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ABSTRACT. For arbitrary universal algebra, in which the operation of addition
is defined, I explore biring of matrices of mappings. The sum of matrices is
determined by the sum in universal algebra, and the product of matrices is de-
termined by the product of mappings. The system of equations, whose matrix
is a matrix of mappings, is called a system of additive equations. I considered
the methods of solving system of additive equations. As an example, I consider
the solution of a system of linear equations over the complex field provided
that the equations contain unknown quantities and their conjugates.

Linear mappings of algebra over a commutative ring preserve the oper-
ation of addition in algebra and the product of elements of the algebra by
elements of the ring. The representation of tensor product A ® A in algebra A
generates the set of linear transformations of algebra A.

The results of this research will be useful for mathematicians and physi-
cists who deal with different algebras.
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CHAPTER 1

Preface

1.1. Preface to Version 1

When I started to write this book the initial task was pretty simple. I was
going to rewrite the contents of the book [5] using a matrix of mappings ([8]) as a
tool. However, limiting myself to exploration of the division ring started to seem
odd to me when I realized that a lot of results would hold for associative algebra,
and something will remain unchanged in the case of nonassociative algebra. The
results of this research will be useful for mathematicians and physicists who deal
with different algebras, which are not necessarily associative.

When I had represented the system of linear equations using the matrix of
mappings I realized that a tool more powerful, then I initially assumed, appeared
in my hands. Exploring systems of linear equations we consider the multiplication of
the unknown quantity that belongs to the ring or the vector space by the scalar from
the corresponding ring. However, I can assume that the unknown quantity belong
to an universal algebra which has the addition operation. Instead of multiplication
by a scalar I consider a mapping of universal algebra. Thus emerged the theory of
additive equations similar to the theory of linear equations.

As an example of the application of new methods, I consider the solution of
a system of linear equations over the complex field provided that the equations
contain unknown quantities and their conjugates. I explored in detail the solution
of such system of equations in example 2.5.5. No doubt, an attempt to solve the
system of equations (2.5.20) using determinant is not simple task.

When I started to explore algebras, I noticed that we usually define an algebra
over field. It seems necessary, since the algebra is a vector space. As for the
constructions that I am interested, it doesn’t really matter for me whether algebra is
a vector space over a field or a free module over a commutative ring. When I received
evidence that there is a study of algebras over ring, I decided to explore algebras
over commutative ring, provided that if necessary I will relax the requirements.

There are two algebraic structure defined on the algebra. If we consider the
algebra as a ring, then studying a mapping of one algebra into another, we consider
ring homomorphisms. If we consider the algebra as a module over a ring, then
studying a mapping of one algebra into another, we consider linear mappings. It is
evident that if an algebra has unit, then a homomorphism of the algebra is a linear
mapping. I am mostly interested in linear mappings of algebra.

Since then, as I explored the tensor product of division rings (section [5]-12.2),
I kept feeling that a linear mapping in a division ring is expressed by tensor of order
2. At the same time, it was not clear, how the tensor of order 2 describes a linear
mapping, however to determine tensor of order 2 I need a bilinear mapping.
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The structure of the module of linear mappings £(A; A) is determined by non-
comutativity of the product in the algebra A. Once the product is commutative
I can write expression abzr instead of expression axb and I see a tensor of order 1
where initially there was tensor of order 2.

Algebra A ® A is very interesting algebra. Technically I should have written
A ® A*, where A* is the opposite algebra. However, this would lead to some
problems in the expression

(1.1.1) (a ®b)ox=arb
since becoming not clear where to write b. Definition of product
(a®b)o(c®d) = (ac) ® (db)

allows me to save notation (1.1.1). So I chose to leave notation A ® A.

If the algebra A is free finite dimensional associative algebra, then a basis of
representation of algebra A ® A in the module £(A; A) is finite and allows me to
describe all linear mappings of algebra A.

March, 2010

1.2. Preface to Version 2

Shortly after T published version 1, I read the opinion of Professor Baez ([10])
where he talked on the role of blogs for mathematicians. In particular, Baez recom-
mended to visit the site http://www.ncatlab.org/nlab/show/0Online+Resources.
This site is extremely interesting.

I spent a lot of time to understand what problems in mathematics are interest-
ing for people who have created this site. I put attention that on the page dedicated
to Q-group, they consider the structure similar to structure considered by me in
chapter 2.

Notion about -group exists only on this site. In references that I have, there
is definition of group with operators. This definition corresponds to representation
of Q-algebra in group usually considered to be additive. This is why I decided not
to change terminology in this book. However I will return to this subject later.

I am interesting in opportunity to consider noncommutative addition. However
I met the problem to define the set of additive mappings. I hope to return to this
subject later.

August, 2010

1.3. Conventions

(1) Function and map are synonyms. However according to tradition, corre-
spondence between either rings or vector spaces is called map and map of
either real field or quaternion algebra is called function. I also follow this
tradition, although I sometimes write the text where it is not clear what
the term should be preferred.

(2) In any expression where we use index I assume that this index may have
internal structure. For instance, considering the algebra A we enumerate
coordinates of a € A relative to basis € by an index i. This means that
a is a vector. However, if a is matrix, then we need two indexes, one
enumerates rows, another enumerates columns. In the case, when index
has structure, we begin the index from symbol - in the corresponding
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position. For instance, if I consider the matrix az- as an element of a
vector space, then I can write the element of matrix as a'é—.
Let A be free finite dimensional algebra. Considering expansion of element
of algebra A relative basis € we use the same root letter to denote this
element and its coordinates. However we do not use vector notation in
algebra. In expression a2, it is not clear whether this is component of
expansion of element a relative basis, or this is operation a? = aa. To
make text clearer we use separate color for index of element of algebra.
For instance,

a = aié,,;
If free finite dimensional algebra has unit, then we identify the vector of
basis €y with unit of algebra.
If, in a certain expression, we use several operations which include the
operation o, then it is assumed that the operation o is executed first.
Below is an example of equivalent expressions.

foxy= f(x)y
fol(zy) = f(xy)
fox+y=f(z)+y

folz+y)=flz+y)

Without a doubt, the reader of my articles may have questions, comments,
objections. I will appreciate any response.






CHAPTER 2

Matrix of Mappings

2.1. Product of Mappings

On the set of mappings
f:A—-A
we define product according to rule

(2.1.1) fog=f(9)

The equation

is true iff the diagram

is commutative.
For a € A, there exists mapping

(2.1.2) folz)=a
If we denote mapping f, by letter a, then using equation (2.1.1), assume
(2.1.3) foa= f(a)

If A is Q-algebra, in which the product is defined, then element a € A may also
serve to indicate the operation of left shift

(2.1.4) aob=ab

Notation (2.1.4) does not contradict the record (2.1.3). However we must remember
that the product (foa)ob, a, b€ A, is not associative, because

(fea)ob=f(a)b fo(aocd)= f(ab)
2.2. Biring of Matrices of Mappings

Let A be Q-algebra ([2, 11]), where the operation of addition is defined, Let A
be group with respect to the operation of addition.

Let A(A) be the set of mappings of Q-algebra A. We can map the operation
of addition in Q-algebra A into the set A(A) according to rule
(2.2.1) (f+g)oca=foa+goa

(2.2.2) (—=f)oa=—(foa)
(2.2.3) 0oa=0
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The equation (2.2.1) is an expression of left distributive property of multiplica-
tion over addition. It is therefore natural to require that the product was right
distributive

(2.2.4) fo(a+b)=foa+ fob

We will see in the section 2.3 that this requirement is essential. Therefore, the set
A(A) is the set of homomorphisms of group A.

We will consider set A(A) is closed under the operations of addition and
product of mappings.

Theorem 2.2.1. For any mapping g € A(A) the equation

(2.2.5) 0Dog=0
(2:2.6) (=flog=—(fog)
18 true.
PROOF. From the equation (2.2.3), it follows that
(2.2.7) (0og)oa=00(goa)=0

The equation (2.2.5) follows from the equation (2.2.7). From the equation (2.2.1),
it follows that

(2.2.8) fog+(=flog=(f+(=f)eg=00g=0
The equation (2.2.6) follows from the equation (2.2.8). O
Remark 2.2.2. If we assume the sum is not commutative, the requirement of the

set A(A) is closed relative to the operation of addition may be too strict. Consider
an expression

(f+g)o(a+b)=fo(a+b)+go(a+b)=foa+ fob+goa+gob
Since, in general,
fob+goa#goa+ fob
than we cannot state that
(f+g)ola+b)=fo(a+b)+go(a+tb)

In the following text, we assume that addition is commutative. Nevertheless, all
the construction in this chapter, we will perform the way we did it would be the
case of a noncommutative addition. (]

Consider the set of matrices of mappings, whose elements are mappings
f € A(A) . According to definition [5]-2.2.1, we define ,°-product of matrices
of mappings

(2.29) {( be = (boc)

by = bloc
According to definition [5]-2.2.2, we define °,-product of matrices of mappings
bOO — bC a
(2.2.10) ¢ (b o ce)
(o) = bioct
Theorem 2.2.3. The product of mappings of the set A is associative.?

2-1The statement of the theorem is based on the example of the semigroup from [3], p. 20, 21.
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PRrOOF. Consider mappings
f:A—A g:A—>A h:A— A
The statement of theorem follows from the chain of equations
(feg)oh)ox=(fog)o(hox)=fol(go(hox))
=fo(lgoh)ox)=(fo(goh))ox

Theorem 2.2.4. The set A(A) is ring.

PRrROOF. A(A) is an Abelian group under the operation of addition. According
to the theorem 2.2.3, A(A) is a semigroup under multiplication. Since f € A(A)
is homomorphism of the Abelian group A, than for any a € A

(fo(h+g))ea=fo((h+g)oa)=fo((hoatgoa)

2.2.11
(2:2.11) —(Foh)oa+ (Fog)oa=(foh+fog)oa

Distributive law
fo(h+g)=foh+fog
follows from equation (2.2.11). O

Mappings, that belong to ring A(A), are also called A(A)-mapping.

Theorem 2.2.5. ,°-product of matrices of A(A)-mappings is matriz of A(A)-
mappings.

PROOF. The statement of theorem follows from equation (2.2.9) and statement
that sum and product of A(A)-mappings is A(A)-mapping. O

Theorem 2.2.6. Product of matrices of A(A)-mappings is associative.

PROOF. The statement of the theorem follows from the chain of equations
h=((7o"9); o t) = ((firo gy o bl
( o o) = (o (0c"1)Y)
= fo"(90"h)

2.3. Quasideterminant of Matrix of Mappings

Theorem 2.3.1. Suppose n x n matriz of A(A)-mappings a has o°-inverse ma-

triz®?
(2.3.1) a.la " =§

Then k x k minor of .°-inverse matriz satisfy to following equation provided that
the considered inverse matrices exist

o —1,° —1,°
ps (o) ()

2-2This statement and its proof are based on statement 1.2.1 from [4] (page 8) for matrix over
free division ring.
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PROOF. Definition (2.3.1) of ,°-inverse matrix leads to system of linear equa-
tions

J) o/ —1,°4\[I J] oy —1,° _

(2.3.3) afy]? (™) 4 al o (a7 = 0
o —15° I o —15° —
(2.3.4) afjpo° (™) +af 2 (a7")) =5
. 1) e’

We multiply (2.3.3) by (am)

o —15° o
(235) @5+ (aff) ot =0
Now we can substitute (2.3.5) into (2.3.4)

T A ) P T S R TG,

(236) _a[l]o (a[I]) o a] o (a’ )J+G“IO (a“ )J :5
(2.3.2) follows from (2.3.6). O

Corollary 2.3.2. Suppose nxn matriz of A(A)-mappings a has o°-inverse matriz.
Then elements of o°-inverse matriz satisfy to the equation

102N g e (f) T el g
(2.3.7) Ha = —ape” (ag Cal + aj

. i i
%
0

Definition 2.3.3. (J)-,°-quasideterminant of nxn matrix a is formal expression

y 1 o ]
(2.3.8) det (a,,°)! = (Ha* o ) _
According to the remark [5]-2.1.2 we can get (2)-,°-quasideterminant as an element
of the matrix det (a,,°) which we call ,°-quasideterminant. O

Theorem 2.3.4. Expression for elements of ,°-inverse matriz has form
(2.3.9) a™'" = Hdet (a,,°)
PROOF. (2.3.9) follows from (2.3.8). O

Theorem 2.3.5. Expression for (§)-.°-quasideterminant can be evaluated by either
form

, , N —16° ,
(2.3.10) det (a.0°)] = —ajyo (aff) " ooall +a]
(2.3.11) det (a,.°)] = —a{ﬂoo?{ det (ag]],oo) JCal’ +al
PROOF. Statement follows from (2.3.7) and (2.3.8). O

Definition 2.3.6. If, for a mapping f € A(A), f~' € A(A) follows from the
existence of the inverse mapping f~!, then the ring A(A) of mappings is called
quasiclosed. (I

Theorem 2.3.7. Let A(A) be quasiclosed ring of mappings of Q-algebra A. Let a
be matriz of A(A)-mappings. Then matrices det (a,,°) and a= "
A(A)-mappings.

are matrices of
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ProOF. We will prove the theorem by induction over order of matrix.
For n = 1, from the equation (2.3.10) it follows that

det (a, oo)} =aj
Therefore, quasideterminant is a matrix of A(A)-mappings. From definition 2.3.6,

it follows that the matrix a='" is a matrix of A(A)-mappings.
Let the statement of the theorem be true for n — 1. Loet a be n x n matrix. Ac-

—1o
a[b]) in the equation (2.3.10)

[a]
is a matrix of A(A)-mappings. Therefore, (§)-,°-quasideterminant is A(A)-map-
ping. From definition 2.3.6 and theorem 2.3.4, it follows that the matrix a~'" is a
matrix of A(A)-mappings. O

cording to assumption of induction, the matrix (

Definition 2.3.8. If n x n matrix a of A(A)-mappings has ,°-inverse matrix we
call matrix a .°-nonsingular matrix of A(A)-mappings. Otherwise, we call
such matrix ,°-singular matrix of A(A)-mappings. O

2.4. System of Additive Equations

Let A(A) be quasiclosed ring of mappings of Q-algebra A. The system of
equations

ai ... al x! bt
(2.4.1) i e 0 ] =
at ... ap " b

where a is a matrix of A(A)-mappings is called system of additive equations.
We can write the system of additive equations (2.4.1) in the following form

atox! + ... + aloaz™ = b

atoxt + .. + a%oz™ = b

Definition 2.4.1. Suppose a is ,°-nonsingular matrix. Appropriate system of
additive equations (2.4.1) is called ,°-nonsingular system of additive equa-
tions. (]

Theorem 2.4.2. Solution of nonsingular system of A(A)-equations (2.4.1) is
determined uniquely and can be presented in either form

(2.4.2) x=a"1".
(2.4.3) x =M det (a,,°) °b

PROOF. Multiplying both sides of equation (2.4.1) from left by a~'e" we get
(2.4.2). Using definition (2.3.8) we get (2.4.3). O

Example 2.4.3. According to the definition [5]-4.1.4, effective T-representation
of division ring D in the Abelian group v generates the division ring of mappings
D(xV). The image v € V under mapping a € D(xV) is defined according to rule

aov = av
The product of mappings a, b € D(xV) is defined according to rule

aob=ab
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In this case, the system of additive equations is the system of ,* D-linear equations.
O

Example 2.4.4. According to the definition [5]-4.1.4 effective *T-representation
of division ring D in the Abelian group v generates the division ring of mappings
D(V«). The image ¥ € V under mapping a € D(Vx) is defined according to rule

aov =7a
The product of mappings a, b € D(Vx) is defined according to rule
aob=ba
In this case, the system of additive equations is the system of D*,-linear equations.

O

2.5. System of Additive Equations in Complex Field

According to the theorem [6]-5.1.9, additive mapping of complex field is linear
over real field. Consider basis ey = 1, e; = i of complex field over real field. In
the basis e, an additive mapping f is defined by matrix

2.5.1 8 {)
(251 <f& f%)

According to the theorem [6]-7.1.1 linear mapping has matrix

This mapping corresponds to multiplication by the number a = ag + a;i. The
statement follows from equations

(ap + a11)(xo + x11) = apxo — a1x1 + (@ox1 + a120)i
ap —ai Zo )| [ GoZo — a1y
ai  ao T a1To + GoT1
Additive mapping generated by conjugation

loz=7%

- 1 0
0 -1
bo b1
bi  —bo

which corresponds to the transformation (bg + b1i) o I.  The statement follows

from equations

(bo + b1i)I(xo + x11) = (bo + b1i)(xo — 1) = bowo + bix1 + (=box1 + b1xo)i

bo by To\ _ boxo + bix1
b1 —bo Z1 bizo — boxy

has a matrix
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Theorem 2.5.1. An additive mapping of complex field has form
(2.5.2) f=a+bol
(2.5.3) (a+bol)oz=az+bz

PROOF. Let a mapping f be defined by matrix (2.5.1). Comparison of matrices
of mappings f, a, b leads to the matrix equation

o I _ (0 e bo b1} _ [ao+bo —ai+b
f& fll aq ap b1 —bo a1 + by ao — bo

(2.5.4) ) =ao+bo
(2.5.5) U =—a1+b
(2.5.6) fo=a1+b
(2.5.7) fi=ao—bo
From equations (2.5.4), (2.5.7), it follows that
0, fl 0_ f1
_|_ —
a():fo 2f1 b():fo 2f1
From equations (2.5.6), (2.5.5) it follows that
140 1, 40
alzfo 2f1 blzfo‘gh

O

The set of additive mappings of complex field forms the ring generated by
multiplication by complex number and conjugation.

Theorem 2.5.2. The ring of mappings A(C,C) is quasiclosed ring.

PROOF. An additive mapping is nonsingular iff its matrix (2.5.1) is nonsingular.
Inverse matrix also describes a mapping. The product of these matrices is identity
transformation. O

Theorem 2.5.3. The product of additive mappings

f=fo+fiol
g=go+tgiol
has form
h=fog=ho+hiol
where
(2.5.8) ho = fogo + f19,  h1 = fog1 + f19o
PRrROOF. We verify directly that
(2.5.9) ITol=1
From the chain of equations
(2.5.10)

1 0 aop —ay 1 0 o 1 0 ao ai - aop ai
0 -1 a ap 0 -1 N 0 -1 aq —ap N —aq aop
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it follows that

(2.5.11) a=Ioaol
From equations (2.5.9), (2.5.11), it follows that
(2.5.12) aol=1oa

From equations (2.5.9), (2.5.12), it follows that
(fo+ fiol)o(go+giol)
=foo(go+giol)+ fiolo(go+giol)
(2.5.13) =foogo+ foogiol+ fiologo+ frologiol
=(fogo) + (fog1) oI+ fioggol+ fiogyolol
=(fogo + f19:1) + (fog1 + f19o) o 1

The equation (2.5.8) follows from equation (2.5.13). O
Theorem 2.5.4. Let additive mapping of complex field
g=9go+giol
be mapping inverse to the additive mapping
f=fo+fiol
Than
(2.5.14) go = —% g1 = %
Jifi—Jofo fifi = fofo
PRrROOF. According to the statement of the theorem,
(2.5.15) fog=1
From equations (2.5.8), (2.5.15), it follows that
(2.5.16) fogo + f1g: =1
(2.5.17) f190 + fogi =0

From equations (2.5.17) it follows that
J190+ fog: =0

(2.5.18) go=—Fof1 7'
From equations (2.5.16), (2.5.18), it follows that
(2.5.19) - f0707171§1 + 19, =1
(2.5.14) follows from equations (2.5.19), (2.5.18). O
Example 2.5.5. Consider the system of additive equations
2w =1

(2.5.20) { s =

z—=3w =1

We cannot solve the system of equations (2.5.20) using determinant and Cramer’s
rule. We write the system of equations (2.5.20) in the following form
{ z4+20low =1

(2.5.21) i (Bow =i
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(2.5.22) G 2_031> o° (Z) = (1)

Now we calculate ,°-quasideterminant of matrix

1 201
a =
1 -3

According to equation (2.3.10), we get

o o 1]y—1,° o [1
det (a,°)} = a} —alyjo°(ah]) 71" o al!

— ol abo el ood
=1-20l0(=3)"to1l
2
—1+Z01
+ 3 o
det (a, oo)f =a? - a[zl]oo(a%
_ ? —ado (ah) " oa!

=1-(-3)0(20I) o1

3
=1+ 3 ol
det (a7oo)é —al - a[lz]oo(ag)ilooooa[zﬂ
=ay—ajo(ay) 'oa;
=20l—10(1)"to(=3)
=3+20l

o o/ [2]\=1,° o
det (a,0°)2 = a3 —a[22]o (aH) Lo 2ay
1

17
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According to theorems 2.3.4, 2.5.4, ,°-inverse matrix has form

(07")} = (det (a,0%)) " = (14 S0 )"

22
2211 5 3
9 6
=Z_2o]J
5 5
o 3
(a71")3 = (det (a,0)7) ' = (14 507"
-1+ 31 3
= = —(-1+21)
33-11 5 2
4,6
——+ -0
55
a*loo 2 det (l7001 1: 3+2OI 1
1 2
—3+2I 1
~32-33 58572
32
=S_ZoJ
5 5
(a™'")5 = (det (a,0°)5) " = (=3 —-201)""
3-2I 1
~52-33 52T
32
=—Z4Zor
57 5°
96, 2.6
e |57 5 5
a =
32 3,2,
- — =0 ——+ -0
5 5 5 5

According to the theorem 2.4.2 the solution of the system of additive equations
(2.5.20) has form

2—901 —é—l—gof
<z> 5 5 55 (1)
v §—goI —§+gof !
5 5 55
9_6_(1,.6),
5 5 \5 5
B EREINE N
5 5 \5 5
3
(3%
-1
5
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We verify directly, that we found the solution of the system of equations (2.5.20)
3 1 3 1
- —2 20—t ) ==-+2- 2420 =1
(5 z)—i— (5 z) Pt 5+( + 2)i

3 ) 1 3 1 .
(g—2z>—3(g—z>—3—354-(—24-3)2—2






CHAPTER 3

Linear Mapping of Algebra

3.1. Module

Theorem 3.1.1. Let ring D has unit e. Representation
(3.1.1) f:D—"A
of the ring D in an Abelian group A is effective iff a = 0 follows from equation
f(a)=o.

PrOOF. We define the sum of transformations f and g of an Abelian group
according to rule

(f+g9)oa=foatgoa

Therefore, considering the representation of the ring D in the Abelian group A, we
assume

fla+b)ox = f(a)ox+ f(b)ox
We define the product of transformation of representation according to rule
flab) = f(a)o f(b)
Suppose a, b € R cause the same transformation. Then
(3.1.2) flayom = f(b)om

for any m € A. From the equation (3.1.2) it follows that a — b generates zero
transformation

fla=b)om=0
Element e4+a—>b generates an identity transformation. Therefore, the representation
f is effective iff a = b. O

Definition 3.1.2. Let D be commutative ring. A is a module over ring D if A is
an Abelian group and there exists effective representation of ring D in an Abelian
group A. O

Definition 3.1.3. A is free module over ring D, if A has basis over ring D.>! [
Following definition is consequence of definitions 3.1.2 and [7]-2.2.2.

Definition 3.1.4. Let A; be module over ring R;. Let As be module over ring
Rs. Morphism

(fZRl —>R2,92A1 —>A2)
of representation of ring R; in the Abelian group A; into representation of ring Rs
in the Abelian group A is called linear mapping of R;-module A; into Rs-
module As. O

3-11 follow to definition in [1], c. 103.

21
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Theorem 3.1.5. Linear mapping
(f:R1— Ra,9: A1 — Ag)

of Ri-module Ay into Ry-module Ao satisfies to equations®?

(3.1.3) go(a+b)=goa+gob
(3.14) go(pa) =(fop)(goa)
(3.1.5) fo(pg) = (fop)(feoq)

aubEAl quERl

PRrROOF. From definitions 3.1.4 and [7]-2.2.2 it follows that

e the mapping f is a homomorphism of the ring R; into the ring Ry (the
equation (3.1.5))

e the mapping ¢ is a homomorphism of the Abelian group A; into the
Abelian group A (the equation (3.1.3))

The equation (3.1.4) follows from the equation [7]-(2.2.3). O

According to the theorem [7]-2.2.18; in the study of linear mappings, without
loss of generality, we can assume R; = Ra.

Definition 3.1.6. Let A; and As be modules over the ring R. Morphism
g: Al — A2

of representation of the ring D in the Abelian group A; into representation of the
ring D in the Abelian group A, is called linear mapping of D-module A; into
D-module A,. O

Theorem 3.1.7. Linear mapping

g: A — As
of D-module Ay into D-module Ay satisfies to equations®>
(3.1.6) go(a+b)=goa+gobd
(3.1.7) go(pa) =plgoa)

a,be Ay peD

PROOF. From definition 3.1.6 and theorem [7]-2.2.18 it follows that the map-
ping g is a homomorphism of the Abelian group A; into the Abelian group As (the
equation (3.1.6)) The equation (3.1.7) follows from the equation [7]-(2.2.44). O

3-2In classical notation, proposed equations have quite familiar form
g(a+b) = g(a) + g(b)
g(pa) = f(p)g(a)
fpa) = f(p)f(a)

a,be A1 p,g€ R

3-3In classical notation, proposed equations have form
g9(a+0b) =g(a) +g(b)
9(pa) = pg(a)
a,be Ay peD
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3.2. Algebra over Ring

Definition 3.2.1. Let D be commutative ring. Let A be module over ring D.>*
For given bilinear mapping
fiAxA—=A

we define product in A
(3.2.1) ab = fo(a,b)
A is a algebra over ring D if A is D-module and we defined product (3.2.1) in

A.  Algebra A* is called the opposite algebra to algebra A if we define a
product in the module A according to rule?®

ba = fo(a,b)
If A is free D-module, then A is called free algebra over ring D. (]
Remark 3.2.2. Algebra A and opposite algebra coincide as modules. (]

Theorem 3.2.3. The multiplication in the algebra A is distributive over addition.
PROOF. The statement of the theorem follows from the chain of equatins
(a+b)c= fo(a+b,c)=fol(a,c)+ fol(bc)=ac+bc
a(b+c¢)= fo(a,b+c¢)= fo(a,b)+ fo(a,c)=ab+ac

O

The multiplication in algebra can be neither commutative nor associative. Fol-
lowing definitions are based on definitions given in [14], p. 13.

Definition 3.2.4. The commutator

[a,b] = ab — ba
measures commutativity in D-algebra A. D-algebra A is called commutative, if
[a,b] =0
O
Definition 3.2.5. The associator
(3.2.2) (a,b,c) = (ab)c — a(bc)
measures associativity in D-algebra A. D-algebra A is called associative, if
(a,b,c) =0
O

Theorem 3.2.6. Let A be algebra over commutative ring D .35
(3.2.3) a(b,c,d) + (a,b,c)d = (ab, c,d) — (a,bc,d) + (a,b, cd)
for any a, b, ¢, d € A.

3-4There are several equivalent definitions of algebra. Initially I supposed to consider a repre-
sentation of the ring D in the Abelian group of the ring A. But I had to explain why the product
of elements of the ring D and of algebra A is commutative. This required a definition of the center
of the algebra A. After careful analysis I have chosen the definition given in [14], p. 1, [9], p. 4.

3-5] made the definition by analogy with the definition [12]-2, p. 2.

3-6The statement of the theorem is based on the equation [14]-(2.4).
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PROOF. The equation (3.2.3) follows from the chain of equations
a(b,e,d) + (a,b,c)d = a((be)d — b(ed)) + ((ab)e — a(be))d

= a((be)d) — a(b(cd)) + ((ab)c)d — (a(be))d

= ((ab)e)d — (ab)(cd) + (ab)(cd)

a((be)d) — a(b(cd)) — (a(be))d

= (ab, ¢, d) = (a(be))d + a((be)d) + (ab)(cd) — a(b(cd))
= (ab,¢,d) — (a, (be),d) + (a,b, cd)

+

O
Definition 3.2.7. The set”
N(A)={a€ A:Vb,ce A, (a,b,c)=(b,a,c)=(b,c,a) =0}
is called the nucleus of an D-algebra A. O
Definition 3.2.8. The set®®
Z(A)={a€A:ae N(A),vb € A, ab = ba}
is called the center of an D-algebra A. 1

Theorem 3.2.9. Let D be commutative ring. If D-algebra A has unit, then there
exits an isomorphism f of the ring D into the center of the algebra A.

PROOF. Let e € A be the unit of the algebra A. Then f oa = ae. O

Let € be the basis of free algebra A over ring D. If algebra A has unit, then we
assume that €y is the unit of algebra A.

Theorem 3.2.10. Let € be the basis of free algebra A over ring D. Let
a=a'e; b=ble; abeA

We can get the product of a, b according to rule
(3.2.4) (ab)® = Ba't’
where ij are structural constants of algebra A over ring D. The product
of basis vectors in the algebra A is defined according to rule
(325) e;e; = Bflék

PRrROOF. The equation (3.2.5) is corollary of the statement that € is the basis

of the algebra A. Since the product in the algebra is a bilinear mapping, than we
can write the product of a and b as

(3.2.6) ab = a'te;e;
From equations (3.2.5), (3.2.6), it follows that
(3.2.7) ab=a't’ B e,

Since € is a basis of the algebra A, than the equation (3.2.4) follows from the
equation (3.2.7). O

3-TThe definition is based on the similar definition in [14], p. 13
3-8The definition is based on the similar definition in [14], p. 14
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Theorem 3.2.11. Since the algebra A is commutative, than

P _ pp
(3.2.8) B, = Bj;
Since the algebra A is associative, than

P pd _ pa pp
(3.2.9) BB, = B, B},

PRrROOF. For commutative algebra, the equation (3.2.8) follows from equation

€;

€; €,
.9) follows from equation
=¢€;

(jer)

€5
For associative algebra, the equation (3.2
€L

(ez )

3.3. Linear Mapping of Algebra

Algebra is a ring. A mapping, preserving the structure of algebra as a ring, is
called homomorphism of algebra. However, the statement that algebra is a module
over a commutative ring is more important for us. A mapping, preserving the
structure of algebra as module, is called a linear mapping of algebra. Thus, the
following definition is based on the definition 3.1.6.

