(Q, ), then ax-fx = x, Pyax = Sz
forallz € Q.

Proof. The proof follows from Lemma 2.14 and the fact that in an idempotent quasigroup (@, -)
the maps f, e, s all are equal to identity permutation of the set (). Further we have P,,azx = =,
ox = PW_I1 (Case 1). From z - fx = vz we have P,,x = Sz in Case 2. From oz - fx = = we have
P.ax = fx in Case 3. O

Remark 2.16. We can rewrite also:
equality ax - z = yx in the form z - o'z = ya™'x, ay ' -y lx = x (Case 1);
equality x - Bz = vz in the form ™' -z =y~ e, vz - By~ 'o = z (Case 2);
equality ax - Bz = x in the form z - fa™'o = a 'z, af o -z = 71z (Case 3).

1

Corollary 2.17. 1. Let (Q,-) be a left loop.

(a) [f (047577) € Avt(@ )
(b) If (g,8,7) € Avt(Q, -), then 5 =~.
(c) If (o, B,¢) € Avt(Q,-), then al - Bz =z for allx € Q, i.e. B = L.

2. Let (Q,-) be a right loop.

, then al - x =~x for allx € Q, i.e. v = L.

)
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(a) If (av,e,7) € Avt(Q,-), then a =1.
(b) If (,8,7) € Avt(Q,-), then x - f1 =~y for all x € Q, i.e. v = Rp;.
(c) If (a, B,e) € Avt(Q,-), then ax - Bl =x for allz € Q, i.e. a = Rgll

3. Let (Q,-) be an unipotent quasigroup.

(a) If (o, e,7) € Avt(Q,-), then ax -z =71 for allx € Q, i.e. v = Py
(b) If (e, 8,7) € Avt(Q,-), then x - fx =1 for allx € Q, i.e. = P.
(¢) If (0, B,¢) € Aut(Q,"), then a = 6

Proof. The proof follows from Lemma 2.14 and Remarks 1.6 and 1.8.

In Case 3(c) we have. If (@,-) is an unipotent quasigroup and (o, 3,¢) € Avt(Q,-), then
ax - Pr=1forall x € Q, i.e. = Pia. But in unipotent quasigroup P, = €. O

Theorem 2.18. 1. Let (Q,-) be a loop.

')
(a) If (o, e,7) € Avt(Q,-), then o =y = L.
(b) If (e,58,7) € Avt(Q, ), then =~ = Rp.
(c) If (o, Bye) € Avt(Q,-), then o = Rgy, B = Lgll

2. Let (Q,-) be an unipotent left loop.

(a) If (o, e,7) € Avt(Q,-), then & = Poy, ¥ = Laa -
(b) If (e, 8,7) € Avt(Q, ), then =~ = P,.
(c) If (a, B,¢) € Avt(Q, ), then a = = L.

3. Let (Q,-) be an unipotent right loop.
(a) If (o, e,7) € Avt(Q,-), then o =y = P
(b) If (87677) € AUt(Q, ')7 then 6 - P[;llz 7= Rﬁl-
(¢) If (@, B,2) € AH(Q, ), then a = = R3}.

Proof. Case 1(c) is well known. See for example [52]. From Corollary 2.17 it follows that in
loop case v = Rgll and B = L] for any autotopy of the form (a, 3,¢). If R;* € {NA(Q, ), then
R, € 1N2A(Q,), since {NA(Q,-) is a group. Therefore in loop case any autotopy of the kind
(e, B, €) takes the following form

(RﬁbLalﬂE) (16)

Taking into consideration equality (16) and the fact that ;NA(Q,-) is a group we have: if
R., R, € 1NA(Q,-), then R,R, = R.. Thus R,Ry1 = R.1,c=1b-a.

We find now the form of inverse element to the element R, € {N2(Q, ). Notice, if R;! = R,
for some b € @Q, then R,R, = Ry, = ¢ = R;. Then b-a = 1 and since any right (left, middle)
quasigroup translation is defined in an unique way by its index element we have b = ~!a. From
the other side RyR, = Rop = € = Ri, b = a~'. Therefore in this situation a=! = ~!a for any
suitable element a € Q, R,' = R-14) = Ry-1.

Similarly we can obtain that L' = L1, = L,-1 for any L, € 52N/} (Q, ), where (Q,-) is a
loop.

In loop (@,-) from equality ax - fy = -y by x = y = 1 we have al - f1 = 1. Then
B1 = (al)7!, al = ~1(B1). Moreover, we have that 81 = ~!(al), al = (81)7}, Rs = R, |.
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Finally we obtain that any element of middle loop A-nucleus has the form
(vaLljlve)' (17)

It is easy to see that (Ra1, Lo, €) € NA < al € N,,.

al»

Case 2(a). From Corollary 2.17 it follows that in unipotent left loop a = P{ll = P,
Y= Lay.
In unipotent loop any left A-nucleus autotopy («, e, ) takes the following form
(Pt e, Laa) (18)

1o

It is clear, if (Pv_ll, g, Lo1) € N, then any element of the group N/ has the form (P, ¢, L}).
We find now the form of inverse element to the element P, € { N/(Q, ).

At first we have: if P,, P, € {N/(Q,-), then P,P, = P. for some element ¢ € Q. Thus
P,P1=P1. If P.1=d, then 1-d = ¢, c=d. Therefore P,b=c¢, b-c=a, c=b\a.

Notice, if P, = B, for some b € Q, then P,P, = Py, = € = P, since (Q,-) is unipotent
quasigroup. Since any right (left, middle) quasigroup translation is defined in an unique way by
its index element, then b\a = 1, a = b-1, b = a/1. From the other side P,P, = Py, = € = P,
a\b=1,b=a-1. Thus, if (Q,-) is a left unipotent loop, then a/1 = a -1 for any element a € Q
such that P, € {N(Q,-). Then P! = P =Py, Py = P, a= P = P,;. And we obtain
that any element of left A-nucleus of an unipotent left loop has the form

(Pat; &5 Lan) (19)

Case 3(b). From Corollary 2.17 it follows that in unipotent right loop 5 = Pi.g1, v = Rp.
Further we can do as in Case 2(a) but we shall use parastrophic ideas.
It is easy to see that any unipotent right loop (@, o) is (12)-parastrophic image of a unipotent
left loop (@, ) (Table 2). In this case | N (Q,0) = 2 NA(Q, ), sNA(Q, 0) = 3sNA(Q,-) (Table 3).
From formula (19) it follows that any element of unipotent right loop right A-nucleus has
the form
(5? Pbb L,Bl) (20)

Finally, the use of Table 1 gives us that in terms of translations of unipotent right loop (@, -)
we have that any element of right A-nucleus of an unipotent right loop (@, o) has the form

(e, Ps', Ran) (21)
L]

Remark 2.19. In fact from Theorem 2.18 it follows that in loop case Belousov’s concept of
regular permutations coincides with the concepts of left, right, and middle A-nucleus [14, 17, 70].

2.4 A-nuclei of loops by isostrophy

Taking into consideration the importance of loops in the class of all quasigroups we give some
information on A-nuclear components of isostrophic images of a loop. From Table 2 it follows
the following

Remark 2.20. The (12)-parastrophe of a loop (@, -) is a loop, (13)-parastrophe of a loop (Q, -)
is an unipotent right loop, (23)-parastrophe of a loop (Q,-) is an unipotent left loop, (123)-
parastrophe of a loop (@,-) is an unipotent left loop, (132)-parastrophe of a loop (@, -) is an
unipotent right loop.
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Taking into consideration Theorem 2.18, Tables 1 and 3 we can give more detailed connections
between components of A-nuclei of a loop (@, -) and its isostrophic images of the form (Q, o) =

(@Q,)((0)(cv, B,7)), where 0 € Ss, a, B,7 € Sg.

Example 2.21. If (Q,0) = (Q,-)((123)(a, 8,7)), then from Table 3 we have s NA(Q,0) =
B~HNAB(Q,-). By Theorem 2.18 any element of the group ; NA(Q, -) is some right translation

R, of the loop (@, ).
If, additionally, 8 = e, then using Table 1 and Remark 2.20 we can say that in the unipotent
left loop (@, o) any element of the group o N*4(Q, o) is middle translation P; .

In Table 4 (Q,0) = (Q,-)((0)(e, B,7)), where (Q,-) is a loop. We suppose that elements
of left, right and middle loop nucleus have the following forms (L., ¢, L,), (¢, Ry, Ry), and
(R, L', €), respectively.

Table 4
L D [ (2).7) | ((13).T) ((23),T)] ((132),7) | ((123).T)
N oML a 'R« a Lo | a'Ra [aY (L) o o 'R

sNE | v 'Ly | TRy | v 'Ly v Lty v Rey | T Ry
oN2 || BTIRS pLG | BTNLY) B BRSBTS B'R.S
sV | v Ry | Ly v Ry T Ry |y Ly (v (L)
N2l o 'R (o (LYYya| a 'R | o 'Lia | o 'R a 1L«

oNo | 8L B BTIRB | BTRB | BB | BTRS L BTLLB

2.5 Isomorphisms of A-nuclei

Lemma 2.22. In any quasigroup (Q, o) we have

N = {(a, e, ReaR;") | forallc € QY = {(R;'YR.,&,7) | for allc € Q} (22)
Nf ={(e,B8,LBLY) | forallc€ Q} ={(e, L yLe,7y) | for allc € Q} (23)
NA = {(a, P.aP7 1 e) | forallc € Q} = {(P.'BP,,3,¢) | for allc € Q} (24)

Proof. Re-write left A-nuclear equality ax oy = y(x oy) in the following form R,ar = yR,x,
v = RyaR;1 for all y € Q.

Re-write right A-nuclear equality = o Sy = 7(z o y) in the following form L,fy = ~vL,y,
v = L,AL;" for all z € Q.

In middle A-nuclear equality axz o Sy = x oy we put y = 2/, where z o2’ = a and a is a fixed
element of the set ), i.e. 2/ = P,z, where P, is a permutation of the set ().

Then axo fa’ =xoa’ =afor all z € Q, P,axr = B2/ = fP,x. Therefore 3 = P,aP; ! for all
a € Q. O

Lemma 2.23. If K is a subgroup of the group N, then K = H C 3N/, moreover H =
R, KR! for any x € Q.
If K is a subgroup of the group oN*, then K = H C 3N*, moreover H = L,KL;! for any

T € Q.
If K is a subgroup of the group N2, then K = H C ,NA, moreover H = P,KP; ! for any

r e Q.
Proof. The proof follows from Lemma 2.22. O
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Lemma 2.24. In any quasigroup (Q, o) the groups Nf*, | Nf* and 3N*; N2, |NA and ,NA; N4,
o N4 and 3N are isomorphic in pairs.

Proof. The proof follows from Lemma 2.23. O
Theorem 2.25. In any quasigroup:
1. 1NlA = 3NlA if and only if RM C Ns, (1 lA ;

(
(Nt = 3N/ if and only if RM C NSQ(3 NY);
(

)
2. );
3. oNA = 3NA if and only if LM C N, o NAY;
4. oNA = 3N if and only if LM C N, (3Vf 4);
5. \NA = N2 if and only if PM C NSQ(1 A,
6. 1Njy = oNg if and only if PM C Ng,(2N3).

Proof. Case 1. If {N/* = 3N/, then from Lemma 2.23 it follows that R, € NSQ(lNlA) for any
¢ € Q. Since Ng,(1N/) is a group, further we have that RM C Ng,(1N/*).

Converse. Let a € | Nf*. Then by Lemma 2.23 R.aR;! € sN/. But RM C NSQ(lNlA).
Then R.aR;' = € N/t Thus 3N/ C | N/

Let v € sN/*. Then by Lemma 2.23 R;'yR, € {N/. But RM C Ng,(1N/*). Then
R.R'R.R;' =~ € 1NZA. Thus 3NlA - 1NlA. Therefore 1NlA = 3NlA.

Cases 2-6 are proved in the similar way. O

Moreover we can specify Theorem 2.25.

Theorem 2.26. 1. In the group N;{* of a quasigroup (Q, o) the first and third components of
any element T € Ni* coincide if and only if (i) RM(Q,0) C Cs,(1N/*).

2. In the group Nf* of a quasigroup (Q,o) the first and third components of any element
T € N{* coincide if and only if RM(Q,0) C Cs,(sN{*).

3. In the group N2 of a quasigroup (Q,0) the second and third components of any element
T € N coincide if and only if LM(Q,0) C Cs,(2N;).

4. In the group N2 of a quasigroup (Q,o) the second and third components of any element
T € N coincide if and only if LM(Q,0) C Cs,(3N;).

5. In the group N2 of a quasigroup (Q,o) the first and second components of any element
T € N; coincide if and only if PM(Q,0) C Cs,(1N7).

6. In the group N2 of a quasigroup (Q,o) the first and second components of any element
T € N;} coincide if and only if PM(Q,0) C Cs,(2Ng).

