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Abstract

The fractal cosmological model which accounts for the observable
fractal properties of the Universe large-scale structure is constructed.
In this framework these properties are consequences of the rotary sym-
metry of charged scalar meson matter field (complex field). The Ein-
stein’s equations and the Lagrange’s field equations are found to be
scale invariant. The space-time volumes with field values relating by
the scaling are geometrically similar and evolve similarly. Due to this
the fractal properties of the initial density perturbations which lead
to the large-scale structure of the Universe formation remain.
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large-scale structure, fractal cosmological model.

1. Introduction

The analysis of available at present galaxy catalogues shows that the
galaxy distribution possesses a range of fractal properties [1], [2], [3], [4], [5],
[6], [7].

- The observable angular correlation function of the galaxy distribution
on the celestial sphere is a power law

w(d) ~ 977, (1)

where 0,6 < v < 1,2 depending on a catalogue, ¥ is angular distance between
galaxies.

- In clumps the dependence of number of galaxies within distance less
than r on the distance r is a power law as well

N(<r)~ rde, (2)

where the correlation dimension d,. takes values d. ~ 1,15 + 2,25 at scales
r~ (1+10)h'Mpc.



In the previous paper [§] the analysis of the quasar distribution according
to the seventh version of the largest at present survey SDSS has been carried
out. This distribution possesses fractal properties as well.

- Within the redshift range 0,35 < z < 2,30 the dependence of number of
quasars in a volume with radius r centered at the observer on r is found to
be a power law (2) with d. = 2,71 for the flat Universe filled with cold dust.

- For each quasar located approximately at the center of a concentration
region on the celestial sphere number of neighbour quasars located within
angular distances less than ¥ is possessed of a power-law dependence on
sinv/2:

AN
N(<9) ~ (sin 5) : (3)
where d. ~ 1,49+ 1,58 for different redshift layers in the same redshift range.

The aim of this work is construction of the cosmological model permitting
physical explanation of fractal properties (1) - (3) of the large-scale structure
of the Universe.

What these properties of the large-scale structure are indicative of? The
obvious answer is that the properties are consequences of the fractal prop-
erties of the initial matter density perturbations which further led to star,
galaxy and cluster formation due to gravitational instability. Now we observe
traces of these fractal properties through quasars.

This interpretation follows from the hypothesis of Gaussian (thermal)
spectrum of the initial density perturbations. Let’s consider a spherical vol-
ume V containing mass M in continuous medium. Probability of appearance
of thermal density fluctuation near this mass is defined by the formula [9],

[10]
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where p is medium density, P is pressure, ¢, is medium heat capacity at
constant volume, 07" and §V are independent fluctuations of temperature and
volume respectively, R,,;, is minimal work necessary for reversible removal

of mass d M for distance dr in the gravity field of mass M. In case of radial
displacement the work equals
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in Newtonian approximation, where dM = 47 pr?dr is a mass of a spherical
layer. In this case, probability of a thermal fluctuation equals
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where the variances equal
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Fluctuation of density. in a volume V' equals

M or
43 73 r

The root-sum-square relative density fluctuation (fluctuation spectrum) equals
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At spatial scales for which pressure gradients are important, i.e. when the

first term in the brackets dominates, one have the ”white noise” spectrum
(Zel’dovich-Harrison spectrum):

()=

At large scales for which gravity effects are important, i.e. when the second
term dominates, one has the following spectrum

()=

The spectrum (4) is scale invariant because the fraction 5—5 doesn’t change un-
der scale transformations. This thermal fluctuations spectrum is an example
of fractal spectrum.

The root-sum-square relative density fluctuation is an estimate of the
correlation function according to the correlation function definition [2]:

()"

For a random fluctuation average number of neighbour fluctuations within
distance less then r may be estimated as

T

(N) = 47 (n) / (14 &) 72dr,

0
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where n is mean fluctuations number density. In case of fluctuations clumping
and £ > 1 there are fractal laws like (2): (N) ~ r5 for the white noise and
(N) ~ r% at large scales.

The observable correlation dimension value d. ~ 1,15 + 2,71 may follow

from the spectrum
5 2
<_10) ~ I8 029
p

therefore, it permits of not only the white noise spectrum.