Definition 3.3.1. Let A; and Ay be algebras over ring D. Morphism
g: Al — A2

of the representation of the ring D in the Abelian group A; into the representation
of the ring D in the Abelian group As is called linear mapping of D-algebra A;
into D-algebra As. Let us denote L(A;1; As) set of linear mappings of algebra
Aj into algebra As. O

Theorem 3.3.2. Linear mapping
g: A — As
of D-algebra Ay into D-algebra As satisfies to equations
go(a+b) =goa+gob
(3.3.1) go(pa) =pgoa
a,be Ay peD
PROOF. The statement of theorem is a corollary of the theorem 3.1.7. 0
Theorem 3.3.3. Consider algebra Ay and algebra As. Let mappings
frA = A
g: A — As
be linear mappings. Then mapping f + g defined by equation
(f+g9)oa=foatgoa

is linear.
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PROOF. Statement of theorem follows from chains of equations
(f+g)olz+y)=fo(zt+y)+go(r+y) =for+foytgortygoy
=(f+g)ex+(f+g)oy
(f +9) o (pz) =f o (pr) +go(pr) =pfox+pgou
=p(f+g)ox

Theorem 3.3.4. Consider algebra Ay and algebra As. Let map
g: A — As
be linear map. Then maps ag, gb, a, b € Ay, defined by equations
(ag)ox=agow
(gb)ox =gox b
are linear.
PROOF. Statement of theorem follows from chains of equations
(ag)o(z+y)=ago(r+y)=a(goxr+goy)=agox+tagoy
=(ag) oz + (ag) oy
(ag) o (pr) =a go (px) =ap gox =pagox
=p (ag)ox
(gb)o(x+y)=go(x+y)b=(goz+goy)b=gozbtgoyd
=(gb) oz + (gb) oy
(gb) o (px) =go (px) b=pgoxb
=p (gb)ox

Theorem 3.3.5. Consider algebra Ay and algebra As. Let map
g: A — As
be linear map. Then maps pg, p € D, defined by equation
(pg)oz=pgox
are linear. This holds
p(ag) = (pa)y
(p+9)g=pg+ay
PROOF. Statement of theorem follows from chains of equations
(pg)o(x+y)=pgo(z+y)=p(gor+goy)=pgox+pgoy
=(pg) oz +(pg)oy
(pg) © (g )—ng( ) pggoxr=qpgox
=q (pg) °
(p(qg))ox—p( )Ox— (ggox)=(pq) goz=((pg)g)ox
(p+q)g)oz=(p+q)gox=pgoxr+qgox=(pgox+(qg)ox



3.4. Algebra L(A; A)

Theorem 3.3.6. Let D be commutative ring with unit. Consider D-algebra A,

and D-algebra As. The set L(A1; A2) is an D-module.

PROOF. The theorem 3.3.3 determines the sum of linear mappings from D-

algebra A; into D-algebra As. Let f, g, h € L(A1; A2). For any a € Ay
(f+g)oca=foa+goa=goa+ foa
=g+ f)oa
(f+g)+h)oca=(f+g)ca+hoa=(foa+goa)t+hoa
=foa+(goa+hoa)=foa+(g+h)oa
=(f+(g+h)eca

Therefore, sum of linear mappings is commutative and associative.
The mapping z defined by equation

zox =0
is zero of addition, because
(z+f)oa=zoa+ foa=0+ foa=foa
For a given mapping f a mapping ¢ defined by equation
goa=—foa

satisfies to equation
frg==
because
(f+g9)oa=foa+goa=foa—foa=0
Therefore, the set £(A7; A2) is an Abelian group.

From the theorem 3.3.5, it follows that the representation of the ring D in the
Abelian group L£(A;; As) is defined. Since the ring D has unit, than, according to

the theorem 3.1.1, specified representation is effective.

3.4. Algebra L(A;A)

Theorem 3.4.1. Let A, B, C be algebras over commutative ring D. Let f be linear
mapping from algebra A into algebra B. Let g be linear mapping from the algebra

B into algebra C'. The mapping g o [ defined by diagram

B
N,
R

is linear mapping from the algebra A into the algebra C.
PROOF. The proof of the theorem follows from chains of equations
(gof)o(at+b)=go(fola+d))=go(foatfob)
=go(fea)+go(fob)=(gofloa+(gof)ob
(gof)o(pa) =go(fol(pa))=go(p foa)=pgo(foa)
=p(gof)oa
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O

Theorem 3.4.2. Let A, B, C be algebras over the commutative ring D. Let f be
a linear mapping from the algebra A into the algebra B. The mapping [ generates

a linear mapping
ffi9geL(B;C)—=gofeL(AQC)

PROOF. The proof of the theorem follows from chains of equations

(g1 +g2)0floa=(g1+g2)o(fea)=gio(foa)+gao(foa)
1of)oa+(g20f)oa
grof+g2of)oa
pg)e(fea)=pgo(foa)=p(gof)oa
plge f))eoa

=(g
= (
((pg)o floa=(
= (

O

Theorem 3.4.3. Let A, B, C be algebras over the commutative ring D. Let g be
a linear mapping from the algebra B into the algebra C. The mapping g generates
a linear mapping

g feL(A;B)—=gofeL(AC)
PrOOF. The proof of the theorem follows from chains of equations
(go(fit+f2))oa=go((fi+f2)oa)=go(fica+ faoa)
=go(fica)t+go(faca)=(gofi)oa+(gofi)oa
=(gofitygofioa
(go(pf))ea=go((pf)oa)=go(p(foa))=pgo(fea)
=p(gofloa=(p(gof))oa
O

Theorem 3.4.4. Let A, B, C be algebras over the commutative ring D. The

mapping
o:(g,f) € L(B;C) x LIA;B) = go f € LIA;C)

is bilinear mapping.
PROOF. The theorem follows from theorems 3.4.2, 3.4.3. O

Theorem 3.4.5. Let A be algebra over commutative ring D. Module L(A; A)
equiped by product

(34.1) o:(g,f) € LIA;A) x L(A;A) = go fe L(AA)
is algebra over D.

PROOF. The theorem follows from definition 3.2.1 and theorem 3.4.4. O
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3.5. Tensor Product of Algebras

Definition 3.5.1. Let D be the commutative ring. Let A, ..., A,, S be D-
modules. We call map

frAlx..xA, =S
polylinear mapping of modules A;, ..., A,, into module S, if
f © (a17 ey A +bZ; "-aa’n«) = f © (ala ey Ay ...,Cl,n) + f © (ala "'abia "'aan)
fo (ala -5 P4, "'aan) :pf © (ala s Ay ...,Cl,n)

1<1<n ai,biEAi pED

Definition 3.5.2. Let D be the commutative associative ring. Let Ay, ..., A, be
D-algebras and S be D-module. We call map

fiAIx..xA, =S
polylinear mapping of algebras Ay, ..., A, into module S, if
fol(ar,..,a;+biy.,an) = fo(ar, .., .cc,an) + fo(ar,....bi,...;an)
fo(ar,...,pai,...;an) =pf o (a1, ..., i, ..., an)
1<i<n a;,b;€A; peD

Let us denote L(A1,...,A,;S) set of polylinear maps of algebras 44, ..., A, into
module S. O

Definition 3.5.3. Let Aj, ..., A, be free algebras over commutative ring D.*?
Let us consider category A whose objects are polylinear over commutative ring D
mappings

fiAx...xA, ——=5 g: A X...x A, ——= 5

where S7, So are modules over ring D, We define morphism f — g to be linear over
commutative ring D mapping h : S; — S5 making diagram

S1
/
A x ... x A, h
\
So
commutative. Universal object A; ®...® A, of category A is called tensor
product of algebras A, ..., A,. O

Theorem 3.5.4. There exists tensor product of algebras.

3.91 give definition of tensor product of algebras following to definition in [1], p. 601 - 603.
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PRrROOF. Let M be module over ring D generated by product Ay X ... x A, of
algebras Ay, ..., A,. Injection

1: A X ... x A, ——=M

is defined according to rule

(3.5.1) io(dy,...,dn) = (dy,...;dyp)
Let N C M be submodule generated by elements of the following type
(3.5.2) (diyooydi ¥ Ciyeonydn) — (diy ooy diy ooy dyy) — (dy ooey Ciy ey i)
(3.5.3) (di,...yadi, ....dn) — a(dy, ..., d;i, ..., dy)
where d; € A;, ¢; € A;, a € D. Let
j:M — M/N
be canonical map on factor module. Consider commutative diagram
(3.5.4) M/N
7
J
A x ... x A, — M

Since elements (3.5.2) and (3.5.3) belong to kernel of linear map j, then, from
equation (3.5.1), it follows

(355) f o (dl, veey dl + Ciyeeny dn) :f e} (dl, veey di, ceey dn) + f o} (dl, ceey Ciyanny dn)
(356) f e} (dl, ceey adi, ceey dn) =a f O (dl, ceey di, ceey dn)
From equations (3.5.5) and (3.5.6) it follows that map f is polylinear over ring D.

Since M is module with basis Ay X ... X A,, then, according to theorem [1]-4.1 on
p- 135, for any module V and any polylinear over D map

g: A X .. XA, ——=V

there exists a unique homomorphism k : M — V| for which following diagram is
commutative

(3.5.7) Ay X o X Ay ———> M

NV

Since ¢ is polylinear over D, then ker k C N. According to statement on p.
[1]-119, map j is universal in the category of homomorphisms of vector space M
whose kernel contains N. Therefore, we have homomorphism

h:M/N =V
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which makes the following diagram commutative

(3.5.8) M/N
A
M h
\\
1%
We join diagrams (3.5.4), (3.5.7), (3.5.8), and get commutative diagram
(3.5.9) M/N
f
gt
A X ... x A, ———— = M h
Z\\\
g
\%
Since Im f generates M /N, then map h is uniquely determined. O

According to proof of theorem 3.5.4

A ®..QA,=M/N

If d; € A;, we write

(3.5.10) jo(di,...,dp) =d1 ®...Qd,

Theorem 3.5.5. Let Ay, ..., A, be algebras over commutative ring D. Let

frAIX. . . XA, 2A®.QA,

be polylinear mapping defined by equation

(3.5.11) fo(diyndy)=d1 ®...0d,

Let
g: A X .. xA, =V

be polylinear mapping into D-module V. There exists an D-linear mapping
h:A®..0 A, >V

such that the diagram

(3.5.12) Al®..®A,
/
Al X .. XA, h
\
1%

1s commutative.
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PRrROOF. Equation (3.5.11) follows from equations (3.5.1) and (3.5.10). An
existence of the mapping h follows from the definition 3.5.3 and constructions made
in the proof of the theorem 3.5.4. O

We can write equations (3.5.5) and (3.5.6) as

a1 ® .0 (a;+b)®...an
(3.5.13)
=01 ®. 006X .00, +a1®...00; ® ... ¥ a,

(3.5.14) a1 ®..0(a)®..0a, =c(a1 ®...Qa; R ... ® ay)
a; €A; b;eA; ceD

Theorem 3.5.6. Let A be algebra over commutative ring D. There exists a linear
mapping
h:ia®be ARA—=abe A

PROOF. The theorem is corollary of the theorem 3.5.5 and the definition 3.2.1.
O

Theorem 3.5.7. Tensor product A1 ® ... ® A, of free finite dimensional algebras
Ay, ..., A, over the commutative ring D is free finite dimensional algebra.

Let &; be the basis of algebra A; over ring D. We can represent any tensor
a €A ®..0 A, in the following form
(3.5.15) a=a"""8 ., ® ... @,
Expression a™ '~ is called standard component of tensor.

ProOOF. Algebras Ay, ..., A, are modules over the ring D. According to theo-
rem 3.5.4, A] ® ... ® A,, is module.

Vector a; € A; has expansion

a; = aféi.k
relative to basis €;. From equations (3.5.13), (3.5.14), it follows
a1 ®...Q0a, = a"il...afl"él.il ... Q€p.i,,

Since set of tensors a1 ® ... ® a,, is the generating set of module A; ® ... ® A,,, than
we can write tensor ¢ € A1 ® ... ® A,, in form
(3.5.16) a=aast" a5 7T, @ . DCpi,
where a®, as.il, as.im € F. Let
(3.5.17) a®as sl =a'tin
Then equation (3.5.16) has form (3.5.15).

Therefore, set of tensors €j.;, ® ... ® €,.;,, is the generating set of module
A1 ®...® A,. Since the dimension of module A;, i = 1, ..., n, is finite, than the set
of tensors €1.;, ® ... ® €,.;,, is finite. Therefore, the set of tensors €1.;, ® ... ® €.,
contains a basis of module 4; ®...® A,,, and the module A1 ®...® A,, is free module

over the ring D.
We define the product of tensors like a1 ® ... ® a,, componentwise

(3.5.18) (d1®...0dy)(c1 ® ... 0 ¢cp) = (d1c1) ® ... ® (dpcp)
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In particular, if for any 4, i = 1, ..., n, a; € A; has inverse, then tensor
(01 ®...®ap) "t =(a1)' ®...® (a,) "
is inverse tensor to tensor
A ®R.0a, €A1 ®...0 A,
The definition of the product (3.5.18) agreed with equation (3.5.14) because
(01 ® ... ® (€5) @ ... ® 1) (b1 @ ... @ b @ ... @ by)
=(a1b1) ® ... ® (ca;)b; ® ... ® (anby,)
=c((a1h1) @ ... ® (a;b;) ® ... ® (anby))
=c((a1 ® ... ® ap) (b1 ®...® b))

The distributive property of multiplication over addition

(1 ®..0a® ... 0 ap)

#((h1 @ .. ®@b; .. Qby) + (1 @ .. @ @ ... @by))
=01 ®.00®..0a,) (b1 @..Q (b +¢) ®...® by)
=(a1b01) ® ... ® (a;(b; + ¢;)) ® ... ® (anby)

(3519) :(albl) ®..Q (aibi + aici) ®...Q (anbn)
=(a1h1) ® ... ® (a;b;) @ ... ® (anby)
+(a1h1) ® ... ® (a;¢;) @ ... @ (anby)
=01 ®..00®.0a,) (b1 ®...0b; ® ... @ by)

Fa1®.®a;®.Qa,) (1 ®..0¢ R ... by,)

follows from the equation (3.5.13). The equation (3.5.19) allows us to define the
product for any tensors a, b. (I

Remark 3.5.8. According to the remark 3.2.2, we can define different structures of
algebra in the tensor product of algebras. For instance, algebras A; ® Az, A1 ® A3,
A} ® Ag are defined in the same module. O

Theorem 3.5.9. Let €; be the basis of the algebra A; over the ring D. Let B;J 1
be structural constants of the algebra A; relative the basis €;. Structural constants
of the tensor product A1 ® .. ®A relative to the basis €1.;, ® ... ®€p.i,, have form

(3 5. 20) B Jl L,, lioly Bl kaly*r Bn kpln
ProOOF. Direct multlphcatlon of tensors €1.;, ® ... ® €,.;,, has form
(1.6, ® ... ®Cpop,, ) (€11, ® ... ®Ept,,)

=(€1.£,€11,) @ ... ® (En-ke, Enol,, )
(3.5.21) =(C1.6,€1.1,) ® ... ® (En-ke,, €nt,,)

=(B1.7},,81.5,) ® .. ® (Bni" ) En.jy))

=B1.]} ), . Bul ) 1, © . @,
According to the definition of structural constants
(3.5.22) (1, ® .. @ ok, ) (E1ly @ oo @Ct,) = B0 ) (E1j, @ . @ g,
The equation (3.5.20) follows from comparison (3.5.21), (3.5.22).
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From the chain of equations
(@1 ® ... ® an) (b1 ® .. ® bp)

=(ay"Erp, @ ... @al e, )V e, @ . @ bE,)
=ai" ake b b @, @ @Cnn, ) (@1, @ . @En,)
=ay* -'-aﬁnblll~-'bfz"B:i11'.'.'.J1:;.ll...ln(él-jl ® ... ®8n.j,)
=ay’..al by by BLyl o Balt, (€1, @ .. @Eny,)
=(ay by Bil, ®15) ® . ® (ah b Bull ) Bns,)
=(a1b1) ® ... ® (apby)

it follows that definition of product (3.5.22) with structural constants (3.5.20)
agreed with the definition of product (3.5.18). O

Theorem 3.5.10. For tensorsa, b € A1 ®...Q A,,, standard components of product
satisfy to equation
(35.28) (b)) = B, et
PROOF. According to the definition
(3.5.24) ab = (ab)’* "%y ;, @ ... @ Epn.j,
At the same time
ab= a* ke ® .. @ Cnp, b FrE L @ @,
(3.5.25) L
= al ket e B B ® e @8,
The equation (3.5.23) follows from equations (3.5.24), (3.5.25). O

Theorem 3.5.11. If the algebra A;, i = 1, ..., n, is associative, then the tensor
product A1 ® ... ® A, is associative algebra.

PROOF. Since
((Eri, @ ... ®€peiy, ) (14, @ . Epj )€1y @ .. @Cperey,)
(
=((€1.4,€1.5, )11y ) @ ... @ (€, €15, )Lk, )
=1, (€15, 81k ) ® .. ® (€nei,, (€15, E18,))
(Bri, ® ... ®Enei, ) (€153 81ky) B oo ® (€15, 81k,,))
(

than
(ab)c —gitrinpiredn ki kn
((B1.i, ® .. ®€poi, ) (E15;, ® . s, ))(BLokey ® oo @Eikey,)
—gitrinpiredn ki kn
(€16, ® .. ®Cpi, )((€15, ® . ®Cpj )€1k @ oo ® Enkey))
=a(bc)
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3.6. Linear Mapping into Associative Algebra

Theorem 3.6.1. Consider D-algebras Ay and As. For given mapping f € L(A1; Asz),
the mapping
qg: A2 X A2 — E(Al;Ag)

gla,b)o f =afb
is bilinear mapping.
PROOF. The statement of theorem follows from chains of equations
((a1 + a2)fb)ox = (a1 +as) forb=ay foxb+ay foxbd
= (a1fb) ox + (azfb) ox = (a1 fb+ asfb)ox
((pa)fb) o x = (pa) foxb=pla foxb)=p((afb)ox)= (p(afb))ox
(af(by+b2))ox=a fox (by+bs)=a foxb+afoxby
= (afbi) oz + (afb2) oz = (afbi +afbr)ox
(af(pb)) o =a fox (pb) =pla fox b)=p((afb)ox) = (p(afb))ox
0

Theorem 3.6.2. Consider D-algebras Ay and As. For given mapping f € L(A1; As),
there exists linear mapping

h:As® Ay — L(A1; Ag)
defined by the equation
(3.6.1) (a®b)o f=afb
PROOF. The statement of the theorem is corollary of theorems 3.5.5, 3.6.1. [
Theorem 3.6.3. Consider D-algebras A1 and As. A linear mapping
h:Ay® Ay — *L(Ar; Ag)
defined by the equation
(3.6.2) (a®@b)of=afb abe Ay f € L(A1;As)
is representation®1° of module Ay @ Ay in module L(A1; As).

PROOF. According to theorem 3.3.4, mapping (3.6.2) is transformation of mod-
ule £(A;; Az). For a given tensor ¢ € Ay ® Ay, a transformation h(c) is a linear

3-105¢¢ the definition of representation of Q-algebra in the definition [7]-2.1.4.
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transformation of module £(A1; A3), because
((a®@b)o(fi+ f2)) oz = (alfi + f2)b) oz = a((f1 + f2) o 2)b
=a(fiox+ faox)b=a(fr ox)b+ a(fz 0x)b
= (afib) oz + (afab) ox
(a@b)o froz+ (a®b)o faox
=((a®b)ofi+(a®b)o fo)oux
((a®b)o (pf)) oz = (a(pf)b) oz = a((pf) o x)b
=a(p fox)b=pa(fox)b
=p (afb)oxr=p ((a®@b)o flox
= (p((a®b)o f))ox

According to theorem 3.6.2, mapping (3.6.2) is linear mapping. According to the
definition [7]-2.1.4 mapping (3.6.2) is a representation of the module A; ® As in the
module L£(Ag; As). O

Theorem 3.6.4. Let A be algebra over the commutative ring D. Algebra A ® A,
whose product is defined according to rule
(3.6.3) (a®b)o(c®d) = (ac) ® (db)

forms the representation in the module L(A; A). This representation allows us to
identify tensord € A®A and transformation dod where § is identity transformation.

PROOF. According to the theorem 3.6.2, the mapping f € L(A4; A) and the
tensor d € A ® A generate the mapping

(3.6.4) x—(dof)ox

If we assume f =0, d = a ® b, then the equation (3.6.4) gets form
(3.6.5) ((a®@b)od)ox = (adb)ox =a (6ox) b=axb
If we assume

(3.6.6) ((a®@b)od)ox=(a®b)o(dox)=(a®@b)ox

then comparison of equations (3.6.5) and (3.6.6) gives a basis to identify the action
of the tensor a ® b and transformation (a ® b) o §. Therefore, the mapping

(3.6.7) de A A—dode L(AA)

is the homomorphism of the module A ® A into the module £(A; A).
Mapping (3.6.7) is also homomorphisms of algebras, because the product of
transformations a ® b and ¢ ® d has form

((a®b)o(c®d))ox = ((ac) ® (db)) o x
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From the theorem 3.6.4, it follows that we can consider the mapping (3.6.2) as
the product of mappings a ® b and f. This allows us to consider the representation
of the algebra As ® A in the module £(A7; As) instead of the representation of the
module As ® Az in the module L(A1; As).

The tensor a € As ® As is nonsingular, if there exists the tensor b € A; ® As
such that aob=1® 1.

Definition 3.6.5. Consider the representation of algebra As ® As in the module
L(A1; Ag).* ! The set

(A2®A2)Of:{g:dOdeEA2®A2}
is called orbit of linear mapping f € L(A;; A) (]

Theorem 3.6.6. Consider D-algebra A1 and associative D-algebra As. Consider
the representation of algebra As ® As in the module L(A1; As). The mapping

h: Al — A2
generated by the mapping
f : A1 — A2
has form
h = (as-O ® as-l) o f = as~0fas~1
PRrROOF. We can represent any tensor a € As ® Ay in the form
a4 = Qs.0 X Ag.1
According to the theorem 3.6.3, the mapping (3.6.2) is linear. This proofs the
statement of the theorem. (]
Theorem 3.6.7. Let As be algebra with unit e. Let a € Ay ® Ay be a nonsingular
tensor. Orbits of linear mappings f € L(A1; As) and g=ao f coincide
(368) (Ag & Az) 9} f = (Ag & Ag) og

PRrROOF. If h € (A3 ® A3) o g, then there exists b € Ay ® Ay such that
h=bog. Than

(3.6.9) h=bo(aof)=(boa)of
Therefore, h € (A2 ® Az) o f,
(3.6.10) (A2 @ A2) og C (A3 ® Ag)o f

Since a is nonsingular tensor, than
(3.6.11) f=alog
If he(As ® Ay)o f, then there exists b € Ay ® Ao such that
(3.6.12) h=bof

From equations (3.6.11), (3.6.12), it follows that
h=bo(atog)=(boa oy
Therefore, h € (A2 ® As) o g,
(3.6.13) (A ®@ Ag)o f C (A2 ® Ag)oyg
(3.6.8) follows from equations (3.6.10), (3.6.13). O

3-11The definition is made by analogy with the definition [7]-2.4.12.
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From the theorem 3.6.7, it also follows that if ¢ = ao f and a € As ® A
is a singular tensor, then relationship (3.6.10) is true. However, the main result
of the theorem 3.6.7 is that the representations of the algebra As ® As in module
L(Aq; Ag) generates an equivalence in the module £(A1; A2). If we successfully
choose the representatives of each equivalence class, then the resulting set will be
generating set of considered representation.?2

3.7. Linear Mapping into Free Finite Dimensional Associative Algebra

Theorem 3.7.1. Let Ay be algebra over the ring D. Let As be free finite dimen-
sional associative algebra over the ring D. Let € be basis of the algebra Ay over the
ring D. The mapping
(3.7.1) g=aof
generated by the mapping f € (Ay; As) through the tensor a € Ay ® Az, has the
standard representation
(3.7.2) g=da"(e ®¢;)o f=a"%fe;

PROOF. According to theorem 3.5.7, the standard representation of the tensor
a has form
(3.7.3) a=a"% ¢
The equation (3.7.2) follows from equations (3.7.1), (3.7.3). O
Theorem 3.7.2. Let &, be basis of the free finite dimensional D-algebra A;. Let
€ be basis of the free finite dimensional associative D-algebra As. Let Bs.}, be
structural constants of algebra As. Coordinates of the mapping

g=aof

generated by the mapping f € (A1; A2) through the tensor a € Ay ® Az and its
standard components are connected by the equation

(3.7.4) 9’ = f"9" B2, B\

PROOF. Relative to bases €; and €z, linear mappings f and g have form
(3.7.5) fox= fla'®s;
(3.7.6) gox = géx-jéz.i

From equations (3.7.5), (3.7.6), (3.7.2) it follows that

ko= _ ijs fmals =

g/ €r. = a"ey; f" 2" €., E2.

(3.7.7) ! B !
=a" flm'l'lBz.?"le.gjég.k

Since vectors €., are linear independent and z’ are arbitrary, than the equation
(3.7.4) follows from the equation (3.7.7). O

Theorem 3.7.3. Let €1 be basis of the free finite dimensional D-algebra Ay. Let
€ be basis of the free finite dimensional associative D-algebra As. Let Bs.}, be

structural constants of algebra As. Consider matrix
(3.7.8) B= (B, ;)= (Bl By)))

m-ij

3'12G0n0rating set of representation is defined in definition [7]-2.6.5.
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whose rows and columns are indexed by %, and .;; , respectively. If matriz B
is monsingular, then, for given coordinates of linear transformation g. and for
mapping f =0 , the system of linear equations (3.7.4) with standard components
of this transformation g*" has the unique solution.

If matriz B is singular, then the equation

(3.7.9) rank (B*’f gfiz) = rank B

™
is the condition for the existence of solutions of the system of linear equations

(3.7.4). In such case the system of linear equations (3.7.4) has infinitely many
solutions and there exists linear dependence between values g~, .

PrOOF. The statement of the theorem is corollary of the theory of linear equa-
tions over ring. 0

Theorem 3.7.4. Let A be free finite dimensional associative algebra over the ring
D. Lete be basis of the algebra A over the ring D. Let By, be structural constants
of algebra A. Let matriz (3.7.8) be singular. Let the linear mapping f € L(A; A) be
nonsingular. If coordinates of linear transformations f and g satisfy to the equation

(3.7.10) rank (B"" gk, f,’:l) =rank B

m-ij
then the system of linear equations
(3.7.11) g’ = I"9" B},

k
I,Trl,Bpj
has infinitely many solutions.

PROOF. According to the equation (3.7.10) and the theorem 3.7.3, the system
of linear equations

(3.7.12) fF=f"BiB};
has infinitely many solutions corresponding to linear mapping
(3.7.13) f=f"%®¢;

According to the equation (3.7.10) and the theorem 3.7.3, the system of linear
equations

(3.7.14) g9/ =g"” BB},
has infinitely many solutions corresponding to linear mapping
(3.7.15) g=g"z ®¢;

Mappings f and g are generated by the mapping 6. According to the theorem
3.6.7, the mapping f generates the mapping g. This proves the statement of the
theorem. 0

Theorem 3.7.5. Let A be free finite dimensional associative algebra over the ring
D. The representation of algebra A ® A in algebra L(A; A) has finite basis I.
(1) The linear mapping f € L(A;A) has form

(3716) f = Z(as,ﬂ.o [029] ask}.l) ol = Zas,‘:.olkaski.l
k k

(2) Its standard representation has form

3.7.17 f=d""(e; ®¢€;) oI, =d" e le;
J J
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PROOF. From the theorem 3.7.4, it follows that if matrix B is singular and the
mapping f satisfies to the equation
(3.7.18) rank (B"fn.ij sz) = rank B
then the mapping f generates the same set of mappings that is generated by the
mapping d. Therefore, to build the basis of representation of the algebra A ® A in
the module £(A; A), we must perform the following construction.

The set of solutions of system of equations (3.7.11) generates a free submodule
L of the module £(A; A). We build the basis (hy, ..., h) of the submodule £. Then
we supplement this basis by linearly independent vectors hjy1, ..., iy, that do not
belong to the submodule £ so that the set of vectors hy, ..., h,, forms a basis of
the module £(A; A). The set of orbits (A® A) o6, (A® A) o b1, .., (AR A)ohy,
generates the module £(A; A). Since the set of orbits is finite, we can choose the
orbits so that they do not intersect. For each orbit we can choose a representative

which generates the orbit. (]
Example 3.7.6. For complex field, the algebra £(C; C') has basis

Ipoz=1z%

lioz=7Z

For quaternion algebra, the algebra £(H; H) has basis

lpoz=1=z

3.8. Linear Mapping into Nonassociative Algebra

Since the product is nonassociative, we may assume that action of a, b € A over
the mapping f may have form either a(fb), or (af)b. However this assumption
leads us to a rather complex structure of the linear mapping. To better understand
how complex the structure of the linear mapping, we begin by considering the left
and right shifts in nonassociative algebra.

Theorem 3.8.1. Let

(3.8.1) l(a)ox =ax
be mapping of left shift. Than
(3.8.2) l(a)ol(b) =1(ab) — (a,b)1

where we introduced linear mapping
(a,b)1 ox = (a,b,x)
PROOF. From the equations (3.2.2), (3.8.1), it follows that
(I(a) o l(b)) oz =l(a) o (I(b) o x)
(3.8.3) = a(bx) = (ab)x — (a,b,x)
=l(ab)ox — (a,b)1 oz
The equation (3.8.2) follows from equation (3.8.3). O
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Theorem 3.8.2. Let

(3.8.4) r(a) oz =za
be mapping of right shift. Than
(3.8.5) r(a) or(b) = r(ba) + (b,a)s

where we introduced linear mapping
(b,a)z 0x = (x,b,a)
PROOF. From the equations (3.2.2), (3.8.4) it follows that

(r(a) or(b)) 0w = r(a) o (r(b) o x)

(3.8.6) = (zb)a = x(ba) + (z,b,a)
=r(ba)ox + (z,b,a)
The equation (3.8.5) follows from equation (3.8.6). O
Let

f:A—=A f=(ax)b

be linear mapping of the algebra A. According to the theorem 3.3.4, the mapping
g: A=A g=(cf)d

is also a linear mapping. However, it is not obvious whether we can write the

mapping ¢ as a sum of terms of type (ax)b and a(xb).

If A is free finite dimensional algebra, then we can assume that the linear

mapping has the standard representation like®3

(3.8.8) fox=f7 (gx)e,

In this case we can use the theorem 3.7.5 for mappings into nonassociative algebra.

Theorem 3.8.3. Let €1 be basis of the free finite dimensional D-algebra A;. Let
€ be basis of the free finite dimensional nonassociative D-algebra As. Let B}, be
structural constants of algebra Aa. Let the mapping

(3.8.9) g=aof

generated by the mapping f € (A1; As) through the tensor a € Ay ® Az, has the
standard representation

(3.8.10) g=d"(e; ®¢;)of=a"(ef)e

Coordinates of the mapping (3.8.9) and its standard components are connected by
the equation

(3.8.11) 9t = f"9" B2l Ba.y,;

3-13The choice is arbitrary. We may consider the standard representation like
fox=fe;(xe;)
Than the equation (3.8.11) has form
(3.8.7) 97 = 19" B2}, B2,

mg
I chose the expression (3.8.8) because order of the factors corresponds to the order chosen in the
theorem 3.7.5.
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PROOF. Relative to bases €; and €3, linear mappings f and g have form
(3.8.12) fox= fla'es;
(3.8.13) gox = géx-jég.i
From equations (3.8.12), (3.8.13), (3.8.10) it follows that
gy es=a" (ea.;(f/" 2" €2.0))E2

(3.8.14) i
=a" flmwlB2'?7nBz'ng2'k

Since vectors €., are linear independent and z* are arbitrary, than the equation
(3.8.11) follows from the equation (3.8.14). O

Theorem 3.8.4. Let A be free finite dimensional nonassociative algebra over the
ring D. The representation of algebra A ® A in algebra L(A; A) has finite basis 1.
(1) The linear mapping f € L(A; A) has form

(3.8.15) =) (05,09 a5,1) 0Lk = (as,.0lk)as, 1
k

k
(2) Its standard representation has form
(3.8.16) f= ak (e, ® E_,‘) ol = ak (Eifk)éj

PRrROOF. Consider matrix (3.7.8). If matrix B is nonsingular, then, for given
coordinates of linear transformation ¢! and for mapping f = 4 , the system of
linear equations (3.8.11) with standard components of this transformation g*” has
the unique solution. If matrix B is singular, then according to the theorem 3.7.5

there exists finite basis I generating the set of linear mappings. O

Unlike the case of an associative algebra, the set of generators I in the theo-
rem 3.8.4 is not minimal. From the equation (3.8.2) it follows that the equation
(3.6.9) does not hold. Therefore, orbits of mappings I do not generate an equiva-
lence relation in the algebra L(A; A). Since we consider only mappings like (alf)b,
than it is possible that for k # [ the mapping [} generates the mapping I;, if we
consider all possible operations in the algebra A. Therefore, the set of generators
I}, of nonassociative algebra A does not play such a critical role as conjugation in
complex field. The answer to the question of how important it is the mapping I
in nonassociative algebra requires additional research.