Proof.
The proof follows from Lemma 2.23. O

Corollary 2.27. 1. If (Q,") is a right loop, then first and third components of any element
T € Nf* coincide and (Ni* = 3N* = Cs,(R) = Cg,(RM).

2. If (Q,) is a left loop, then second and third components of any element T € N2 coincide
and 2N,;,4 == 3N;A == CSQ(L) == CSQ (LM)
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3. If (Q,-) is an unipotent quasigroup, then the first and second components of any element
T € Nji coincide and {Njy = sNia = Cs, (P) = Cs,(PM).

4. If (Q,-) is a loop, then 1NlA = 3NZA = CSQ(R) = C’SQ(RM)
JNA = yNA = O (L) = Cs, (LM) = Cor(LM) = Cppy (LM

).
5. If (Q,-) is an unipotent left loop, then oN4 = sNA = Cs,(L) = Cso(LM) = Cppy(LM)
== CF]\/[(LM); 1N£ == QN,;: == CSQ(]P)) == CSQ(PM) = CPLM(PM) == CF]\/[(PM)

6. If (Q, ) is an unipotent right loop, then {N* = 3N/* = Cs,(R) = Cs,(RM) = Cprar(RM)
= CF]M(RM),' 1N£ = QN,;?L = CSQGP)) = CSQ(PM) = CPRM(PM) = CFM(PM)

Proof. Case 1. The proof follows from Lemma 2.23. In a right loop (Q, o) there is right identity
element 1. Then R, = ¢, if c = 1. Thus v = R.aR;' = a. See also Corollaries 2.17 and 2.18.
From equality R.a = aR. that is true for all ¢ € @ and for all o € 1NlA we conclude that
1N C Cs, (R).

Prove that Cs,(R) C {N/*. We rewrite the proof from ([39], Lemma 2.6). Any eclement v
of the group Cg, (R) fulfils equality YR,z = Ry, ie. ¢(xy) = ¢(x) -y, ie. (¥,e,9) € N
Therefore Cs,(R) € 1N/, 1N/* = Cs,(R). Equality Cs,(R) = Cs,(RM) is true since (R) =
RM.

Case 2 is mirror of Case 1 and we omit its proof.

Case 3. From equality P.a = aP. (Lemma 2.23) that is true for all ¢ € Q and for all & € | N
we conclude that 1 Njy C Cs,, (P).

Any element 1) of the group Cg, (P) fulfils equality v Pjx = Pppx = z. If Y Pjx = z, then
-y lz=y. If Pypx =z, then -2 =y. Then -1z =z -z (¥,¢,¢) € NA. Therefore
Cs,(P) € 1N Thus (N7 = Cs, (P). Equality Cs, (P) = Cs,(PM) is true since (P) = PM.

Case 4. Equality Cs,(R) = Cs,, (RM) follows from the fact that (R) = RM.

Equality Cs,(RM) = Cy(RM) follows from the fact that { N/* € M and RM C M since in
loop case any element of the group N/* has the form (L, ¢, L.) (Corollary 2.18).

Equality Cp(RM) = Cpa(RM) follows from the fact that Cy(RM) = Cs,(RM), M C
FM C Sg, 1N* CFM and RM C FM.

The proofs of Cases 5 and 6 are similar to the proof of Case 4. O

Remark 2.28. 1. From equality R.ao = a R, (Corollary 2.27, Case 1) that is true for all ¢ € Q
and for all o € 1NlA we can do some additional conclusions: R C Csg, (a); RC CSQ(lNlA);
RM(Q) C Cs,(a); RM(Q) C Cs,(1N/).

2. From equality L.5 = BL. (Corollary 2.27, Case 2) that is true for all ¢ € @ and for all
B € oN4 we can do some additional conclusions, namely: L C Cs,(B); L C Cs, (oNA);
LM(Q) C Cs,(8); LM(Q) C Cs,(aN2).

3. From equality P.ov = aP. (Corollary 2.27, Case 3) that is true for all ¢ € @ and for all
o € 1N we can do some additional conclusions, namely: P C Cg,(a); P C Cg,(1N;):
PM(Q) C Cs,(a); PM(Q) C Cs,(1Nz).

2.6 A-nuclei by some isotopisms

Mainly we shall use Lemma 1.22 [17, Lemma 1.4]: if quasigroups (@, o) and (Q,-) are isotopic
with isotopy T, i.e. (Q,0) = (Q,-)T, then Avt(Q,0) =T tAvt(Q,-)T.

Lemma 2.29. For any quasigroup (Q,-) there exists its isotopic image (Q, o) such that:
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1. any autotopy of the form (a,e,v) of quasigroup (Q,-) is transformed in autotopy of the
form (v,€,7) of quasigroup (Q,o);

2. any autotopy of the form (a,e,v) of quasigroup (Q,-) is transformed in autotopy of the
form (a, e, a) of quasigroup (Q,0);

3. any autotopy of the form (e, 5,7) of quasigroup (Q,-) is transformed in autotopy of the
form (e, B, B) of quasigroup (Q,0);

4. any autotopy of the form (e,58,7) of quasigroup (Q,-) is transformed in autotopy of the
form (g,7,7) of quasigroup (Q,0);

5. any autotopy of the form (o, B,¢) of quasigroup (Q,-) is transformed in autotopy of the
form (o, a, €) of quasigroup (Q,0);

6. any autotopy of the form (o, B,e) of quasigroup (Q,-) is transformed in autotopy of the
form (5, 5,¢) of quasigroup (Q, o).

Proof. Case 1. If (Q,0) = (Q,)(R;!,¢,¢), where element a is a fixed element of the set Q,
then (@, o) is a right loop (Corollary 1.15).

By Lemma 1.22, if quasigroups (@, o) and (@, -) are isotopic with isotopy, then Avt(Q,o) =
T~1Avt(Q,-)T. Then autotopy of the form (a,e,7) of (Q,-) passes in autotopy of the form
(RoaR; ' e,7).

In any right loop any element of the group N/ (Q, o) has equal the first and the third com-
ponents, i.e. it has the form (v, e,~) (Corollary 2.17).

Case 2. We can take the following isotopy (@,0) = (@, -)(¢, &, R,). In this case (Q,0) is a
right loop.

Case 3. We can take the following isotopy (@, o) = (Q,-)(g,¢&, L,). In this case (Q,0) is a
left loop.

Case 4. We can take the following isotopy (Q,0) = (@, -)(, L; !, ). In this case (Q,0) is a
left loop.

Case 5. We can take the following isotopy (Q,0) = (Q,-)(&, P,,£). In this case (@, o) is an
unipotent quasigroup.

Case 6. We can take the following isotopy (Q,0) = (Q,-)(P; !, &,¢). In this case (Q, o) is an

a

unipotent quasigroup. L]

Corollary 2.30. For any quasigroup (Q,-) there ezists its isotopic image (Q, o) such that:

1. 1NMQ,0) = 3N (Q,0) = sNA(Q,);
2. 1NMQ,0) = 3N Q. 0) = 1 NAQ, ).
3. 2N (Q,0) = 3NN (Q,0) = 2N, -);
4. 2N Q,0) = sNA(Q,0) = sNA(Q, );
5. 1NL(Q,0) = 2Np(Q,0) = 1N4(Q, ),
6. 1N3(Q,0) = 2N (Q,0) = 2N3(Q, )
Proof. The proof follows from Lemma 2.29. N

Isotopy of the form (R, ', L, ", ¢) is called LP-isotopy (Definition 1.17).

Lemma 2.31. 1. Let (Q,) be a loop. If (Q,0) = (Q,)(R;* L, ", ¢), then
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(i) N/NQ,0) = NAQ, ),
(ZZ) N7A an) - (Qv )

be an unipotent right loop. If (Q,0) = (Q, ) (e, Pa, Ry), then
(i) NAQ.0) = NAQ.),

(
(
2. Let (Q,-)
(
(ii) Nin(Q,0) = N (@, ).
)
(
m(@;

3. Let (Q,) be an unipotent left loop. If (Q,0) = (Q, ) (P, e, L), then

(i) N (@Q.0) = NQ. ),

(ii) Ny(Q,0) = Nin(Q. ).

Proof. In this case (@, o) is a loop.

Case 1, (i). Let (L, e,L.) € NA(Q,-). By the isotopy any element of the group N/(Q, o)
has the form (R,L.R;*, ¢, L.). Since (Q,0) (or (Q,-)) is a loop, then R,L.R;* = L., N/(Q, ) C
NA(Q, o). Inverse inclusion is proved in the similar way. Therefore N/ (Q,-) = NA(Q, o).

Case 1, (ii) is proved in the similar way with Case 1.

Case 2 is ”(13)-parastrophe image” of Case 1. In this case (@), o) is an unipotent right loop
(Theorem 1.18). The forms of components of left nucleus and middle nucleus of unipotent right
loop are given in Theorem 2.18.

Further proof of Cases 2, (i) and 2, (ii) are similar with the proof of Case 1, (i) and we omit
it.

Case 3 is 7 (23)-parastrophe image” of Case 1. O

Notice, also it is possible to see on Case 3 as on ”(12)-parastrophe image” of Case 2.

2.7 Quasigroup bundle and nuclei

Definition 2.32. Let (Q),0) be a quasigroup.

Denote the set of all elements of the form LCLgl, where L., Lq are left translations of (Q), o),
by ML.

Denote the set of all elements of the form RCREI, where R., Rq are right translations of
(Qa 0)7 by M‘R-

Denote the set of all elements of the form P.P;', where P., Py are middle translations of
(Qa O)’ by M?-

Further denote the following sets My = {L;'Lq | a,b € Q}, M} = {R;'Ry | a,b € Q},
My ={P.'P; | a,b € Q}.

It is clear that in any quasigroup M, C LM, M} C LM, Mg C RM, M5 € RM, My C PM,
M; C PM.

Notice that (LCLJI)_I = LqL;'. Therefore (Mg)™t = Mg, (Mg) ™' = Mg and so on.

Remark 2.33. It is clear that M; C LM (Q,-). Then from Definition 1.45 it follows that
Cso(Mg) 2 Cs, LM(Q, -) and so on.

In [84] the set of all LP-isotopes of a fixed quasigroup (@, -) is called a bundle of a quasigroup
(Qv )

Remark 2.34. If |Q| = n, then by Lemma 1.20 any of the sets Mz, Mgy, Mp, M%, M, and M,
can contain n (not necessary different) simply transitive subsets of order n, that correspond to
the sets of left, right and middle translations of corresponding loops, unipotent left loops and
unipotent right loops of a quasigroup (@, -).
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Theorem 2.35. In any quasigroup (Q,-):

(1) WNAQ,) S Cs,(M3) (2) sNMQ,7) S Cso(Ma)
(3) 2NHQ.1) © Cso(M) (4) sNAQ.) C Cso(Me)
(5) INR(Q.1) € Cs,(M5) (6) 2Ni(Q.r) S Csp(My)

Proof. Case 1. From Lemma 1.24 it follows that in any autotopy («, £, ) of a quasigroup (@, o)
permutations « and ¢ uniquely determine permutation . Therefore from Lemma 2.23 in this
case R.aR;' = RjaR,', o = R7'RyjaR;'R. = R7'Rya(R;7'R,) ™! for all ¢,d € Q.

Case 2 is proved in the similar way.

Case 3. From Lemma 1.24 it follows that in any autotopy (e, 3,7) of a quasigroup (@, o)
permutations € and [ uniquely determine permutation 7. Therefore from Lemma 2.23 in this
case L.AL;Y = LaBL,Y, B= L' LyBL; L. = L7 LaB(L Ly)~! for all ¢,d € Q.

Case 4 is proved similarly.

Case 5. From Lemma 1.24 it follows that in any autotopy («, 3,¢) of a quasigroup (@, o)
permutations 5 and ¢ uniquely determine permutation «. Therefore from Lemma 2.23 in this
case P.aPt = PjaP; ', a = P'PjaP;'P. = P7Pya(P7Py) = for all ¢,d € Q.

Case 6 is proved similarly. U

Corollary 2.36. 1. In any right loop (Q, ")

(a) 1NA(@Q, ) € Csu RM(Q, ),
(b) 3NlA(Q7 ) C CSQRM(Q7 )
2. In any left loop (Q,-)

(a’) 2N7:4(Q7 ) - OSQLM(Qa ")
(b) 3N,;4(Q, ) g CSQLM(Qa °).

3. In any unipotent quasigroup (Q, -)

)
)
(a) INA(Q,-) € Cso, PM(Q, ),
(b) 2NA(Q,") € Cs,PM(Q,").

Proof. Case 1, (a). Since any right loop (@, ) has right identity element 1, then R, is identity
permutation of the set (). Therefore the set M} contains any right translation of this right loop
(Q,-). It is clear that in this case Cs,R 2 Cs,(Mz) 2 Cs,RM. But Cs,R = Cg,RM since
(R) = RM. Then Cs,(M5) = Cs, RM.