Thereby, the fractal laws (1) - (3) are expected to exist in Newtonian
approximation. However, it is not quite so in the general theory of relativity
because Einstein’s tensor is not invariant under scale transformation of the
Riemannian space-time [11], [12]. If the large-scale structure evolution is de-
scribed by Einstein’s gravity theory the fractal properties may not conserve,
even if the initial fluctuations had the thermal spectrum.

The gravity theory in Riemannian spaces can become scale invariant if an
additional non-Newtonian interaction described by a scalar field (dilaton) is
introduced. In this case field equations are invariant under transformations
of the Weyl group (conformal transformations), i. e. the local interval trans-
formation ds?> — o(x)ds? and the local field transformation ® — o'/2®. The
non-Newtonian interaction is different in gravitational systems with differ-
ent scales and one can attain presence of the fractal properties through this
interaction. But no evidences of existing dilaton field have been revealed.

In gauge gravity theories the scale invariance may be achieved through
conversion to post-Riemannian spaces and introduction of additional matter
interactions in fact (see the review of such type theories in book [13]). The
question of existence of these interactions is open.

In this paper the hypothesis that the observational fractal properties of
the large-scale structure may be a consequence of existence of the matter
fields rotary symmetry is advanced. The charged scalar meson field (complex
field) with rotary symmetry

Ynp* = U2 = const, (5)

(where the asterisk denotes complex conjugation and W is field amplitude
relating to the field charge Q ~ ¥?) is an opportune example. In this case
Einstein’s and Lagrange’s equations turn out to be satisfied for the class of
fields ¢ and lﬁ which possess constant energy densities and related by the
scale transformation (scaling):

i 1/;, (6)
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where « is a numerical transformation parameter.
In this case field energy densities and space-time metric tensors differ in

a constant factor only:

1 Uy -~

E& — E,
aUO

g () 0223 (7).

where Uy and U, are the constant field potential parameters, U = Uyy)*,
U= UOIMJ* Therefore, space-time volumes with field values related by the
scaling (6) are geometrically similar and evolve similarly. The symmetry (5)
is conserved under the scaling (6).

The power law (2) arises for fields if their energy densities are related by
a power transformation:

-\ B
Jo (E) : (7)
where 3 is a numerical transformation parameter. Indeed, a measure of field
condition is proportional to field energy E, on the one hand. On the another

hand, this measure is proportional to a ratio of space volume V occupied

by the field to whole observable volume r3. Therefore E ~ TZS Let there

are N volumes V occupied by the field with energy density F and TKS ~ %,

V ~ VY8 Let interaction between volumes may be neglected, then:

~ 1/6 ~ — ~ — 3 3/5 ~ — 3 3/5
E E <T3> 7»3 r NT .

Hence, a power law like (2) for volumes with field amplitudes ¥ is obtained:

N (<)~ %7«33/@

2. The solution of Einstein’s and Lagrange’s equations for complex field

Let’s consider a dynamic system of gravity and complex ) fields described
by Einstein-Gilbert action within general relativity framework:

e 87rG .
5=t | (R-T50) vas




where R is scalar curvature, g < 0 is determinant of metric tensor g,
space-time interval is ds? = g,,,dz™dz", indices take values 0, 1, 2, 3, metric

signature is (+———). We use the following form of complex field Lagrangian:
1 o oY*
L[ =— mn_~ 7 o *
— (g e — U )) , ®)

where U (1) is field potential, h is Planck’s constant, ¢ is light velocity.
Hereafter, the field dimension is [¢)] = erg, the contravariant metric tensor
dimension is [¢™"] = cm~2. This field possess the symmetry (5). Its Lagrange

equation is
1 0 — o OV OU
V—g 0z ( —99 83:’”“) ot (9)

In Einstein’s equation

1
R — §R<5;” =r1" (10)

energy-momentum tensor of the complex field equals

R ) 1mp(8w8w* aww*)_émL

"o (22 e 22y T T he? \owr e T 9ar Dur
where R is Ricci tensor, k = Sg—f is Einstein’s gravity constant, GG is Newton

gravity constant, 4" is delta symbol.
Following form of potential is used further:

U = Upbnb*. (11)

One can ascertain that Lagrange’s equation (9) with potential (11) is satisfied
for the solution:

Y = We, F = Ve ¥,

2
I L 9% (glp ¢ +al) , (12)

mn = Uy Oz O™ oxP

1 ( do Op  Jp ) )
4 am |,
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+ n + 77—
dzm oz dxm " "

where field phase ¢ (™) is a differentiable function. Hereafter, indices are
raised and lowered with the metric tensor, indices appearing twice in a single
term imply summing over its values, semicolon denotes covariant differenti-
ation, I'! = are Christoffel symbols.