CHAPTER 4

Division Algebra

4.1. Linear Function of Complex Field

Theorem 4.1.1 (the Cauchy-Riemann equations). Let us consider complex field
C as two-dimensional algebra over real field. Let

(411) eco=1 €c1=1
be the basis of algebra C. Then in this basis product has form
(4.1.2) €%, = —eco

and structural constants have form
Be.go =1 Beb,=1
(4.1.3) 0 ot
BC&O =1 BC»(1)1 =-1

Matriz of linear function

D
of complex field over real field satisﬁis relatz'f;nship
(4.1.4) fo=1i
(4.1.5) fo=~f
PROOF. Equations (4.1.2) and (4.1.3) follow from equation i> = —1. Using

equation [6]-(3.1.17) we get relationships
WL6) 18 = /" BolyBel, = [ BeloBel, + 1 BedoBel, = 0 - 11

(4.L7) fs = f*"BefyBe.y, = [ Be.goBob, + [ BoioBe.i, = [+ 1
(4.1.8) f{ = f*"Bc.},Be.), = f Be.by B, + " Be.d Bo.g, = — ! — £

(4.1.9) fi = f*"Bejy By, = [ Be.giBo, + f1"Bod1Beg, = f7 = 1!

(4.1.4) follows from equations (4.1.6) and (4.1.9). (4.1.5) follows from equations
(4.1.7) and (4.1.8). O

43
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4.2. Quaternion Algebra
In this paper I explore the set of quaternion algebras defined in [13].

Definition 4.2.1. Let F be field. Extension field F(i, j, k) is called the quater-
nion algebra F(F,a,b) over the field F*' if multiplication in algebra E is
defined according to rule

‘ i J k

, 3 ,
(4.2.1) o “
il -k b —bi

k| —aj bi —ab
where a, b € F', ab # 0.
Elements of the algebra E(F,a,b) have form
z=2a"+a2"i+ 2%+ 2%k
where z* € F, i =0, 1, 2, 3. Quaternion
z=a"—z'i—2%j — 2%k

is called conjugate to the quaternion x. We define the norm of the quaternion
T using equation

(4.2.2) lz|? = 27 = (2°)% — a(z")? — b(z?)? + ab(z®)?
From equation (4.2.2), it follows that F(F,a,b) is algebra with division only when
a < 0, b < 0. In this case we can renorm basis such that a = —1, b = —1.

We use symbol FE(F) to denote the quaternion division algebra E(F,—1,—1)
over the field F'. Multiplication in algebra E(F) is defined according to rule

(4.2.3)

In algebra E(F'), the norm of the quaternion has form
(4.2.4) 22 = a% = (2°)2 + ()2 + (2%)? + (2)?
In this case inverse element has form
(4.2.5) e = 2| 7%T

We will use notation H = E(R, —1,—1).

The inner automorphism of quaternion algebra H*?

p—qpq !
(4.2.6)

qliz + jy + k2)q~" =i’ + jy' + k2’

417 follow definition from [13].
42866 [15], p.643.
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describes the rotation of the vector with coordinates z, y, z. The norm of quaternion
q is irrelevant, although usually we assume |¢| = 1. If ¢ is written as sum of scalar
and vector

q=cosa+ (ia+jb+kc)sina a?+b*+c2 =1
then (4.2.6) is a rotation of the vector (z,vy, z) about the vector (a, b, ¢) through an
angle 2a.

4.3. Linear Function of Quaternion Algebra
Theorem 4.3.1. Let
(4.3.1) €o=1 €1 =i e2=j es=k

be basis of quaternion algebra H. Then in the basis (4.3.1), structural constants
have form
Bly,=1 Bly= 1 Bi,= 1 Bi,= 1

B%O =1 B(l)l =-1 B:152 = 1 B%s =-1
B%O =1 Bgl =-1 B(2)2 = -1 B%s = 1
B§’0 =1 B§1 = 1 B§2 = -1 B§3 = -1

PROOF. Value of structural constants follows from multiplication table (4.2.3).
O

Since calculations in this section get a lot of space, I put in one place references
to theorems in this section.

Theorem 4.3.2: the definition of coordinates of linear mapping of quater-
nion algebra H using standard components of this mapping.

Equation (4.3.22): matrix form of dependence of coordinates of linear map-
ping of quaternion algebra H from standard components of this mapping.

Equation (4.3.23): matrix form of dependence of standard components of
linear mapping of quaternion algebra H from coordinates of this mapping.

Theorem 4.3.4: dependence standard components of linear mapping of
quaternion algebra H from coordinates of this mapping.

Theorem 4.3.2. Standard components of linear function of quaternion algebra H
relative to basis (4.3.1) and coordinates of corresponding linear map satisfy rela-
tionship

(()) :f()() _ fll _ f22 _ f33
fll :fOO _ fll +f22 +f33

(4.3.2)
f22 :fOO +f11 _ f22 +f33
fgj :f()() + fll + f22 _ f33
f(% — f()l + flO + f23 _ f32
(4 ) 3) i) :_f01 _ f10 + f23 _ f32

23 :_f01 + f10 _ f23 o f32

2= §O01_ £10 _ f23 _ £32
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(4.3.4)

(4.3.5)

4. Division Algebra

fg — f02 _ f13 +f20 +f31
f% — f02 _ f13 _ f20 o f31
fg :_f02 _ f13 _ f20 _I_f31
f?} :_f02 _ f13 + f20 _ f31

g: f03+f12_f21 +f30

12 :_f03 _ f12 _ f21 _I_fSO
le — f03 _ f12 _ f21 o f30
fg(,) :—f03 + f12 _ f21 o f30

PROOF. Using equation (3.7.11) we get relationships

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

(4.3.10)

(4.3.11)

(4.3.12)

f(?: fkTBII;OBgr
= f°B8oBoo + [ Bio By + f*? B3B3, + [*° B3, By
_ 00 _ p11 _ p22 _ £33
=== =f

f&: fkTBiOleir
= fU'BooBo1 + [0 BioBig + f*° B3, Bis + 72 B3, Bs,
— fOl +f10 +f23 _ f32

fg: fkTBII;OBgr
= [P?BoB3, + [P BioBis + [2° B3, B3, + [ B5 B,
_ 02 _ r13 20 31
==+t f

fg: fkTBII;OBgr
= fU°B3oBos + [ BioBis + ' B3B3, + f?YB3, B,
_ f03 12 _ r21 30
Al e A

Ji= [ B}, B,
= fU' By, BY, + [1°BY Boy + [*° B3, B3 + f°? B3, BY,
— _fOl _ flO + f23 _ f32

fi= B}, B},
= fOOB(%1B%0 + fllBng(%l + fzng1B§2 + f33Bng%3
— fOO _ fll +f22 +f33

f12: fkTBnggr
= fogB(hB%:z + f12Bng§2 + f21B%1B§1 + f3OBng%O
— _f03 _ f12 _ f21 _I_fSO



(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)
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ff: fk:TBngg
pr
= fozB(hB%z + f13Bng(?;3 + szB§1B§0 + f3lBngg1
— f02 o f13 _ f20 _ f31
f2O: fk:TBgTBgr
= [U?B3, B, + [P B, B3; + [*°B3,BY, + f*' B3, BY,
— _f02 _ f13 _ f20 _I_f31
fi=f""B,B,,
= [P B3,B3s + [P B, B, + 7' B3, By, + f*'Bi, B,
— f03 _ f12 _ f21 _ f30
f22: fk:TB£2B12)7'
= fOOBnggo + fllB§2B§1 + fzngngz + f33B§2B%3
— fOO _I_fll _ f22 +f33
f23: fk:TBgTBgr
= f01Bngg1 + flOB?2BgO + fngngg:z + f32B§2B%2
— _fOl + flO _ f23 o f32
fi= 1" BY,BY,
= [ B3 BSs + [ B3B3, + [*' B33 BY, + f°Y B3 By,
— _f03 +f12 _ f21 _ f30
fi=7*" BB,
= [PBi3Bi, + [P Bi3Bis + [*°BysBig + f* B3 By,
— _f02 _ f13 + f20 o f31
f32: fkTB£3Bgr
= fU'B3sB3, + f1BisB3, + [* B33 Bis + f*? B3 B,
— fOl o flO _ f23 _ f32
Ji= 1" BB},
= fO9BGs B3, + [ B3B3, + [#?B3sBY, + f7° B3 Bis
— fOO +f11 +f22 _ f33

Equations (4.3.6), (4.3.11), (4.3.16), (4.3.21) form the system of linear equa-

tions (4.3.2).
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Equations (4.3.7), (4.3.10), (4.3.17), (4.3.20) form the system of linear equa-
tions (4.3.3).

Equations (4.3.8), (4.3.13), (4.3.14), (4.3.19) form the system of linear equa-
tions (4.3.4).

Equations (4.3.9), (4.3.12), (4.3.15), (4.3.18) form the system of linear equa-
tions (4.3.5). O

Theorem 4.3.3. Consider quaternion algebra H with the basis (4.3.1). Standard
components of additive function over field F' and coordinates of this function over
field F satisfy relationship

o 1R s
fio=f i~k
A A A
PR -R -5
(4322) 1 -1 —1 =1 fOO _f01 _f02 _f03
1 -1 1 1 fll flO f13 _f12
- 1 1 -1 1 f22 _f23 £20 F21
1 1 1 —1 f33 f32 _f31 f30
fOO _f01 _f02 _f03
fll f10 f13 _f12
f22 _f23 f20 f21
33 32 _ 31 30
(4.3.23) / ! / / o o o o
1 1 1 fo i 5 3
N T T T I G R
-1 1 -1 1 Zo=f =1 ff
-1 1 1 -1 VSR B Y (1
where .
1 -1 -1 -1 1 1 1 1
1 -1 1 1 1 -1 -1 1 1
1 1 -1 1 B -1 1 -1 1
1 1 1 -1 -1 1 1 -1
PROOF. Let us write the system of linear equations (4.3.2) as product of ma-
trices
19 1 -1 -1 -1 foo
! 1 -1 1 1 1
(4.3.24) ! L= ! s
f3 1 1 -1 1 f
f{? 1 1 1 —1 f33
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Let us write the system of linear equations (4.3.3) as product of matrices

fa 1 1 1 -1 ot
o -1 -1 1 -1 1o
(4.3.25) fl{ = fz‘a
15 -1 1 -1 -1 =
12 11 -1 1)\ g
From the equation (4.3.25), it follows that
-1 -1 -1 -1 1 ot
0 -1 -1 1 -1 fro
@ -1 1 -1 -1 f28
2 11 1 1)\ g
1 -1 1 1 —fot
I e T B | fro
111 41 —f28
1 1 -1 1 32
D 1 -1 -1 -1 —fot
—f 1 -1 1 1 10
(4.3.26) ] o= ! .
—f S T T T I
3 1 1 1 -1 32
Let us write the system of linear equations (4.3.4) as product of matrices
I 1o-1 1 1\ [
3 1 -1 -1 -1 13
(4.3.27) d Ll = d 0
15 -1 -1 -1 1 f
fa -1 -1 1 -1 3t
From the equation (4.3.27), it follows that
1 11 -1 -1 [ o
-l -1 1 1 e
oo I e T B R £
fi 1 o-1 1 -1 )\ g
1 1 -1 1 — 02
1 1 1 -1 e
1 -1 -1 -1 f20
1 -1 1 1 —f31
9 1 -1 -1 -1 —f02
! 1 -1 1 1 13
(4.3.28) :; = f20
-1 1 1 -1 1 f
3 1 1 1 -1 —f3t

—J1

49
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Let us write the system of linear equations (4.3.5) as product of matrices

3
0

fi
3

0
3

(4.3.29)

From the equation (4.3.29),

—f5
fi
—f3
f3

0
3

—f3
fi

3
0

(4.3.30)

We join equations (4.3.24), (4.3.26), (4.3.28), (4.3.30) into equation (4.3.22).

1 1 -1 1
-1 -1 -1 1
1 -1 -1 -1
-1 1 -1 -1
it follows that
-1 -1 1 -1
-1 -1 -1 1
N S S R R |
-1 1 -1 -1
1 1 1 -1
o1 -1
I I S S T |
1 -1 -1 -1
1 -1 -1 -1
Sl -1
I I S T I |

1 1 1 -1

f03
f12
f21
f30

f03
f12
f21
f30
_f03
_f12
f21
f30

_f03
—f12
f21
f30

O

Theorem 4.3.4. Standard components of linear function of quaternion algebra H
relative to basis (4.3.1) and coordinates of corresponding linear map satisfy rela-

tionship

(4.3.31)

(4.3.32)

(4.3.33)

AfO= £+ fl+ 3+ f3

Aft'= —f0 — fi + 13+ f3
AfP2=—f0+ fi — f2+ 13

AfP=—fo+ fi+ 12 -

3
3

Aft0=—fP+ fo — fi+ f3

Af'= =0+ fo + 13— f3
Af32=—f) —fo — f3— 13

Af=fl+fo -1 -

Af* 0= —fS + fa + f5 - fi

A=l = S - 1T

3

3

3

Af%=—f9 — fa + fo + 7

Afti=—fi = fa = 13— fi

3
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AfP=—fi = L2+ fI+ 3
Aff'=—f—f2 - f1 - f§
AffP=f9 = fo - fE+ fS

A==+ o = ST ST

PROOF. We get systems of linear equations (4.3.31), (4.3.32), (4.3.33), (4.3.34)
as the product of matrices in equation (4.3.23). (]

(4.3.34)

4.4. Octonion Algebra
Definition 4.4.1. The algebra O is called octonion algebra if algebra has basis
(141) N Ay
es=—1l es=1il eg=jl e; =kl

and multiplication in algebra O is defined according to rule

€ [ €3 [ €5 €g €r

€1 | —€o €3 | —€2 €5 | —és | —€r €6

€z | —eé3 | —€p €1 €6 €7 | —eés | —€s5

(4.4.2) €3 € | —€1 | —€p er | —€eg €5 | —€s
€4 | —€5 | —€s | —€7r | —€p €1 [P €3

€5 ey | —er €s | —€1 | —€o | —€3 €2

€6 er €4 | —€5 | —€2 €3 | —€p | —€1

er | —€eg €5 €4 | —€3 | —€3 €1 | —€o
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Theorem 4.4.2. Structural constants of octonion algebra O relative to basis (4.4.1)
have form
Bly= 1 Biy= 1 B2,= 1 Bj;= 1

Bi,= 1 B5;= 1 BS;= 1 Bl.= 1
Bi,= 1 B},=-1 B{,= 1 Bi,=-1
B,= 1 Bl;=-1 B];=-1 BY.= 1
B3,= 1 B3, =-1 BY,=-1 Bl,= 1
BS,= 1 Bi.= 1 Bi=-1 B3 =-1
Bj,= 1 B3 = 1 Bi,=-1 Bi,=-1
Bl,= 1 B§;=-1 Bi;= 1 Bij,=-1
Bj,= 1 B} =-1 B}, =-1 Bl,=-1
Bl,=-1 Bjy= 1 Bj;= 1 Bl = 1
B:,= 1 B = 1 Bl,=-1 B = 1
Bi,=-1 BY;=-1 Bi;=-1 Bz, = 1
BS,= 1 Bl,= 1 Bi,= 1 Bi,=-1
Bi,=-1 Bi-= 1 Bls=-1 Bl =-1
Bl,= 1 B =-1 B2, = 1 Bi= 1
B, =-1 B? =-1 Bi;= 1 B =-1

PROOF. Value of structural constants follows from multiplication table (4.4.2).
O

4.5. Linear Function of Octonion Algebra

Since calculations in this section get a lot of space, I put in one place references
to theorems in this section.

Theorem 4.5.1: the definition of coordinates of linear mapping of octonion
algebra O using standard components of this mapping.

Equation (4.5.73): matrix form of dependence of coordinates of linear map-
ping of octonion algebra O from standard components of this mapping.
Equation (4.5.74): matrix form of dependence of standard components of

linear mapping of octonion algebra O from coordinates of this mapping.
Theorem 4.5.3: dependence standard components of linear mapping of oc-
tonion algebra O from coordinates of this mapping.
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Theorem 4.5.1. Standard components of linear function of octonion algebra O
relative to basis (4.4.1) and coordinates of corresponding linear map satisfy rela-
tionship

A R R R b Al A

L= ST A P S O T
R R e e AR AR AR R A
FE = AP P A P P O T

(4.5.1)
S R e A A A T A
JE =1+ P A S S O T
§ =S00 A fU A P P £ OO ST
ST =000 4 f1 A fP R g 5 00— T
o= JO A O T T
= O FIO S O T 0T T
S AR A P A A b A b Al
e s S AR A AL AU A
2 e A RN S bl A A AU A
SR Al R b Al Al A A A
IR Al b A Al A A A
e R e A e A r A A
e A R S A AR AU Al A
e R B AR AR AU A A
R e e e N AR A A A
1 __ 02 _ r13 20 _ £31 _ p46 _ 57 64 75
e R e e A A AU AL A
R R R AR AL AR AU AR A
R R R AR ARl AU AR A
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(4.5.4)

(4.5.5)

(4.5.6)

4. Division Algebra

J§ = FO3 4 12— fR g OO0 AT — g5 o5 T
JE =08 = 12— R R0 - AT 4 50 — o5 4 T4
T e R A S LR A
J9 =08 4 12— fE R0 AT — 50 o5 pa
JT =03 — F12 4 f31 4 30— AT 4 50 — o5 g4
JE = FOS 4 1E o R R0 g AT — g5 — oo e
S8 == 08— [IE g U 0 - AT 0 p05 T
Jh= fO8 4 12— R R0 - AT — g5 4 o5 fa
Jh= FOH— 5= RO [T 1O O 2 4 T
JE= O I RS T 10 g g6y g7
J§ = fOU— 15— R0 - fOT - 104 fO1— fo2 4 f78
ST = fOU— 15— f0 - fOT - 104 g5 4 o2 f70
J2 == [0t = 15— R0 - fOT - 10 4 g5 fO2 4 78
JA =[O = 15 RO O 10— R o2 T
JE == 04+ 15— 04 fOT 4 10— f01 — o2 f78
JE == O 4 154 20— fOT 4 10— fo1 — o2 f78

J§ = FO5 4 F1 = T O - L o0 — o8
Ji=— 05— g AT 80— Uy fE0 4 g6 g7
JE = fO5 4 F1 = T U0 - U pB0 — o8 72
J§ =05 — f1 4 fRT - O AL 50— o8 2
Jh= fO5 = 1o AT O - it - o0 o8 g 2
JO == fO5 Y= AT 0 UL 50 g6 4 g7
J§ = fO5 < T 0 R0 g6y g7
JE =05 = 1= T O A 50 o8
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(()5: f06+f17+f24—f35—f42+f53+f60—f71
i?:_fOG _ f17 _ f24 +f35 +f42 _ f53 +f60 _ f71
24:_‘1006 o f17 o f24 +f35 _ f42 _ f53 _I_f60 _I_f71
:?: f06_|_f17_|_f24_f35_f42_f53 _f60_f71

e e e e e SR A AR A
D= OO T O 2 R 604 T
§ =05 4 fIT R g o0 T
Fm JOC T g R g0 g
S A e ) e e A AR A
e e e e e e A AT AL
§ =0T O g PR g g
5s) §m 0T IO g R g g

2: f07 —f16+f25 —f34—f43 _f52 +f61 _f70
5?: f07 _f16 _f25+f34_f43 _f52 +f61 _f70
fé :_f07 o f16 o f25 _ f34 + f43 + f52 o f61 _I_f70
f’? :_f07 o f16 _I_f25 + f34 _ f43 _ f52 _I_fﬁl o f70
PRrROOF. Using equation (3.7.11) we get relationships
fg: fkTBiOBIOJT
= fY9B3oBi, + [ BB, + **B3,B3, + [** B3, BY;
+ [*BiyBl, + [P°B3,Bls + [°° B, Bl + 1" Bi, By,
— fOO _ f11 _ fzz _ f33 _ f44 _ f55 _ f66 _ f77
f(}: fkTBiOleir
= [Y'B3oBg, + ['BioBio + [* B3, Bis + [*? B3, Bi,
+ [ BiyBis + [**B3,Bi, + [°"B§yBir + f°Bi,Brs
— fOl + flO + f23 _ f32 + f45 _ f54 _ f67 + f76

(4.5.9)

(4.5.10)

fg: fkngoBgr
= [PBB3, + [ BioBis + [*° B3 B3, + f*' B3, B3,
+ [*°BioBis + [*"B3yBs; + [°*BS,Bi, + [7°Bi,B7;
— foz _ f13 +f20+f31 +f46 +f57 _ f64 _ f75

(4.5.11)
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(4.5.12)

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)

(4.5.17)

(4.5.18)

4. Division Algebra

fO_ fk:rBP B3
= f*Bg ng + f12Bl, Bia + f2' B3, B;’a + /B3, B,
f47B f56B fGSB f74B70B

— f03 + flz _ f21 + f30 + f47 _ f56 + f65 _ f74

fO_ fk:rBP B4
= [Y'BoBos + [P BioBis + [*° B3, Big + [* B3, By
+ [*BioBio + ' B3B3, + f°? By Bi, + [0 BB,
— f04 _ f15 _ f26 _ f37 _I_f40 _I_f51 _I_f62 4 f73

fO_ fk:rBP BS
= [ B3oBgs + [ BioBiy + [*" B3, B3, + f° B3, Big
+ [ BioBI, + B3B3, + [ BSyBis + f° B, B2,
— f05 _I_f14 _ f27 + f36 o f41 _I_f50 o f63 + f72

fO_ fk:rBP BG
= fOGB 6+f17BIOB 7+f24BzoB 4+f3sB
+ [ BioBS, + 7P B2y Bss + [0 B, BS, + f7lB7oB$1
— f06 _I_f17 + f24 _ f35 o f42 _I_f53 _I_f60 _ f’?l

f fk:rBP B7
= fO"B3yBi; + ['°BloBis + [*°B3,Bis + [** B3, Bi,
+ [**BioBis + f7? B2 Bi, + f°' BS,BE, + 7' Bio By,
— f07 o f16 +f25 +f34 o f43 o f52 _I_fﬁl +f70

fl — fk:rBP BO
= fO'By, BY, + f''BY, By + f*° B3, BYs + f** B3, B3,
+ fYBIBs + 7B Bl + fOT B By, + fT°B?, By
— _fOl _ f10+f23 o f32 _I_f45 _ f54 _ f67+f76

fl — fkrBP Bl
= fYBg,Bio + f''BY By, + f**B3, B, + f*° B3, B,
+ f¥B3 B3y + f°° B3y Bis + f°°BE, By + 7B Bgr
— f00 o fll +f22 +f33 _I_f44 _I_f55 _I_f66 +f77



(4.5.19)

(4.5.20)

(4.5.21)

(4.5.22)

(4.5.23)

(4.5.24)

(4.5.25)

4.5. Li
2 inear Function of
) n of O i
fl ) fk:TBg Bz ctonion Algebra
1~ pr
— f03B1
o 3,82 + £12BY, B3
R 11 B3, + f*'B3
_ B2, + f°°BZ, B} e
= _f03 _ f12 2 Bl L o
| U ¢1BZs + [T B?
fi= frBP B3 R a
) _ 65 4 g4
_ 02 |
f°B5, B}
2, + f13BO 3
P ?1Bos + f*°
_ 40 . Bis + f°7B:, B3 S
e 4 B3+ fS“BT, BS B3, B3,
o GBI+ T
fi= fhr f3L 4 A6 4 o7 o
'];0 Bnggr f _ f64 _ f75 -
_ (05
Bl
o 5B + B B
f*'B%, B2 e
51 T fooBe 21B§ o
507 i 31026
| o ¢1B3s + [T B?
o e 2, B¢,
legr f + f63 _p72
— fo4p1 Bo |
1B+ f'°BY B
o 11Bos + f2°
_ 0 21B2y + f°'B:, B S
' f 7 f15 f26 2, B3, 4 f62B7 Bs Bngg’?
- 6
o [
U= f*" B BS o B
fo k1~ pr f | +f73
_ o7
Bl
01BY, + f1°BY B§
o 1B + f2°
_ 40 5. B, + f°?B2, BS e
' f 7 f16 A ) 2, BS, 4 fGIB7 BG Bngg4
| R &1 BS 4+ fT'B?
fi=f*" B Bl B N
fo lepr o f 1_ f70
_ £06
Bl
e 01Bls + [1TBY B
f**B%,BI S
_ I+ f°*B2, B] e
= —f06 _ f17 2 P Bl LB s
| U ¢1Bio+ T B?
- e 21Béy
k2Bgr + f60 _ f’?l
— fOZBZ
e 52BY> + [ BT, BY
f*°BS, B e
_ _ 0 06 + f°7BI,BY e
= —f02_ 13 2 B T .
S GBl 4+ 7B}
4 46 "
o 72055
f _ f75

57
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(4.5.26)

(4.5.27)

(4.5.28)

(4.5.29)

(4.5.30)

(4.5.31)

(4.5.32)

4. Division Algebra
f21: fk:TB£2Bllrr
= f03Bng%3 + f12B§2B:}2 + fZIBngél + fSOB:}2B%0
+ [Y"BE: By + fP°Bi,Big + f°°Bg.Bis + [T B2, B,
— f03 _ flz _ f21 _ f30 + f47 _ f56 + f65 _ f74
f22: fkTB£2B§r
= fOOBnggo + fllBi)’2B§1 + fzngngz + fSSB§2B%3
+ [ BB+ [P B, B, + f°BG,Bis + B2, B3,
— fOO _I_fll _ f22 +f33 _I_f44 _I_f55 _I_fGG +f77
f23: fk:TBgTBgr
= fOIBnggl + flOBi)’2B§0 + f23BngS’3 + f32B:}2B%2
+ fB,BEs + [ BB, + [0 B, Bl + fT°B7, Bl
— _fOl +f10 _ f23 o f32 o f45 +f54+f67 _ f76
f24: fk:TBgTBgr
= fOGBngge + f17B%2B§7 + f24Bngé4 + f3sB§2Bil5
+ [ BB, + [P B, By + f°°Bi,Biy + f T B2, Bi,
— _f06 _ f17 _ f24 _I_f35 o f42 _ f53 +f60+f71
fér): fk:TBgTBgr
= fU"B3, B3, + [ B, B3 + [*° B, Bi; + [ B, By,
+ B, BEs + fP2BL, B, + [0 B, Biy + fTVB7, B,
— —f07+f16 _ f25 o f34 _I_f43 _ f52 _ f61 +f70
fi= B}, B;,
= fU'B3,BS, + [P B, BSs + fP° B, B + f°" B, BT,
+ B8, B + [P B, BY + [ B, Bl + [0 B2, BSs
— f04 o f15 _ f26 _ f37 o f40 _I_f51 o f62 + f73
fi= B}, B],
= f°B3,Bi; + [ B, Bi, + f*" B3, Bj; + f*°Bi, B,
+ Y BE,BE, + [POB, Bl + [P B, Bl + [T? B2, B,
— f05 _I_f14 _ f27 + f36 o f41 o f50 o f63 _ f72



(4.5.33)

(4.5.34)

(4.5.35)

(4.5.36)

(4.5.37)

(4.5.38)

(4.5.39)

4.5. Linear F
fg: fkTBp nction of Octoni
: k3Bgr on Algebra
- B
. 95 + [ B7;BY
13B2r + f7° e
_ _ f03 P n
. 53B S
+ f12 _ 21 66 T f65B5 Y o
- e o, BY 3300
- s o+ fB2
k3Bl _ f56 73B0
= fozp3 pr o 44
03Bis + f1° )
+ f4GB7 f B% Bl
1aBre + 77 e
— _fo2 _ g13 BgsBgr + f° R
4
fi=f* 4+ f20 _ p31 fOBgsBi, + f7 v
B£3Bz f46 _ f57 | B;ISBI
= foi1p3 pr o 45
03 B3 + f1° )
+ f4SB7 B%3B2
1sB7s + [ e
= fOl _f1 Bg B2 ZSB% + 3
i oB2, + f97BS s+ f32BY, B2
- o 0, B2 33002
2= f*"BY + f*° o
k3BS _ f54 73B2
f OBS + f76
0aB3o + f1!
+ f44B7 B%3B3
13B3, 4+ 77 e
o . 23 Bis + 7
4 J R 3Bis + [°°Bg B32 -
fi= ferpe — 33 4 o4 e :
k3B4 + f55 73B3
— 0 pr + f66 47
f 733 + f77
0sBsr + f1°
+ f43B7 B%3B4
13Bis + 77 e
— _ foO7 s .
. 53B .
e g2 4, + fO1BS o
foi= JEE o =
5 flrpP For - p L
k3B5 + f52 73B4
o ) — o1y T 40
0aBis + 17 )
4 f42BT P
433?2 + [ L o
= f06 4 f1 B, Bg S
J S 2. 4+ f9UB2 e
f:?: fkTBp b f35 i f42 63B55)0 + f71 3305
k:3B6 _ f53 B;ISBS
= f05 3 " _ f60 - 41
e Bi.BS, + f1“B? |
f lB7 6 BI3BG
1387 + [0 - o
— _f05 _ p14 B3 Bg, + f° e
4+ f2T g3 fRL .
o 3BEs + [7°B7 6
S,
for =g

59



60

(4.5.40)

(4.5.41)

(4.5.42)

(4.5.43)

(4.5.44)

(4.5.45)

(4.5.46)

4. Division Algebra
f3— fk:rBP B7
= [ B3Bi, + [P Bi3Bis + [*°BysBlg + [*T B3 Biy
+ f*Bi3Bo + [P BS3BE, + f°?BEsBl, 4 P B7;Bis
— f04 _ f15 _ f26 _ f37 _ f40 + f51 + f62 _ f73

fo= flchp BO
- f04B 4B44 flsB fzﬁB f37B 77
+ f49B9,BY, + f5'BL,BY, + f92B2,BY, + f*B:,B
=—f0 _f15_f26_f37_f40+f51+f62+f73
fl= flchp Bl