All other cases are proved in the similar way. O

Corollary 2.37. Let x oy = R,'z -y for all z,y € Q. Then {NA(Q,-) € Cs,(R(Q,0));
BNZA(QJ ) g CSQ(R(Qv O))

Let xoy = x- L'y for all 2,y € Q. Then yNQ, ) C Cs,(L(Q,0)); sNAQ,-) C
CSQ (L(Qv O))

2.8 Action of A-nuclei

Theorem 2.38. Any of the groups | N{*, sN/*, | N2, o NA o NA and 3N2 of a quasigroup (Q, )
acts the set Q) free (semireqular) and in such manner that stabilizer of any element x € Q by this
action is the identity group, i.e. | {N{',| = | 3N 2| = | 2N, | = [sNA,| = | INA,| = |3NA,| = 1.
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Proof. By Theorem 1.26 any autotopy («, 5,7) ((a, 8,7) = (a1, ag, a3) ) is uniquely defined by
any autotopy component «a;, ¢ € {1,2,3}, and by element b = aja, i # j. By definition of ; N/*
any element « of the group ; N/ is the first component of an autotopy of the form (o, e, R.a R, 1)
(Lemma 2.23).

In order to apply Theorem 1.26 to the group Nf* we take i = 2 (in this case 8 = ¢ for any
T € N{*). And in fact any left nuclear autotopy 7 is defined by the image aa of a fixed element
a € @ by action of the permutation a € ;N

Therefore, if a7, s € 1NZA, then oz # asx for any x € @, i.e. 1NlA acts on the set @) free
(fixed point free), or equivalently, if a(z) = z for some x € @ then o = ¢.

If aa = Ba for some o, 3 € N, a € Q, then f~lax = x, B~la = e. Therefore | | N/,| =
[3N ol = [2N] = [Nl = [1 Nl = 3N = 1. O

Corollary 2.39. If H is a subgroup of the group (Ni* (sN{*, | N2, yNA oNA and 3N2), then
the group H acts on the set Q) free and in such manner that stabilizer of any element x € () by
this action is the identity group.

Proof. The proof follows from Theorem 2.38. O

Corollary 2.40. In any finite quasigroup (Q,-) the orders of orbits of the group Nf* (sNf*,
(N2 oNZ O NA and 3N2) by its action on quasigroup (Q, -) are equal with the order of the group
(N (N, (N2 GNA oNA and 3N ), respectively.

Proof. By Theorem 2.38 | {N/',| =1 for any z in Q. O

Remark 2.41. For infinite case we can re-formulate Corollary 2.40 in the language of bijections.
For example, there exists a bijection between any orbit of the group ;N by its action on
quasigroup (Q, -) and the group ; N/*. And so on.

Corollary 2.42. In any finite quasigroup (Q, ) the order of any subgroup of the group Nf* (N,
NA NP, 3N, (N2 oNA o NA and 3N2) divide the order of the set Q.

T m?’

Proof. We can use Corollaries 2.39, 2.40 and Lagrange Theorem [48] about order of subgroup
of any finite group. [l

Corollary 2.43. In any finite quasigroup (Q,-) we have |N/*| < |Q|, IN2| < |Q|, INA| < |Q|,
LA < QL 3N < 1Q hNA < 1QL, [2NAl < 1Q), 2N < Q1 and [sNA < Q).

Proof. The proof follows from Corollary 2.42. 0

Lemma 2.44. [f the order of a quasigroup (Q,) is equal to the order of the group Nj*, then the
orders of all groups N2, NA, N/, 3N, N2 oNA oNA and 3N2 are equal to |Q).

T

Proof. It is clear that the order of a quasigroup (@), -) is invariant relative to the parastrophy. L.e.
(@, )] = (Q,-)°], for any o € Ss3. From Table 3 it follows that (NZA)(H) = N4, (]\flA)(23) = NA.
Therefore |[N'| = |[N2| = |[NA| = |Q|. Further we can apply Lemma 2.23. ]

Remark 2.45. Analogs of Lemma 2.44 are true for any group from the following list: N4, N4,
(N sNA, (NS, 9N, o N and 5N

Corollary 2.46. 1. If(Q,") is finite right loop, then |Cs,(FM)| < |Cs,(M)| < |Cs,(RM)| <
Q.

2. If (Q,-) is finite left loop, then |C’SQ(FM)| < |C’SQ(M)| < |C’5Q(LM)| <1Q|.
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3. If (Q,-) is finite unipotent quasigroup, then |Cs,(FM)| < |Cs,(PM)| <|Q|.

Proof. Case 1. Inclusions FM 2 M O RM follow from definitions of these groups. Therefore
|Cso (FM)| < |Cs,(M)] < |Cs,(RM)|. Inequality |Cs, (RM)| < |Q| follows from Corollaries
2.27 and 2.43.

Cases 2 and 3 are proved similarly. O

Example 2.47. We give an example of a loop with N, = {0,1}. Notice this nucleus is not a
normal subloop of loop (@, ). Indeed, 5{0,1} = {5,3}, {0,1}5 = {5,4}.

Then ;N2 = {&, R}, where R, = (01)(24)(35), oN2 = {¢,L;'}, where L, = L]' =
(01)(23)(45). The group ;N by action on the set @ has the following set of orbits
{{0,1},{2,4},{3,5}}, and the group o N has the following set {{0,1},{2,3},{4,5}}.

*(0 1 2 3 4 5
0(0 1.2 3 4 5
111 0 3 2 5 4
212 41 5 3 0
313 5 4 0 2 1
414 2 5 1 0 3
515 3 0 4 1 2

2.9 A-nuclear quasigroups

We start from theorem which is a little generalization of Belousov Regular Theorem [14, Theorem
2.2]. In [53, 54] Kepka studied regular mappings of groupoids including n-ary case.

Theorem 2.48. 1. If an orbit K by the action of a subgroup H of the group ;N* on a
quasigroup (Q,-) is a subquasigroup of (Q,-), then (K,-) is an isotope of the group H.

2. If an orbit K by the action of a subgroup H of the group sN* on a quasigroup (Q,-) is a
subquasigroup of (Q,-), then (K,-) is an isotope of the group H.

3. If an orbit K by the action of a subgroup H of the group oN** on a quasigroup (Q,-) is a
subquasigroup of (Q,-), then (K,-) is an isotope of the group H.

4. If an orbit K by the action of a subgroup H of the group sN on a quasigroup (Q,-) is a
subquasigroup of (Q,-), then (K, -) is an isotope of the group H.

5. If an orbit K by the action of a subgroup H of the group ;N2 on a quasigroup (Q,-) is a
subquasigroup of (Q,-), then (K, -) is an isotope of the group H.

6. If an orbit K by the action of a subgroup H of the group o« N2 on a quasigroup (Q,-) is a
subquasigroup of (Q,-), then (K, -) is an isotope of the group H.

Proof. Sometimes in the proof we shall denote by the symbol * operation of composition of
permutations (of bijections) of the set Q.

Case 1. Let k € K. By Lemma 2.29 for any quasigroup (@, -) there exists its isotopic image
(Q,%) = (Q,-)(g,&, Ry) such that: {NA(Q,*) = 3NAQ,*) = 1NQ,-). Notice by isotopy of
such form (k € K') subquasigroup (K, -) passes in subquasigroup (K, *) of quasigroup (Q, ).

Moreover in right loop (Q, x) any autotopy of the form («, €, ) of quasigroup (Q, -) takes the
form (a, e, ). Therefore H C {NA(Q, %).

We follow [14, Theorem 2.2]. In this part of the proof we ”are” in right loop (@, ).
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Any element [ € K it is possible to present in the form [ = §k, where § € H C { N{*. Notice
k=cek. It | =0k, r = Mk, then 0kx Ak € K since (K, *) is a subquasigroup of quasigroup (@, *).
Thus there exists u € H such that 0k x \k = pk since Hk = K.

On the set H we can define operation o in the following way: § o A = p if and only if
Ok * Ak = pk.

Prove that

(H,0) = (K, %) (25)

Define the map ¢ in the following way: ¢ : A — Ak, @(d 0o X) = p(0) x p(A) = dk * Ak. The map
¢ is bijective, since action of the group of permutations H C ;N/* on the set K is regular (i.e.
it is simply transitive). Therefore (H, o) = (K, *).

Let a,\,p € H. Notice, corresponding permutation to the permutation « from the set
3N (Q, %) also is permutation o (Lemma 2.29). From definition of the set K we have aK = K.
Indeed oK = a(Hk) = (eH)k = Hk = K.

Then restriction of the action of the triple (a,e,a) € NfA(Q,*) on subquasigroup (K, ) C
(@, *) is an autotopy of subquasigroup (K, x). We have a((Aop)k) = a(Ak*pk) = (a\)k*pk =
(@) o p)k.

Therefore we obtain

a(Aop) = (ad)op (26)

If we put in equality (26) A = ¢, then we obtain a(s o u) = ao p.
Since (H,o) is a quasigroup, ¢ € H, then the mapping L2, L2 = cop for all p € H is a
permutation of the set H. Then
axLip=aopu (27)

where * is operation of the group H, i.e. it is composition of bijections of the set Q).
Then from equality (27) we conclude that quasigroup (H, o) is isotopic to the group (H, %),
ie. (H,0) ~ (H,x), (H,o)=(H,x)(e, L, ¢).
Further we have
(H,*) ~ (H,0o) = (K,*) ~ (K,-) (28)

Case 2. The proof of Case 2 is similar to the proof of Case 1 and we omit it.
Case 3. In the proof of Case 3 instead of equality (26) we obtain the following equality

Bx(Nou) =Xo (B p) (29)
where 3, \,u € H C ,NA. If we put p = ¢, then we have 3% A\’ = Ao . Notice, since (H, *) is a

group, then its (12)-parastrophe (H, (1*2)) also is a group. Therefore quasigroup (H, o) is isotopic
to a group.

Case 4. The proof of this case is similar to the proof of Case 3.

Case 5. In this case equality (26) is transformed in the following equality

(ax N o(a*xp)=Nopu (30)

In this case H C | NA. If we put in equality (30) = ¢, then we have (axA\)oa = \’, and using

operation of left division of quasigroup (H, o) further we obtain \’/a = a .
(12)
If we take (12)-parastrophe of the operation /, then we obtain o« / A’ = a % A. In fact the
(12)
operation / is (132)-parastrophe of the operation o.

132
Therefore quasigroup (H,( o )) is a group isotope. Then quasigroup (H,o) also is group
isotope as a parastrophe of a group isotope (Lemma 1.21).
Case 6. The proof of this case is similar to the proof of Case 5. O

26



From Theorem 2.48 we obtain the following

Theorem 2.49. If an orbit K by the action of the group | N* (3N{*, oNA, sNA, | N4 oN4) on

a quasigroup (Q, ) is a subquasigroup of (Q,), then (K,-) is an isotope of the group  Ni* (3N,
oNA, sNA | NA o NA) respectively.

Proof. This theorem is partial case of Theorem 2.48. In Case 1 H = ;N/* and so on. ]

Theorem 2.50. The group Ni* (3N{', oNA, sNA, | N2 oN4) of a quasigroup (Q,-) acts on
the set QQ simply transitively if and only if quasigroup (Q,-) is a group isotope.

Proof. If the group  N/! of a quasigroup (Q,-) acts on the set @ simply transitively, then by
Theorem 2.49 (Q,-) ~ 1N/

Let (Q,-) ~ (Q,+). Prove, that in this case the group 1 N/(Q, ) acts on the set Q simply
transitively. Any element of left A-nucleus of the group (@, +) has the form (L}, e, LT) for all
a € Q. The group N/ (Q,+) acts on the set @ simply transitively.

I£(Q. ) = (Q.+)(a, 5,7), then 1NA(Q, ) = a1 NA(Q, +)a (Lemma 1.22).

Let a,b € Q. Prove that there exists permutation ¢ € | N/(Q,-) such that ¢a = b. We can
write permutation ¢ in the form a~!L}a. Since the group | NA(Q,+) is transitive on the set
Q, we can take element x such that LTaa = ab. Then a = a™'Lfaa = a~tab =b.

The fact that action of the group ;N/* on the set () is semiregular follows from Theorem
2.38.

Other cases are proved in the similar way. 0

Definition 2.51. A-nuclear quasigroup is a quasigroup with transitive action of at least one
from its components of A-nuclet.

Definition 2.51 is a generalization of corresponding definition from [14].

Corollary 2.52. If at least one component of a quasigroup A-nucleus is transitive, then all
components of quasigroup A-nuclei are transitive.

Proof. The proof follows from Theorem 2.50. O
We can reformulate Theorem 2.50 in the following form.