Derivative aam—fn and covariant vector a,, satisfy equations:
mn 0P Op
dxm ogn "
Iy
mn — 0
i (55) =0
g =0, apa™ = —3Up, (13)
dp
—a" =0.
dx™

Covariant a,, and contravariant a* vectors satisfy equations:

Oan _ 4 &0
oxrl T Ooxmozl’
da" . 0%
o =3 g (14)

One can ascertain through a substitution that the following equalities are
satisfied for the solution (12 - 14):

OGmn
.Tl

P} gk nl + Gk mil>
1 mn <agnk OGni agkl)
2 )

m __
Fkl_

+ i
ort  Oxk Oam
5?)@ = gnlglm-
The Ricci tensor and the energy-momentum tensor for this solution equals:

! n n T _
! M +Pkm In — klrmn_

1 02 8_(11_ 0?p  0ad
= 7o \ oo

Rim = ¢ Rjpim =

Oxkoxm Ozl Oxkox! O™

L (P 0% P ¢ LA
+U—02 (axkaﬂn dxndxl  Oxkdx! ax"&tm) (g v a) “

2 _,0p 0
T = — W22 97
hc  Oxk Oz™
Functions 22, a,,, a™ are determined by equations (10) and (14).
The expression for Ricci tensor implies the second derivative m‘?fgﬂ is a
tensor. For example, it may be so if the function ¢ depends on an argument
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y = k2™, where k,, is a wave vector which is parallel transferred along a
geodesic line: k., = 0. In this case one can derive:

oAl ZQTf
oozt 1 (do\? Fomfin-
-2 (%) (k)
9%y

This expression shows that
therefore it’s a tensor.
For example, consider the solution

samaow 1s proportional to a product of two vectors,

*p Oy O
=) by ——-, 15
oxkoxm " 9m + oxk (15)
where the vector b, satisfies the condition
d¢
m—— = 0.
ox™

Then the following expressions for Ricci tensor and scalar curvature are ob-
tained:

1 Q% da 1 9¢ 0d a"b,\* 8¢ Op
Rgm = —+ 5 ta"by | — b — :
Uy Ozk0z™ \ Ox! Uy OxF Oz Uy oxk ox™

1 dyo Oal a™b, 2
UO oxk Ox™ U(]

Einstein’s equation (10) results in the following equations:
np N\ 2
1 4 Op aalb+(abn) 2R,

S—_— 16
0. v (16)

) a1 9 .,

U02g 8xk &'Em

2 l l
= <8a *a"bn> O 00y | 5 gay, <ak8i + ap, &0) "

oxkdzm \ Ozl ~ ork 9z he O™ Ok
26, (a",)?\ 9p dp
+ (hc\p Yo Uy ozk ozm 0

The equations (14) and (16) determine the class of Einstein’s and Lagrange’s
equations solutions for a complex field possessing the symmetry (5) when
two parameters ¥ and U, and boundary conditions are specified.

Field amplitude and phase are redefined under the scaling (6): ¥ <« é\if,
<> ap. Christoffel symbols and Ricci tensor Ry, does not change. Vector
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a,, metric tensor, mixed components of energy-momentum and Ricci tensors
are multiplied by constant factors:

Qp > Qlp,
U B -
Imn (V) & Uogmn (1/}> ) (17)
R™  — L% R™ T" —@T:L
o? Uy a? Uy

Therefore, Einstein’s and Lagrange’s equations does not change.
The Lagrangian (8) equals zero for the solution (12), whereas energy
density is positive:

1 (mna_waw*

" he ox™ Oz

+U (ww*)) = %UO\W > 0. (18)
The energy density (18) is constant, therefore the solution (12) corresponds
to a stationary field condition.