= fB3,Bis + [ BY,B3, + f*"BS,Bg; + f*°Bi,Big
+ [ B Bsy + fPUBLBig + f° B3, By + B3B3,
_ fO5 _ 14 _ p27 | £36 _ p41_ ¢50 _ (63 4 (72
2= fkrBP, B2,
= fU°B3,Bis + "B, B3, + f**BS, B, + f*°Bi,B7;
+ [*?B1,B3, + [P B, Bis + f°°BE, B3, + [T B7, B3
_ fO6 4 p17 _ p24 _ p35 _ 42 | ¢58 _ 60 _ g7l
fi= fkrBP, B3,
= fU"Bg,Bi; + f'°BY, B + f*°BS,Bis + f*Bi,B7,
+ [*BL,Bis + 2B, B, + O B3, B3, + [°B7,B3,
_ fO7 _ 16 4 p25_ p34 _ 43 _ £52 4 61 _ £70
fi= ferBP,BY
= fY9B3,Bi + "' BY,Bs, + [**BS,Bg, + f*°Bi,Brs
F BB+ LB + SO BB+ 1T BB,
_ fO0 4 1L g2 £33 _ p4d | g55 4 66 4 77
fi=fkrBP,BS,
= fU'B3,Bi, + f1BY,BS, + [*°BS,Bgs + f32B34B72
+ [*¥BB3s + f°'Bi.BY, + f°TBE. B3, + fT°B,B
_fOL 4 f10_ p28 4 32 g5 _ g54 4 67 _ f76



(4.5.47)

(4.5.48)

(4.5.49)

(4.5.50)

(4.5.51)

(4.5.52)

(4.5.53)

4.5. Linear Function of Octonion Algebra

f4— fk:rBP BG
— f02B 4B6 f13B f20B f3lB
f4GB f57B f64BG4B f75B74B35

_ _f02 +f13 +f20 _ f31 _ f46 _ f57 _ f64+f75

fi=f*"BP,BT,
= f03B 4B43 f12B leB f3OB 4B;0
+ f47B9,BY. + f5°BL, BT, + f°°B2,BI. + {7B3,B
= —f03 _f12+f21_I_f30_f47+f56_f65_f74
fO= f*"BP,BY,

= [ B35 BYs + [ BisBly + f*"Bi; By, + f°BS; Bgg
+ [ BisBYy + fPUBIBoy + [P BEs Bl + [ B7:BY,
_fO5 4 f14 _ p27 4 36 _ pAl _ £50 _ 63 | ¢72
fi= ferBP BL
= [ B Bis + ['°BisBis + [?°Bi; Big + [*"BS; Biy
+ [*BisBio + 7' BIsBoy + fO?BisBis + [ B75 B3
_ _fO4_ f15 | £26 | 37 | p40 _ p51_ 62 _ ¢T3
f2=fkrBP B2,
= fU"B3s B3, + ['°BisBis + [*°Bi;B7; + f**BS; Bi,
+ [*BisBis + fP?BIsBa, + 01 B B3, + [°B7: B3,
_ fO7 _ 16 _ p25 | p34 _ 43 _ £52 4 61 _ £70
fi= ferBP B3,
= fU°B3sBis + [T BisBi; + [**Bi; B}, + f*°BS; Bi;
+ [ BisBiy + P BYBis + fOOB3s Bl + [T B7: B3,
_ _fO6 _ 1T _ p24 _ g35 | pd2 _ 53 4 60 4 (71
fi= ferBP.BY,
= fU'B3sBs, + ['°BisBiy + [**Bi;B7s + f*?BS; By,
+ [*BisBis + B Bos + fOTBs Big + f°B75 B3
_ fO1_ 10 p23_ p32 _ 45 _ g54 _ £67 4 (76
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(4.5.54)

(4.5.55)

(4.5.56)

(4.5.57)

(4.5.58)

(4.5.59)

(4.5.60)

4. Division Algebra
fE?: fkTBgsBZr
= [Bs B3 + [1 Bis Bl + [ BI; B2, + [*°BS; B,
+ [*Bis B, + [P BIsBos + OB B3s + [T B2 B3,
_ fO0 4 fI1 4§22 ¢33 | pdd _ 55 | (66 | 77
f56: fkTBgngr
= [PB;Bgs + [ BisBi, + [*' Bi;BY + [*UBSs B,
+ [YTBisBYy + fP°BIsBis + [P By Bis + [ B7: B3,
_ fO3 4 12 p21_ £80 4 4T _ £56 _ 65 _ ¢74
f57: fkTBgsB;r
= [PB;Bi, + [P BisBis + [*°Bis By + f*' BSs BS,
+ [*°BisBis + "B Bi, + B Bi, + [ BB
— _f02 | f18 | £20 _ £31 _ £46 _ 57 4 £G4 _ fT5
fg: fkTBge'Bgr
= fU°BisBds + [T Bis By + [**B3s Bl + 7 B3s B
+ [ Bis B, + [P BigB3s + [OOB3s B + [T Big Bi4
— _f06 | F17 | £24 _ £35 _ p42 4 53 _ 60 _ ¢71
fé: fkTBge'B;r
= fU"BGsBgr + ['°BisBig + [*°B3sBis + f** B3 B,
+ [*BigBis + 2B Biy + 01 BBy + [ BigBio
— _fOT _ f16 _ £25 _ £34 4 £43 4 52 _ 61 4 70
fé= " Bis B,
= [ BisBis + [P B{sB7; + [*°B3sBis + f°" B3 Bs;
+ [1BIs B3y + 7' BSg B3y + f? B B3, + [ BigBis
— _f04 | f15 _ £26 | £37 | £40 _ 51 _ £62 _ (73
fé= " BBy,
= [ B8sBis + [ B{sBiy + [*"B3s Bi; + f*° B3 B,
+ [ Big B3, + fPUB3sBig + f° B Bis + [ BigBi,
— fO5 4 f14 _ p27 _ £36 _ pdl _ £50 _ 63 4 fT2



(4.5.61)

(4.5.62)

(4.5.63)

(4.5.64)

(4.5.65)

(4.5.66)

(4.5.67)

4.5. Linear Function of Octonion Algebra

fG_ fk:rBP B4
= f"*BgB, + 1Bl B¢3 + f* Bl Bffo + [* Bl B§1
+ f4GBZGB f57B f64B f75B
— foz _ f13 _ f20+f31 _ f46 +f57 _ f64 _ f75

f fk:rBP 35

= [P BsBgs + [ Bl B2, + [#' B3g Bl + [*B3s B3,
+ [YTBis B3, + fP°BisB3s + f° BB + [ BigBi4
_ _f03 _ g12 | p21 4 30 _ pAT _ 56 _ 165 | 74
fé= frBP BS,
= fYB8eBgo + [ BisBfy + [**B3g B, + f7?B3s BSs
+ [*BigB, + [P B3 BSs + f°BsBos + [T Big By
_ fO0 4 114 g2 £33 4 p4d | ¢S5 66 4 7T
fI=fkrBP BT,
= fU'B8sBg: + ['BisBio + [** B3sBis + f*? B3 Bi,
+ [*"BigBis + 7B B, + "B Bi, + [°BigBls
_ fO1_ 10 4 p23_ p32 4 45 _ ¢S54 _ £67 _ £76
0= frBP. B,
= fU"Bg; B, + ['°BY; B + f*° B3, BS; + f** B3, Bi,
+ [*Bi;B3s + f°?B3; B3, + f°' Bi; BYy + 7B, BY,
_fO7 _ f16 | 25 4 34 _ pd3 _ 52 4 61 _ 70
fi=ferBr B
= fY°Bg; B + ['"BY; By + f** B3, B, + f*° B3, Bi;
+ [ Bi;Biy + [°° B3, Bis + [*°Bi; Bio + [T By By,
_ fO6 _ 17 p24_ p35 _ 42 | ¢58 _ £60 _ ¢71
2= fkrBP B2,
= f°Bg;B?s + [ B, Bi, + [*" B3, B, + f*° B3, Big
+ 4B B, + [°°B2, B3, + [*° B, Bts + [T? B, B,
_ _fO5 _ 14 _ £27 _ 36 g4l | £50 4 63 _ ¢72

63



64 4. Division Algebra

f7— szrBP BS
(45 68) _ f04B 7B3 f15B f26B f37B 7B47
o f4OB f51B57B f62B f73B
— —f04+f15+f26 _f37+f40 _f51 _f62 —f73
f7— szrBP B4
— f03B 7B4 f12B f21B f3OB
(4569) f47B f56B f65B f74B
— f03 +f12 _ f21 _ f30 _ f47 _ f56 +f65 _ f74
f7— szrBP BS
(4.5.70) = fO?Bg; B2, + [ BY;Bgs + f*° B3, B3, + [*' B3, B,
+ f*°Bi; B3 + f°"B2; B3, + % Bg,BY, + f7° B2, B
— f02 o f13 _ f20 +f31 +f46 o f57 o f64 _ f75
f7— szrBP BG
(45.71) = fO'B§;B?, + ['°BY; B, + f*° B3, BS; + f*? B3, BS,
+ f*¥Bi;BSs + f°* B, BS, + f°" B3, BYy 4+ f° B2, Bis
— _fOl +f10 _f23 +f32 —f45+f54—f67—f76
f szrBP B7
(45.72) = fY°Bg; B, + "' B, B, + f**B3, B, + f** B3, Bi;

+ fYBi; Bl + f°° B2, B; + f°° B, Bl + [T B2, Bj,
— fOO +f11 +f22 +f33 +f44 +f55 +f66 _ f77
Equations (4.5.9), (4.5.18), (4.5.27), (4.5.36), (4.5.45), (4.5.54), (4.5.63), (4.5.72)
form the system of linear equations (4.5.1).
Equations  (4.5.10), (4.5.17), (4.5.28), (4.5.35), (4.5.46), (4.5.53), (4.5.64),
(4.5.71) form the system of linear equations (4.5.2).
Equations (4.5.11), (4.5.20), (4.5.25), (4.5.34), (4.5.47), (4.5.56), (4.5.61),
(4.5.70) form the system of linear equations (4.5.3).
Equations  (4.5.12), (4.5.19), (4.5.26), (4.5.33), (4.5.48), (4.5.55), (4.5.62),
(4.5.69) form the system of linear equations (4.5.4).
Equations (4.5.13), (4.5.22), (4.5.31), (4.5.40), (4.5.41), (4.5.50), (4.5.59),
(4.5.68) form the system of linear equations (4.5.5).
Equations (4.5.14), (4.5.21), (4.5.32), (4.5.39), (4.5.42), (4.5.49), (4.5.60),
(4.5.67) form the system of linear equations (4.5.6).
Equations  (4.5.15), (4.5.24), (4.5.29), (4.5.38), (4.5.43), (4.5.52), (4.5.57),
(4.5.66) form the system of linear equations (4.5.7).
Equations  (4.5.16), (4.5.23), (4.5.30), (4.5.37), (4.5.44), (4.5.51), (4.5.58),
(4.5.65) form the system of linear equations (4.5.8). O



4.5. Linear Function of Octonion Algebra 65

Theorem 4.5.2. Consider octonion algebra O with basis (4.4.1). Standard com-
ponents of linear function and coordinates of this function satisfy relationship

(4.5.73) A=FB
(4.5.74) B=F""A
where
fo B R K8 R
fio=fe fs o —f2 fs —fi —f7 S8
TR ERES D SR (R e e
P T B B B
fi —fs —fs —-f7 -fo fA f £
A R L [ e (e R £
A A S A e (e i
S A N R A L L i
fOO _fOl _f'02 _f03 —f04 _f05 _f'06 _f07
f'll flO f13 _f12 f15 _f14 _f'17 f16
f22 _f23 f20 f21 f26 f27 _f24 _f25
B f33 f32 _f31 fSO f37 _f36 f35 _f34
f44 _f45 —f46 _f47 f40 f41 f42 f43
f55 f54 _f'57 f56 _f51 f50 _f53 f52
fo6 f67 f64 —f85  _f62 f63 f60 61
f77 —f76 f75 f74 _f73 _f72 f71 f70
1 -1 -1 -1 -1 -1 -1 -1
1 -1 1 1 1 1 1 1
1 1 -1 1 1 1 1 1
o 1 1 1 -1 1 1 1 1
1 1 1 1 -1 1 1 1
1 1 1 1 1 -1 1 1
1 1 1 1 1 -1 1
1 1 1 1 1 1 -1
5 1 1 1 1 1 1 1
-1 =5 1 1 1 1 1 1
-1 1 =5 1 1 1 1 1
ol i -1 1 1 -5 1 1 1 1
12 -1 1 1 1 -5 1 1 1
-1 1 1 1 1 -5 1 1
-1 1 1 1 1 1 =5 1
-1 1 1 1 1 1 1 -5




66

PROOF. Let us write the system of linear equations (4.5.1) as product of ma-

trices

(4.5.75)

(4.5.76)

f5
fi
f3
f3
fi
f3
f8

7
7

fo
f7
f3
f3
f2
f3

7
(]

6
7

4. Division Algebra

From the equation (4.5.76), it follows that

—fo
17
f3

—f3
11

i

_ 7
6

6
7

1 -1 -1 -1 -1 -1 -1 -1 oo

1 -1 1 1 1 1 1 1 e

1 1 -1 1 1 1 1 1 22

1 1 1 -1 1 1 1 1 38

1 1 1 1 -1 1 1 1 e

1 1 1 1 1 -1 1 1 fo°

1 1 1 1 1 1 -1 1 fo¢

r 1 1 1 1 1 1 -1 7
Let us write the system of linear equations (4.5.2) as product of matrices

1 1 1 -1 1 -1 -1 1 For

-1 -1 1 -1 1 -1 -1 1 fro

-1 1 -1 -1 -1 1 1 -1 28

1 -1 -1 -1 1 -1 -1 1 32

-1 1 -1 1 -1 -1 1 -1 e

1 -1 1 -1 -1 -1 -1 1 ot

1 -1 1 -1 1 -1 -1 -1 o7

-1 1 -1 1 -1 1 -1 -1 fre
-1 -1 -1 1 -1 1 1 -1 ot
-1 -1 1 -1 1 -1 -1 1 fro
-1 1 -1 -1 -1 1 1 -1 2
-1 1 1 1 -1 1 1 -1 3
-1 1 -1 1 -1 -1 1 -1 e
-1 1 -1 1 1 1 1 -1 ot
-1 1 -1 1 -1 1 1 1 fer
-1 1 -1 1 -1 -1 -1 17
1 -1 1 1 1 1 1 1 —fot
1 -1 -1 -1 -1 -1 -1 -1 o
1 1 1 -1 1 1 1 1 —f%
1 1 -1 1 1 1 1 1 32
1 1 1 1 1 -1 1 1 —f4
1 1 1 1 -1 1 1 1 ot
1 1 1 1 1 1 1 -1 17
1 1 1 1 1 1 -1 1 —f7




(4.5.77)

Let us write the system of linear equations (4.5.

f5
fi
f3
(4.5.78) f"i
4
5
fé
f7
From the equation (4.5.78),
—f3 -1
—fi -1
2 -1
fs | _| 1
N
7 -1
—fs -1
—f? -1
1
1
1
B
!
1
1
1

0
1

—fo
—f3
f3
—f3
f1
7

_f7
6

4.5. Linear Function of Octonion Algebra

—_ = = = e

1
1

|
N e e e e S e

1

-1 -1 -1 -1 -1 -1 -1 —fot
-1 1 1 1 1 1 1 fro
1 -1 1 1 1 1 1 —f23
1 1 -1 1 1 1 1 32
1 1 1 -1 1 1 1 —f*
11 1 1 -1 1 1 ot
11 1 1 1 -1 1 o7
1 1 1 1 1 1 -1 —f76
3) as product of matrices
-1 1 1 1 1 -1 -1 o2
-1 -1 -1 1 1 -1 -1 e
-1 -1 1 1 1 -1 -1 20
-1 1 -1 -1 -1 1 1 3
1 1 -1 -1 -1 -1 1 e
1 1 -1 -1 -1 1 -1 For
-1 -1 1 -1 1 -1 -1 o4
-1 -1 1 1 -1 -1 -1 7
it follows that
-1 -1 -1 -1 1 1 o2
1 1 -1 -1 1 1 e
-1 1 1 1 -1 -1 120
1 -1 -1 -1 1 1 o
1 -1 -1 -1 -1 1 1
1 -1 -1 -1 1 -1 for
1 -1 1 -1 1 1 o4
1 -1 -1 1 1 1 e
-1 1 1 1 1 1 —f02
1 -1 1 1 1 1 e
-1 -1 -1 -1 -1 -1 120
11 1 1 1 1 —f3
11 1 1 -1 1 — f46
1 1 1 1 1 -1 —fo7
11 -1 1 1 1 1ot
11 1 -1 1 1 e

67



68

(4.5.79)

(4.5.80)

4. Division Algebra

9 1 -1 -1 -1 -1 -1 -1 -1 —f02
fa 1 -1 1 1 1 1 1 1 e
—f2 1 1 -1 1 1 1 1 1 20
-] 11t 1 1 -1 1 1 1 1 —f3
-0 01011 -1 1 1 1 —f48
—f2 1 1 1 1 1 -1 1 1 —fo7
9 1 1 1 1 1 1 -1 1 o4
1 1 1 1 1 1 1 1 -1 e
Let us write the system of linear equations (4.5.4) as product of matrices
13 1 1 -1 1 1 -1 1 -1 fos
fi -1 -1 -1 1 -1 1 -1 1 f2
fi 1 -1 -1 -1 1 -1 1 -1 f2
9 -1 1 -1 -1 1 -1 1 -1 f30
7 -1 -1 1 1 -1 1 -1 -1 A7
1S 1 1 -1 -1 1 -1 -1 -1 fo°
s -1 -1 1 1 -1 -1 -1 1 fo°
f# 1 1 -1 -1 -1 -1 1 -1 f
From the equation (4.5.80), it follows that
—f3 -1 -1 1 -1 -1 1 -1 1 o8
fi -1 -1 -1 1 -1 -1 1 f?
—f3 -1 1 1 1 -1 1 -1 1 2
S -1 1 -1 -1 1 -1 1 -1 120
! | -1 -1 1 1 -1 1 -1 -1 17
—f8 -1 -1 1 1 -1 1 1 fo8
1o -1 -1 1 1 -1 -1 -1 fo°
—f# -1 -1 1 1 1 1 -1 f
1 1 1 -1 1 1 1 1 —f08
11 -1 1 1 1 1 1 —f12
1 -1 1 1 1 1 1 1 2
1t -1 -1 -1 -1 -1 -1 -1 f30
S l1r 1 1 1 1 1 1 -1 —fA7
1 1 1 1 1 1 -1 1 fo8
1 1 1 1 1 -1 1 1 —f9
11 1 1 -1 1 1 1 f




(4.5.81)

0
3

—f3
ft
-5
—f7
f3
—f3

7
4

4.5. Linear Function of Octonion Algebra

—_ = = = e

-1
-1
1

1
1
1
1
1

-1

—_ = = = e = e

-1

—_ = = = = = e

-1 -1
1 1
1 1
1 1
1 1
1 1

-1 1
1 -1

_f()3
_f12
f21
f30
_f47
f56
_f65
f74

Let us write the system of linear equations (4.5.5) as product of matrices

(4.5.82)

1 1 -1 -1 -1

fi 1 -1 -1 -1

S 1 -1 -1 -1

7 1 -1 -1 -1

0 -1 -1 -1 -1

fi -1 -1 1 1

fé -1 1 -1 1

f3 -1 1 1 -1
From the equation (4.5.82), it follows that

—fs -1 1 1 1 -
—f7 -1 1 1 1
—f$ -1 1 1 1
- -1 1 1 1

o N S RS NS QR
fa -1 -1 1 1
12 -1 1 -1 1
13 ~1 1 -1

11 1 1 -1

11 1 1 1

11 1 1 1

11111

[ (R S R s R, |

1 -1 1 1 1

1 1 -1 1 1

11 1 -1 1

—_ o= = = e e e

1

1
1
-1
1
1
-1
-1
-1

1
1

f04
f15
f26
f37
f40
f51
f62
f73

f04
f15
f26
f37
f40
f51
f62
f73
_f04
f15
f26
f37
f40
_f51
_f62
_f73
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(4.5.83)

0
4

fs

2
6

2
-5t
-7
-1

_f7
3

—_ = = = e

-1
-1

1

1
1
1
1
1

4. Division Algebra

-1

—_ = = = e = e

-1

—_ = = = = = e

-1 -1
1 1
1 1
1 1
1 1
1 1

-1 1
1 -1

_f()4
f15
f26
f37
f40

_f51

_f62

_f73

Let us write the system of linear equations (4.5.6) as product of matrices

15 11 -1 1

fi -1 -1 1 -1

7 1 1 -1 1

(4.5.84) 3 Lot bl

fi 1 -1 -1 1

1o -1 1 -1 1

13 1 1 -1 -1

12 -1 -1 -1 -1

From the equation (4.5.84), it follows that

—f5 -1 -1 1 -1 1
* -1 -1 1 -1 -1
—f7 -1 -1 1 -1 1
Sl -1 -1 1 -1 1
-5l -1 11 -1 1
19 -1 1 -1 1 -1
—fé -1 -1 1 1 1
f2 -1 -1 -1 -1 1

1 1 1 1 1

11 1 1 -1

11 1 1 1

1111

[ [ S T I B |

1 -1 -1 -1 -1

11 1 -1 1

11 -1 1 1

-1

1
1

-1

1
-1
-1
-1
-1
-1

1

-1

f05
f14
f27
f36

f50
f63
f72

f36
f41
fSO
f63
f72
_fOS
_f14
f27
_f36
f41
fSO
f63
_f72
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3 1 -1 -1 -1 -1 -1 -1 -1 _f05

~fi 1 -1 1 1 1 1 1 1 _ja

f7 1 1 -1 1 1 1 1 1 27

(4.5.85) ~fs I T T S _f36
fi 1 1 1 1 -1 1 1 1 fa1

-f5 1 1 1 1 1 -1 1 1 50

13 1 1 1 1 1 1 -1 1 763

~f3 1 1 1 1 1 1 1 -1 _f72

Let us write the system of linear equations (4.5.7) as product of matrices

5 1 1 1 -1 -1 1 1 -1 06
{ -1 -1 -1 1 1 -1 1 -1 f17
fél -1 -1 -1 1 -1 -1 1 1 f24
(4.5.86) f3 _ 1 1 1 -1 -1 -1 -1 -1 35
fi 1 1 -1 -1 -1 1 -1 -1 a2
f'f -1 -1 -1 -1 1 -1 1 1 £53
fe -1 1 1 -1 -1 1 -1 -1 760
7 1 -1 1 -1 -1 1 -1 -1 7
From the equation (4.5.86), it follows that
—f§ -1 -1 -1 1 1 -1 -1 1 f06
T -1 -1 -1 1 1 -1 1 -1 £
£z -1 -1 -1 1 -1 -1 1 1 24
=2 -1 -1 1 1 1 1 1 35
i I 1 1 1 -1 1 F42
fg -1 -1 -1 -1 1 -1 1 1 53
o -1 1 T -1 -1 1 -1 -1 60
A -1 -1 1 1 -1 1 1 71
r 1 1 1 1 -1 1 _fo6
1 1 1 1 1 1 1 -1 _p7
1 1 1 1 -1 1 1 1 _p2a
11 1r 1 1 1 -1 1 1 735
! I -1 1 1 1 1 1 F42
i1 1 -1 1 1 1 1 _f58
1 -1 -1 -1 -1 -1 -1 -1 f60
1 -1 1 1 1 1 1 1 71
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0 1 -1 -1 -1 -1 -1 -1 -1 —fo8
—fh 1 -1 1 1 1 1 1 1 —f7
—f2 1 1 -1 1 1 1 1 1 —f2
(4.5.87) £l 11 -1 1 1 11 2
14 1 1 1 1 -1 1 1 1 2
—f3 1 1 1 1 1 -1 1 1 N
—f8 1 1 1 1 1 1 -1 1 feo
7 1 1 1 1 1 1 1 -1 fm
Let us write the system of linear equations (4.5.8) as product of matrices
T R | -1 -1 1 1 for
fo 1 -1 1 1 -1 -1 -1 -1 fie
3 -1 1 -1 -1 1 -1 -1 1 f2°
(4.5.88) f"? e f3.4
f3 1 -1 1 -1 -1 -1 1 -1 e
12 1 -1 -1 1 -1 -1 1 -1 o2
fa -1 -1 -1 -1 1 1 -1 1 ot
0 -1 -1 1 1 -1 -1 1 -1 fro
From the equation (4.5.88), it follows that
—fr -1 1 -1 -1 1 1 -1 -1 o7
—f9 -1 1 -1 -1 1 1 1 1 fle
f5 -1 1 -1 -1 1 -1 -1 1 f2°
Al -1 1 -1 -1 -1 1 -1 1 3
-1 -1 1 -1 1 1 1 -1 1 f48
—f2 -1 1 1 -1 1 1 -1 1 o2
fa -1 -1 -1 -1 1 1 -1 1 for
0 -1 -1 1 1 -1 -1 1 -1 fro
11 1 1 1 1 1 -1 —fo7
11 1 1 1 1 -1 1 fe
11 1 1 1 -1 1 1 —f%
Tt 1 1 1 -1 1 1 1 —f3t
S l1r 1 1 -1 1 1 1 1 f48
1 1 -1 1 1 1 1 1 o2
1 -1 1 1 1 1 1 1 —f9t
1 -1 -1 -1 -1 -1 -1 -1 fro




(4.5.89)

We join equations (4.5.75), (4.5.

f7
fs
—fZ
—fi
f3
f3
—f7

_f7
0
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(4.5.89) into equation (4.5.73).
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1 -1 -1 -1 -1 -1 -1 -1 —fo7
1 -1 1 1 11 f16
1 1 -1 1 11 — 28
1111111 —f34
11 1 1 1 -1 1 1 1 fas
1 1 1 1 1 -1 1 1 152
1 1 1 1 1 1 -1 1 —yor
1 1 1 1 1 1 1 -1 f7o
77), (4.5.79), (4.5.81), (4.5.83), (4.5.85), (4.5.87),

O

Theorem 4.5.3. Standard components of linear function of octonion algebra O
relative to basis (4.4.1) and coordinates of corresponding linear map satisfy rela-

tionship

(4.5.90)

(4.5.91)

(4.5.92)

1290 =5f0+ fi+ f3+ f3+ fi+ o+ fé+ [
12" =—f9=5f1+ fi+ fi+ fi+ f5+ f6+ f7
12f%2 =—f8+ fl=5f3+ fi+ fi+ f5+ fé+ f7
12f%% =—f8+ fl+ f3-5f3+ fit+ f5+ fé+ f7
12f* =—fO+ fi+ f3+ f3-5fi+ fo+ fé+ [
12f%% =—fO+ fi+ f3+ f3+ fi-5f2+ fé+ [
12f%0 =—fo+ fi+ f3+ 3+ fi+ [2-5f+ [
12f7T =—f8+ fl+ f3+ f3+ fit+ f5+ f6-5f7

—12f0Y =50~ fo— fi+ fi— fi+ fi+ fi-
12f10 =—fP45f5— i+ f3— fi+ fi+ f7— f&
—12f% =—fP— fo+5f3+ fi— fat+ f2+ f7—- 1§
12f%2 =—f0— fo— [3=5f3— fi+ fi+ fi— [f&
—12f*° =—fP— fo— fi+ f3+5f5+ fi+ f7— f¢
125 =—fP— fo— f3+ fo— f3-5f3+ fi— f&
12fT =—fP— fo— f3+ f3— fi+ fi-5f7— f&

—12f70 =—fP— fo— f3+ fi— fi+ i+ FEESfE

—12f%% =5f3+ fi— fo— fi— fi— f2+ 2+ S

7

12f1% =—f9-5fi— fG— fi— fé— fi+ fi+ f2
12f20 =—f9+ fa45f5— fi— fé— fi+ fi+ f

—12f% =—f9+ fa— fo45f7— fo— f24 fi+ S
—12f% =—f3+ fi— f3— fi+5fs— fi+ fi+ f2
—12f57 =—f3+ fi— fG— fi— fo+5f7+ fi+ f2
12/ =—f94+ fa— fo— [i— fe— [2-5f5+ [
12f75 =—f9+ fa— fo— fi— fe— f2+ fi-5f2
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(4.5.93)

(4.5.94)

(4.5.95)

(4.5.96)
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—12f%% =5f0— fo+ fi— fo— fi+ f3— fo+ [I
—12f" =—fO45f5+ fi— fo— fi+ fo— fo+ fI
122 =—f9— fo—5fT— fo— fi+ fo— fS+ fi
12f%0 =—f— fo+ fP4+5f5— fi+ f6— fo+ fi
—12f =—f9— fo+ fi— foADf7+ fo— [+ fI
12f%0 =—f— fo+ fi— fo— f7-5f5— fo+ fi
—12f%° =—f0— fo+ fi— fo— fi+ fEH5f5+ fI
12f™ =—f9— fo+ fi— fo— fi+ f6— fS—5f1

—12f% =5f0+ fi+ fi+ f2- fo— fi- 5 [
121 =—f2-5f3+ fo+ f7— fo— fi— fS— f1
12126 =—fO+ fo=5f5+ fi— fo— fi— f5— f5
1237 =—f0+ fa+ fE-5f7— fo— fi— f&— f4
12f90 =—f+ fi+ [+ fP45f0— fi— f5— f5

—12f%" =—f0+ fi+ [+ fi— fo+5fT— fi— fi

—12f%% =—f0+ fi+ [+ f7— fo— fi45fS— fi

=127 =—f0+ fi+ [+ f7— fo— fi— fE45f5

—12f9° =5f9— fi+ f7— fi+ fi— fo+ f5— 12
—12f" =—f245f,+ f7— fo+ fi— fo+ f§— f2
12f%T =—f9— fi1=5f7— fi+ fi— f6+ f5— f2
—12f%0 =—f0— fi+ fPH5fE+ fi— fO+ f§— 2
12f* =—f9— fi+ f7— fe=5fi— fo+ f5— f3
12f50 =—f9— fi+ f7— f3+ [I4505+ fS— [
12f9% =—f0— fi4+ f7— fé+ fi— [0-5f5— [
127 =—f— fi+ f7— [+ fi— fo+ fS+5f

—12f9 =5f0— fi— fi+ f3+ fi— f3— [+ AT
—12f" =—fo+5f7— fi+ fi4+ fa— f3—- fo+ fi
—12f** =—f9— fr45fi+ fi+ fi— f3— fo+ ST
12f%° =—fQ— f3— [i=Bf5+ fi— f5— f6+ fT
12f%2 =—fO— fi— fi+ [5-5f3— f3— f6+ fT
—12f%% =—f8— fi— fI+ fi4+ f245f5— f6+ fT
12f00 =—f8— fi— [i+ f3+ fo— 34505+ f]
12f" =—f0— fi— fi+ fi+ffa— f3— fO—5fT
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—12f9T =5f0+ fi— fi- fi+ fi+ f2- fi- S5
1210 =—f2-5f5— fi— fi+ fat+ f2— f7— /o
—12f2% =—f2+ fo45f3— fi+ fit fi- fI- /0
—12f% == f24 fo— [EH5fI+ fi+ 2 fP- ]
124 =—f2+ fi— f2— fi-5fi+ f2— fi— f§
1252 =— 2+ fo— f2— fi+ f5-5f3— fi— f§
—12f° =—f7+ fo— fi- fi+ fit+ F2A5f0- f]
12f 70— f24+ fo— f3— fi+ fi+ f2— fP45f5
PROOF. We get systems of linear equations (4.5.90), (4.5.91), (4.5.92), (4.5.93),
)

(4.5.94), (4.5.95), (4.5.96), (4.5.97) as the product of matrices in equation (4.5.74).
(]
I

(4.5.97)

To find the linear mapping corresponding to the operation of conjugation,
will assume

(4.5.98) =1 fi=fi=fi=fi=f==H=-1
Substituting (4.5.98) in the system of equations (4.5.90), we get

(4599) f fll f22 f33 f44 f55 f66 f77 _ _ -
Therefore,

(4.5.100) % = —%(z F(i2)i + (52)) + (=) + ((60)2)(0l) + (G1)2)GL) + (k) 2) (kL))
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AnHOTALMSA. [l/1s1 IPpON3BOIBLHOM yHUBEPCAJILHON aaredpbl, B KOTOPOii ompe-
JleJIeHa Ollepalus CJIOXKEHUs, s u3ydaro OMKOJIBIO MaTpull orodparkenuit. Cym-
Ma MaTpUIL[ OIpeJesieHa CyMMOR B aarebpe, a IPOU3BEIEHNE MaTPHUIL OIpee-
JIEHO Tipom3BesieHneM oTobpaxkenuit. Cucrema aJIUTUBHBIX YPABHEHUHA - 9TO
crucTeMa ypaBHEHU, MaTpUIla KOTOPOIl SIBJIsIeTCsT MaTpuiia orobparkennii. Pac-
CMOTPEHBI METOJbI PEIIeHUsl CUCTEMBbl aJJJUTUBHBIX ypaBHeHuii. B kadecTse
puMepa [IPUBEIEHO PEIIeHNEe CUCTEMBI JINHEHHBIX YPaBHEHUI HaJ| II0JIEM KOM-
IUIEKCHBIX YHCEJI [IPU yCJIOBUU, UYTO yPABHEHUs COMIEPXKAT HEU3BECTHBIEC BEJIV-
YUHBI U BEJIMYIUHBI, COIPSIKEHHBIE HM.