Theorem 2.53. A quasigroup is A-nuclear if and only if it is group isotope.
We give slightly other proof of Lemma 2.44.

Lemma 2.54. If the order of a finite quasigroup (Q,-) is equal to the order of the group 1 N;*,
then the orders of groups N2, NA, N/, 3N, N2 oNA oNA and 3N are equal to |Q).

Proof. By Theorem 2.38 the group N/* acts on the set @ free (semiregular). From condition of
the lemma it follows that the group N/ acts on the set @ regular (simply transitively). Further
we can apply Theorem 2.50. O

2.10 Identities with permutation and group isotopes

Conditions when a quasigroup is a group isotope were studied in classical article of V.D. Belousov
[13]. Functional equations on quasigroups are studied in [11, 60, 94, 59, 61]. Linearity, one-sided
linearity, anti-linearity and one sided anti-linearity of group and abelian group isotopes is studied
in the articles of V.D. Belousov [13], T. Kepka and P. Nemec [68, 56], G.B. Belyavskaya and
A.Kh. Tabarov [28, 27, 29, 24, 97, 98], F.M. Sokhatskii [93], J.D.H. Smith [88] and many other
mathematicians.
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Definition 2.55. Let (Q,€2) be an algebra. We shall name an identity of algebra (Q,$2) with
incorporated in this identity fized permutations of the set Q) as identity with permutations (per-
mutation identity) [52].

Identity with permutations can be obtained from ”usual” quasigroup identity by rewriting
these identities using quasigroup translations. Notice any permutation of the set ) can be viewed
as special kind of unary operation.

Permutation identities in explicit or implicit form are in works of V.D. Belousov, G.B. Be-
lyavskaya, A.A. Gvaramiya, A.D. Keedwell, A. Krapez, F.N. Sokhatsky, A.Kh. Tabarov and
many other mathematicians that study quasigroup identities.

We give the following based on Theorem 2.53 procedure to answer the following question: is
a quasigroup with an identity a group isotope?

Procedure 2.56. 1. If we can write a permutation identity of a quasigroup (Q, -) in the form
Az -y =T(x-y), where A, T are the sets of permutations of the set Q, and can prove that
the set A or the set I' acts on the set Q transitively, then quasigroup (Q,-) is a group
150tope.

2. If we can write a permutation identity of a quasigroup (Q,-) in the form z- By =T'(z - y),
where B, T are the sets of permutations of the set QQ, and can prove that the set B or the
set T' acts on the set Q) transitively, then quasigroup (Q,-) is a group isotope.

3. If we can write a permutation identity of a quasigroup (Q,-) in the form Ax - By = x -y,
where A, B are the sets of permutations of the set (), and can prove that the set A or the
set B acts on the set Q transitively, then quasigroup (Q,-) is a group isotope.

A procedure similar to Procedure 2.56 is given in [90, 91, 92].

Remark 2.57. Procedure 2.56 shows that it is possible to generalize Definition 2.55 changing
the words ”fixed permutations of the set )7 by the words ”fixed sets of permutations of the set

Q” .
We give Belousov criteria, when a group isotope is an abelian group isotope.

Lemma 2.58. Belousov criteria. If in a group (Q,+) the equality ax + By = vy + dx holds for
all z,y € Q, where o, B,7,6 are some fized permutations of Q, then (Q,+) is an abelian group

[15].
Proof. From equality az 4+ By = vy + dx we have
ad e+ pyly=y+a (31)

If we put in equality (31) x = 0, then Sy~ = L}, where k = —ad 0.
If we put in equality (31) y =0, then ad~' = R}, where d = —3~ 0.
We can rewrite equality (31) in the form

Rjz+Liy=y+u (32)

If we put =y = 0 in equality (32), then d + k = 0 and equality (32) takes the form z 4+ y =

Y+ O
There exists also the following corollary from results of F.N. Sokhatskii ([95], Theorem 6.7.2).
Notice up to isomorphism any isotope is principal.
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Corollary 2.59. Ifin a principal group isotope (Q,-) of a group (Q,+) the equality ax - By
vy - 0x holds for all x,y € Q, where o, 3,7,6 are some fized permutations of Q, then (Q,+) is
an abelian group.

Proof. If x -y = &x + xy, then we can re-write the equality ax - By = vy - dz in the form
ax + xPy = Evy + xox. Now we can apply Belousov criteria (Lemma 2.58). ]

Lemma 2.60. A quasigroup (Q,-) with identity
a1z -y z) =y - ag(x - agz), (33)
where aq, . .., a4 are permutations of the set ), is abelian group isotope.

Proof. We can re-write identity (33) in the form L, ,a0(y - 2) = v - azLyauz. Since (Q,-) is a
quasigroup, then for any fixed elements a,b € @ the exists an element t such that ta = b, i.e.
Lia = b. Then the set of translations {L, | x € @} acts on the set @) transitively. Therefore the
set of permutations of the form asL, a4 also acts transitively on (). By Theorem 2.53 quasigroup
(@, ) is group isotope.

We can re-write identity (33) in the form ayx - R,y = y - agR,,.x. From Corollary 2.59 if
follows that quasigroup (@, -) is abelian group isotope. O

Definition 2.61. Let (Q,-) be a groupoid. Identity of the form
ar(anr - azy) - ag(asu - agv) = az(zu) - ag(yv) (34)

where v, . .., ag are fived permutations of the set ), we shall name permutation medial identity.
Identity of the form

a1 (e - azy) - au(asu - agv) = aq(vy) - ag(uz) (35)
where a1, ...,ag are fived permutations of the set ), we shall name permutation paramedial
identity.

Theorem 2.62. 1. Permutation medial quasigroup (Q,-) is an abelian group isotope.

2. Permutation paramedial quasigroup (Q,+) is an abelian group isotope.

Proof. Case 1. Using language of translations we can rewrite identity (34) in the form 5z Sov =
Bsx - Byv, where B = oy Royyaia, B2 = ayliazuts, B3 = ar Ry, By = agly,.

Then /35 ' € | N2 and the set of permutations of the form B85 L acts on the set @ transi-
tively (we can take u = a, where the element a is a fixed element of the set @)). Therefore by
Theorem 2.53 medial quasigroup is a group isotope.

We can write identity (34) in the form vy - you = ysu - Y4y, where v; = g Lg,z03, Y2 =
oy Rogvis, v3 = azLy, 74 = agR,. From Corollary 2.59 it follows that any permutation medial
quasigroup is an isotope of abelian group.

Case 2 is proved similarly to Case 1. 0

Corollary 2.63. Medial quasigroup (Q,-) is an abelian group isotope [14, p.33]. Paramedial
quasigroup (@, o) is an abelian group isotope [68].

Proof. The proof follows from Theorem 2.62. U
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Any permutation identity of the form
o (az(asr - auy) - azz) = aex - ar(asy - ag2) (36)

on a quasigroup (@, -), where all «; are some fixed permutations of the set @, it is possible to
reduce to the following identity [25]

ar(ag(z - y) - 2) = agz - (aqy - as2) 37)

In [25] using famous Four quasigroups theorem [1, 16] it is proved: if a quasigroup (Q,-)
satisfies identity (37) then this quasigroup is a group isotope and vice versa.
We can rewrite equality (37) in the form

061042Rz(l’ : y) = Q3T - Ra5za4y (38)

If ag = ¢, then by Procedure 2.56 Case 2 quasigroup (@Q,-) with equality ayaeR,(z - y) =
T - Ro, 04y is a group isotope.

3 A-centers of a quasigroup

3.1 Classical definitions of center of a loop and a quasigroup
R.H. Bruck defined a center of a loop (Q,-) in the following way [32].

Definition 3.1. Let (Q,-) be a loop. Then center Z of loop (Q, ) is the following set Z(Q, ) =
NNC, where C={ae€Q | a-x=x-aVreQ} [32, 70]

We follow [70] in the denoting of loop center by the letter Z.

Notice, that in a loop (even in a groupoid) Z = NN N, NC = NN N,,NC =N, NN, NC
[77].

It is well known that in loop case Z (@) is normal abelian subgroup of the loop @ [32].

J.D.H. Smith [86, 87, 34, 89] has given definition of center of quasigroup in the language
of universal algebra (Congruence Theory). J.D.H. Smith defined central congruence in a quasi-
group. Center of a quasigroup is a coset class of central congruence. Notice that any congruence
of quasigroup @ defines a subquasigroup of Q2 [86]. G.B. Belyavskaya and J.D.H. Smith defini-
tions are close.

A quasigroup (@, -) is a T-quasigroup if and only if there exists an abelian group (Q,+), its
automorphisms ¢ and 1 and a fixed element a € @) such that -y = px+Yy+a forall x,y € @
[68].

A quasigroup is central, if it coincides with its center.

Theorem 3.2. (Belyavskaya Theorem). A quasigroup is central (in Belyavskaya and Smith
sense) if and only if it is a T-quasigroup [23].

An overview of various definitions of quasigroup center is in [77].

3.2 A-nuclei and autotopy group

We recall that isotopic quasigroups have isomorphic autotopy groups [14] (see Lemma 1.22 of
this paper).

It is well known that any quasigroup (@), -) that is an isotope of a group @ has the following
structure of its autotopy group [62, 76]

Avt(Q, ) = (@ x Q) N Aut(Q)
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Theorem 3.3. For any loop Q we have

(N x NYXN Aut(Q) = H C Avt(Q)
(N x Np) N Aut(Q) = H C Avt(Q)
(N2 % NYXN Aut(Q) = H C Avt(Q)

Proof. Case 1. It is clear that the groups N/', N2 and Aut(Q) are subgroup of the group
Avt(Q).

Further proof is quit standard for group theory [48]. Let H = N/* - NA - Aut(Q). Here the
operation ”-” is the operation of multiplication of triplets of the group Avt(Q).

We demonstrate that N/ N NA = (g, ¢,¢).

Any element of the group N N N4 has the form (g,¢,7). By Corollary 1.25 vy = ¢ in this
case.

It is easy to see that N < Avt(Q). Then N/ < H. Similarly NA < H.

Prove that N/ - N4 = NA N Let (¢, )\) € N, (g,p,9) € NA. Any element of the set
N - N2 has the form (0, p, )\w) and any element of the set N4 - N/ has the form (6, 1, 1 )\).
By Lemma 1.24 any two autotopy components define the third component in the unique way,
therefore A = M) in our case. Thus N - N4 = N/ x NA.

Prove that N/* x N4 < Avt(Q). Tt is easy to see that NA < Avt(Q), N2 < Avt(Q). Indeed,
in loop case we have

(a_lu 5_17’7_1)(51757 )‘1)(057 57 7) - (627 €, )\2)

where (a, 8,7) € Avt(Q), (61,€, M), (02, ¢, A2) € N/
Similarly
(ailv ﬁil) 771)<5a M1, ¢1)(047 ﬁ; 7) - (87 M2, ¢2)

Further we have

(@™, 8757 D0, M) (a, B,7) =

= (@ 187y (06,6, M) (e, u ) (a, B,7y) =

= (a7 875708, (e, B,7) (@ 87y (e, ) (e, B,7) =
= (61,8, \1)(e, p, 1) = (01, Mw\ﬂﬁl) e Nf' x N}!

Therefore N/ x N4 < Avt(Q) in any quasigroup Q.

Prove that (N/' x NA) N Aut(Q) = (g,¢,¢). In this place we shall use the fact that @Q is a
loop. In a loop any element of the group (N/* x NA) has the form (L,, Ry, RyL,). Since any
automorphism is an autotopy with equal components we have L, = RyL,, Ry = €, Ry = RpLa,
L,=c¢.

Therefore we have that H = (N x NA) X Aut(Q).

Cases 2 and 3 are proved similarly to Case 1. O

Remark 3.4. The fact N N NA = (g,¢,¢) demonstrates that there is difference between
Garrison left nucleus N; and left A-nucleus N/, between Garrison right nucleus N, and right

A-nucleus N, and so on.

Remark 3.5. Theorem 3.3 is true for any quasigroup (@, -) but by isotopy ((Q,-) ~ (Q,+)), in
general, the group Aut((Q),+) passes in a subgroup of the group Avt(Q,-) [76].
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Corollary 3.6. For any quasigroup () we have
(N x N/ < Avt(Q)
(N x Nj) S Avt(Q)
(N2 % N2) < Aut(Q)
Proof. The proof follows from the proof of Theorem 3.3 (equality (39)). O
Corollary 3.7. For any quasigroup ) we have:
1. if pe N, v e N2 then pv = vu;
2. if p € 9NA, v € N2, then pv = vu;
3. if u € 3N, v € 3NA, then pv = vp.
Proof. The proof follows from Theorem 3.3. O
Corollary 3.8. In any quasigroup
1. N N2 = N2 N,
2. yNA . gNA = yNA . NA;
3. 3NA - 3N = 3N - 3 NA.
Proof. The proof follows from Corollary 3.7. O

Example 3.9. Loop (Q,-) has identity group Aut(Q) [85], the identity groups (N x NA) X
Aut(Q), (N x N2 XN Aut(Q),(NA x NA)Y XN Aut(Q). Tts autotopy group Avt(Q) is isomorphic
to the alternating group Ay [46].