Space-time volumes with the solution (12) type structure are similar to
each other. Moreover, constant energy densities of these volumes may be
related by the transformation (7). Therefore, they form a fractal set, the
power law (2) is satisfied for them.

Mentioned above properties of the solution (12) including its stationarity
and fractality are a consequence of the symmetry (5). Stationarity permits to
refer this solution to the class of particle-like solution of the general relativity.
Fractality implies that the solution corresponds to a set of noninteracting

self-similar particles.
The phase path of the fields ¢ and ¥* is a circle (5):

PYP* = 4 ahy” = U2
=1+ iy, YT =1 — i)y,

The function ¢ is degree of rotation round the circle. Length of a circle arc
i.e. interval of set {11, 19} equals

= ()P + () = vt = W2 02 02 gy

One can obtain a relation between the phase space interval dF' and the space-
time interval ds:

1 Op dp
2 _ L2 2 m g..n
dF* = 4\11 {Uods ( me + n@xm) dx"dx ] . (19)
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The first equation (14) has the following solution:

dp
m — T 95 — dmu
a 38:1:7” +

where d,,, is a constant vector (g‘i*; = ) The expression (19) shows that
the vector d,,, may be chosen so that the phase space interval is proportional
to the time interval: dF' ~ dt. Therefore, the solution (12) may describe a
time-pulsating cosmological model. As energy density of the system is finite
this model must be nonsingular. The example of such model is presented in

the next section.

3. The cosmological model with meson field

Let the fractal model is a model permitting existing of dependences of
type (1 - 3). The model based on the solution (12) is an example of such
model.

The solution (12) contains only the field derivatives ;p—fn, therefore it cor-

responds to both isotropic and anisotropic metrics. Below the homogeneous
isotropic and conformally flat metric is used:

ds? = Adt? — o? [(dx1)2 + (dx2)2 + (dx3)2] )

Mixed Ricci tensor components and scalar curvature equal:

8= (), 22
e -5 [(2), (2]

re-4[o(2), (2]

where a is scale factor of the model, index ¢ denotes partial derivative with
cosmological time.
If we choose field Lagrangian in the form of

1 ([ .. 00 OY* . dF
L= (7 g~V ) + G
dF

where %= is total derivative of some differentiable function, Einstein’s equa-

tion (10) with the energy-momentum tensor

_ 24200 Op dF
"~ he  Oxk oxm Gim dt

:hc

Tkm
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comes to the following two equations:
ay O G dF
2t 2 B el
3<a> hc (8t) "a
1 a; ag\ 2 2K 1 &p dF
L), ()] - el ()
02[ a t+3 a he or ) "t (20)
Lagrange’s equation (9) comes to two equations:

Lop\* 3 (0p\*_
c Ot a2\ox ) 7"

10% 30% 3a0p
S LA R ) 21
c2 Ot? a? 0x? + c2 a Ot 0 (21)

We have took into account here that % = % = % = g—“;’ in isotropic case.
. . . 2 .
Four equations (20 - 21) determine four functions: a, %—f, g—f, gx(ﬁ;’t. Equations

(20) and the first equation (21) lead to the equation determining scale factor

a:
o @\ hey e 26cdE
(a>t+2<a> 3hUO\D 3 dt’ (22)

The hyperbolic solution of this equation corresponds to the case of zero field
Lagrangian and dF =0

where 7 = 1/,/2’“(] P2,

If we choose % = %U()\If2 the equation has the periodic solution

a = agy | cos (; + gb) (23)

The period of function (23) equals 277. The scale factor (23) turns into zero
at the moment ¢, when = + ¢ = Z 4+ 7n. The solution (23) is not singular
within the interval 0 < £ < 2m if tT > 27. This condition permits to choose
the phase: § & mn — ¢ > 27. Therefore the model is not singular if

3
¢ < —g + 0. (24)
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The equation (22) has the integral for the periodic solution (23):

(8 - (2) -
a a

which may be obtained through the expression

1 t
T _ " tan (—+¢)
a 27 T

and the solution (23). The integral is a map of phase path (5) in the space-
time.
Derivatives of the phase coordinate ¢ equal:

1 [0y S| aop\ 4 1 [0p 2 1 aop\ 4
S(52) =30 |[(2) 1], 5 (52) =500 [(2) -3/
02(875) 4 0{ a * a? \ Ox 12°°\a
One can define the metric tensor in the form analogous to the general defini-
tion (12) through these expressions. Further, the expressions imply that the

parameter ag is a maximal scale factor value for the solution (23): a > %ao.
The comoving radial coordinate of the horizon equals:

t
9 t
T‘(t): C;dtzﬂF(T—i_(b,z),

a ag 2

i3
where F ( *;r¢, 2) is the elliptic integral of the first kind possessing recurring

values with period 277.

As the horizon comoving radial coordinate values are repeated, a model
with pulsating space-time corresponds to the solution (23). This model is
compacted, i. e. the total space volume is finite and the evolution in time is
a periodic process of the space expansion and contraction. In the presence
of the phase restriction (24) the space contracts to minimal nonzero volume.
The two-dimensional analogy of such space-time is a torus with variable
thickness where parallels are lines of time (lines of constant space coordinates)
and meridians are space coordinate lines. Analogous compacted model has
been constructed in the paper [14] and possible astrophysical consequences
of space volume finiteness are discussed there. It has been showed there that
dynamical entropy of complex field is increasing during the space pulsating.
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4. Conclusion

The main results of this work are following. The cosmological model

permitting physical explanation of the observational fractal properties of the
galaxy and quasar distribution is constructed. Within the model frame-
work these properties are consequences of the fractal properties of the initial
density fluctuations spectrum and of the charged scalar meson matter field
(complex field) rotary symmetry. This model is nonsingular; the Universe
turns out to be compacted, pulsating and doubly-connected.

References

1]

2]

Jones B.J.T, Martines V.J., Saar A., Trimble V. Scaling Laws in the
Distribution of Galaxies. arXiv:astro-ph/0406086v1.

Peebles P.J.E. The Large-Scale Structure of the Universe. Moscow: Mir,
1983.

Saslaw W.C. Gravitational Physics of Stellar and Galactic Systems.
Moscow: Mir, 1989.

Valageas P., Lacey C., Schaeffer R. Scaling Laws in Gravitational Clus-
tering for Counts-in-cells and Mass Functions. arXiv: astro-ph/9902320.

Baryshev Yu., Teerikorpi P. The fractal analysis of the large scale galaxy
distribution. Bull. Spec. Astrophys. Obs., 2006, V.59, P.92.

Labini F.S., Vasilyev N.L., Baryshev Y.V., Lopez-Corredoira M. Ab-
sence of anti-correlations and of baryon acoustic oscillations in the

galaxy correlation function from the Sloan Digital Sky Survey data re-
lease 7.A&A, 2009, V.505, P.981.

Labini F.S., Pietronero L. The complex universe: recent observations
and theoretical challenges. arXiv: 1012.5624v1.

Rozgacheva 1.K., Agapov A.A. Fractal Properties of SDSS Quasars.
arXiv: 1101.4280v1.

Landau L.D., Lifshitz E.M. Statistical Physics. Moscow: Nauka, 1976.

Rozgacheva [.LK. Role of Massive Neutrinos in the Gravitational Cosmo-
logical Perturbations Evolution. The Astronomical Journal, 1984, V.61,
N.4, P.654.

13


http://arxiv.org/abs/astro-ph/0406086
http://arxiv.org/abs/astro-ph/9902320

[11] Jackiw R. Introducing Scale Symmetry. Phys. Today, 25 (1), 23, 1972.

[12] Canuto V., Adams P.J., Hsieh S.-H., Tsiang E. Scale-Covariant Theory
of Gravitation and Astrophysical Application. Physical Rev.D, 1977,
V.16, N.6, P.1643.

[13] Frolov B.N. Poincare Gauge Theory of Gravity. Moscow: Prometey,
MSPU, 2003.

[14] Rozgacheva I.LK. A Doubly-Connected Cosmological Model. The Astro-
nomical Journal, 1997, V.74, N.2, P.165.

14