Jluneitabie oTobparkeHusi ajaredpbl HaJ KOMMYTATUBHBIM KOJIBIIOM COXpPa-
HSIOT ONEPAIUIO CIOXKEHHS B ajredpe W yMHOYXKEHHE SJIEMEHTOB aJrebpbl Ha
3JIEMEHTBI KOJIbIa. MHOXKeCTBO JIMHEHHBIX IpeobpaszoBaHuii aarebpor A mo-
POYKJIEHO TIpEJICTaBJIEHNEM TEH30pHOro npousseenns A ® A B anrebpe A.

Pesyabrars! 3TOro ucciaegoBanus 6yayT TOJIE3HBI JJIsi MATEMATUKOB U (hu-
3HUKOB, KOTOPbIE Pa0OTAIOT C PA3JIMYHBIME aJreGpaMu.
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Tnasa 1

ITpenuciaoBue

1.1. IIpeaucioBue K u3ganuio 1

Korma s mpuctynmi K HAIUCAHUIO 9TOI KHUTH, IePBOHAYAJbHAS 3a/a49a ObLIa
JIOBOJIHO IIPOCTOM. $1 cobupasics mepenucarh COAECPXKUMOE KHUTH [5], MCHOJIb3Ysi
arnmapat mMarpur oroopaxkenuit ([8]). Oxrako, MHE OKA3aJI0Ch CTPAHHBIM OTDaHU-
qUBaTh ce0s PACCMOTPEHHEM TeJIa, KOrJa s IOHUMAJI, 9TO MHOTUE Pe3yJIbTaThl Oy Iy T
BEPHBI 15T ACCOIMATUBHON ajreOphl, 8 9TO-TO COXPAHUTCS B CIy9ae HeaCCOINaTUB-
HO# asreOpbl. Pe3ysibrarsr 91010 MCcieqoBanmns OYIYT MOJIE3HBL JJisi MATEMATHKOB
7 HU3UKOB, KOTOPhIE PAOOTAIOT C PA3IUIHBIMU AJIredpaMu, HeoOS3aTeIbHO ACCOTIH-
ATUBHBIMU.

Korma s 3anucas cucreMy JINHEHHBIX YPaBHEHU, NCIOJIB3Ys MATPHUIBI OTOOPa-
JKEHUil, s IMOHSAJ, YTO B MOUX PyKaxX OKa3aJiCsd MHCTPYMEHT Oojiee MOIIHBIN, YeM s
BHavaJIe npeanoarai. [Ipu udydeHnn cucreM JIMHEHHBIX YPABHEHUI MBI PACCMAT-
pUBaeM YMHOXKEHUE HEHU3BECTHON BEJIMYMHBI, TPUHAJIEYKAINEH KOJIBILY WU BEK-
TOPHOMY IIPOCTPAHCTBY, HA CKAJISP U3 COOTBETCTBYIOMIErO KOjibia. OMHAKO S MOTY
[IPE/IIIOJIOXKUTD, YTO HEN3BECTHAS BEJIMYNHA IIPUHA/JIE’XKAT HEKOTOPOil YHIBEPCAJIb-
HOIl aJsirebpe, MMeIONIEil OIepAINIO CJIOXKEeHMsA. BMecTo yMHOXKEHHUs Ha CKAaJIAD s
paccMaTpuBa0 HEKOTOPOe OTODparkeHre yHUBepCaabHOI ajareOpnl. Tak BO3HUKIIA
Teopus aJUTUBHBIX YPAaBHEHUIl, KOTOPas BO MHOI'OM IIOXOXKa Ha TEOPHUIO JIMHEN-
HBIX YPaBHEHUI.

B kadecrBe nprumMepa npuMeHeHNs] HOBBIX METOJ/OB IIPUBEJIEHO PEIlleHNe CUCTe-
MBI JINHEHHBIX YPaBHEHUN HAJI [10JIEM KOMIIJIEKCHBIX YUCEJI IIPU YCJIOBUH, YTO yPaB-
HEHUs COJIEP2KAT HEM3BECTHDBIE BEJINYNHBI U BEJIMYUHBI, COIPsAKEHHBIE NM. Perrenne
IOI0OHOI cUCTEeMbl ypaBHEHMIT TOIPOOHO PACCMOTPEHO B ipuMepe 2.5.5. Bes comme-
HU#, [ONBITKA DEIIUThL cucreMy ypasHenuii (2.5.20), 1m0Jb3yaCh OIPEIeUTesIeM,
3a/1a4a HEeIIPOCTA.

Ilepexonsa K paccMoTpeHUIo aaredp, st 00paTua BHUMAHNAE, YTO OOBITHO aJred-
DY OIPEJENISIOT HaJl HOJeM. DTO BUAUMO HEOOXOINMO, TaK Kak ajrebpa sBJIseTcs
BEKTOPHBIM TPOCTpaHcTBOM. OHAKO € TOYKU 3PEHUs TeX MOCTPOEHUil, YTO MEHsI
WHTEPECYIOT, JJIst MEHsI HECYIIIECTBEHHO SBJISICTCS JIU aredpa BEKTOPHBIM IIPOCTPAH-
CTBOM HAJT TOJIEM WJIA CBOOOHBIM MOJYJIEM HaJl KOMMYTATHBHBIM KOJIBIIOM. ¥0e-
JIUBIIICH, YTO CYIIECTBYET HCCJIE0OBaHNE ajaredp HaJl KOJIBIIOM, s el padboraThb
¢ asrebpaMu HaJ KOMMYTATUBHBIM KOJIBIO IIPU YCJIOBHH, YTO B CJIydae HEOOXOIH-
MOCTHU s OyIy 0oc/IabIsATh TPEOOBAHUS.

Ha anrebpe cymectByer JiBe ajrebpamdeckne cTpyKTypbl. Eciinm MbI paccmat-
puBaeM ajredpy Kak KOJIBIO, TO P OTOOPAXKEHUU OTHOU AJreOphbl B APYTYIO MbI
paccMaTpuBaeM roOMOMOpP(MU3MBI KOJbIA. Kcan Mbl paccMaTpuBaeM aaredbpy Kak
MO/LyJIb Ha/T KOJIBIIOM, TO IIPH OTOOPaKeHNH OJIHOIT ajiredpbl B APYTYIO MBI paccMaT-
puBaeMm JHeiHbIe 0TOOpakenusi. OUeBUIHO, UITO ecyin ajarebpa UMeeT eJIMHHUILY, TO
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roMOMOpPMU3M aJIreOPhl ABJIAETCA JIMHEHHBIM OTOOpazkenuem. MeHsT B OCHOBHOM
MHTEPECYIOT JUHEHHBIE 0TOOPAXKEHUs AreOPHI.

C Toro MomMeHTa, KakK s pacCMOTPeJ TeH30pHOe Ipou3BeieHne Teut (pasien [5]-
12.2), MeHsI He OCTABJISIIIO OIILYIEHNE, UTO JMHEHHOE 0TOOPaKEHNE B TeJIe BBIPAYKEHO
TEH30POM BaJIeHTHOCTHU 2. B ToXKe BpeMst ObLIO HEIOHATHO, KAKUM 00PA30M TEH30D
BAJICHTHOCTH 2 OMUCHIBAET JTUHEHHOE 0TOOPasKeHUe, XOTsI JIJIsl OTPEJIJICHUs TEH30Pa
BaJICHTHOCTHU 2 MHE HY?KHO OHJIMHEIHOe 0TOOparKeHue.

Crpykrypa Moyss JuHeiHbIX oroOparkenuit L(A; A) onpemeseHa HEKOMMY-
TaTUBHOCTBIO Ipomu3BeieHus B anrebpe A. Kak TosibKO 1pousBejieHre CTAHOBUTCS
KOMMYTATHBHBIM sI MOT'Y BMECTO BbIpakeHusi axb 3ammcarsb BbIpakenne abr u s
YBUKY TE€H30D BaJEHTHOCTU 1 TaMm, e BHaYase ObLI TeH30D BAJEHTHOCTH 2.

Anrebpa A ® A - ogenb unrepecuas ajredbpa. PopMabHO MHE CJIEJIOBAJIO ObI
nucarb A @ A*, rie A* - nporuBonosioxkuas ajredpa. OIHAKO 3TO TPUBEJIO ObI K
HEKOTOPBIM ITPOOJIeMaM B 3aIlUCH JIeHCTBUS

(1.1.1) (a®b)ox=arb

nbO CTAHOBUTCS HESICHO C KAKOW CTOPOHBI ciefyer mucarh b. OupemesieHne yMHO-
JKEHUS
(a®b)o(c®d) = (ac) ® (db)
103BoJIsIET cOXpannTh 3armch (1.1.1). TTosromy st npeanoués ocraBuTh 06O3HAUEHNE
A®A.
Ecmu anrebpa A saBisgercst ¢cBOOOJHON KOHEYHO MEPHOI acCOMUATHBHON ajre6-
poii, To 6asuc npeacrasiaerns aaredpsl A @ A B moxyse L(A; A) KoHeYeH 1 O3BO-
JIsieT OIMCATh BCe JIMHElHble 0OTODpaskeHus ajredpbr A.

Mapr, 2010

1.2. IlpeaucioBue K U3aHUIO 2

Bcekope mocsie Toro Kak st omy0IuKoBaJI n3anue 1, s mpodauTas MHeHne Tpodec-
copa Baesa (|10]) rae on paccyzkaas Ha TeMy O posu 6JI0Ta B Cpejie MaTeMATHKOB. B
YaCTHOCTH, Baes mopekoMeH10BaJI HOCeTUTh caiiT http://www.ncatlab.org/nlab/show/0Online+Resources.
To gro s yBUAEN Ha ITON CAWT TPEB3OIILIO MOU OYKUTAHUA.

4 mpoBén memasio BpeMeHH, UTOOBI MOHATH, KaKue MpobJIeMbl B MaTeMATUKE
MHTEPECYIOT JIoJIell, co3JaBmuxX 3Ty caift. ¢l obparmy BHUMaHHe, YTO B CTATbe
MTOCBAIIEHHO ()-TpyIIIie pAaCCMATPUBAETCS KOHCTPYKIIUS, T000HAsT KOHCTPYKIUH,
PACCMOTPEHHOI y MeHsI B rjiase 2.

Tepymun Q-rpynma cymecTByeT TOJbKO Ha 3Toii cailt. Ha ccbuikax, KoTopbie
s UMEI0, Pedb UJIET O TPYIIE ¢ OMEePATOPAMU, YTO COOTBETCTBYET IIPEICTABICHUIO
Q-anrebpbl B rpymie (0ObIMHO 3anmmuchiBaeMoil aimuTueHo). [losToMy s permmi He
MEHSATH TEPMHUHOJIOTHIO B 3T0i KHure. OJHAKO 51 BEPHYCH K 9TON TeMe TO3Ke.

Memns 3amHTEpECOBaIA BO3MOKHOCTD PACCMATPUBATH HEKOMMYTATUBHOE CJIOZKE-
nue. Ho g BeTpernst mpobyieMy onpeie/inTh MHOYXKECTBO &J[INTUBHBIX OTOOPasKeHUH.
¢l Takzke HAZEIOCHh BEPHYTHCA K 3TON TEMe.

Agrycr, 2010

1.3. Cornaimnenust

(1) ®yukuug u orobpazkenue - cuHoHUMbI. OHAKO CYIIECTBYET TPaUIHs
COOTBETCTBHUE MEXKJy KOJbIAMU WJIN BEKTOPHBIMU IIPOCTPAHCTBAMH Ha-
3bIBATh OTOOpaKeHNeM, & 0TOOparKeHUe T0JIs JefICTBUTEIbHBIX YHCeJI NN


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#section.Russian.12.2
http://www.ncatlab.org/nlab/show/Online+Resources
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areOpbl KBATEPHUOHOB Ha3bIBaTh (byHKIHEH. 4 Toxe ciemyio 3Toit Tpa-
JUIWN, XOTsI BCTPEIAETCS TEKCT, B KOTOPOM HESICHO, KAKOMY T€PMUHY HAJI0
OT/ATDH IIPE/ITOYTEHNUE.
B s1060M BhIpazKeHUN, I1e MOSABJIAETCS UHIEKC, 5 IIPEJII0Iarai, YTo 3TOT
MHJIEKC MOXKET UMEeTh BHYTPEHHIOI0 CTPYKTypy. Hampumep, nmpu paccMoT-
pennu anre6pnl A xoopaunaTel @ € A OTHOCHTEIbHO Ga3Uca € HPOMyMe-
POBaHBI MHACKCOM . DTO O3HAYAET, UTO @ siBJIAeTCst BeKTopoM. OmHAaKO,
€CJIU @ SBJIeTCS MAaTPUIleil, HaM HeOOXOIMMO JIBa MHIEKCA, OJINH HyMepyeT
CTPOKH, JIPYTOii - cTOJIONBL. B TOM citydae, KOTJia Mbl yTOIHSIEM CTPYKTY-
Py MH/EKCa, MbI Oy/1eM HAaYMHATH UHJEKC C CUMBOJIA - B COOTBETCTBYIOIIEH
nosurmu. Hampumep, ecyin 1 paccMaTpuBaiO MaTPUILY az- KaK 9JIEMEHT BEK-
TOPHOTO IIPOCTPAHCTBA, TO si MOTY 3aIIUCATD JIEMEHT MATPHUIILI B BUJIE a'z-.
Ilycts A - cBobosHAsST KOHEUHO MepHas ajrebpa. [lpu pasnoxenun 3Jie-
MeHTa ajrebpbl A oTHOcHTe bHO Gazuca € Mbl IOJIb3yeMcs OJHOM U Toift
JKe KOPHEBOI OyKBOil jiJist 0003HAYMEHMST 9TOTO SJIEMEHTA U €r0 KOODJIUHAT.
Opnako B ajrebpe He MPUHATO WCIOJIb30BATH BEKTOPHBIE 0OO3HATEHUSI.
B BrIpazkennn a? He [CHO - 3TO KOMIIOHEHTA PA3/IOKEHHs 3JEMEHTa a
OTHOCHUTEJILHO 0Oa3uca UJIu 3TO ONepalls BO3BEIEHUs B cTerneHb. st 00-
JIEr'YeHUsI YTEHUs TEKCTa MbI Oy/IeM MHJEKC dJIeMEeHTa ajareOpbl BhLIEIATH
nsetrom. Hampumep,

a = aié,,;
Ecmu cBobonnas koHeuHOMEpHast ajaredpa MMeeT eIUHUILYy, TO Mbl OyeM
OTOXKJIECTBJIATH BEKTOP Oasnca €y ¢ eTuHUIeil aaredpol.
Eciu B HekoTOpoM BbIpakeHUH UCIIO0JIB3YETCs HECKOJIBKO OIlepaliuii, cpen
KOTOPBIX €CTh OIlE€PAaIUd O, TO IPEJIIOJAraeTCs, YTO OIEePAIUs O BBIIOJ-
Hsiercs repsoii. Huzke npuBenen nmpumMep 9KBUBAJICHTHBIX BBIPAYKCHMIA.

foxy= f(x)y
fol(zy) = f(xy)
fox+y=f(z)+y

folz+y)=flz+y)

Bes comuenus, y anraresis MOUX cTaTeil MOTYT OBITh BOITPOCHI, 3aMEYaHUsI,
Bo3pakeHusi. #l Oy/ry nmpusHATEsIEH JIIOOOMY OT3bBIBY.






T'nasa 2

Marpuiia orobpakeHunii

2.1. IIpousBejsienue oTobpakeHmnii

Ha muo>)kecTBe 0TOOparkenmit

fiA—-A
OIIPEJIEIEHO TIPOU3BEIEHIE COIVIACHO ITPABUILY
(2.1.1) fog=1f(9)
PagencTso
fog=gof
CIPaBEJINBO TOTJIA U TOJBKO TOTJIA, KOIJIA JUarpaMa
f
A—A
f
A—A
KOMMYTaTHBHA.
g a € A, cymecrByer oToOpazkeHme
(2.1.2) fa(x) =a

Ecmu mbr 6ynem ob6o3navuaTs orobpakenue f, OyKBOil a, TO ONUpasich HA PABEHCTBO
(2.1.1), monoxkum

(2.1.3) foa= f(a)

Ecmu A - Q-anrebpa, B KOTOPOI OlipejiesieHa oneparys Yy MHOKEHHsT, TO SJIeMEHT
a € A Tak e MOXKET CJIyKUTh JIijisi 0003HAUEHUsT OlePaIii JIEBOrO CJIBUra

(2.1.4) aob=ab

Bammce (2.1.4) me nporuopeunt 3amucu (2.1.3). OHAKO HAJO TOMHHUTD, UTO IIPO-
ussesienne (f oa)ob, a, b € A, HeaccoMaTUBHO, TAK KaK

(fea)ob=f(a)b [fo(aocd)= f(ab)
2.2. BukoabIiio MaTpuil oTobparkeHuii

ITycrs A - Q-asrebpa (|2, 11]), B KoTOpOIi OnpeesieHa onepanust caozkerust. Mot
Oy/1eM IIpe/IoiaraTh, 4To aaredpa A spJisercs TPyIIIoi 10 OTHONIEHHIO K OIlePallii
CJIOZKEeHUs.
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IMycrs A(A) muO)eCcTBO 0TOOpazkenuii Q-anrebpor A. Mbl Moxkem 0ToOpa3uTh
onepaiuio ciaoxkenus B 2-ajirebpe A ma muoxkecrso A(A) corsiacHO paBuILy

(2.2.1) (f+g)oca=foa+goa
(2.2.2) (=flea=—(foa)
(2.2.3) Doa=0

Pasencrso (2.2.1) siBasieTcsl BhIpaYKEHUEM 3aKOHA JUCTPUOYTUBHOCTH MPOU3BEIe-
Hust oTobpazkenuii ciaesa. [losTomy ecrecTBeHHO TOTPEOOBATH, YTOOBI IPOU3BEICHUE
OBLIO MUCTPUOYTUBHO CIIPaBa,

(2.2.4) fo(a+b)=foa+ fob

B cekium 2.3 mMbr yBuuM, 90 910 TpeboBanue cyiectBenHo. CireoBaTeIbH0, MHO-
xkecTBO A(A) sBJISIETCS MHOYKECTBOM I'OMOMOP(MU3MOB Ipymiibl A.

Mbpr Tpebyem, arobbl MuOKeCTBO A(A) ObLIO 3aMKHYTO OTHOCUTEJLHO Ollepa-
Uil CJIOYKEHWsS U MPOU3BEJICHUS OTOOPAXKEHUIA.

Teopema 2.2.1. /[aa aw6oz0 omobpasicenus g € A(A) cnpasedausn pasencmea

(2.2.5) Oog=20
(2.2.6) (=f)eg=—(foy)
JIOKABATEJIBCTBO. U3 pasencrsa (2.2.3) cuaemyer
(2.2.7) (0og)oa=00(goa)=0
Pasencrso (2.2.5) caemnyer u3 pasencrsa (2.2.7). 3 pasencrsa (2.2.1) caemyer
(2.2.8) fog+(=fleg=(f+(=f))og=00g=0
Pasencrso (2.2.6) caeiyer n3 pasencrsa (2.2.8). O

3ameuanue 2.2.2. Eciu cymmMa HEKOMMyTaTHBHA, TO TPeOOBaHME 3aMKHYTOCTU
muokecTBa A(A) OTHOCHTEIBHO OLEPAINH CIIOZKEHNST MOXKET OKa3aThCsl CJIUIITKOM
crporuM. PaccMoTpum BbIpazkeHne

(f+g)o(a+d)=fo(a+b)+go(a+b)=foa+ fob+goatgob
Tak kak, BooOIIE TOBOPSI,
fob+goa#goa+ fob
TO MBI HE MOYKEM YTBEPXKJIATH, 4TO
(f+g)olat+b)=fola+b)+go(atbd)
B masmbmeiiimem Tekcre Mbl OyeM IperioaraTb, 9TO CJIOXKEHHE KOMMYTATHBHO.

Tem He MeHee Bce IIOCTpOEHNUS B 3TOU I'J1aBe MbI 6y,£L€M BBIIIOJIHATH TaK, KaK MbI 3TO
JieJiaJin OBl B CJIydae HEKOMMYTaTHUBHOI'O CJIOZKEHUA. ]

PaccmoTpuM MHOZXKECTBO MaTpul, OTOOParKeHU, TEMEHTH KOTOPBIX SIBJIsI-
1orcst orobpazkernsivmu f € A(A) . CornacHo onpeienenuto [5]-2.2.1, Mbl onipejenm
o -IIPOU3BE/IEHNE MAaTPUIl OTOOparKeHuin

[0 =

[e] a J— a C
bo C)b - bc O Cp


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.2.2.1
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Cortacuo onpegesenuio [5]-2.2.2, Mbl onpeiesium © ,-IIPOU3BeIeHIE MAaTPUILL OTOG-
packenuii

2210 { e = o
Teopema 2.2.3. IIpouseederue npeobpasosanud mnoscecmea A accoyuamueho.>
JOKABATEJIBCTBO. PaccMorpum oToOparkeHust
fiA=>A g:A—>A h:A—= A
VrBep:KIeHe TeOPEMbI CJIEYET U3 MEMOYKN PABEHCTB
((feg)oh)ox = (fog)o(hox)=fo(go(hox))
=fo(lgoh)ox)=(fo(goh))ox
O

Teopema 2.2.4. Mnoowcecmeo A(A) Asaaemcs kosvuom.

JIOKA3BATEJIBCTBO. A(A) - abeseBa rpyina OTHOCUTEJIHLHO ONEPAIUH CJIOZKE-
uust. Cormacuo Teopeme 2.2.3, A(A) - nosyrpyia OTHOCUTENBHO yMHOXKeHnsT. Tak
kak [ € A(A) - romomopdusm abenesoit rpymubst A, To st mo6oro a € A

(fo(h+g))oa=fo((h+g)oa)=fo((hoa+goa)
—(foh)oa+(fog)oa=(foh+fog)oa

U3 pasencrsa (2.2.11) caeayer 3akoH aucTpuby THBHOCTH

fo(h+g)=foh+foyg

(2.2.11)

O

Orobpazxenus, npunajexamue Koiubily A(A), Mbl Tak:ke OyjaeM Ha3bIBATH
A(A)-oTrobparkeHusIMHU.

Teopema 2.2.5. ,°-npoussedenue mampuy, A(A)-omobpasiceruii asanemesn mam-
puuet A(A)-omobpasicenud.

JIOKABATEJIbCTBO. YTBepzKJIeHUEe TEOPEMbl cieiyer u3 ypasaenus (2.2.9) u
yTBEpK/JIeHus, 9To cyMMma u upousseienue A(A)-orobparkenuii ssisgercs A(A)-
OTOOPaAKEHHEM. O

Teopema 2.2.6. IIpoussederue mampuy, A(A)-omobpasicernuti accoyuamusno.

JOKABATEJIBCTBO. YTBepXKIeHUE TEOPEMBI CJIeIyeT U3 MEIMOYKNA PABEHCTB
(fo°g)eh = ((fa09)y o bh) = (S o g7 o ]
= (S0 (g o)) = (fiu o (90
= fo°(g:"M)

2'1YTBep>K,ueHHe TeopeMbl OCHOBAHO Ha IpUMepe MoJryrpymnns u3 [3], ¢. 20, 21.


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.2.2.2
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2.3. KBaszugerepMUHAHT MATPUIIbI OTOOparkKeHuii

Teopema 2.3.1. IIpednoaosicum, wmo n X n mampuya A(A)-omobpasicenud a
umeem o°-o6pamuyio mampuuy’>

(2.3.1) a’a" e’ =§

Tozda k X k Mmunop o°-00pammnot mampuyvs YoosAEMBOPAEM CACOYHUEMY PABEH-
CMBY, NPU YCAOBUU, HMO PACCMAMPUBALEMBLE OOPATNHBLE MAMPULDL CYULECTNGYIOM,

— o _100 o J _100 o J
e () e () e

JTOKA3ATENBLCTBO. Omupenenenne (2.3.1) ,°-06paTHO# MATPHIBI IPUBOJUT K
cucTeMe JIMHEHHBIX ypaBHEHUN

Jl oy —1.°4\[1 J) o/ —1,°

(233) a{[]]o (a 1 )B] a[] ]o (a 1 )g 0
o - oo 1 () — OO

(234) a{]]o ((L ! )[I] (l{o ((L ! )g d

—1,°
Mbr ymuoxum (2.3.3) Ha (CLHD

o 7100 o
(2.3.5) (@) + (affl) 7 el @ =0
Tenepb Mbl MOXKeM 10ACTaBUTH (2.3.5) B (2.3.4)
J oo (N o 1) op —1.041 J o(,—1,°\I
(2.3.6) — ajpjo (am) ofay o(a” 0 ) tago(aT e ) =14
(2.3.2) caenyer uz (2.3.6). O

CaencrBue 2.3.2. [Ipednosooicum, wmo n X n mampuua A(A)-omobpasiceruti a
umeem °-obpamnyro mampuyy. Tozda saemernmos o°-06pamHott mampuyv, ydosie-
MBOPAIOM PLEEHCTNEY

SN g o (T e )
(2.3.7) (’Ha )i = —ap)o (%‘]) o a; + ay

O

Omnpenenenne 2.3.3. (f )-o°-KBa3UAETEPMUHAHT 7. X 1 MATPUIBL @ - IT0 POP-
MaJIbHOE BBIPAYKEHUE
(2.3.8) det (a, .°)! = (Ha*1°°)j

.O. 50 )4 i
Cormacro sameuanmio [5]-2.1.2 Mbr Moskem pacemarpuBath (8)-o°-KBasumeTepMu-
HAHT Kak 3jieMeHT MaTpulpl det (a,,°) , KOTOpyio Mbl Oy/IeM Ha3bIBATH o -KBa3WU-

JeTEPMUHAHTOM. O
Teopema 2.3.4. Buipasicerue 0aa aNeMenmos o° -00pammoti Mampuub, UMEEM U0
(2.3.9) a"t" = Hdet (a,,°)

JIOKABATENIBCTBO. (2.3.9) cienyer u3 (2.3.8). O

22310 YTBEPKJIEHNE U €ro JOKa3aTeJIbCTBO OCHOBaHBI Ha yTeepKiaenmn 1.2.1 m3 [4] (page 8)
IJIS MATPUIL HAJT CBOOOIHBIM KOJIBIIOM C JIEJICHUEM.


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.2.1.2
http://arxiv.org/PS_cache/math/pdf/0208/0208146.pdf#Page=8
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Teopema 2.3.5. Bupasicenue oaa (§f)-o° -k6a3udemepmunanma umeem mobyio u3
caedyrowux dopm

. _ o\ —16° .
2.3.10 det (a,,°)! = —al0° ol Lalll gl
i lil [ @ i
2.3.11 det (a, o° I = gl °H det am,oo Lalll 4 gf
i lil [4] a i
JIOKA3ATEJILCTBO. YTBepK/jeHue ciaeayer u3 (2.3.7) n (2.3.8). O

Ounpenenenne 2.3.6. Eciu g orobpaxenus f € A(A) u3 cymecrsoBanus 06-
paTHoro orobpaskerna f ' cremyer ft € A(A), To koo A(A) orobpaskemrmit
HA3BIBACTCH KBA3U3aMKHY ThIM. O

Teopema 2.3.7. ITyemv A(A) - keazusamrrymoe xoavyo omobpasrcenuts Q-an-
2eopor A. ITycmo a - mampuya  A(A)-omobpasicerud. Toeda mampuyw det (a, o°)
wa=t" asamomes mampuvamu  A(A)-omobpasicenudi.

JIOKABATEJ/IBCTBO. MBI IOKazKeM TeOpeMy WHLyKIIUeH 10 TTOPSIIKY MATPHIILL.
ITpu n = 1 u3 pasencrsa (2.3.10) ciaexyer

det (a, oo)} =aj
CureioBaTe/ibHO, KBa3UIETEPMUHAHT siBjigercs marpuneil A(A)-orobpazkennii. 113
ompeJiesienus 2.3.6 ciaemyer, 9TO MaTPUIIA a1 gpnserca marpuneii A(A)-orob6-
paKeHuii.