112 3 45
111 2 3 45
212 31 5 4
313 4 5 1 2
414 5 2 3 1
515 1 4 2 3

We recall |A4] = 12 and this number is divisor of the number 5! -5 = 600.

3.3 A-centers of a loop

Definition 3.10. Let Q be a loop.

Autotopy of the form {(La, e, L) |a € Z(Q)} we shall name left central autotopy. Group of
all left central autotopies we shall denote by Z*.

Autotopy of the form {(e, La, L) |a € Z(Q)} we shall name right central autotopy. Group
of all right central autotopies we shall denote by Z2.

Autotopy of the form {(L,, L;*,¢) |a € Z(Q)} we shall name middle central autotopy. Group
of all middle central autotopies we shall denote by ZA.

Lemma 3.11. In any loop the groups ZlA, 7A 74 1ZlA, 3ZlA, o ZA 372\ ZA W ZA and 7 are
isomorphic. In more details Z = 7 2 74 > 74 o\ gA = 74 = 74 = 374 = 7 =, 74,
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Proof. The proof follows from definition of center of a loop (Definition 3.1) and Definition 3.10.
The map € : a + L,, where a € Z, gives necessary isomorphism of the group Z and ;Z/*. And
SO on. 0

Lemma 3.12. If Q) is a loop, then 1ZlAl = 3ZlA = ngl = 3Z;4 = 1Z$ = QZ;‘;I = 7.
Proof. It is possible to use Definition 3.10. O

Corollary 3.13. In any loop Q the orbit \Z{*1 (377, o221, 372, 1 Z2, 2 Z21) coincides with
the set Q) if and only if Q is an abelian group.

Theorem 3.14. Let () be a loop. Then

~

C(NA X NAYANA = (Lo, L 2) |0 € Z(Q)} = 22
2. (N x NJYNNA = {(e, Lo, La) | a € Z(Q)} = Z{;

5. (NA % NAYANA = {(Lae, L) |a € Z(Q)} = 27

4. ZA < Avt(Q), Z4 D Avt(Q), Z4 < Avt(Q).

5. The groups Z{*, Z2 and Z2 are abelian subgroups of the group Avt(Q).

Proof. Case 1. Any element of the group N/* x N2 has the form
(La, Ry, Lo L) (40)
any element of the group N has the form
(Re, L' ) (41)

(Theorem 2.18). Then R,L, = ¢, R, = L. Expression (40) takes the form (L,, L', L,L;') =
(Lo, L;',€). Comparing it with expression (41) we have that L, = R,, i.e. ar = za for any
element € Q. In addition taking into consideration that (L., L;',e) € N2 (Ls, €, L,) €
N, (e, LY, L) € NA, we obtain that the element a is central, i.e. a € Z(Q).

Therefore (N x NA) N NA C {(L,, L;Ye)|a € Z(Q)}.

Converse. It is easy to see that any element from the center Z(Q) of a loop ) ”generate”
autotopies of left, right, middle A-nucleus of the loop @, i.e. {(L,, L;t,¢)|a € Z(Q)} C (N x
NA)N NA.

And finally we have (N x NA)YNNA = {(L,, L;',¢)|a € Z(Q)}.

Case 2. The proof of Case 2 is similar to the proof of Case 1 and we omit some details. Any
element of the group N/* x N4 has the form

(LoRy, L', Ly) (42)
any element of the group N has the form
(e, Re, Re) (43)

(Theorem 2.18). Since expressions (42) and (43) in the intersection should be componentwise
equal, we have the following system of equations

LaRb =&
L' =R,
L, =R,



We remember that in any loop for any nuclear translation we have L' = L,-1, R;' = R,
(Theorem 2.18).

From equality Lb_1 = L, we have that @ = b= and b = a~*. Then we from equality L,R, = ¢
it follows that L, = Ry, for all elements of the group (N/* x NA) N N

Expression (42) takes the form (L,L;"', L, L,) = (¢, Lq, L,). Expression (41) takes the same
form.

Taking into consideration that L, = Ra, (L;', La,e) € N2, (Lqa, e, Ly) € N, (¢, Lo, L) €
NA we obtain that the element a is central, i.e. a € Z(Q).

Therefore (N x NA)Y N NA C {(L,, L;'¢)|a € Z(Q)}.

Converse inclusion is proved similarly with the proof in Case 1.

Finally we have (N x N2A)N NA = {(¢, Lo, La) |a € Z(Q)}.

Case 3. The proof of Case 3 is similar to the proof of Cases 1, 2. Any element of the group
N4 x N2 has the form

(Ry, RoL; ', Ry) (44)

any element of the group N/* has the form
(Le, e, L) (45)

(Theorem 2.18). Since expressions (44) and (45) in the intersection should be equal componen-
twise, we have the following system of equations

R, = L,
R.L, ' =¢
R,=L.

From equality R, = R, we have that a = b. Then we from equality RaLb_1 = ¢ it follows
that L, = R, for all elements of the group (N2 x N4)yn N

Expression (44) takes the form (L, LoL;", Ly) = (La, &, La).

Taking into consideration that L, = R,, (L., L;t,€) € N2 (Ly,e,L,) € Nf*, (g, La, L) €
N#, we obtain that the element a is central, i.e. a € Z(Q).

Therefore (N4 x NA) N N = {(La, e, La) | a € Z(Q)}.

Case 4. The proof follows from Corollary 3.6 and the fact that intersection of normal sub-
groups of a group is normal subgroup.

Case 5. The proof follows from Lemma 3.11. Indeed, in this case, if we denote the loop
operation by +, then we have L,Ly = Loy = Lyrq = LyLg. ]

Theorem 3.15. Let Q be a loop, K = Nf*- N4 - N2, Then
(i) K)Z{ = (N x Np) [ Z < N[ 21
(ii) K24 = (N x N2)/ 2 x NAJZ2;
(iii) K)Z = (N* x N2A)/ZA x NitJZ:2.
Proof. Case (i). The groups Nf*, N* and N/ are normal subgroups of the group Avt(Q).

From Theorem 3.3 we have that the groups N/, N4 and N/ are intersected in pairs by identity
group.

From Lemma 2.7 and Corollary 3.6 we have that N/ < Avt(Q), (N2 x N4) < Avt(Q). Then
NA<K, (NAx NY) QK.

From Theorem 3.14 and Theorem 4.2.1 [48, p. 47] we have that groups (N4 x N2)/Z# and
N/ Z# are normal subgroups of the group K/Z* that are intersected by the identity subgroup.
Therefore K/Z{* = (N4 x N2)/ZA x N ZA.

Cases (ii) and (iil) are proved in the similar way. ]
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3.4 A-centers of a quasigroup

Definition 3.16. Let Q) be a quasigroup. We shall name
(i) the group (N2 x NAYN N as left A-center of Q and shall denote by Z{*;
(ii) the group (N{* x NA)YN NA as right A-center of Q and shall denote by Z2;

(iii) the group (Nf* x NA)YN NA as middle A-center of Q and shall denote by Z:+.

Lemma 3.17. Left, right, and middle A-centers and their components of isotopic quasigroups
(Q,0) and (Q,-) are isomorphic, i.e., if (Q,0) ~ (Q,-), then

)
1. ZMQ,) = Zl (@.,0); 2. 1ZQ,-) =12/
4, zA( Q,) = ZXQ,0); 5. 2ZMQ,-) =2 ZA(
7. Zf (Q> )ng (Q,0); 8. 1Z5(Q,) =1Z;(

Proof. Case 1. Suppose that (Q,0) = (@, )T, where T is an isotopy. By Lemma 1.22
Av(Q,0) = T~ Avt(Q, )T

Notice, T ZAQ, )T = T ((NAQ, ) x N2HQ,-)) N NA(Q,-))T. For short below we shall
omit denotation of quasigroups (@, -) and (Q, o).

Denote (NA x N2) by A, N/ by B, the conjugation isomorphism by the letter ¢. Prove that
V(AN B) =pANeB.

Let pz € p(AN B). Then z € AN B since ¢ is a bijective map. If z € AN B, then z € A,
z € B, p(x) € p(A), p(x) € p(B), () € p(A) N @(B), p(AN B) C pAN¢B.

Let oz € pAN@B. Then pr € A, pr € pB. Since ¢ is a bijective map, then x € A,
r€B,xe ANB, pr € p(ANB), pANpB C p(AN B).

Finally, pAN¢B = (AN B), ie. T'((NA x NYNNAT = T-Y(NA x NOYT NT-'NAT.

The fact, that T-H(NA x NA)T = T INAT x T-'NAT is well known. Indeed, in the group
of all triplets Sg x Sg % Sg isomorphic image of the direct product of two subgroups is the direct
product of their isomorphic images. Also it is possible to prove this fact using equality (39).

We have the following chain of equalities

T ZMQ, )T =T (N x Ny) N NT =
T YNA % NOYT AT INAT = (T7'NAT) x (T'NAT) N T 'N/T =
(N(Q,0) x N (Q.0)) N N{H(Q, 0) = Z{(Q. 0)

Therefore Z(Q, ) = Z4(Q, o).

Cases 2, 3 follows from Case 1. Cases 4 and 7 are proved in the similar way with Case 1.
Cases 5, 6 and 8, 9 follow from Cases 2 and 3, respectively. O

Corollary 3.18. In any quasigroup (Q,-) the groups Zj*, ZA, ZA 1 Z7, 377, 274, 324, 1 Z4,
2 ZA are isomorphic abelian groups, i.e.

ZMNQ. ) = ZMQ ) = ZMQ, ) =
1ZZA<Qa ) — 321 (Q, ) = QZA( ) =~
sZMQ,) =1 2AQ, ) 2 172Q, )

Proof. Suppose that quasigroup (@, -) is isomorphic to a loop (@, o). Then by Lemma 3.17
ZZA(Qa ) = ZZA(Q7 O); Z'r‘"A(Qa ) = Zf(@? O); ZTéL(Q7 ) = ani(Qa O) and so on.

By Lemma 3.11 the groups ZZA(Q7 0)7 1ZZA(Q7 O)? 3ZZA(Qﬂ O)ﬂ Z?(Qv O)? 2Z’;‘4(Q’ o), 3Z71’4(Q> 0)7
ZA(Q,0), 1ZHQ,0), 2Z2(Q, o) are isomorphic abelian groups. Therefore the same is true for
A-centers of any quasigroup. O
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Theorem 3.19. If an orbit K by the action of a subgroup H of the group 17{(Q, ") (s7{(Q,")
Q

2 Z4Q. ), sZ1Q, ), 1 Z1(Q. ), 2Z:3(Q, ) on the set Q is a subquasigroup of quasigroup (Q, -),
then (K, -) is an isotope of abelian group H.

Proof. From Corollary 3.18 it follows that the group ;Z;! is abelian. Then any subgroup H of
group ;1 Z;* also is abelian. The fact that (K, -) is group isotope follows from definition of left
A-center Z{* and Theorem 2.48.

Other cases are proved in the similar way. O

Corollary 3.20. If an orbit K by the action of group 1Z{*(Q,-) (3Z1Q, "), 2Z2(Q, "), 322(Q, ),
1 Z2(Q, ), 2Z22(Q, -)) on the set Q is a subquasigroup of quasigroup (Q, -), then (K, -) is an isotope
Of abelian group 1ZlA(Q7 ) (3ZZA(Q7 ')7 QZ:‘(Q? ')7 3Z,;4(Q, ')7 1Z77<1L(Q7 ')7 QZQ(Q7 ')7 respectively).

Proof. This corollary is partial case of Theorem 3.19. For example in Case 1 H =, Z(Q,-). O

Theorem 3.21. The group 1 Z{* (37{%, 2 Z2, 322, 172, 222 ) of a quasigroup (Q,-) acts on the
set Q simply transitively if and only if quasigroup (Q,-) is abelian group isotope.

Proof. If the group 1 Z* of a quasigroup (Q, -) acts on the set @ transitively, then the orbit by
the action of group 1 Z;* coincides with the set @, and by Corollary 3.20 (Q, ) ~ 1 Z{*.

Let (Q,) ~ (Q,+), where (Q,+) is abelian group. Prove, that in this case the group
1 ZMQ, ) acts on the set Q simply transitively. Any element of left A-center of the group (Q, +)
has the form (L], e, L}) for all a € Q.

It is clear that group 1Z*(Q, +) acts on the set @ simply transitively.

If (Q,") = (Q,+)(, 8,7), then 1 Z4(Q,-) = a1 Z/(Q, +)a (Corollary 1.23).