[Iycte yTBepkmenue reopembl Bepro i n — 1. Ilycts a - n x n marpurma. Co-

(o]

,100
IJIACHO IIPEJIITOJIOYKEHNIO UH/TYKITUN, MaTPHUIIA (a[a]) B paBeHcTse (2.3.10) siB-

asiercst marpureii A(A)-orobpazkennii. CiiesoBaTesbHO, (§)-o°-KBa3H€TEPMUHAHT
apisiercs  A(A)-orobpazkenunem. V3 onpenenenns 2.3.6 u Teopemsr 2.3.4 ciegyer,

gTo MaTpuna a” o gpigerca marpureit A(A)-oTobparKkenuii. O

Oupenestenne 2.3.8. Ecim nxn marpuna a A(A)-orobpazkenuii umeer ,°-o6pat-
HYIO MATPHUILY, MBI Oy/IeM Ha3bIBATh MATPHUILY G -°-HEBBIPOXKIEHHOI MaTpuiieit
A(A)-orobpazkenuii. B nporusnoM ciydae, Mbl OyjieM HA3BIBATH TAKYIO MATPHILY
o°-BbIpOXKAeHHOU Marpuneil A(A)-orobparkeHuii. O

2.4. Cucrema agauTUBHBIX ypPaBHEHUNA

ITycrs A(A) - kBa3su3aMKHYTOE KOJIBIO 0TOOpazkenuii (d-anrebper A. Cucrema
ypaBHEHUNI

x! bt

(2.4.1) S IV I

n bn

rue a - marpuna A(A)-orobparkenuii, Ha3bIBAETCA CUCTEMOU aIAUTUBHBIX YPAaB-

Henwnii. CucreMy ajiuTuBHBIX ypasHeHuii (2.4.1) MOXKHO 3aI1MCaTh TAKKE B BUJIE

atox! + ... + aloaz™ = b

atoxt + .. + a%oz"™ = b
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Onpenenenune 2.4.1. Ilpeanosoxkum, 910 @ - o°-HEBBIPOXKIeHHAS MaTpura. Mbr
OyJieM Ha3BIBATH COOTBETCTBYIOILYIO CUCTEMY aJJIMTUBHLIX ypasHenuil (2.4.1) o°-
HEBBIPOXKJIEHHOM CUCTEMOU aJJTUTUBHBIX yPaBHEHUIA. O

Teopema 2.4.2. Pewenue nesviposcdennoti cucmemve  A(A)-ypasrnenuts (2.4.1)
onpedeserno 00H03HAYHO U MOIHCEM DLIMb 3aNUCAHO 6 A1000T U3 cAedYIOUUT HOPM

(2.4.2) z=a""".%
(2.4.3) x =Hdet(a,o°)°b

JIOKABATEJILCTBO. YMHOXkKasi 06e uacTi paseHcTsa (2.4.1) ciaesa ma a~ 1o,
MBI ostyanm (2.4.2). Tlonbaysicsk onpeenenneM (2.3.8), mMbl nosyanM (2.4.3). O

IIpumep 2.4.3. Cornacuo onpegeienuto [5]-4.1.4 adbdexrusnoe Tx-npeacrasiie-
mne Teqa D B abesesoit rpymme V mopoxgaeT Teto otobpaxkenmit D(xV). O6pas
T € V upu orobpaykennu a € D(xV) onpeie/iéH COrIaCHO TPABHITY

a0V = av
IIpoussenenne orobpazkenuii a, b € D(*V) OITPEJIETIEH COTJIACHO TTPABUITY
aob=ab

Cucrema a/ITUTUBHBIX yPABHEHUII B 9TOM CJIydae SBJISETCs CUCTEMOI . * D-jHeii-
HBIX ypaBHEHUIA. 1

IIpumep 2.4.4. Cornacuo oupegeienuto [5]-4.1.4 adbdexrusnoe *T-npeacrasiie-
mne Teqa D B abesesoit rpymme V mopoxgaer Teto otobpaxkenmit D(Vx). O6pas
T € V upu orobpazkernu a € D(V*) onpeieiéH COrIacHO TPaBHUITY

aov ="7a

Ipoussenenne orobpazkenuit a, b € D(V ) onpemnesién corsiacHo IpaBuLy
aob=ba

Cucrema a/ITUTUBHBIX yPABHEHUIT B 9TOM CJIydae SBJISETCs CUCcTeMoit D™ -jmHeii-

HBIX ypaBHEHUIA. (I

2.5. Cucrema AOANTUBHDBIX ypaBHeHIflﬁ B I10JI€ KOMIILJIEKCHBIX YHCeJI

Coruacuo Teopeme [6]-5.1.9 auTuBHOE 0TOOPAYKEHNE MOJISI KOMILIEKCHBIX H-
ceJl JIMHEIHO Ha 1 110JIeM JIeiCTBUTENbHBIX unces. PaccMorpum 6asuc eg = 1, e =1
TOJIst KOMILIEKCHBIX THCEJT HaJl OJIeM JIeHCTBUTEIbHBIX 9uces. B 6asuce € ajuTus-
Hoe oTobOpaxkeHue f OIpPeIe/IeHO MaTpUIei

0 fO
(2.5.1) S
fo 1

Corsacuo Teopeme [6]-7.1.1 suueiinoe oTobparkeHue UMeeT MaTPUILY
ao —ay
ai ao

D710 0TOOPaYKEHNE COOTBETCTBYET YMHOXKEHUIO Ha, YUCIO @ = Go + a19. Y TBEPXKJie-
HUE CJIejlyeT U3 PaBeHCTB

(ag + ali)(Io + .Ill) = agxp — a1, —+ (CLOI1 + CL1I0)’L'


http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.1.4
http://arxiv.org/PS_cache/math/pdf/0701/0701238v4.pdf#theorem.Russian.4.1.4
http://arxiv.org/PS_cache/arxiv/pdf/0812/0812.4763v6.pdf#theorem.Russian.5.1.9
http://arxiv.org/PS_cache/arxiv/pdf/0812/0812.4763v6.pdf#theorem.Russian.7.1.1
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ap —a1 Zo apTo — a1T1
ai  ap Ty a1ro + apxy
AnruBHoe 0ToOpazkeHue, HOPOKIACHHOE 0TOOPAYKEHNEM COIPSIZKEHU

loz=72

o 10
0 -1
bo b1
b1 —bo

KOTOpAasl COOTBETCTBYeT peobpasosannio (by +b1i)o I. YTBepKaeHue ciemyer us
pPaBEHCTB

(bo + b1i) (2o + x11) = (bo + b1i)(xo — x14) = bowo + bix1 + (—box1 + b1xo)i

bo b1 o\ _ [boxo+ bixs

bl —bg Xy bl.IO — bo.Il
Teopema 2.5.1. Addumusroe omobpasicerue noas KOMNAEKCHBLT YUCEN UMEEM,
6ud

(2.5.2) f=a+bol
(2.5.3) (a+bol)oz=az+bz

UMEIOT MaTPUILy

JIOKABATEJIBCTBO. Ilycrs orobpazkenue f onpejesneno marpureii (2.5.1). Co-
MOCTABJICHAE MATPUIL, OTOOpaKeHuii [, a, b IPUBOAUT K MATPAYHOMY PABEHCTBY

g f _ [0 —a " bo by _ ao +by —ai+ by
f(% f11 ai  ap b1 —bo a1 +by  ag—bo

(2.5.4) f8 =ao+bo
(2.5.5) U =—a1+b
(2.5.6) fo=ai+b
(2.5.7) fi=ao—bo

W3 pasencts (2.5.4), (2.5.7) caeayer
RS R
= 0

2 2

W3 pasencts (2.5.6), (2.5.5) caeayer

R, R
2 2

ao

ai
[l

B moj1e KOMILIEKCHBIX 91CeT MHOYKECTBO & INTUBHBIX OTOOPAXKEHUI TOPOKIAET
KOJIBIIO, IIOPOXKIEHHOE Ollepalueil yMHOXKEeHHsI Ha KOMILJIEKCHOE UUCJIO U ollepaliuei
COIPAKCHUS.

Teopema 2.5.2. Koavyo omobpasiceruii A(C,C) xeazusamrmnymo.
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JIOKABATEJBCTBO. AuTuBHOE OTOOPasKeHNEe HEBBIPOKJICHHO TOLIA U TOJIb-
KO TOTJa, KOrJa HeBbIpoxkzeHa ero mMarpuna (2.5.1). O6parnas Marpuna Takxke
OIIHNCHIBAET HEKOTOpOe orobpazkeHue. lIponssesenne 3Tux MaTpHI] ABJIAETCS TOXK-

JIECTBEHHBIM TTPe0Opa30BAHUEM. 0
Teopema 2.5.3. IIpoussedenue addumusHur omobparcenut

f=fo+fiol

g=go+giol
umeem 6ud

h=fog=ho+hiol

2de
(2.5.8) ho = fogo + f19:  h1 = fogr + f19,
JOKABATEJILCTBO. HemnocpencrBeHHO# TPOBEPKOIL JIETKO YOEIUTHCsI, ITO
(2.5.9) ITol=1
W3 nenouku paBeHCTB
(2.5.10)
1 0 apg —aq 1 0 1 0 ap ai ap ai
L I R R A N
citesyer
(2.5.11) a=1Ioaol
U3 pasencts (2.5.9), (2.5.11) caenyer
(2.5.12) aol=1oa

U3 pasencts (2.5.9), (2.5.12) caeayer
(fo+ fiol)o(go+giol)
=foo(go+giol)+ fiolo(go+giol)
(2.5.13) =foogo+ foogiol+ frologyg+ frologyiol
=(fogo) + (fog1) oI+ fiogool+ fiog,olol
=(fogo + f191) + (fog1 + f1g0) o 1

Pasencrso (2.5.8) caenyer n3 pasencrsa (2.5.13). O

Teopema 2.5.4. [lycmov addumusroe omobpadicerue nois KOMNAEKCHHT HUCEA

g=gotgiol

ABAAEMNCA 0MOOPadICEHUEM, 00PAMHLM AOIUMUBHOMY 0TOOPAIHCEHUIO
f=fot+fiol

Tozda

(2.5.14) go = o g1 L

Ty~ fofo N Jifi—fofo
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JOKABATEJILCTBO. COrIacHO yTBEPK/IEHUIO T€OPEMbI

(2.5.15) fog=1
U3 pasencts (2.5.8), (2.5.15) caenyer

(2.5.16) fogo + f1g: =1
(2.5.17) f190 + fog1 =0

U3 ypasuenus (2.5.17) caemyer
fi90+ fog1 =0

(2.5.18) go=—Fof17'9:
U3 ypasrenwuii (2.5.16), (2.5.18) caemyer
(2-5~19) - f0707171§1 + f19: =1
(2.5.14) caexyer u3 pasencts (2.5.19), (2.5.18). O
ITpumep 2.5.5. Paccmorpum cucreMy a/IMTUBHBIX yPABHEHMI
2w =1

(2.5.20) { Fhew =

z—3w =1

Cucremy ypasuenuii (2.5.20) HeJIb3sl PEIIATH HOJIb3YsICh OLPEIEIUTEIEM U IPABHU-
aom Kpamepa. 3anumem cucremy ypasaennii (2.5.20) B Buje

z+20low =1
24+ (=3)ow =i

(2.5.22) G 2_03]> o° (Z) = (1)

Haiiném ,°-KBa3uerepMruHAHT MATPHUITHI

1 201
a =
1 =3

(2.5.21)
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Corutacro paBeHcTBY (2.3.10) MBI nMeeM

oy1 o/ [My—10° o [1

det (a,°)} = a} —alyjo°(ah) 7 o al!

= a} ~ajo (@) oat

=1-20l0(=3)"tol
:1—|—§OI

o o° 2
det (a,0°)7 = af — afyo°(af})) ' ool

- o ool
=1-(=3)o(20I) o1
:1+%OI

det (a0 )2:a;_a[12] o(a ) ey
=ay—ajo(a )1
=20l-10(1)""o ( 3)
=3+20l1

det (aaoo)zza%_a[%] O(a ]) e as
=a3—aio(a)  oay
=(=3)—1o0(1)to20rI
=-3—-20]
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Cornacao Teopemam 2.3.4, 2.5.4, ,°-oO0paTHas MATPUIA UMEET BHU/L

(a7")} = (et (a,0°)) " = (14 S0 1)!

22
s3—11 5 3
9 6
=—-——-ol
5 5°
o 3
(a7%7)3 = (det (a,67)]) " = (1+ 50 1)
-1+ 31 3
= =_(-14+=1)
33 (
55—11 5 2
4+6
——4+ -0
5 5
(a71")2 = (det (a,6°)3) "L = (3+201)7}
—3+2I 1
= =—-(3-2I
22-33 5( )
3 2
=—-——-ol
5 5°
(@713 = (det (,69)3) " = (-3 —201)"
3-21 1
= =—(=3+2I
22-33 5( +21)
3 2
=——+4+—-0]
57 5°
9—gof —é—i-gof
1,0 5 5 5 5
T s 2 3 2
———ol ——+4-01
5 5°" T575°
Corutacuo Teopeme 2.4.2 pereHne CUCTeMbI JIATUBHBIX ypasHeHuit (2.5.20) nmeer
BHJ
9 6 4 6
———-ol ——+4-0ol
<z>_ 5 5°° 575° (1)
v §—EOI —§+2OI !
5 5 5 b
9 6 (1 6),
5 5 5 b
3 2 3, 2
— === =41
5 5 5 b
LY
15
e
g—l
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Hermocpe/icTBeHHast TPOBEPKA TOKA3BIBAECT, YTO Mbl HAIIIN PEIEHIE CHCTEMBI yPaB-
HeHuit (2.5.20)

3 .. 1 3 .1 :
(g—2z>+2<g—z>—g+25+(—2+2)z—1



T'nasa 3

Jluneiitnoe oTobparkeHne aJaredpoul

3.1. Monymn

Teopema 3.1.1. Ilycmov xoavuo D umeem eduruyy e. IIpedcmasaerue
(3.1.1) f:D—"A
xoavua D 6 abeaesoti epynne A adpdekTuBHO mozda u moavko moezda, xo2da u3

pasencmsa f(a) =0 caedyem a = 0.

JOKABATEJIBLCTBO. Cymma mpeobpaszoBanuii f u g abeieBoii IpyIIIIbI OIIPe/Ie-
JISIETCsI COTJIACHO TIPABULILY
(f+g)oca=foat+goa

TTosromy, paccmarpuBast pejicraBjienue Kojbia D B abeeBoil rpymme A, MbI 110-
Jraraem
fla+b)ox = f(a)ox+ f(b)ox

IIpousBenenne npeobpaszoBaHuil IPeICTABIECHUS OIIPEJIEJIEHO COTJIACHO IIPABUILY
f(ab) = f(a)o f(b)
Eciu a, b € R mopoXaaoT OHO 1 TO 2Ke IIpeodpa30oBaHue, TO
(3.1.2) fla)yom = f(b)om

st siroboro m € A. U3 pasencra (3.1.2) cienyer, uto a — b OpoxKiaer HyIeBoe
peobpa3oBaHme

fla—b)om=0
DjeMeHT € + a — b mopoxkaaeT Tox1ecTBeHHOe peobpaszoBanue. Ciie10BaTe/bHO,
npejcrasenue [ 3¢p@OEKTUBHO TOrJa U TOJBKO TOTJIA, Koraa a = b. O

Omnpenenenne 3.1.2. [Iycrs D - KOMMyTATUBHOE KOJIBIIO. A - MOAYJIH HAA KOJIb-
mom D, eciim A - abeyieBa Tpynma u onpeeseHo 3hMOEKTUBHOE MPEJICTABICHAE
koJibiia D B abenesoii rpymme A. O

Onpenenenune 3.1.3. A - cBOGOAHBIN MOIYJIb HAJ KOJbIIOM D, eciiu A nmeer
6asuc za Kosbrnom D21 O

Cuietyroree orpeie/ieHue siBJISeTcs CaeIcTBreM onpejesennit 3.1.2 u [7]-2.2.2.

Omnpenenenne 3.1.4. Ilycrs A; - momyns magt koabiom Ry. Ilycrs As - moaynn
HaJT KOJIbIoM Ro. Mopdusm

(f:R1 — Ra,g: A1 — Ag)

3-1¢] cremyio onpegenenmio s [1], c. 103.

21


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.2.2
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npejcraBieHns Koablia Ry B abesieBoii rpymme A; B npejcrasiieHre KoJbia Re B
abeJieBoit rpynme As HazbIBaeTCs JUHEMHBIM OoTOOparkenueM Ri-momyist A; B
Ro-momynb As. O
Teopema 3.1.5. Jlunetinoe omobpasicerue

(fZR1—>R2,gZA1—>A2)

Ry-modyasn Ay 6 Ro-modyas As ydosaemeopsem paserncmeam’ >
(3.1.3) go(a+b)=goa+gobd
(3.1.4) go(pa) =(fop)(goa)
(3.1.5) folpa) =(fop)(feq)

a,bEAl p,q€R1

JIOKABATEJIBCTBO. U3 oupenenennii 3.1.4 u [7]-2.2.2 ciaenyer, uro

e orobpazkenue f aBjgercs roMoMopdu3aMoM Koyblia Ry B KoJbio Re (pa-
BeHCTBO (3.1.5))

e oroOpazkeHue ¢ siBJsieTcss ToMoMopdu3MoM abesieBoil rpyunbsl A; B abe-
aeBy rpyuny As (pasencrso (3.1.3))

Pasencrso (3.1.4) caenyer u3 pasencrsa [7]-(2.2.3). O
Coruacuo Teopewme [7]-2.2.18 npu usyueHnn JUHEHHBIX OTOOPAKEHNUIT, HE HADY-

mrast OOIITHOCTH, MBI MOXKeM IoJiarath [y = Ra.
Omnpenenenne 3.1.6. Ilycrs A1 u As - moaynu najt Koabiom D. Mopdusm

g: Al — A2
npejicraBjieHust Kojbla D B abejieBoii rpymie A B mpejcrasBieHue Kojbia D B
abejieBoil rpyiie As Ha3blBaeTCs JUHEMHBIM oTOOparkeHuem D-momynsa A, B
D-monynb As. O
Teopema 3.1.7. Jlunetinoe omobpasicenue

g: Al — A2

D-modyns Ay 6 D-modysv As ydosaemeopsem pasencmeanm’>

(3.1.6) go(a+b)=goa+gob
(3.1.7) go(pa) =p(goa)

3'2Hpe/1naraeMLIe paBeHCTBa B KH&CCH‘{GCKOﬁ 3allUCU UMEIOT BIIOJIHE 3HaKOMbIﬁ BU T
g(a+b) = g(a) +g(b)
g(pa) = f(p)g(a)
f(pg) = f(p)f(a)

a,be A1 p,g€E Ry

33B KﬂaCCH‘{eCKOﬁ 3a1mucu HpI/IBe,E(eHHbIe paBeHCTBa HMEIOT BUJL
g(a+b) = g(a) +g(b)
g(pa) = pg(a)
a,be Ay peD


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.2.2
http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#equation.Russian.2.2.3
http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.2.18
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a,be Ay peD

JTOKA3ATEJILCTBO. U3 onpenenenns 3.1.6 u teopemsr [7]-2.2.18 caemyer, uro
oTobparkeHue g siBjisieTcsi roMoMopdu3MoM abesieBoil rpyIibl A, B abejieBy IpyIiry
Ay (pasencrso (3.1.6)) Pasencrso (3.1.7) cienyer u3 pasencrsa [7]-(2.2.44). O

3.2. Aarebpa Haja KOJIBIIOM

Omnpepenenne 3.2.1. Ilycrs D - komMmyTaruBHOe KOJIbIO. 1lycTh A - MOIY/Ib HAT
kosbriom D.%*4 st 3a1aHHOIO GUIIHHEHHOTO 0TOGPAKEHIsT

f:AxA—= A
MBI OIIPEJIENM [IpousBeieHne B A
(3.2.1) ab = fo(a,b)
A - anrebpa Haz KoJibiiom D, eciiu A - D-mojysib u B A olpejiesieHa omepalust
npoussesiennus (3.2.1). AsnreGpa A* HasbBaercst anreGpoii, MPOTUBOIOJIOXKHOMN
anre6pe A, ecim B Mojyse A oIpeiesIeHo IPOU3BEIEHIE COIIACHO HPABUIIY> "

ba = fo(a,b)

Ecim A gaBisiercst cBobojubIM D-MojtysieM, TO A Ha3bIBaeTCsi CBOGOIHOM ajireb-
poii Haa KoJboM D. O

Bameuanne 3.2.2. Aynrebpa A U NPOTUBOMOJIOXKHAS €if ajaredpa COBIAIAIOT KaK
MO/TYJIH. O

Teopema 3.2.3. I[Ipoussedenue 6 anrzebpe A JucmpubymueHo no OMHOWEHUIO K
CAOIACEHUIO.

JIOKABATEJIBCTBO. YTBepXKICHIE TEOPEMBI CJIe/IyeT U3 MEIMOYKNA PABEHCTB
(a+b)e=fo(a+b,c)=fo(a,c)+ fol(bc)=ac+bc
a(b+c¢)=fo(a,b+c¢)= fo(a,b)+ fo(a,c)=ab+ac

(]

[Ipousseienne B asirebpe MoOKeT OBITH HU KOMMYTATHUBHBIM, HU ACCOIHATHB-
upiM. Clreyoniue onpejeieHns OCHOBAHBI Ha OIPEJeJIeHUusX, JanubiM B [14], c.

13.

Onpenenenne 3.2.4. KommyraTop
[a,b] = ab — ba

CIIy2KUT Mepoit KomMyTarusHocTH B D-anrebpe A. D-anrebpa A nasbiBaercst KOM-
MYTaTUBHOI, ecin
[a,b] =0
O

3'4Cym;eCTByeT HECKOJIbKO SKBUBAJIEHTHBIX ONpeJesieHnil ajarebpol. Bradase g xores paccmor-
persb npejacrasienue Koabna D B abeseBoii rpynne kobna A. OgHako MHE HaI0 OBLIO OOBICHATH
ovYeMy IPOU3BEICHUE SJIEMEHTOB KOIbla D u anrebpbl A KOMMYTATUBHO. DTO MOTPEGOBAJIO OIpe-
nenenne nerTpa anreoper A. Ilocse TmarenbHoro anamusa st BBIOpaJ OIpeesIeHne, IPUBEIEHHOE
B [14], c¢. 1, [9], c. 4.
-SOnpesesnenne 1aHO MO AHAIOTHH C OIPEIEICHIEM [12]-2, c. 19.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.2.18
http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#equation.Russian.2.2.44
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Omnpenenenne 3.2.5. Accoiuatop
(3.2.2) (a,b,c) = (ab)c — a(bc)

CJIy?KUT Mepoii acconuaTrusHocTu B D-ajirebpe A. D-ajrebpa A HasbiBaercs: acco-
IIAATUBHOM, ec/in

(a,b,c) =0
O
Teopema 3.2.6. ITycmv A - anzebpa nad kommymamushvim xkoavyom D .36
(3.2.3) a(b,e,d) + (a,b,c)d = (ab, ¢,d) — (a,bec,d) + (a, b, cd)
oas aobwix a, b, ¢, d € A.
JIOKA3ATEJILCTBO. Pagencrro (3.2.3) ciemyer u3 1enoukn paBeHCTB
a(b,c,d) + (a,b,¢)d = a((bc)d — b(ed)) + ((ab)c — a(be))d
= a((be)d) — a(b(cd)) + ((ab)c)d — (a(be))d
= ((ab)c)d — (ab)(cd) + (ab)(cd)
+ a((be)d) — a(b(cd)) — (a(be))d
= (ab, ¢, d) — (a(bec))d + a((be)d) + (ab)(cd) — a(b(cd))
= (ab,¢,d) — (a, (bc),d) + (a, b, cd)
O
Omnpenenenne 3.2.7. dapo D-anrebpnr A - 570 MHOKECTBO®
N(A)={a€ A:¥b,c€ A,(a,b,c) = (b,a,c) = (b,c,a) =0}
O
Omnpegnenenne 3.2.8. Ilenrp D-anre6pbr A - 3T0 MHOKECTBO S
Z(A)={ac A:aec N(A),Vb e A, ab=ba}
O

Teopema 3.2.9. Ilycmv D - xommymamusroe koavyo. Ecau D-anzebpa A umeem
edunuyy, mo cyuwecmaeyem usdomoppusm f rxosvua D 6 uenmp anzebpu, A.

JIOKA3ATEJIBCTBO. Ilycrs e € A - enununa anredopsr A. Ilomoxum foa =
ae. (]

IIycro € - 6asuc cBoboamoit anredpnr A man xoibnom D. Ecm anrebpa A mveer
€JIMHUILY, IIOJIOKUM €( - €IUHUIA aJIredpnl A.

Teopema 3.2.10. IIycmsb € - basuc c60600m0ti arzebpul A nad xoavuom D. ITycmw
a=a'e; b="be; a,beA

IIpoussedenue a, b M0HCHO NOAYHUMD COZAACHO NPABUNY

(3.2.4) (ab)* = B;a't’

3-6yrsepikenme Teopenmbl onmpaercs na pasencTso [14]-(2.4).
3-TOnpenenenne mano na Gase ananormdsoro onpenenenus s [14], c. 13
3-80mnpenenenne mano na Gase ananormdrHoro onpenenenus s [14], c. 14
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k
ede B} - CTIPDyKTypHbI€ KOHCTAaHTbI ajire6pbl A man kosbitom D. [Ipousse-
denue ba3ucHbvlr 8ekmopos 6 anzebpe A onpedeaero cozaacho npasuay

(325) e;e; = Bflék
JIOKA3ATEJILCTBO. Pasencrso (3.2.5) sBsercs CaeJCTBUEM YTBEDIKICHUS,

4TO € ABJsgeTcs basucoM anrebpnl A. Tax Kak mpousBesieHne B ajarebpe sBJsercs
OMIMHEHHBIM O0TOOpaYKeHUEM, TO MPOU3BEJIeHNEe ¢ U b MOXKHO 3aIliCaTh B BUIE

(3.2.6) ab=a'be;e;
W3 pasencts (3.2.5), (3.2.6), cremyer
(3.2.7) ab= a't’ B e,
Tak Kak € sBjsercss 6azucom ajaredpsl A, To pasencrso (3.2.4) cieyer u3 pasen-
crBa (3.2.7). O
Teopema 3.2.11. Ecau anzebpa A xommymamueha, mo
P _ pp
(3.2.8) B, = Bj;
Ecau anezebpa A accoyuamuera, mo

JIOKABATEJIBCTBO. ljisi KOMMyTaTUBHOI aarebpol, paBeHcTBO (3.2.8) ciempyer
13 PABEHCTBA
€;e; =¢je;
st acconmaTuBHOl anre6pel, paBeHCTBO (3.2.9) cuemyer u3 paBeHCTBA

(e:e;)er = €i(ejer)

3.3. JIuneiinoe oTrobpakeHue ajredopbl

Anrebpa sBiisiercs kKobiiom. OTobpaskenne, COXpaHsIoiee CTPYKTYpy ajired-
pPBl KakK KOJIbIIA, HA3BIBAETCs roMOMOpdu3MoM ayredpbl. OIHAKO I HAC BarXK-
Hee yTBEPXKJIEHUE, ITO ajaredpa sABISeTCs MOYJIEM HaJl KOMMYTATABHBIM KOJIBIIOM.
OrobpazkeHne, COXpaAHAIONIEe CTPYKTYPY aarebpbl KaK MOJLYJIsl, HA3bIBACTCS JIMHEH-
HBIM 0TOOpazkeHneM ayireopol. Takum 0O6pa3oM, CJie/IyIoniee Onpe/ie/IeHIne OITupPaeT-
csg "Ha ompenenenue 3.1.6.

Omnpenenenne 3.3.1. Ilycrs A; u As - anrebpnr Hag kosbiiom D. Mopduszm
g: Al — A2

npejicraBjieHust Kojbla D B abejieBoii rpymime A B npejcraBjieHue Kojbia D B
abesieBoil rpyie As HasblBaeTCsl JIMHEHHBIM OTOOparkeHmeM D-ajaredopnbr A
B D-anre6py As. O6osmaunm L(A1; Ay) MHOXKECTBO JIMHEHHBIX OTOOpaXKeHUt
ayirebper A1 B anrebpy As. O

Teopema 3.3.2. Jlunetinoe omobpasicerue

g:A1—>A2
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D-anzebpor A1 6 D-anzebpy As ydosaemesopsem pasencmeam
go(a+b) =goa+gob
(3.3.1) go(pa) =pgoa
a,be Ay peD
JOKABATEJNBLCTBO. Ciencrsue Teopembl 3.1.7. O

Teopema 3.3.3. Paccmompunm anzebpy Ar u anzebpy As. [Tycms omobpasicenus
f : A1 — A2
qg: Al — A2

ABAANOMCA AUHETHVMU 0mobpadiceruamu. Tozda omobpasicenue f + g, onpedenéh-
HOE PABEHCTMBOM
(f+g)ea=foatgoa

maxoHce ABAACMCA AUHETHDIM.

JIOKABATEJIBCTBO. YTBEDXKJIEHUE TEOPEMBI CJIE/LyeT U3 MENOYeK PABEHCTB
(ftglo(@+y)=fe(z+y)t+go(@t+y)=fox+ foytgortgoy
=(f+g)ox+(f+g)oy
(f +g) o (px) =fo(px) +go(pr) =pfox+pgou
=p(f +g)ow
O
Teopema 3.3.4. Paccmompum aszebpy Ay u aneebpy As. ITycmv omobpasicerue
g: A — As

ABAAELMCA AUHETNbIM omobpasicenuem. Toeda omobpascenusn ag, gb, a, b € As,
onpedenérnbie paseHcmeamu

(ag)ox=agox
(gb)ox=goxd
MaKIHCE ABAAIOMCIA NUHETIHBLMAU.
JIOKABATEJIBCTBO. YTBepXKICHIE TEOPEMBI CJIeIyeT U3 IEM0YeK PABEHCTB
(ag)o(x+y)=ago(r+y)=a(gor+goy)=agor+tagoy
=(ag) oz + (ag) oy
(ag) o (pz) =a go(pr) =ap gox =pagox
=p (ag)ox
(gb)o(z+y)=go(r+y)b=(goz+goy)b=goxzbt+goyb
=(gb) oz + (gh) oy
(gb) o (px) =g o (pr) b=pgoxb
=p (gb) oz
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Teopema 3.3.5. Paccmompunm anzebpy Ar u anzebpy As. [Tycms omobpasicenue
qg: Al — A2

ABAAEMCHA NUHETUHbIM omobpascenuem. Tozda omobpascenus pg, p € D, onpede-
AEHHOE PABEHCTNEOM

(pg)ox=pgox
maxHce ABAANMCA NUHETHBIMAU. Hpu IMOM, B8bINOANHAEMCA PABEHCITM B0
p(ag) = (pa)g
(p+49)g=pg+ag
JIOKABATEJIBCTBO. YTBepKICHNE TEOPEMbI CJIe/IyeT U3 IEM0YeK PABEHCTB
(pg)o(z+y)=pgo(x+y)=p(gor+goy)=pgox+pgoy
=(pg) oz + (pg) oy
(pg) o (qz) =p go(qr) =pggox=qpgox
=q (pg)ox
(p(qg)) oz =p (qg9) oz =p (g gox) = (pq) gox = ((pg)g) o x
(p+q)g)ox=(p+q) gor=pgor+qgoxr=(pg)ox+(q9)ox
O

Teopema 3.3.6. [lycmo D - xommymamusroe koavuo ¢ edunuyeti. Paccmompum
D-anzebpy A1 u D-aneebpy As. Muoocecmso L(Ar; As) asasemes D-modyaem.

JIOKABATEJILCTBO. Teopema 3.3.3 onpemesser CyMMy JUHEIHBIX 0TODparKe-
uuii u3 D-anrebpol A1 B D-anrebpy As. llycrs f, g, h € L(A1; Ag). s suo6oro
a€ A

(f+g)oca=foa+goa=goa+ foa
=(g+f)eoa
(f+g9g)+h)oca=(f+g)oca+hoa=(foa+goa)+hoa
=foa+(goa+hoa)=foa+(g+h)oa
=(f+(g+h))ca

Ciie1oBaTe/IbHO, CyMMa JINHEHHBIX 0OTOOParKEeHUiT KOMMYTATUBHA U aCCOIMATHBHA.
Orobpazkenue z, OIPEIEIEHHOE PABEHCTBOM

zox =0
SIBJISIETCSL HYJIEM OIEPAIUH CJIOXKEHUST, TaK KaK
(z+ floa=zoa+ foa=0+ foa= foa
st 3agaraoro oToOparkenusi f 0TOOparKeHue ¢, ONpeIeIEHHOe PABEHCTBOM
goa=—foa

YJOBJIETBOPSIET PABEHCTBY
f+g==
TaK KakK
(ftg)oa=foa+goa=foa—foa=0
CuretoBaresibio, MHOKecTBO L(A1; As) siBiisiercs abesieBoii rpyIioit.
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W3 teopemsr 3.3.5 ciemyer, 9TO ONpPEIEJCHHO IpeicTaBIeHne Kojbia D B abe-
sieBoii rpymme L£(Aq; As). Tak kak Koab1o D uMeer eQuHuIly, TO CONJIACHO TeopeMe
3.1.1 yxazannoe mpejcrasierne 3 eKTUBHO. (]

3.4. Aurebpa L(A; A)

Teopema 3.4.1. Ilycmv A, B, C - anzebpvr 1ad KOMMYMAMUSHM K0AbU0M D.
Hycmo f - aunetnoe omobpasicenue us anzebpor A 6 anzebpy B. ITycmov g - auned-
Hoe omobpastcenue u3d anszebpor B 6 aneebpy C'. Omobpasicerue go [, onpedenénnoe

duazpammoti

ABAAECNCA NUHETLHDIM 0m06pa9fcenueM u3 CL,/L266pr A 6 anzebpy C.

gOJ‘

JOKABATEJIBCTBO. [loKa3aTelbCcTBO TEOPEMBI CIeIyeT U3 MEMN0vUeK PABEHCTB
(goflo(a+b)=go(fo(a+b))=go(foa+fob)
=go(foa)+go(fob)=(gof)oa+(gof)obd
(go f)o(pa)=go(fo(pa))=go(p foa)=pgo(foa)
=p(gof)oa
O

Teopema 3.4.2. [Iycmv A, B, C' - anzebpv, Had KOMMYMAMUSHLM KOAbUOM D.
Hycmo f - aunetinoe omobpasicenue us anrzebpuv, A 6 aneebpy B. Omobpasicenue f
nopootcdaem aunetinoe omobpasicerue

ffige L(B;C)—gofeL(AC)
JOKABATEJIBCTBO. JloKa3aTelbCcTBO TEOPEMBI CIeIyeT U3 MEMNOvUeK PABEHCTB
(g1 +g2)0floa=(g1+g2)o(fea)=gio(foa)+gao(foa)
=(pofleat(gof)oa
=(g1of+g2of)oa
=(pg)o(foa)=pgo(foa)=p(gof)oa
=(p(gof))oa

((pg)o f)o

O

Teopema 3.4.3. [lycmv A, B, C - anzebpvr 1ad KOMMYMaMUSHuM K0AbU0M D.
Hycmo g - aunetinoe omobpasicenue u3 anzebpos B 6 anzebpy C'. Omobpasicenue g
nopootcdaem aunetinoe omobpasicerue

i feL(A;B)—>gofeL(AQ)
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JOKABATEJIBCTBO. [loKa3aTelbCTBO TEOPEMBI CIeIyeT U3 MEMNOUeK PABEHCTB
(go(fit+f2))oa=go((fi+f2)oa)=go(fica+ faoa)
=go(fica)+go(faca)=(g90fi)oat(gofz)oa
=(gofitygofi)oa
(go(pf))oa=go((pfloa)=go(p(foa))=pge(feca)
=p(gofloa=(p(gof))oa
(]

Teopema 3.4.4. [Iycmv A, B, C' - anzebpv, Had KOMMYMAMUSHM KoAbUOM D.
Omobpasicenue

o0:(g,f) € L(B;C) x L(A;B) = go f € L(A;C)
ABAAELMNCA OUAUHETIHBLM OMOOPAIHCEHUEM.
JIOKABATEJIBCTBO. Teopema sBisiercs caejicTBueM teopem 3.4.2, 3.4.3. 0

Teopema 3.4.5. ITycms A - anzebpa 1ad xKommymamusrvim koavyom D. Modyan
L(A; A), ocnawénnui npoussederuem

(34.1) o:(g,f) € LIA;A) x L(A;A) - go fe L(AA)
Aeasemcs anzebpoti wad D.

JOKABATEJILCTBO. Teopema sBigeTcs cJieJICTBHEM onpejienienns 3.2.1 u Teo-
pembr 3.4.4. O

3.5. TenzopHoe mpousBeaeHNEe aJredp

Onpenenenune 3.5.1. Ilycrs D - koMmMmyTaruBHOe KOJbio. [lycrs Ay, ..., Ay, S -
D-vomysnmu. Met Oynem Ha3bIBATH OTOOPaXKEHUE

frAx..xA, =S
HOJIMJINHEHBIM OTODOparkenmeMm momysen Aq, ..., A, B Momyns S, ecin
folar,.yai +biy.cyan) = fo(ar,.,@iyeyan) + fo(ar, ... bi..yan)
fol(ar,....pai,...;an) =pfo(ay, .. a;...,a,)

1<i<n ai,biEAi peD

O
Onpenenenune 3.5.2. Ilycrs D - KOMMyTaTUBHOE acCOIUATUBHOE KOJIBIO. IIycTh
Ay, ..., A, - D-ayrebpsr u S - D-momyiab. Mel OyiemM Ha3bIBATbH OTOOparkeHue
frAlx...xA, =S
HOoNUJIMHEHBIM OTOOpaXkeHnem aiaredp Ai, ..., A, B Moaynn S, ecin

f © (a17 ey Qg +b15 "-70‘77«) = f © (ala ey Ay ...,Cl,n) + f © (ala "'7bia "'7an)
fO (a’la -5 P4, "'7an) :pf © (ala ey Ay ...,Cl,n)
1<1<n ai,biEAi pED

O6osnaunm L(Ag, ..., An;S) MHOXKeCTBO NONMINHEHHBIX 0TOOpazkeHNi aarebp Aq,
wery Ay B MOTYITB S. O
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Omnpenenenne 3.5.3. Ilycrs Ap, ..., A, - cBOGOAHBIE areOpbl HAJl KOMMYTATHB-
ubIM KostbrioM D3 PacemoTpum Kareropmo A 06beKTaMi KOTOPOil SBIIAIOTCA 110~
JINJIMHEHbIe Ha/l KOMMYTATUBHBIM KOJIBIIOM [ 0TOGpaskeHust

fiAIx ... xA, ——=5 g: A xX...x A, ——= 5

rae S1, So - Momyau Haj KoJsibiiom D). Mbr onpenenum mopdusm [ — ¢ Kak Jin-
HellHOe HaJ[ KOMMYTaTUBHBIM KOJIbIIOM [ orobpaxkenue h : S1 — Sa, Jijisi KOTOPOIro
KOMMYTATUBHA JTHATPAMMA

S1
/
Al x ... x A, h
\
So
Yuusepcaiabublii 06bekT Ay ® ... ® A, kareropum A Ha3bIBaeTCSI TEH30PHBIM
npousseseHneMm ajaredp Ai, ..., A,. O

Teopema 3.5.4. Tensoproe npoussedenue arzedp cyuwecmeayem.

JOKABATEJILCTBO. Ilycts M - MOy HaJT KOTBIIOM [, TOPOXKASHHBIN TPO-
msBenenueM A X ... X A, aurebp Aq, ..., A,. Unbekius

1: A1 X .o x A, ——=M

ompejesieHa 1o IPaBULy

(3.5.1) io(dy,..,dn) = (dy,...,dy)
IIycts N C M - onMo/1y b, TTIOPOK/ICHHBIHN 3JIeMEeHTAMU BUJIA
(3.5.2) (diyooydi + Ciyoenydy) — (diy ooy diy ooy dy) — (dy ooy Ciy ey i)
(3.5.3) (diy.yadiy.ydyn) —a(dy, .y diy ooy dy,)
e d; € A;, ¢; € A, a € D. Ilycrs
j:M — M/N

KaHOHUYIECKOEe 0TOOpazkenue Ha (haKTOPMOIy/Ib. PaccMOTpUM KOMMYTATUBHYTO Jia-
rpaMmy

(3.5.4) M/N

Alx...xAn—i>M

Tockosbky sementst (3.5.2) u (3.5.3) npuHa/UIEKAT APy JUHEHHOTO 0TOOpazKe-
HUsl j, TO U3 paseHcTBa (3.5.1) caemyer

(355) fo (dl, e di + ¢, ,dn) =fo (dl, vy dy, ,dn) + fo (dl, ey Gy ,dn)
(356) f o (dl, ...,adi, ,dn) =a f o (dl, ...,di, ,dn)

3-9q OIIpEJIEsIAI0 TeH30PHOE IPOU3BECHNE airebp M0 aHaJoruu ¢ onpesaenenueM B [1], ¢. 456 -

458.
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W3 pasencrs (3.5.5) u (3.5.6) caeayer, uro orobpazkeHue f MoaUIMHEHHO HAJT KOJIb-
oM D. TTockonbky M - Mogyiib ¢ 6asucom Aq X ... X Ay, 10, coryacuo teopeme [1]-1
na c. 104, nysa go6oro Moyt Vo I060r0 MOJTUINHEHHOro Hal D 0TOOpaKeHust

g: A1 X ... xA, —=V

CYIIECTBYET eMHCTBEHHBII roMoMopdusm k : M — V| st KOTOPOTO KOMMY TaTHB-
Ha cJIeIyIolas JuarpaMmma

(3.5.7) Ay X XAy ———> M

NV

Tak kak ¢ - nojumuneitno Hay D, To ker K C N. CoryiacHO yTBEpXKIEHUIO Ha
c. [1]-94, oroGpazkenue j yHHBEPCAJILHO B KATEropuu roMOMOPGhU3MOB BEKTOPHOI'O
npocrpancrBa M, sapo kKoropbix comepxkut N. CienoBaTesbHO, OMPEIEIEH TOMO-
Mophu3M

h:M/N—=V
JJIgd KOTOPOro KOMMYyTaTUBHa JUarpaMMa
(3.5.8) M/N
A
M h
X
v

O6bemuuss quarpammbl (3.5.4), (3.5.7), (3.5.8), mOJyIMM KOMMYTATHBHYIO J(Ha-
rpamMmy

(3.5.9) M/N
f
J
A1 X X An —z) M h
k
g
v
Tak kax Imf mopoxmaer M /N, To orobpazkeHne h OITHO3HATHO OnpejeeHo. [

CorvracHo JI0Ka3aTe/JbCTBY TeopeMbl 3.5.4
A ®..QA,=M/N

st d; € A; Oynem 3amucbiBaTh

(3.5.10) jol(di,...,dp) =d1 ®...Qd,
Teopema 3.5.5. ITycmo Ay, ..., A, - an2e6pvl HAOD KOMMYMAMUBHLIM KOALUOM D.
Hyemo

f:Al XXAn—>A1®®An
NoAUAUHETHOE 0Mobpadtcerue, onpedeséHHoe PaBEHCTNEOM
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Iyecmo

g: A X .. xA, >V
noausuHetinoe omobpastcenue 6 D-modyav V. Cywecmeyem D-aunetinoe omobpa-
arcenue

hA1®®An—>V

maxoe, 4mo 0ua2pamma

(3.5.12) Al®..®A,
/
Al x ... x A, h
\
1%
KOMMYMamusHha.

JIOKA3ATEJBLCTBO. Pasencrso (3.5.11) cenyer u3 pasencts (3.5.1) u (3.5.10).
CyiecTBoBaHme oToOpaykeHust h cjielyer u3 onpejesieHust 3.5.3 1 MOCTPOEHUil, BbI-
MTOJTHEHHBIX TIPU JIOKA3aTE/ILCTBE TEOPEeMBbI 3.5.4. 0

Pagencrsa (3.5.5) u (3.5.6) MOXKHO 3anmcaTh B BUJE

a1 ® .0 (a;+b)®...an
(3.5.13)
=01 ®. 006X .00, +a1®...00; X ... ¥ a,

(3.5.14) a1 ®..0(ca)®..0a, =c(a1 ® ... ®a; @ ... ® ay,)
a;€A; bjeA; ceD
Teopema 3.5.6. [Tycmov A - anzebpa Had xommymamusHvim kosvuom D. Cyuse-
cmeyem Auretinoe omobpascerue
h:ia®be ARA—abe A

JIOKABATEJIBCTBO. Teopema sIBJIsIeTCS CJI€JICTBUEM Te€OPEMbI 3.5.5 U ompe/ie-
seHust 3.2.1. (I

Teopema 3.5.7. Tenzoproe npouseedenue Ay ® ... ® A, c60600HvIT KOHEUwHOMED-
HOT anzedp Ay, ..., Ap HAO KOMMYMAMUSHUM KoAbUoM D seasemcs c60600H0U
KOHEUHOMEPHOU aN2e0POT.

Iycmv € - 6asuc arzebpvr A; nad wosvuom D. IIpoussoavrviii mensop a €
Al ®...® A, moorcho npedcmasums 6 sude

(3.5.15) a=a""C, Q... QCnai,
M, 6ydem Hasvieamv swpasxcerue a'' " cTaHOJAPTHOM KOMIIOHEHTOH TEeH30-
pa.

JIOKABATEJBCTBO. Ajrebpot Aj, ..., A, ABIAIOTCS MOJYIAMU HAJ, KOJIBIIOM
D. Cornacuo teopeme 3.5.4, A1 ® ... ® A, ABIFETCS MOJLYJIEM.
Bekrop a; € A; umeer pasyioxkeHue

ke—
a; = Q; €.
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oTHOCUTENBHO Gasuca €;. U3 pasencrs (3.5.13), (3.5.14) caemyer

in

a1 Q... @ Gy = a7 0, €1y @ e @ Cppi,

Tak KaK MHOYKECTBO TEH30POB (] ® ... ® G, ABJISIETCS MHOXKECTBOM OOPA3YIOIMINX
Moyt Ap ® ... ® Ay, To TeH30p a € A1 ® ... ® A, MOXKHO 3allUCaTh B BUJIE

(3.5.16) a=0a’as7" .05, €15, @ ... @i,
rae o, as.', as € F. Tlosoxum

(3.5.17) a®as. g, =a"
Torna pasercrso (3.5.16) npumer Bux (3.5.15).

Cite1oBaTe/IbHO, MHOXKECTBO TEH30POB €1.5; & ... ® €p.;, SABISETCS MHOXKECTBOM
obpasyomux Moyt A @ ... ® A,. Tak Kak pasmepHocTb MOyt A;, i = 1, ...,
N, KOHEYHA, TO KOHEYHO MHOYKECTBO TEH30DOB €1.;, & ... ® €y.;, . CiemoBaTesbHo,
MHOZKECTBO TE€H30POB €1.;, & ... ® €., COAEPKUT Oazmc Moayns A; @ ... ® A,, n

MOIysib A1 ® ... ® A,, ABJIsIeTCs CBOOOIHBIM MOJLYJIEM HaJ KOJbIOM D).
Mpr ompesiesinM pou3BeeHue TEH30POB TUMA a1 & ... & dy, MTOKOMIIOHEHTHO

(3.5.18) (d1®...0dy)(c1 ® ... 0 ¢p) = (d1¢c1) ® ... ® (dpcp)
B wacrrocTH, ecin myist ioboro i, i = 1, ..., n, a; € A; umeer 06paTHBI, TO TEH30D
aR.0a, €A1 ®...Q0 A,
nMeeT 0OpaTHBIH
(01 ®..0a,) ' =(a1)'®...® (a,)™*

Oupenenenne npousseenns (3.5.18) corsacoBano ¢ paeHcTBOM (3.5.14) Tak

(a1 ®...0 (ca;) ® ... Qay) (b1 ® ... b; ® ... ®by)
=(a1b1) ® ... ® (ca;)b; ® ... ® (anby,)
=c((a1b1) ® ... @ (a;b;) ® ... ® (anby))
=c((a1 ® ... ® ap) (b1 ® ... by,))

U3 pasencrsa (3.5.13) cuemyer qucTpubyTUBHOCTD YMHOMKEHUS 110 OTHOIIEHUIO K
CJIOYKEHUIO

(1 ®..0a0® ... 0 ap)
* (1 ®.0bR.0b)+ 1 ®...0¢R...Qb,))
=11 ®.0a0®.0a,) (01 ®...0 (b +¢;) @ ... @ by)

=(a1b1) ® ... ® (a;(b; + ¢;)) ® ... ® (anby)
(3519) :(albl) ®..Q (aibi + aici) ®..Q (anbn)

=(a1h1) ®...® (aibi) ® ... ® (apby,)

+(a1h1) ® ... ® (a;¢;) @ ... @ (anby)

=11 ®.0a0®.0a,) (11 ®...0b; ... 2by,)
41 Q...0a; ¥ ... an)(bl ®.Q0¢RX..RQ bn)

_|_

Pasencrso (3.5.19) 103BOJISIET ONIPEIETUTh TPOU3BEIEHNE JIs JTIOOBIX TEH30POB a,

b. O
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3ameuanue 3.5.8. CoryracHO 3aMevdanuio 3.2.2, MbI MOXKEM OIPEIEIUTh PA3JINI-
HbIE CTPYKTYPHBI aJaredpbl B TEH30PHOM Mpou3BeeHnn aaredop. Hanpumep, aarebpb
A1 ® As, A1 @ A5, AT ® A ompesiesieHBI Ha OJJHOM U TOM K€ MOJLYJIE. O

Teopema 3.5.9. Ilycmw €; - 6asuc anzebpo, A; nad xoavuom D. IIycmw Bi.{d -
CMPYKMYPHLIE KOHCMAHMYL arzedbpv, A; omHocumenvHo 6asuca ;. CmpyxmypHoie
KOHCTNAHMbL MEHI0PHO20 NPOU3BEIECHUE A1 ®...® A, omnocumervro bazuca €1.4, ®
.. ® €p.i,, umerom eud

J1eeJn _ Ji Jn
(3-5-20) B»kzl...k,,,-ll...l,,, - Bl-k111~--Bn~k,,,l,,,

JOKABATEJILCTBO. HemocpencreBenHOE IepeMHOYXKEHTE TEH30POB €1.i, @ ... ®
€p.i, UMeeT BUJ

1k @ . Q€ )(€1.0, @ ... ®Cp.r,)
€11) @ . @ (Bnok,Enit,)
151.11) ®R...x® (En»kn En-l,,)
=(B13, k11161 1) ® e @ (Bri" ) Enj,,)
:Bl'?cllll -Bh. i 1,614 @ ... @€n.j,
CornacHo onpeIeIeHII0 CTPYKTYPHBIX KOHCTAHT
(3.5.22) (1, ® .. @ Tk, ) (€10, @ oo @Cpt,) = B0 ) (€14, @ e @ g,

Pasencrso (3.5.20) caeayer u3 cpasuenns (3.5.21), (3.5.22).
N3 nenoukn paBeHCTB

(a1 ®...® an)(bl ®..0 bn)
=(a"Erp, @ .. @al e, )V e, @ . @ bE,)
_all(l...aﬁ"’bll...bl"’ (El-kl X ... ®En-kn)(€1~ll X ... ®€n-ln)

k1 kn ll In .771 = . = .
=ay"..ay by b B (R, © e ®8ng,)

(@
:(E
(

1-k
(3.5.21) =(E1.k

=y al bl bl 31 7 ...Bn.i", (él,jl ® ... ®Bn.j,.)
=(ay' by B, #1y) ® .. @ (0 by Bl o)
:(albl) ®...R (anbn)

CJIeJlyeT, uTo OnpejiesieHne npousseaerns (3.5.22) co CTPYKTYPHBIMI KOHCTAHTAME
(3.5.20) coryacoBaHO ¢ onpeesenneM npounsseaenust (3.5.18). O

Teopema 3.5.10. /las mensopos a, b € A1 ®...RQ A, cmandapmmvie KOMNOHEHMbL
npoussedenus YlosAEMBOPAIOM PABEHCMEY

(35.23) (b9 = B, g0t

JOKABATEJIBCTBO. COrjIacHO OIIpe e/ IEHUIO
(3.5.24) ab = (ab)’* "%y ;, @ ... @ Epn.j,
B toxe Bpems
ab= a*+Fre . @ . ®€nk bRk, @ @€,

(3.5.25)
fa bkl nBJl k "

E Jl® ®en3n

ol
Pasencrso (3.5.23) caeayer u3 pasercts (3.5 ) (3.5.25). O
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Teopema 3.5.11. Ecau aneebpa A;, i = 1, ..., n, accouyuamuena, mo MeH30pHOE
npouseederue A1 ® ... ® A, - accoyuamuehas arzebpa.

JOKABATEJIBCTBO. I[lockombky

((ri, ® ... ®Cn.i,, ) (€155 ® .. ®Cnj, ) (ELky ® - O Enie,)

TO
(ab)c —aitinpir-dncha--hn
((€riy ® ... ®€n.i,, ) (€15; ® .. ®Enij, ) (L, ® o @ Enie,)

:a’il~~~'i/71/bj1"'jnck'/1~~~k'/n,

(Bri, ® ... ®8ni,, )(E15; ® .. ®Epej ) (€1ky B .. @ Eniks,,))
=a(bc)

3.6. JIuHeiiHOe oTOOpakeHNEe B aCCOIMATUBHYIO ajiredopy

Teopema 3.6.1. Paccmompum D-aneebpo, A1 u As. Jas 3adannozo omobpasicenus
f € L(A1; A2) omobpasicenue

g:As X Ay — L(A1; As)
gla,b)o f=afb
ABNACNCA OUNUHETIHDLM 0TOOPAICEHUEM.
JIOKABATEJIBCTBO. YTBepXKICHIE TEOPEMbI CJIeIyeT U3 IEMOYeK PABEHCTB
((a1 +az)fb)ox = (a1 +a2) foxb=a; foxrb+as foxd
= (a1fb) oz + (azfb) ox = (a1 fb+ azfb)ox
((pa)fb)ox = (pa) fox b=p(a foxb)=p((afb)ox)=(p(afb))ox
(af(by +b2))ox=a fox (by+b)=a foxbi+a fox by
= (afb1) cx+ (afbe) ox = (afby +afbs) ox
(af(pb)) ox =a foux (pb) =pla fox b) =p((afb)ox) = (p(afb))ox
(I

Teopema 3.6.2. Paccmompum D-anzebpo, A1 u As. Jas 3adarnozo omobpasicerus
f € L(A1; A2) cywecmesyem aunetinoe omobpasicenue

h:Ay® Ay — C(Al;Ag)
onpedenénmoe pageHcmeom
(3.6.1) (a®b)o f=afb

JOKABATEJIBCTBO. YTBepKIEHUE TEOPEMBI SIBILIETCS CJIEICTBIHEM TEOPEM 3.5.5,
3.6.1. (]



36 3. JIuneiinoe oTobpakeHue ajarebpbl

Teopema 3.6.3. Paccmompum D-anzebpor Ay u As. Jluneiinoe omobpasicenue
h:Ay® Ay — *L(Ar; Ag)

onpedenéHHoe paseHcmeom

(3.6.2) (a®@b)o f=afb abe Ay f € L(A1;As)

asaaemes npedemasaenuem Y modyas Az @ Ay 6 modyae L(A1; Ag).

JIOKABATEJBCTBO. Coruacuo teopeme 3.3.4, orobpaxkenue (3.6.2) apiserca
upeobpazoBanuem Moyiist L(Aq; As). st nannoro rensopa ¢ € Ay ® Ay upeobpa-
3oBaHue h(c) siBasiercst MuHEHHBIM peobpasosarueM Momyist £(Aq; As), Tak Kak

((a®b)o (fi+ f2)) oz = (a(f1 + f2)b) ox = a((f1 + f2) o 2)b
=a(fioz+ faox)b=a(fiox)b+a(fzox)b
= (afib)ox + (afzb) oz
=(a®@b)ofrox+(a®b)o faoux

(a®b)ofi+(a®b)ofo)ox
((a®@b)o (pf)) ox = (a(pf)b) oz = a((pf)ox)b

a(p fox)b=pa(fox)b

=p (afb)oxr=p ((a®@b)o flox

= (p((a®b)o f))ox

Corstacuo Teopeme 3.6.2, orobpazkenue (3.6.2) gBJisgercs JUHEHHBIM OTOOPAZKEHUEM.
Coruacuo onpegenennto [7]-2.1.4 orobparkenue (3.6.2) siBisieTcst MpeICTaBIeHAEM
Moynst Ay ® Ay B Momyne L(Ag; As). O

Teopema 3.6.4. IIycmv A - anzebpa nad xommymamuehvim Kosvuyom D. Anzebpa
A® A, 8 xomopol npoussedenue onpedeseHo co2aacho npasuny

(3.6.3) (a®b)o(c®d) = (ac) ® (db)

nopooswcdaem npedcmasaerue 6 modyae L(A; A). Omo npedcmasaenue nozeossem
omooicdecmeums menzop d € AR A ¢ npeobpasosanuem dod, 2de § - mootcdecmeen-
Hoe npeobpazosarue.

JIOKABATEJBCTBO. Corsacuo teopeme 3.6.2, orobpaxenue [ € L(A;A) u
Ten3op d € A ® A mopoxkIaioT oTobparkenne

(3.6.4) x— (dof)ox

Ecsu mpt ostozkum f =9, d = a ® b, To pasencrso (3.6.4) nupuobperaer Bu,
(3.6.5) ((a@b)od)ox = (adb)ox=a (6ox) b=axb

Ecoiu Mb1 nostoxxmnm

(3.6.6) ((a®@b)od)ox=(a®@b)o(dox)=(a®b)ox

TO cpaBHeHne paBeHCTB (3.6.5) u (3.6.6) maér ocHOBaHME OTOXKIECTBUTH JEiCTBIE
Ter3opa a ® b ¢ npeobpazosanueM (a ® b) o §. CiemoBarenbHo, OTOOparKeHUE

(3.6.7) de AQA—dode L(AA)

stBJisteTcst Tomomopdusmom momyist A ® A B moayns L(A; A).

3‘100npeneneﬂne npezcTaBieHns: ()-anreOpbl 1aHO B omnpeeneHun |7]-2.1.4.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.1.4
http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.1.4
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Orobpazxenue (3.6.7) aBiserca Takzke roMOMOPMU3IMOM aaredp, Tak Kak IIpo-
n3BeJeHne Ipeobpa3oBanuii a ® b 1 ¢ ® d UMeeT BUI

((a®b)o(c®d))ox = ((ac)® (db)) o x

O

U3 reopembr 3.6.4 caempyer, uro orobpazxkenue (3.6.2) MOXKHO paccMaTpuBaTh
KaK IIpou3BeieHne 0ToOparKeHnit ¢ @ b u f. DTo 1m03BOJIIET BMECTO IPEICTABJICHIS
Moyt As ® As B Mogyste L(Aq; A2) paccmaTpuBaTh pe/icraBienne ajarebpsl Ag &
As B Mogyne L(Aq; As).

Tenzop a € As ® Ay HEBBIPOXKJIEH, €CJIM CyIIeCTByeT TeH30p b € Ay ® As
Takoi, ato a o b =1® 1.

Omnpenenenne 3.6.5. Paccmorpum npejcrasienue aarebpbl Ay ® As B Momysie
L(Aq; As).*'! Opburoii nuneiinoro orobpakenusi f € L(A1; Ay) naswiBaercs
MHOKECTBO
(A2®A2)Of:{g:dOdeEA2®A2}
O

Teopema 3.6.6. Paccmompum D-aneebpy A1 u accoyuamuehnyro D-aszebpy As.
Pacemompum npedemasaerue anszebpo. As @ As 6 modyae L(A1; As). Omobpasrce-
Hue
h: Al — AQ
noposcIEnmnoe omobpasicenuem
f : A1 — A2
umeem 6ud
h = (CLS.() X CLS.l) o f = as.ofas.l
JIOKABATEJBCTBO. IIpousBosbHbIil TeH30p @ € Ay ® Ao MOXKHO IIPEJICTABUTH
B BH/IE
a = Qs.0 X Ag.1
Coruacuo Teopeme 3.6.3, orobparkenue (3.6.2) nunelHO. DTO JOKA3BIBAeT yTBEp-
JKJIEHUE TeOPEMbI. 0

Teopema 3.6.7. Ilycmv As - ancebpa ¢ edunuuet e. Iycmo a € As @ Ay -
Heaupootcdernonl mensop. Opoumos aunetinoir omobpasicernuts | € L(Ar; Ag) u g =
ao f cosnadarom

(3.6.8) (As ® As) o f = (Ay ® As) o g

3'110npe;(enenne JIaHO TIO AHAJIOTHMU C onpezenenueM [7]-2.4.12.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.4.12
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JIOKABATEJIBCTBO. Eciu h € (A2 ® Az) o g, To cymecrsyer b € Ay ® Ay
takoe, aro h =bog. Torma

(3.6.9) h=bo(aof)=(boa)o f
Caenosarensao, h € (As ® Ag)o f,
(3.6.10) (A2 ® A2)og C (A3 ® Ag)o f

Tax Kak @ - HEBBIPOKICHHBIH TEH30D, TO
(3.6.11) f=alog
Ecim h € (A3 ® Ag)o f, 1o cymecrByer b€ Ay ® Ay Takoe, 9ro
(3.6.12) h=bof

U3 pasencts (3.6.11), (3.6.12), caeayer, uro
h=bo(a og)=(boa)og

CuenoBarenbio, h € (A2 ® As) o g,
(3613) (AQ X AQ) o f C (AQ X AQ) og

(3.6.8) caexyer u3 pasencts (3.6.10), (3.6.13). O

U3 teopemsbr 3.6.7 Takke cieayer, 9ro, ecim g = ao f u a € Ay ® As -
BBIPOKJICHHBIN TeH30p, To orHomenue (3.6.10) Bepro. OaHako OCHOBHOI pe3yib-
TaT TeopeMbl 3.6.7 COCTOUT B TOM, UTO mpeJcTaBieHus aaredbpbl As @ As B Momy-
ne L(A1; Ay) mopoxaaer oTHoIeHNe SKBuBajeHTHOCTH B Mojyite L(Aq; As). Ecom
YJIATHO BBIOPATDH MPEJICTABUTEIN KAXKJIOTO KJIACCA SKBUBAJEHTHOCTHU, TO IOJIYIeH-

HOE MHOYKECTBO OyJIeT MHOYXKECTBOM ODPa3yIOIINX PACCMATPUBAEMOIO IIPEICTaBIIE-
3.12
HUSL.