Prove that action of the group 1 Z/4(Q,-) on the set Q is transitive. Let a,b € Q. Prove that
there exists permutation ¢ € 1 Z/4(Q,-) such that 1a = b. We can write permutation v in the
form a~'Lta. Since the group 1 Z/*(Q, +) is transitive on the set Q, we can take element z such
that LTaa = ab. Then Ya = a ' Liaa = a~tab =b.

The fact that action of the group ;7' on the set @ has identity stabilizers for any element
7 € Q follows from Theorem 2.38 since in any abelian group N/ = ; Z{A.

Other cases are proved in the similar way. O

Corollary 3.22. If at least one component of quasigroup A-center is transitive, then all compo-
nents of A-centers are transitive.

Proof. The proof follows from Theorem 3.21. L]

Definition 3.23. A-central quasigroup is a quasigroup () with transitive action of at least one
from its components of A-centers on Q.

Using this definition we formulate main theorem of this paper
Theorem 3.24. A quasigroup is A-central if and only if it is abelian group isotope.
Proof. We can use Theorem 3.21. |

Corollary 3.25. Any central quasigroup in G.B. Belyavskaya and J.D.H. Smith sense is A-
central quasigroup.

Proof. The proof follows from Theorems 3.2 and 2.53. Any T-quasigroup is an isotope of
abelian group. U
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4 Normality of A-nuclei and A-centers

4.1 Normality of equivalences in quasigroups

A binary relation on a set () is any subset of the set @ x Q.

Definition 4.1. A relation 6 on a set S satisfying the reflexive (x0x), symmetric (xfy < ybx),
and transitive (x0y,y0z = x0z) properties is an equivalence relation on S. Fach cell a = 6(a)
in the natural partition given by an equivalence relation is an equivalence class [42].

Definition 4.2. Let A be an algebra of type F and let 6 an equivalence. Then 6 is a congruence
on A if 0 satisfies the following compatibility property: For each n-ary function symbol f € F
and elements a;, b; € A, if a;0b; holds for 1 <i < n then f*(ai,...a,)0f(b1,...b,) holds [33].

"The compatibility property is an obvious condition for introducing an algebraic structure
on the set of equivalence classes A/f an algebraic structure which is inherited from the algebra
A” [33].

Notice there exists a quasigroup (@, -) in the sense of Definition 1.3 (”existential quasigroup”)
and its congruence 6 in the sense of Definition 4.2 such that ¢)/6 (”an algebraic structure which
is inherited from the algebra A”) is a division groupoid which, in general, is not a quasigroup |9,
78]. Therefore for quasigroups congruence and homomorphism theory has a little non-standard
character from the point of view of universal-algebraic approach [33].

Definition 4.3. An equivalence 0 is a left congruence of a groupoid (Q, o), if the following
implication is true for all x,y,z € Q: x0y = (zox) 0 (z0y). In other words equivalence 6 is
stable relative to any left translation of (Q, o).

An equivalence 0 is a right congruence of a groupoid (Q,o), if the following implication is
true for all x,y,z € Q: x0y = (ro2z2)0(yoz). In other words equivalence 0 is stable relative
to any right translation of (Q,0) [36].

Definition 4.4. An equivalence 0 of a groupoid (Q, o) is called cancellative from the left, if the
following implication is true for all x,y,z € Q: (zox)0(z0y) = x0y.

An equivalence 6 of a groupoid (Q, o) is called cancellative from the right, if the following
implication is true for all x,y,z € Q: (zox)f(z0y) = w0y, (xoz2)0 (yoz) = x0y [14, 17].

An equivalence 0 of a groupoid (Q,0) is called normal from the right (right normal), if it is
stable and cancellative from the right.

An equivalence 0 of a groupoid (Q, o) is called normal from the left (left normal), if it is
stable and cancellative from the left.

An equivalence 0 of a groupoid (Q, o) is called normal, if it is left and right normal.

Remark 4.5. In [79] there is slightly other approach to normality of groupoid congruences.

Definition 4.6. If 0 is a binary relation on a set Q, « is a permutation of the set ) and from
20y it follows axbay and o tx0a~ty for all (x,y) € 0, then we shall say that the permutation
a is an admissible permutation relative to the binary relation 0 [14).

Moreover, we shall say that a binary relation # admits a permutation a.
One from the most important properties of e-quasigroup (@, -, \, /) is the following property.

Lemma 4.7. Any congruence of a quasigroup (Q,-,\,/) is a normal congruence of quasigroup
(Q,-); any normal congruence of a quasigroup (Q,-) is a congruence of quasigroup (Q,-,\,/)
[30, 65, 14, 17].
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Lemma 4.8. Any normal quasigroup congruence of a quasigroup (Q,-) is admissible relative to
any left, right and middle quasigroup translation [15].

Proof. The fact that any normal quasigroup congruence is admissible relative to any left and
right quasigroup translation follows from Definitions 4.3 and 4.4.
Let @ be a normal congruence of a quasigroup (@, -). Prove the following implication

abb — P.af P.b (46)

If Pa=F, thena-k=c k=ua\c, k= Rua. Similarly if P.b = m, then b-m = ¢, m = b\c,
m = Rub. Since 6 is a congruence of quasigroup (@,-,\,/) (Lemma 4.7), then implication (46)
is true.
Implication

abb — P ra P7tb (47)
is proved in the similar way. If P7la = k, then k-a = ¢, k = c¢/a, k = Lla. Similarly if
P7'b=m, then m-b=c, m=c/b, m= LLb. Since 0 is a congruence of quasigroup (@, -, \, /)
(Lemma 4.7), then implication (47) is true. O

Corollary 4.9. If 0 is a normal quasigroup congruence of a quasigroup @, then 6 is a normal
congruence of any parastrophe of Q [15].

Proof. The proof follows from Lemma 4.8 and Table 1. O
From Corollary 4.9 it follows that any element of the group FM(Q, ) of a quasigroup (Q, -)
is admissible relative to any normal congruence of the quasigroup (@, -).
In the following lemma we give information on behavior of a left quasigroup congruence
relative to quasigroup parastrophy.

Lemma 4.10. The following propositions are equivalent.

1. An equivalence 0 is stable relative to translation L. of a quasigroup (Q,-).
An equivalence 0 is stable relative to translation R. of a quasigroup (Q, *).
An equivalence 0 1is stable relative to translation P of a quasigroup (Q, /).
An equivalence 0 is stable relative to translation L7 of a quasigroup (Q,\).

An equivalence 0 is stable relative to translation R;' of a quasigroup (Q,\\).

S v e

An equivalence 0 is stable relative to translation P. of a quasigroup (Q,//).

Proof. From Table 1 it follows that L} = R, Ll = P! And so on. O

Remark 4.11. It is easy to see that similar equivalences (Lemma 4.10) are true for the other
five kinds of translations and its combinations of a quasigroup (@, -).

Lemma 4.12. 1. If an equivalence 0 of a quasigroup (Q,-) is admissible relative to any left
and right translation of this quasigroup, then 0 is a normal congruence.

2. If an equivalence 0 of a quasigroup (Q,-) is admissible relative to any left and middle
translation of this quasigroup, then 0 is a normal congruence.

3. If an equivalence 0 of a quasigroup (Q,-) is admissible relative to any right and middle
translation of this quasigroup, then 0 is a normal congruence.
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Proof. Case 1. Definition 4.4.

Case 2. Equivalence 6 is a normal congruence of quasigroup (@, \) (Table 1, Definition 4.4)
and we apply Corollary 4.9.

Case 3. Equivalence 6 is a normal congruence of quasigroup (@, /) (Table 1, Definition 4.4)
and we apply Corollary 4.9. O

4.2 Other conditions of normality of equivalences

We find additional conditions when an equivalence is left, right or ”middle” quasigroup congru-
ence. We use H. Thurston [100, 99] and A.I. Mal’tsev [64] approaches. Results similar to the
results from this section are in [78, 83].

The set of all left and right translations of a quasigroup (@, -) will be denoted by T(Q, -). If ¢
and 1) are binary relations on @, then their product is defined in the following way: (a,b) € o1
if there is an element ¢ € @ such that (a,c) € ¢ and (¢,b) € 1. If ¢ is a binary relation on @,

then ¢=' = {(y,z) | (z,y) € ¢}. The operation of the product of binary relations is associative
35, 69, 86, 71].

Remark 4.13. Translations of a quasigroup can be considered as binary relations: (x,y) € L,,
if and only if y = a-x; (z,y) € Ry, if and only if y = x - b; (z,y) € P., if and only if y = x\c
[74, 75, 78].

Remark 4.14. To coordinate the multiplication of translations with their multiplication as
binary relations, we use the following multiplication of translations: if «, § are translations, x is

an element of the set @, then (af)(x) = B(a(x)), i.e. (af)x = Paz.

Proposition 4.15. 1. An equivalence 0 is a left congruence of a quasigroup (Q, -) if and only
if bw C wh for all w € L.

2. An equivalence 0 is a right congruence of a quasigroup (Q,-) if and only if w C wl for all
w € R.

3. An equivalence 0 is a "middle” congruence of a quasigroup (Q,-) if and only if Ow C w6
for allw € P.

4. An equivalence 6 is a congruence of a quasigroup (Q, -) if and only if w C wh for allw € T
[74, 15, 78].

Proof. Case 1. Let 6 be an equivalence, w = L,. It is clear that (z,z) € 6L, is equivalent
to that there exists an element y € @ such that (z,y) € 0 and (y,z) € L,. But if (y,2) € L,
z = ay, then y = L 'z. Therefore, from the relation (z, z) € 0L, it follows that (z, L;'z) € 6.
Let us prove that from (x, L;'z) € 0 it follows (z,z) € 0L,. We have (z,L,'z) € 6 and
(L;'z,2) € Ly, (x,2) € OL,. Thus (z,z) € 0L, is equivalent to (x, L 'z) € 6.
Similarly, (x, z) € L,0 is equivalent to (ax, z) € . Now we can say that the inclusion fw C wf
by w = L, is equivalent to the following implication:

(v,L;'2) € 0 = (ax,2) €0

for all suitable a,z,z € Q.
If we replace in the last implication z with L.z, we shall obtain the following implication:

(x,2) € 0 = (ax,az) € 0
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for all a € Q.

Thus, the inclusion 0L, C L,0 is equivalent to the stability of the relation 6 from the left
relative to an element a. Since the element @ is an arbitrary element of the set (), we have that
the inclusion 6w C wh by w € L is equivalent to the stability of the relation 8 from the left.

Case 2. Similarly, the inclusion fw C wf for any w € R is equivalent to the stability from
the right of relation 6.

Case 3. Applying Case 1 to the quasigroup (Q, //) = (Q, -)**? we obtain that an equivalence
0 is a left congruence of a quasigroup (Q,-)*3? if and only if fw C w6 for all w € L(132),

Using parastrophic equivalence of translations (Table 1 or Lemma 4.10) we conclude that an
equivalence 6 is stable relative to any middle translation of a quasigroup (@,-) if and only if
Ow C wh for all w € P.

In other words an equivalence 6 is a "middle” congruence of a quasigroup (@, -) if and only
if Ow C wh for all w € P.

Case 4. Uniting Cases 1 and 2 we obtain required equivalence. [l

Let us remark Proposition 4.15 can be deduced from results of H. Thurston [99)].

Proposition 4.16. 1. An equivalence 0 is left-cancellative congruence of a quasigroup (Q, -)
if and only if wd C Ow for all w € L.

2. An equivalence 0 is right-cancellative congruence of a quasigroup (Q,-) if and only if wf C
Ow for all w € R.

3. An equivalence 6 is middle-cancellative congruence of a quasigroup (Q,-) if and only if
wbl C Ow for all w € P.

Proof. As it is proved in Proposition 4.15, the inclusion 0L, C L,0 is equivalent to the
implication z0y = axfay.
Let us check up that the inclusion L,0 C 0L, is equivalent to the implication

arbay = x6y.

Indeed, as it is proved in Proposition 4.15, (z,2) € 0L, is equivalent with (x, L 'z) € 6.
Similarly, (z,z) € L,0 is equivalent with (az, z) € 6. The inclusion wf C fw by w = L, has the
form L,0 C 0L, and it is equivalent to the following implication:

(az,z) € 0 = (x,L;'2) €0

for all a, x, z € Q. If we change in the last implication the element z by the element L,z, we shall
obtain that the inclusion 0L, O L,60 is equivalent to the implication axfay = x6y. Therefore,
the equivalence @ is cancellative from the left.

Similarly, the inclusion R0 C 0R, is equivalent to the implication:

(za,za) € 0 = (z,2) € 0.

Case 3 is proved similarly. It is possible to use identity (6). O
Below by the symbol (L,P) we shall denote the group generated by all left and middle
translations of a quasigroup.

Corollary 4.17. 1. An equivalence 0 is left normal congruence of a quasigroup (Q,-) if and
only if wd = 0w for all w € L.

2. An equivalence 0 is right normal congruence of a quasigroup (Q,-) if and only if wd = Ow
for allw € R.
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3. An equivalence 0 is middle normal congruence of a quasigroup (Q,-) if and only if wf = Ow
for all w € P.

4. An equivalence 0 is normal congruence of a quasigroup (Q,-) if and only if wf = Ow for
allw e LUP.

5. An equivalence 6 is normal congruence of a quasigroup (Q,-) if and only if wd = Ow for
allw e RUP.

6. An equivalence 0 is normal congruence of a quasigroup (Q,-) if and only if w8 = Ow for
allw e (L,R) = M(Q,-).

7. An equivalence 0 is normal congruence of a quasigroup (Q,-) if and only if wf = Ow for
allw € (L, P).

8. An equivalence 6 is normal congruence of a quasigroup (Q,-) if and only if wd = Ow for
allw € (R, P).

Proof. The proof follows from Propositions 4.15, 4.16 and Lemma 4.12.
In the proving of Cases 6-8 we can use the following fact: if wf = fw, then w10 = w=t. O
The following proposition is almost obvious corollary of Theorem 5 from [64].

Proposition 4.18. 1. An equivalence 6 is a left congruence of a quasigroup Q if and only if
wl(z) C O(wz) forallz e Q, we L.

2. An equivalence 0 is a right congruence of a quasigroup Q if and only if wl(x) C O(wx) for
allr € Q, w € R.

3. An equivalence 0 is a "middle” congruence of a quasigroup Q if and only if wd(x) C O(wx)
forallz € Q, w e P.

4. An equivalence 6 is left-cancelative congruence of a quasigroup Q if and only if O(wzx) C
wl(z) forallz € Q, we L.

5. An equivalence 0 is right-cancelative congruence of a quasigroup Q if and only if O(wx) C
wh(x) forallz € Q, w € R.

6. An equivalence 0 is middle-cancelative congruence (i.e. Pya 0 P.b = afb) of a quasigroup
Q if and only if O(wx) C wh(x) for allz € Q, w € P.

Proof. Case 1. Let 6 be an equivalence relation and for all w € L, wf(z) C #(wx). We shall
prove that from a6b follows caflcb for all ¢ € Q.

By definition of the equivalence 6, afb is equivalent to a € 6(b). Then ca € cf(b)CH(ch),
cafch.

Converse. Let 6 be a left congruence. We shall prove that cf(a) C 6(ca) for all ¢,a € Q.
Let « € ¢f(a). Then = = cy, where y € 6(a), that is yfa. Then, since 0 is a left congruence, we
obtain cyfca. Therefore x = cy € 0(ca). Thus, L.0 C 0(ca).

Case 2 is proved similarly.

Case 3. We can use approach similar to the approach used by the proof of Case 4 of Propo-
sition 4.15.

Cases 46 are proved in the similar way with Cases 1-3. O

Proposition 4.19. 1. An equivalence 0 of a quasigroup Q is left normal if and only if
O(wx) = wb(z) for allw € L, z € Q;

41



2. A equivalence 0 of a quasigroup @Q is right normal if and only if O(wz) = wl(x) for all

weR, zeQ.
3. An equivalence 0 of a quasigroup Q is middle normal if and only if O(wz) = wl(x) for all
welP xeq.
Proof. The proof follows from Proposition 4.18. 0
Proposition 4.20. 1. An equivalence 6 is normal congruence of a quasigroup Q if and only

if O(wz) = wh(x) for allw e LUR, z € Q;

2. An equivalence 0 is normal congruence of a quasigroup @ if and only if O(wzx) = wl(x) for
allw e LUP, x € Q;

3. An equivalence 0 is normal congruence of a quasigroup @Q if and only if O(wx) = wb(x) for
allw e RUP, z € Q.

4. An equivalence 6 is normal congruence of a quasigroup @ if and only if O(wx) = wl(x) for
alwe (L,R), z € Q;

5. An equivalence 0 is normal congruence of a quasigroup Q if and only if O(wz) = wb(x) for
dlwe (L,P), 2 € Q;

6. An equivalence 0 is normal congruence of a quasigroup @Q if and only if 0(wx) = wl(x) for
dlwe (R,P), z€Q.

Proof. The proof follows from Proposition 4.19 and Lemma 4.12.
In the proving of Cases 4-6 we can use the following fact. If §(wz) = wf(z), then f(ww'z) =
wh(w™r) = ww™th(x). Thus wh(w'r) = ww l(x), O(w tz) = w10(x). O

4.3 A-nuclei and congruences

Definition 4.21. We define the following binary relation on a quasigroup (Q,-) that correspond
to a subgroup H of the group {N*: a (101) b if and only if there exists a permutation o« € H C
1Nt such that b = aa.

For a subgroup H of the group sN/* (N2, ,NA, ;N4 and 3N2) binary relation 3607 (1602

m mr

202 504 and 302, respectively) is defined in the similar way.
Lemma 4.22. The binary relation 10{* is an equivalence of the set Q.

Proof. Since binary relation 16;! is defined using orbits by the action on the set @ of a subgroup

of the group ; N/, we conclude that this binary relation is an equivalences. It is clear that

any orbit defines an equivalence class. Notice, all these equivalence classes are of equal order

(Corollary 2.39). 0
Analogs of Lemma 4.22 are true for any subgroup of the groups 36, 102, 207} .64 and 362
These equivalences have additional properties.

Lemma 4.23. Let (Q,-) be a quasigroup.

1. Let 107 be an equivalence that is defined by a subgroup K of the group 1 N{* and equivalence
3074 is defined by isomorphic to K subgroup R, K R, of the group sN{* (Lemma 2.23). Then
we have the following implications:
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(a) if a(10)b, then (a-c)(30)(b- ¢) for all a,b,c € Q;
(b) if (a-c)(10)(b - ¢), then a(30")b for all a,b,c € Q;

2. Let 30" be an equivalence that is defined by a subgroup K of the group sN{* and equivalence
104 is defined by isomorphic to K subgroup R;'K R, of the group  Nf* (Lemma 2.23). Then
we have the following implications:

(a) if a(30{")b, then (a-c)(101)(b-¢) for all a,b,c € Q;
(b) if (a-c)(308)(b-c), then a(10{")b for all a,b,c € Q;

3. Let 902 be an equivalence that is defined by a subgroup K of the group o N and equivalence
307 is defined by isomorphic to K subgroup L,K L, of the group sN (Lemma 2.23). Then
we have the following implications:

(a) if a(202)b, then (c-a)(302)(c-b) for all a,b,c € Q;
(b) if (c-a)(202)(c-b), then a(302)b for all a,b,c € Q;

4. Let 302 be an equivalence that is defined by a subgroup K of the group N2 and equivalence
202 is defined by isomorphic to K subgroup L;'K L, of the group sN (Lemma 2.23). Then
we have the following implications:

(a) if a(304)b, then (c-a)(:02)(c-b) for all a,b,c € Q;
(b) if (c-a)(302)(c-b), then a(:02)b for all a,b,c € Q;

5. Let 102 be an equivalence that is defined by a subgroup K of the group ;N2 and equivalence
202 is defined by isomorphic to K subgroup P, K P* of the group o N4 (Lemma 2.23). Then
we have the following implications:

(a) if a(10:)b, then P.a(:02)P.b for all a,b,c € Q;
(b) if P.a(102)P.b, then a(202)b for all a,b,c € Q;

6. Let 502 be an equivalence that is defined by a subgroup K of the group o N2 and equivalence
104 is defined by isomorphic to K subgroup P; K P, of the group | N2 (Lemma 2.23). Then
we have the following implications:

(a) if a(:0:20)b, then P la(,04) Pt for all a,b,c € Q;

(b) if P~ ra(204)P7t, then a(102)b for all a,b,c € Q.
Proof. Case 1, (a). Expression a(;16;')b means that there exists a permutation « € K C | N/*
such that b = aa. Expression (a - ¢)(36{*)(b - ¢) means that there exists a permutation v €
R,KR;' C 3N/ such that b-c = v(a-c). We can take v = R. KR!, i.e. can take x = c¢. Then
b-c=aa-c.

Then we obtain the following implication b = aa = b-c = aa - ¢ for all a,b,c € Q. It

is clear that this implication is true for all a,b,¢ € @, since (@, -) is a quasigroup. Therefore,

implication
if a(,10,*)b, then (a - ¢)(s0)(b - ¢) for all a,b,c € Q

also is true.
Case 1, (b). Expression (a-c)(10{*)(b-c) means that there exists a permutation « € K C { N/
such that b-c = a(a-c), i.e. b = R;'aR.a. Expression a(36;')b means that there exists
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a permutation v € H = R,KR;' C 3N/ such that b = ya. By Lemma 2.23 we can take
v = R 'aR..
Then we obtain the following implication

b=R.'aR.a = b= R, 'aR.a for alla,b,c € Q

It is clear that this implication is true.

Cases 2—4 are proved in the similar way with Case 1.

Case 5, (a). Expression a(10:})b means that there exists a permutation o € K C ;N4 such
that b = aa. Expression Pca(ge;i)Pcb means that there exists a permutation g € H C QN,Q such
that P.b = fP.a. By Lemma 2.23 we can take 8 = P.aP,!. Then P.b = fP.a = P.aP;'P.a =
P.aa.

Then we obtain the following implication b = aa = P.b = P.aa for all a,b,c € Q. It is
clear that this implication is true for all a,b,c € Q).

Case 5, (b). Expression P.a(;02)P.b means that there exists a permutation a € H C N4
such that P.a = aPb. By Lemma 2.23 we can take a = P8P !, where 8 € QNTQ. Thus
P.a = P.BP7'P.b, a = Bb, a(202)b.

Case 6 is proved in the similar way with Case 5. O

Cases 1 and 2 show that the pair of equivalences 16;' and 30;' is normal from the right
reciprocally.

Cases 3 and 4 show that the pair of equivalences 50/ and 36 is normal from the left recip-
rocally.

Cases 5 and 6 show that the pair of equivalences 19;‘1 and 29;‘1 is stable relative to middle
quasigroup translations and its inverse.

Corollary 4.24. If in a quasigroup (Q,-):
104 = 308 = 0, then the equivalence 10{* (30{') is normal from the right;
204 = 302 = 024, then the equivalence 102 (302 ) is normal from the left;

104 = 204 = 02 then the equivalence 1072 (202 ) is stable relative to middle quasigroup
translations and its inverse;

07 = 02, then equivalences 107, 307, 202, 302 are normal congruences;

07 = 02 then equivalences 107, 307, 102, 202 are normal congruences;

m?’
04 = 071, then equivalences 202, 302, 104, 202 are normal congruences.

Proof. We use Lemmas 4.23 and 4.12. O
If in conditions of Lemma 4.23 K = N/, then corresponding equivalence we shall denote
by 107" and so on.

Corollary 4.25. 1. If (Q,0) is a right loop, then 10 = 30 = 0* and equivalence 107" is
normal from the right. Any subgroup of the left nucleus N; (coset class 0{*(1)) is normal
from the right.

2. If (Q,0) is a left loop, then 102 = 302 = 02 and equivalence 202 is normal from the left.
Any subgroup of the right nucleus N, (coset class 0:(1)) is normal from the left.

3. If (Q,0) is an unipotent quasigroup, then 104 = 1,02 = 02 and equivalence 102 is stable
relative to middle quasigroup translations and its inverse. Any subgroup of the middle
nucleus N, (coset class 04 (1)) is stable relative to middle quasigroup translations and its
tmuverse.
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Proof. The proof follows from Corollary 2.27 and Corollary 4.24. [l

Corollary 4.26. 1. If (Q,0) is a commutative loop, then any from equivalences 60;* and 64
is a normal congruence. Left nucleus Ny (coset class ©*(1)) and right nucleus N, (coset
class ©4(1)) are equal and Ny is a normal subgroup of (Q, o).

2. If (Q, o) is a unipotent right loop with identity x o (x o y) =y, then any from equivalences
0* and 07 is a normal congruence. Left nucleus Ny (coset class ©7*(1)) and middle nucleus
N, (coset class ©2 (1)) are equal and Ny is a normal subgroup of (Q,0).

3. If (Q,0) is a unipotent left loop with identity (xoy)oy = x, then any from equivalences 02
and 02 is a normal congruence. Right nucleus N, (coset class ©2(1)) and middle nucleus
N, (coset class ©2 (1)) are equal and N, is a normal subgroup of (Q, o).

Proof. Case 1. In any right loop first and third component of any element of the group N
coincide, in any left loop second and third component of the group N coincide (Corollary 2.18).
In a commutative loop in additional L, = R, for any element a € (). From Corollary 4.24 it
follows that in this case any equivalence #;! is a normal congruence and therefore any subgroup
of left nucleus N; is normal as coset class 6i*(1) of normal congruence ;.

Cases 2 and 3 are proved using passage to parastrophy images ((23) and (13), respectively)
of the loop from Case 1. O

Lemma 4.27. In a loop (Q,-) any subgroup of group Z (Z{*, ZA, ZA 1 Z4, 327, 224, 374,
1\ ZA 274 ) defines a normal congruence.

Proof. We use Lemma 3.11 and Corollary 4.24. If H is a subgroup of the group Z, then
corresponding to H subgroups of the groups 1 Zj}, 3Z{* are equal, since (Q, -) is a loop. Therefore
corresponding equivalences 1(i' = 3(i' are equal. Since 17! = ,Z4 = 374 (Lemma 3.11) we
obtain that ;¢! = 5¢# = 3¢4 and equivalence (7! is normal congruence (Corollary 4.24) of loop

(Qa )

Other cases are proved in the similar way. O
Corollary 4.28. In a loop (Q,-) A-center defines a normal congruence.

Proof. We use Lemma 4.27. O

We give conditions of normality of A-nuclei of a loop. We also give conditions of normality of
Garrison’s nuclei, since Garrison’s nuclei are coset classes by action of corresponding A-nuclei.

Theorem 4.29. Let (Q,-) be a loop.

1. Let H be a subgroup of the group ;Nf*. Denote by 10 corresponding equivalence to the
group H.

(a) If equivalence 10{* is admissible relative to any translation L, of loop (Q,-) and its
inverse, then 10{* is normal congruence of (Q,-).

(b) If equivalence 10;* is admissible relative to any translation P, of loop (Q,-) and its
inverse, then 10{* is normal congruence of (Q,-).

2. Let H be a subgroup of the group osN. Denote by 102 corresponding equivalence to the
group H.

(a) If equivalence 102 is admissible relative to any translation R, of loop (Q,-) and its
inverse, then 102 is normal congruence of (Q,-).
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(b) If equivalence 507 is admissible relative to any translation P, of loop (Q,-) and its
inverse, then 102 is normal congruence of (Q,-).

3. Let H be a subgroup of the group {NA N oNZ. Denote by 107t corresponding equivalence
to the group H.

(a) If equivalence 102 is admissible relative to any translation R, of loop (Q,-) and its
inverse, then 102 is normal congruence of (Q,).

(b) If equivalence 107 is admissible relative to any translation L, of loop (Q,-) and its
inverse, then 1072 is normal congruence of (Q,").

Proof. The proof follows from Lemma 4.12 and Corollary 4.25. 0

Theorem 4.30. If in a quasigroup (Q,-) H = {NANsNANGNANSNA, then H induces normal
congruence of (Q,-).
If in a quasigroup (Q,-) H = 1NlA N 3NlA N1NANoNA then H induces normal congruence

of (@,).
If in a quasigroup (Q,-) H = ;NAN3NAN NANNA, then H induces normal congruence

Of (Qa )
Proof. The proof follows from Lemma 4.23. U

4.4 Normality of A-nuclei of inverse quasigroups

Mainly information on the coincidence of A-nuclei and nuclei of inverse quasigroups and loops
are taken from [52]. Also we give results on normality of nuclei of some inverse quasigroups and
loops.

Definition 4.31. A quasigroup (Q,o) has the A-inverse-property if there exist permutations
A1, A2, A3 of the set () such that
Mz oda(roy) = A3y (48)

forall z,y € Q [18].

Definition 4.32. A quasigroup (Q,o) has the p-inverse-property if there exist permutations
p1, P2, ps of the set Q) such that

pi(z 0y) o pay = p3x (49)
for all z,y € Q [18].

Definition 4.33. A quasigroup (Q, o) is an («, [3,7)-inverse quasigroup if there exist permuta-
tions «, 5,7 of the set () such that

a(roy)ofr =1y (50)
for all z,y € Q [51, 7, 50, 96].

Definition 4.34. A quasigroup (Q,o) has the p-inverse-property if there exist permutations
11, [o, W3 of the set (QQ such that

1y o pax = p3(x 0 y) (51)
forall x,y € Q.

We give definition of main classes of inverse quasigroups using autostrophy [18, 52, 80].
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Theorem 4.35. A quasigroup (Q,-) is:
1. a A-inverse quasigroup if and only if it has [(2 3), (A1, A2, A3)] autostrophy;
2. a p-inverse quasigroup if and only if it has [(1 3), (p1, p2, p3)] autostrophy;
3. an («, B,7)-inverse quasigroup if and only if it has [(1 2 3), («, 5,7)] autostrophy;
4. a p-inverse quasigroup if and only if it has [(12), (w1, 2, p3)] autostrophy.

Proof. If (o, (a1, g, ar3)) is an autostrophism of a quasigroup (@, A), then from formula (9) we
obtain the following formula

A(CL“h T, -’173) = A(Oéll’afll, QAT 5-12, 043350713) (52)

Case 1. Using equality (52) we find values of ¢ and «;. Since ajz,-1; = Az, we have
a1 = A1, Tg-11 = 21, 01 = 1. And so on.
Cases 2—4 are proved in similar way with Case 1. [l

Lemma 4.36. 1. A A-inverse quasigroup has ((23), A[', A3, A1) autostrophy;
2. a p-inverse quasigroup has ((13), (p3*, p3*, p1")) autostrophy;

3. an (a, 8,7)-inverse quasigroup has ((1 3 2), (874, Y a™Y)) autostrophy, i.e. in any

(o, B,7)-inverse quasigroup (Q, o) the following equality is true 7'y oy H(xoy) = a™la;

4. a p-inverse quasigroup has ((12), (uy b, pit, us b)) autostrophy.
2 M1 5 M3

Proof. From Lemma 1.35 we have. If (0,T) = (o, (o, g, ai3)) is an autostrophism, then
(07 T)_l = (0_17 (T_l)gil) = (0_17 (06;11, 04;21, O‘;S.l)) (53)

U

4.4.1 («, 3,7)-inverse quasigroups

Lemma 4.37. In («, 3,7)-inverse quasigroup we have the following relations between compo-
nents of A-nuclei:
1NZA = leilgN:xCY = /BgNnAlﬁil

(
N =77 Ny = a Npa™! (
2N7‘,4 = 5_11N£5 = ’YBNZA’Y_l (
3N =97 Npy = a1 Nfla™! (57)
1N = a5 Nl = BN 57 (
2Ny = BTHN{ B = 73N/ (
Proof. The proof follows from Theorem 4.35, Lemma 4.36 and Table 3. O

Theorem 4.38. 1. In (g; B;7)-inverse loop (Q,0) {Nf* = 3Nt = yNA = 3NA = N2 N, =

2. In (a;&;7)-inverse loop (Q,0) | Nf* = 3N = yNA oNA =3NA = N4 N, =N, = N,,.
3. In (; B;€)-inverse loop (Q,0) | Nt = 3N = yNA = 3NA =,N4 N, =N, =N, <Q.
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4. In (a; o™t y)-inverse loop (Q,0) | Nf* = 3N = ;N4 = 3NA=,NA Ny =N, =N, 1Q.
5. In (a; B; a~Y)-inverse loop (Q,0) | Nf* = 3N = yN2, yNA = 3NA = |[NA N, = N, = N,,.
6. In (o B; B~Y)-inverse loop (Q,0) 1Nt = 3N = yNA = 3NA = N2 N, =N, =N, <Q.

Proof. The proof follows from Lemma 4.37 and the fact that in any loop 1NZA = 3NlA, o NA =
3NA. Normality of Garrison’s nuclei follows from Corollary 4.24. 0

Theorem 4.39. If in (a;B;7)-inverse loop (Q,-) asNAa™' C sNA, B NAg~1 C |NA
a~3NiAa C 3Nf, then in this loop Ny = N,, = N,.

Proof. By proving this theorem we use standard way [49]. Let L, € N/, i.e. a € N;. Then
using (54) we have a~'L,a € 3N, Therefore L, € a sN2a™! C 3NA. Thus L,1 = a € 3N*1 =
N,.

If a € N,, then (¢, Ry, R,) € N? and using (56) we see that 3~'R,3 € |N“. Then R, €
15} 1N;36_1 - INS- Therefore a = R,1 € 1N£1 = N,,.

If @ € N, then (R,,L;',¢) € NA and using (58) we see that aR,a™! € 3N/. Then
R, € a” 3N Aa C 3N/ Therefore a = R,1 € 3N/'1 = N].

We have obtained N; C N, C N,,, C N,, therefore N, = N, = N,,. [l

Definition 4.40. A quasigroup (Q,o) is

1. an (r,s,t)-inverse quasigroup if there exist a permutation J of the set Q such that J"(x o
y) o J'x = J'y for all x,y € Q [51, 50].

2. an m-inverse quasigroup if there exist a permutation J of the set Q such that J™(z oy) o
Jmy = Jmy for all z,y € Q [49, 51, 50].

3. a W1P-inverse quasigroup if there exist a permutation J of the set Q such that J(xoy)oxr =
Jy forall x,y € Q [14, 7, 96, 50].

4. a Cl-inverse quasigroup if there exist a permutation J of the set Q) such that (xoy)oJx =y
forallx,y € Q [4, 5, 20, 14).

It is easy to see, that classes of (r,s,t)-inverse, m-inverse, WIP-inverse, C'I-inverse quasi-
groups are included in the class of («a, f,7)-inverse quasigroups.

Lemma 4.41. An (r, s, t)-inverse quasigroup has ((123),(J", J*, J")) autostrophy.
An m-inverse quasigroup has ((123), (J™, J™ J™)) autostrophy.
A WIP-inverse quasigroup has ((123),(J,e,J)) autostrophy.
A Cl-inverse quasigroup has ((123), (g, J,€)) autostrophy.

Proof. The proof follows from Theorem 4.35. O
Theorem 4.42. 1. Ifin m-inverse loop (Q,0) J = I, where xol,x = 1, then Ny = N, = N,,.
2. In WIP-loop |N{* = 3N* = yNA ,NA = 3NA = NA N, =N, =N,
3. In Cl-loop |N{* = 3N = ;N2 = ;NA = ;N4 = N4 N, =N, =N, <Q.

Proof. Case 1. The proof follows from Theorem 4.39.
Cases 2 and 3. The proof follows from Theorem 4.38 and Corollary 4.25. O
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4.4.2 )\, p-, and p-inverse quasigroups
Lemma 4.43. 1. In A-inverse quasigroup
(a) 1NlA = )\71 NA)\l = )\1 1NA)\71
(b) 3NA:)\ NA)\g )\2 2N )\
(C) QNA_)\ 13NA)\2 Ag 3NA)\ 1
2. In p-inverse quasigroup
(a) 1Ni* = pr'sNipr = ps N p3
(b) oN = p3 aNjps = pa oaNjps '
(¢c) 3N} = p3 ' iNsps = p1 ANt
3. In p-inverse quasigroup
(a) {Nf* =y o N2y = pg 2N s

(b) 3N = M§13NA,M3 = pz sNAust;
(¢) 1Nj = py 'aNjpy = pa o Ny

Proof. We can use Theorem 4.35 Lemma 4.36 and Table 3. |

A quasigroup (Q,-) with identities xy = yz, = - xy = y is called TS-quasigroup. In TS-
quasigroup any parastrophy is an autostrophy [14], i.e. (Q,-)7 = (Q,-) for all parastrophies
o< Sg.

Corollary 4.44. 1. In LIP-quasigroup {Nf* = X (1N, A2 = ¢, 3N/ = o NA NA = ;N2
2. In RIP-quasigroup o N2 = p (2N2)p, p* = ¢, | N/ = 3Nf', | N2 = ;NA.
3. In IP-quasigroup \* = ¢, p* = &, 1NZA = 3NlA = QN,;‘}L = 1N£ = N4 = 3NTA.
4. In TS-quasigroup | N* = 3N = |NA = ;N2 = yNA = 3NA.

Proof. The proof follows from Lemma 4.43. In LIP-quasigroup Ao = A3 = . In RIP-

quasigroup p; = p3 = €. ]
Theorem 4.45. 1. In LIP-quasigroup .02 = 302 and these equivalences are normal from
the left.

2. In RIP-quasigroup 191 = 3@{‘, these equivalences are normal from the right.

3. In TS-quasigroup we have 10;* = 30 = ,04 = ;04 = 04 = ,07 and all these equiva-
lences are normal congruences.

Proof. Cases 1 and 2. The proof follows from Lemma 4.43, Corollaries 4.24 and 4.26.
By proving of Case 3 it is possible to use Table 3 and Corollary 4.24. 0

Corollary 4.46. In commutative LIP-loop, commutative RIP-loop N, = N, = N,, < Q. In
(€5 p2; 3)-, (s €5 p3)-, and (pa; pug; €)-inverse loop Ny = N, <Q.
Proof. The proof follows from Corollary 4.44. O
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