3.7. JIuneiitnoe orobpakeHue B CBOOOJHYIO KOHEYHO MEPHYIO
accolMaTUBHYIO ajaredpy

Teopema 3.7.1. Ilycmv Ay - anzebpa 1ad xoavyom D. [lycmv As - ceobodnan xo-
HEUNO MEPHAA ACCOUUAMUEHAA arzebpa nad Koavyom D. Iycms € - 6asuc arzebpui
Ay 1ad xoavyom D. Omobpasicenue

(3.7.1) g=aof

nopooscdénnoe omobpascenuem f € (Ay; As) nocpedemeom mensopa a € Az ® Asg,
UMEEM CMAHOAPHOE NPEICTNABAEHUE

(3.7.2) g=a"(e %) o f=a"efe

HOKABATEJIBLCTBO. Cornacuo Teopeme 3.5.7, craHIAPTHOE IIPEJICTABICHUE TEH-
30pa @ UMEET BHU/L

(3.7.3) a=d"% ¢
Pasencrso (3.7.2) caenyer u3 pasencrs (3.7.1), (3.7.3). O

3-12\MnorecTso 06pasyroIyX Ipe/ICTaBIeHHs] ONIPe/IeJIeHO B onpenesenun |7]-2.6.5.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.3315v2.pdf#theorem.Russian.2.6.5

3.7. Jluneiinoe orobparkeHune B CBOOOIHYIO KOHEYHO MEPHYIO aCCOIMATUBHYIO aarebpy 39

Teopema 3.7.2. Ilycmv €1 - 6asuc c60600noti woneuno mepnoti D-anzebpor Aj.

Hycmwv s - 6asuc c60600n0t Koneuno meprot accouuamusnot D-anrzebpv, As.
o

IIyemwv Ba.y, - cmpykmyprole Koncmanmo arzebpol As. Koopdunama, omobpasice-

HUA

g=aof
nopooicdénnozo omobpasiceruem f € (Ar; A2) nocpedemsom mensopa a € Ay @ As,
U €20 CMAHIGPMHBIE KOMNOHEHMbL CEA3AHL PABEHCTNEOM

(3.7.4) 9 = f{"9" B3, Ba.y;

JTOKABATE/ILCTBO. OTHOCHTEILHO GA3UCOB €1 U €3, JUHEHHBIC OTOOPAKCHIS
f n g nmeror Bz

(3.7.5) fow=fiaes;

(3.7.6) gox = g;-xjéz.,,;

W3 pasencts (3.7.5), (3.7.6), (3.7.2) caexyer
g{“azléz.k: aijég.if;n.flég."lég.j

= qt flT”'J/'le p B2-§jé2»k

‘im

(3.7.7)

Tak Kak BEKTODBI €2., JIMHEIHO HE3aBHCUMbI U &' IIPOU3BOJIBLHBI, TO PABEHCTBO
(3.7.4) canexyer u3 paBeHcrsa (3.7.7). O

Teopema 3.7.3. Ilycmv €1 - 6asuc c60600noti woreuno mepnoti D-anzebpor Aj.

ITycmo € - 6asuc c60600H0U KoHeUHO MepHOU accoyuamuerot D-aszebpv, As.
o

IIycmov Bo.y, - cmpyxmyprole Koncmanmae areebpo. As. Paccmompum mampuay

(3.7.8) B= (B, ;)= (Bl Ba.k.)

’TTL'ij

CMpoKU KOMOPOTi NPoHYMePosanv, undekcom .= u cmoabuyvl nponymeposarvl un-
dexcom ;5 . Ecau mampuya B nesviposrcdena, mo das 3a0arnuix koopduram au-
netinozo npeobpasosanus gi. u daa omobpasicenua f =3 , cucmema AUNHETHHLT
ypasHenuti (3.7.4) ommocumesvro cCmarIapPMHLLT KOMNOHERTN 9M020 NPeobpasosa-
nua g°T umeem eduncmeentoe pewerue.

Ecau mampuya B 6viposicdena, mo ycaro8uem Cywecmeo8atus, Peuerus cucme-
Mol aunelnor ypasruernud (3.7.4) asaaemes pasencmeo

(3.7.9) vank (B, i g, ) = rank B

B amom cayuae cucmema aunelinur ypasrerud (3.7.4) umeem Geckoneuwno MHO20
pewenuti U CYwecmeyem AUNetinas 3a6UCUMOCTID MENCOY GEAUNUHAMU G, .

JIOKABATEJIBCTBO. YTBepKICHUE TEOPEMBI ABJISETCS CJAEJICTBUEM TEOPUN JIN-
HEMHbBIX ypaBHEHUIT HaJ| KOJIbIIOM. O

Teopema 3.7.4. ITycmv A - c60600HGA KOHEUHO MEPHAA GCCOUUATNUSHAA AA2E0-
pa nad xoavyom D. ITyemv € - Gasuc anzebpve A nad xoavyom D. ITyemv By,
- cmpykmyprovie Koncmanmos aseebpo, A. Hyems mampuya (3.7.8) evipoorcdena.
ITycmo aunetiinoe omobpaosicernue f € L(A; A) neswipooicdeno. Ecau koopduramo:
aAunetnoir npeobpasosanutl f u g ydoeaemeopaom pagencmey

(3.7.10) vank (B, 5 gf, 1) = rankBB

m-ij
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Mo cucmema AUHEUNDT YpasHerul

(37.11) o = fmg B, B

im—pJ
umeem 6eCKOHeYHO MHO20 peweHUﬁ/.

JTOKA3ATENBLCTBO. CornacHo pasenctBy (3.7.10) u Teopeme 3.7.3; cucrema
JIMHEHBIX ypaBHEeHUIt

k _ pij pP pk
(3.7.12) fE = f9BLBE;
nMeeT DECKOHEYHO MHOI'O PeIleHuil, COOTBETCTBYIONINX JUHEHHOMY OTOOPaKEHIIO
(3.7.13) f=f®¢e;
Cornacuo pasencrBy (3.7.10) u Teopeme 3.7.3, cucrema JMHEHHBIX ypABHEHUI
k __ i pP pk
(3.7.14) 9/ =9"B;B,;
rnMeeT DECKOHEYHO MHOI'O DeIleHuil, COOTBETCTBYIONINX JUHEHHOMY OTOOPaKEHIIO
(3.7.15) g=g"2®¢;

Orobpaxkenus f u g nopoxaeHbl orobpaxkerneM §. Coryiacuo Teopeme 3.6.7, 0oTo6-
paxenue [ TOpoOXKIaeT 0TOOpaXxKeHne §. JTO JIOKAZBIBACT YTBEPKICHUE TEOPEMBI.

O

Teopema 3.7.5. [Tycmov A - c60600HaA5% KOHEUWHO MEPHAA ACCOUUAMUEHAA AN2E0PG
nad Koavyom D. Ilpedcmasaenue anzebpo A® A 6 anzebpe L(A; A) umeem xoneu-

noll basuc 1.

(1) Jlunetnoe omobpasicenue f € L(A; A) umeem 6ud

(3.7.16) F=> (as,0®as.10) 0l =Y ag 0lkas, 1
k k

(2) Ez0 cmandapmmoe npedecmasaenue umeem 6ud
(3.7.17) f= aki (e; ® éj) ol = ak'ijéifkéj

JIOKABATEJILCTBO. U3 Teopembr 3.7.4 ciieiyer, 4To ecjii MATpUIlia I3 BBIPOXK-
JieHa U oToOparkenue f yJI0BJIETBOPSIET PABEHCTBY

(3.7.18) vank (BY,5; f5,) = rank B

m

TO oTOOpaXkeHue f MOPOXKIAET TO 2KE CAMOE MHOXKECTBO OTOOPAXKEHUIl, ITO TTOPOXK-
Jeno orobpazkenuem §. CrieoBaTeIbHO, I TOrO, YTOOBI MOCTPOUTH OA3KUC MPEJI-
craBsenus aarebpol A ® A B momyne L(A; A) Mbl JOJZKHDBI BBIIOJHUTD CJIEYIOIIEe
[IOCTPOEHME.

MHuozkecTBO pemntennii cucrembl ypasaenuii (3.7.11) nopoxaer cBoboaHbIH 11071
momyns £ momynsa L(A; A). Mer crponm 6asuc (hy, ..., hy,) moamomynsa L. 3arem mo-
OJTHSIEM STOT GA3MC JIMHEHTHO HE3ABICUMBIME BEKTOPAMI Ajy1, -.., Ny, KOTOPBIE HE
[PUHAJIEIKAT TTOAMOJLY/O L, TAKIM 00PA30M, 9TO MHOKECTBO BEKTOPOB A1, ..., hm
apyisierca 6asucom moyist £(A; A). Muoxectso opbut (A® A)od, (A® A)ohyyi,
wory (A® A) 0 hyy, mopozxmaer Momymsb L(A; A). TIocKoIbKYy MHOZKECTBO OPOUT KOHEY-
HO, MBI MOYKEM BBIOPATH OPOMTHI TaK, YTOOBI OHU HE MepeceKanuch. JIs Kaxkmoit
OpOUTHI MBI MOYKEM BBIOPATH IIPEICTABUTEb, TIOPOXK IO 9Ty OpOUTY. O
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IIpumep 3.7.6. g nouga komiuiekcubix aucest ajrebpa L(C; C') umeer 6asuc
Ipoz=1z%
lio02=%2

st anre6pbr KBaTepHnoHOB anrebpa L(H; H) nveer 6a3uc

Ipoz=12%

3.8. JluneiiHOe oTOOpakeHNEe B HEACCOIIMATUBHYIO ajredopy

Tak Kak Tpow3BeeHIE HEACCOIMATUBHO, MBI MOYKEM IIPEIITIOJIOKUTh, ITO Jeii-
crBHe a, b € A na orobpazxkenue f MoxKeT ObITh HpeacTaBaeHto jubo B sume a( fb),
6o B Buze (af)b. OgHAKO 3TO IPEAOIOKEHIE IPUBOIUT HAC K JIOBOJILHO CJIOK-
HOIl CTPYKTYpe JUHEHHOrOo oTOoOpazkeHus. UToObI JIyHIle MPeICcTaBUTh HACKOIHLKO
CJIOYKHA, CTPYKTYPa JIMHEHHOTO OTOOPAXKEHMs, Mbl HATHEM C PACCMOTPEHMUsI JIEBOI'O
U IIPABOTO CJIBUTOB B HEACCOIMATUBHOM aJjrebpe.

Teopema 3.8.1. [lycmo
(3.8.1) l(a)ox = ax
omobpascenue aesozo cdsueza. Tozda
(3.8.2) l(a) o l(b) =l(ab) — (a,b)1
20e Mol onpedesunt Aunetinoe omobpaxcenue

(a,b)1 oz = (a,b,x)

JIOKA3ATEJBLCTBO. U3 pasencrs (3.2.2), (3.8.1) ciemyer

(I(a) o l(b)) oz =(a) o (I(b) o x)

(3.8.3) = a(bzx) = (ab)x — (a,b,x)
=l(ab)ox — (a,b)1 0z
Pasencrso (3.8.2) caeyer n3 pasencrsa (3.8.3). O

Teopema 3.8.2. [Tycmo

(3.8.4) r(a) ox = za
omobpasicernue npagozo cdsuza. Tozda
(3.8.5) r(a) or(b) = r(ba) + (b,a)a

20e Mol ONPedesUNt MUHETIHOE OMOBpadCcEHUE
(ba a)2 or = (Ia bv CL)
JIOKA3ATEJILCTBO. U3 pasencrs (3.2.2), (3.8.4) ciemyer
(r(a) or(b)) oz = r(a) o (r(b) o x)
(3.8.6) = (zb)a = x(ba) + (z,b,a)
=r(ba) ox + (x,b,a)

Pagencrso (3.8.5) caenyer u3 pasencrsa (3.8.6). O
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IIycrn
f:A—=A f=(ax)b
JinHeliHoe orobpakenue ayredpbl A. CorstacHo Teopeme 3.3.4, orobpazkeHue
g: A=A g=(cf)d
TakzKe JuHeitHOe oTobpazkerue. O IHAKO HEOUEBUIHO, MOYKEM JIM MBI 3aIIUCATH OTO0-
parkeHWe ¢ B BHJIe CyMMBI cjaraeMbix suga (ax)b u a(zb).
Eciim A - cBobonHas KOHEYHO MepHas aJjredpa, TO Mbl MOXKEM IIPEIIIOJIOKHUTD,
4TO JIHHeiiHoe 0TOOpazKeHne IMeeT CTAHIAPTHOE IIPEACTABICHHE B Bume

(3.8.8) fox=f" (ex)e;

B sTom ciytuae MBI MOXKeM IPUMEHUTH TeopeMmy 3.7.5 st oToOparkeHuii B Heacco-
MUATUBHYIO aaredpy.

Teopema 3.8.3. Ilycmv €1 - 6asuc c60600noti woneuno mepnoti D-anzebpor Aj.

Hycmwv €3 - b6asuc c60600101 KoHewHno MepHOT Heaccouuamuehot D-arzebpu, Asg.
P

IIyemov Bo.y, - cmpyxmyproie Koncmanmae areebpor As. Ilycmo omobpasicerue

(3.8.9) g=aof

nopooicdénnoe omobpasicenuem f € (A1; Aa) nocpedemeom menszopa a € As ® As,
UMEEm CManOaPMHOe NPEICTNACAEHUE

(3.8.10) g=d"(e; ®e;)o f=a"([f)E
Koopduramv, omobpastcerus (3.8.9) U €20 CMAHIAGPMHBLE KOMNOHEHMDL CEA3AHDL
pasercmeom

(3811) glk _ fl7r197JB2p 32;)7

im

JIOKABATE/JIbLCTBO. OTHOCHTEILHO Ga3UCOB €1 U €2, JIMHEHHbIC 0TOOPasKeHIS
f n g nmeror Bz

(3.8.12) fox= flaey;
(3.8.13) gox = géa:-jég.i
U3 pasencts (3.8.12), (3.8.13), (3.8.10) caemyer

m

g a'es. = a' (€. (f"2'€2.1,))e0.4

=a% fl"lxle o Bz.’;jég.k

‘im

(3.8.14)

Tak Kak BEKTODbI €2. JIMHEHHO HE3ABUCHUMbI U  IPOU3BOJIBHBI, TO PABEHCTBO
(3.8.11) caeyer u3 pasencrsa (3.8.14). O

Teopema 3.8.4. ITycmv A - c60600HaA KOHEUHO MEPHAA HEACCOUUAMUBHAA AN~
eebpa nad xoavyom D. IIpedcmaeaenue anzebpo, A ® A 6 anzebpe L(A; A) umeem

Koneunvil basuc I.

3-13BLi6op mpoussosen. MbI MoKeM paccMOTpPeTh CTAHAPTHOE MPEICTAB/ICHIE B BUIC
fox=fe;(ve;)
Torpa pasencrso (3.8.11) nmeer Bux

(3.8.7) 9 = f"g" B2}, Bo. "

mg
41 BeiGpan Boipazkenue (3.8.8) Tak Kak MOPSAJIOK COMHOXKHUTEJICH COOTBETCTBYET TIOPSJIKY, BIODAH-
HOMY B Teopeme 3.7.5.
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(1) Junetnoe omobpasicenue [ € L(A;A) umeem 6ud

(3815) f= Z(ask»o & askvl) ol = Z(aSk'OIk)a’Sk"l
k

k
(2) Ez0 cmandapmmoe npedecmasaenue umeem 6ud
(3.8.16) f=ad""@ ®¢e;) ol =ad""(e;11)e,

JTOKA3ATEJLCTBO. Pacemorpum marpury (3.7.8). Ecam marpuna B HeBbl-
pOKJIeHa, TO JJIs 3aJIaHHBIX KOODJIMHAT JIMHEHOTO IpeobpaszoBaHus g¢h. U Jjis
orobpaxkenus f = § , cucrema JuHeHHbIX ypasaenuii (3.8.11) oTHOCUTENHLHO CTAH-
NAPTHBIX KOMIIOHEHT 3TOro IIpeobpasoBanms ¢°” MMeeT eIMHCTBEHHOE peIICHHE.
Ecyiin marpuna B BbIpOXKjieHa, TO COIJIACHO TeopeMe 3.7.5 CyIecTByeT KOHEYHBIH

6azuc I, TOPOXKIAIOIINIT MHOXKECTBO JIMTHEHHBIX OTODPaYKeHMIA. O

B ornutuwme ot caydast acconmmaTuBHON aareOpbl MHOXKECTBO reHepaTopoB I B
reopeme 3.8.4 He sIBisIeTCsl MUHHMAaJbHBbIM. 13 paBeHcTBa (3.8.2) cienyer, uTo
uesepuo pasencTso (3.6.9). CienoBaresbHo, opouThbl 0TOOpazkenuii Iy He mopoxia-
10T OTHOIIeHUs KBUBaJienTHOCTH B airebpe L(A; A). Tak Kak Mbl paccMaTpuBaeMm
T0JIbKO 0ToOpazkenus Buaa (aly )b, To Bo3aMoxKHO, 9T0 1pu k # | orobpazkenue Iy 110-
poxkjiaeT orobpakenue [;, ecim pacCMOTPETh BCe BOZMOXKHBIE OTIEPAIUU B aJredpe
A. Tlosromy MHOXKeCTBO 00pasyrolmx [, HeaccolMaTHBHON ajredpbl A He urpa-
€T TaKOW KPUTUIECKON POJIN KaK OTODparKeHMe COMPSXKEHUsT B T0JI€ KOMILIEKCHBIX
qucesi. OTBeT HA BOIPOC HACKOJBKO BayKHO OTOOpaxKkeHue [ B HEACCOIMATHBHOM
ajrebpe TpebyeT AOMOTHUTETBHOIO MCCIEIOBAHMS.






T'nasa 4

Anrebpa c meseHneM

4.1. JIuneiinass GyHKINS KOMIJIEKCHOTO ITOJIS

Teopema 4.1.1 (Vpasuenus Komm-Pumana). Paccmompum nose KomMnaekcHvix
yucen C' xax dsymepnyro anrzebpy mad nosem dedicmeumesvrux wuces. Iloaoocum

(411) eco=1 €c1=1
basuc aneebpo. C. Toeda 6 smom basuce npouseederue umeem sud
(4.1.2) €%, = —eco

U CMPYKMYPHBIE KOHCTNAHMBL UMEIOT, 6UJD
0 _ 1 _
Bo.go =1 Beo.gi= 1
1 _ 0. _
Be.jg =1 Be.j; =—1

Mampuya suretinol Gyrruuy

(4.1.3)

A Y

y'=a'f j
NOAA KOMNACKCHBT YUCEN Ha0 MoAeM JEUCTNEUMEALHBIT YUCEN YIOBAEMBOPAE CO-
OMHOWEHUIO

(4.1.4) fo =1
(4.1.5) fo=—f

JIOKABATE/JIbCTBO. Pasencrsa (4.1.2) u (4.1.3) ceiyioT U3 paBeHCTBa i2 =
—1. Honb3ysick paserctsoM [6]-(3.1.17) mosydaem cOOTHONIEHMST

(41.6) 1§ = 1 BofyBeb, = 17 BeoBed, + 1 B lyBol, = 1 - £
ULT) 1} = £ BofyBed, = £ BeloBed, + £ BedoBed, = F + 10
(4.1.8) f! = f*"Bo.};Be.y, = " Bo.5yBe . + [ Be.l 1 Be.g, = =7 = f1°

(4.1.9) f=f*"Bel Be.l, = [ Be.biBed, + fBe Sy Beb, = 00 — 1

W3 pasencts (4.1.6) u (4.1.9) ciexyer (4.1.4). 13 pasencrs (4.1.7) u (4.1.8) caeayer
(4.1.5). O
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4.2. Anrebpa KBaTepHUOHOB

B aroii craThe g pacCMATPUBAIO MHOXKECTBO KBATEDPHUOHHBIX AIre0p, OIpese-
JEHHBIX B [13].

Onpepnesnienne 4.2.1. Iycrs F - nose. Pacimupenne F(i, j, k) nons F HasbiBaer-
cs anre6poit F(F,a,b) KkBaTepHIOHOB Haj mojeMm F*!) eciu npoussenenue B
anrebpe E ompeiesieHO COTIACHO ITPABUIAM

i ik
: P ,
(4.2.1) o “
j1 =k b —bi

k| —aj bi —ab
e a, b € F, ab # 0.
Dnementsl anre6bper E(F, a,b) umeror Bus
z=2a"+a2"i+ 2%+ 2%k
rne 2 € F,i=0, 1, 2, 3. Kparepuuon
z=a"—z'i—2%j — 2%k

Ha3bIBAETCH CONPSZKEHNHBIM KBaTepHUONY «. MBI ollpeieimM HOpMY KBaTe€pHUOHA
T PaABEHCTBOM

(4.2.2) |z|? = 27 = (2°)? — a(2")? — b(2?)? + ab(z*)?

U3 pasencrsa (4.2.2) cienyer, uro E(F, a,b) siBasieTcst aare6poii ¢ el HIeM TOJIBKO
xorjga a < 0, b < 0. Torma MbI MOXKeM IIPOHOPMHUPOBATH Oa3UC TaK, 4YTO @ = —1,
b=—1.

Mbu1 6yznem obozuadars cumsoiaom E(F) anrebpy E(F, —1, —1) kBaTepHuoHOB
¢ nenernem Haj nosem F. Tlpoussenenune B anrebpe FE(F) ompeseneHo corsacHo
[paBuiaM

(4.2.3)

B anrebpe E(F) HOpMa KBATEPHHOHA UMEET BUJL
(4.2.4) lz)? = 27 = (2°)? + (21)? + (2%)? + (2®)?
IIpu 3TOM OOpATHBIH /IEMEHT UMEET BU/T
(4.2.5) e = 2| 7%T

Mbu1 6ynem nonarars H = E(R, —1,—1).

BryTpenHuit aBToMOpdu3M anarebpel KBarepHHoHOB H 42
1

p—apq-
(4.2.6)

qliz + jy + k2)q~' =iz’ + jy’ + k2’

4191 6yny crenosaTs ompenenenmo 3 [13].
420, [15], c. 643.
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ONMCBHIBAET BpAIEHNE BEKTOpa C KOOpJWHATAMH X, Y, z. e ¢ 3amucan B BUIE
CYMMBI CKaJIidpa 1 BEKTOpa
q=cosa+ (ia+ jb+ke)sina a® +0*+c2 =1

To (4.2.6) omuchIBaeT BpaleHne BeKTOPa (I, Y, 2) BOKPYT BekTopa (a,b, ¢) Ha yrou
2a.

4.3. Jluneiitnas dyHKIUs aaredbpbl KBATEPHUOHOB
Teopema 4.3.1. Ilonooicum
(4.3.1) eo=1 e1=1i ex=j es=k

6asuc anzebpo, keamepruonos H. Tozda 6 6azuce (4.3.1) cmpyxmyproe KoHcMaH-
mol UMeIom 6ud

Bgo =1 Bél = 1 B(2)2 =1 Bgs = 1
Bi{,=1 B),=-1 B}),= 1 Bi,=-1
B3,=1 B3, =-1 By,=-1 Bj,= 1
Bgo =1 B.‘%l =1 B§2 =-1 Bgs =-1

JIOKA3ATEJILCTBO. 3HadYeHHe CTPYKTYPHBIX KOHCTAHT CJICJYyeT U3 TaOJIHIbI
yMmHOXKeHnst (4.2.3). O

Tax kKak BBIYHCIIEHHS B TOM pa3jiejie 3aHUMAIOT MHOIO MECTa, s cobpas B
OJTHOM MECTE CCBHIJIKH Ha TEOPEMBI B 3TOM pa3jieJie.

Teopema 4.3.2: ompesesieHne KOOPAMHAT JIMHEHHOTO 0TOOpaXKeHus ajred-
pPbI KBaTepHHOHOB [ 4epe3 cTaH/apTHbIE KOMIIOHEHTHI 3TOTO OTOOpazKe-
HUS.

PagencrBo (4.3.22): marpuunas GopMa 3aBUCUMOCTH KOOPANHAT JIMHEHHO-
ro orobparkeHnusi ajaredbpbl KBATEPHUOHOB H OT cTaHIAPTHBIX KOMIIOHEHT
9TOTO OTOOPAKEHMUSI.

PaBencrBo (4.3.23): marpuunas ¢dhopMma 3aBUCUMOCTH CTAHIAPTHBIX KOM-
MTOHEHT JITHEITHOTO 0TOOpaYKeHUsI aIreOpbl KBATEPHUOHOB H OT KOOpIHAT
9TOTO OTOOPAKEHHUSI.

Theorem 4.3.4: 3aBUCHMOCTD CTAH/IAPTHBIX KOMIIOHEHT JIMTHEHHOTO OTOO-
paKeHusi aaredbpbl KBATEPHUOHOB H OT KOODJMHAT 3TOrO OTOOPAYKEHUS.

Teopema 4.3.2. Cmandapmmvie KOMNOHERMOL AUHETHOT GYHKUUL aN2€0PDL KGaA-
mepruonos H omuocumenvro 6asuca (4.3.1) u xoopdunamo, coomsememeyrouse2o
AUHETHO020 NPE0OPA306aAHULA YIOBAECTNEOPAIOM, COOMHOUEHUAM

f(()) :fOO _ fll _ f22 _ f33
f11 :f()() _ fll + f22 + f33
f22 :f()() + fll _ f22 + f33
f? :fOO + fll + f22 _ f33

(4.3.2)
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f(} — f01 + flO + f23 _ f32

{) :_fOI _ flO + f23 o f32

(4.3.3) £3 =—fO1 4 f10 _ §23 _ 32
f?? — f01 _ flO _ f23 _ f32

f02 — f02 _ f13 +f20 +f31

f% — f02 _ f13 _ f20 o f31

(4.3-4) FO =—f02 _ f13 _ §20 4 31
f,?} :_f02 _ f13 + f20 _ f31

fg — f03 +f12 _ f21 +f30

f12 :_f03 _ f12 _ f21 + f30

(4.3.5) fl= O3 _ g12_ g21_ 30
f{? :—f03 + f12 _ f21 o f30

JIOKA3ATEJBLCTBO. Ilosb3ysick pasercTBoM (3.7.11) mostydaeM COOTHOIICHUS
f9= 7By, B
pTr
(4.3.6) = fY9B3oBg, + [ BB, + f** B3, B3, + f** B, BYs
— fOO _ fll _ f22 _ f33
f(}: fkrBlIcJOleir
(4.3.7) = fU'B3oBg, + ['"BioBio + [*? B3, B33 + [** B3, B,
— fOl +f10 +f23 _ f32
fg: fkTBII;OBgr
(4.3.8) = f?ByB3, + ['°BioBis + " B3,B3, + f*' B, B3,
— f02 _ f13 _I_f20 _I_f31
fg: fkTBISOBgr
(4.3.9) = [P B3oBis + f'?BioBi, + ' B3, B3, + f*'B3, B,
— f03 +f12 _ f21 _I_fSO
f9= "By, BY,
(4.3.10) = fU'By,BY, + f'°BY, By, + f*° B3, B3s + f*? B3, BY,
— _fOl _ flO + f23 _ f32



(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

4.3. Jluneitnas dynkius anrebpbl KBATEPHUOHOB

f11: fk:TBngIl)r
= fOOB(%lB%o + fllBng(%l + fznglB:%z + f33Bng%3
— fOO o fll +f22 +f33

f12: fk:TBnggr
= f*°Bg, Bis + [ B}, B3, + [*' B3, B3, + f°"B3, B3,
— _f03 _ f12 _ f21 _I_f30

fi= "By, B},
= f’By,Bi, + f'°BY,Bi; + B3, B3, + f*' B3, B3,
— f02 _ f13 _ f20 _ f31

fg: fk:TB£2B27’
= fongngz + f13B§2Bg3 + szBnggo + f3lB§2B?1
— _f02 _ f13 _ f20 _I_f31

f21: fk:TBgTB;r
= f03Bng%3 + f12B?2B§2 + f21Bng(%1 + f3OB§2B%0
— f03 o f12 _ f21 _ f30

Ji= [ B}, B,
= fYB3, B3, + [ B, B3, + [*? B3, B3, + 77 B5, Biy
— fOO +f11 _ f22 +f33

fi= " BJ,B},
= fOIBnggl + flOB§2B§0 + f23BngS’3 + f32B§2B%2
— _fOl + flO _ f23 o f32

fg: fk:TB£3Bgr
= fO°B3;B3s + ['?Bi3 B, + [ B33 BYy + fPYBI3 By,
— _f03 +f12 _ f21 o f30

Ji= [ BB},
= fYBisBss + [P BI3Bas + f*° By Bio + 71 BS3 Boy
— _f02 _ f13 + f20 _ f31

49
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fi= 1" B, B

pr
(4.3.20) = [U'B3B3, + [1Bis B3y + [*° B33 Bis + [P B B,
— f01 o flO _ f23 _ f32
fi’?: fkTBE?)Bgr
(4.3.21) = fYB3sB3, + [ B3B3, + [*? B33 B, + f7° B3 B
— fOO +f11 +f22 _ f33
Vpasuenus (4.3.6), (4.3.11), (4.3.16), (4.3.21) dbopmupyior cucremy JuHEAHBIX
ypasrenuit (4.3.2).
Vpasuenus (4.3.7), (4.3.10), (4.3.17), (4.3.20) dopMupyroT cucTeMy JUHEHHBIX
ypasHenuit (4.3.3).
VYpasuenus (4.3.8), (4.3.13), (4.3.14), (4.3.19) dbopMupyroT crucTeMy JIHHEHHBIX
ypasHeHnit (4.3.4).

Vpasuenus (4.3.9), (4.3.12), (4.3.15), (4.3.18) dbopmMupyroT cucreMmy JUHEHHBIX
ypasHenuit (4.3.5). O

Teopema 4.3.3. Paccmompum anzebpy keamepruonos H ¢ 6asucom (4.3.1). Cman-
dapmmvie Komnornenmos addumuenoti gyrnkyuy 1ad nosem F u koopdurnamovl amot
Ppynryuu nad nosem F ydosaemesopaiom coommowenuam

fo 188

fo=f  fi —f
2 2 g2 2
2 3 0 1
RN
(4.3.22) 1 -1 -1 -1 R A A A
1 -1 1 1 fll flO f13 _f12
|1 1 -1 1 F22 _f28 20 F21
1 1 1 -1 f33 f32 _f31 f30

fOO _fOl _f02 _f03
fll flO f13 _f12
f22 _f23 f20 f21
f33 f32 _f31 f30

(43.23) R T R BN I
1 -1 -1 1 1 o =f  fa —f:
Al -1 -1 f2o-f -3
-1 1 1 -1 H S o—fF =13
2de .
1 -1 -1 -1 1 1 1 1
1 -1 1 1 I S T T
1 1 -1 1 T4l 11 -1 1
1 1 1 -1 -1 1 1 -1
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JIOKABATEJIbCTBO. 3anuiieM cucreMy JiHeiHbix ypasuenuil (4.3.2) B Bujie

IpOoU3BEeACHUA MATPUILL

Yy 1 -1 -1 -1 o0
(4.3.24) fi 1 -1 1 1 fH
o 12 1 1 -1 1 %2
2
13 1 1 1 -1 138
Banmmem cucTeMy JIMHEHHBIX ypaBHeHUi (4.3.3) B BUJe IPOU3BE/IEHNs MATPHIL
1 111 -1 o
(4.3.25) 1o -1 -1 1 -1 fro
U f3 -1 1 -1 =1 f23
2
13 1 -1 -1 -1 132
W3 pasencrsa (4.3.25) caemyer
—fa -1 -1 -1 1 ot
1y -1 -1 1 -1 o
13 -1 1 -1 -1 12
—f2 -1 1 1 1)\ g
1 -1 1 1 —fot
1 -1 -1 -1 o
1 1 1 -1 —f%
1 1 -1 1 32
D 1 -1 -1 -1 —fot
4.3.26 —1o b=t e
(4.3.26) —f2 1 1 -1 1 —f23
3
13 1 1 1 -1 32
Banumem cucTeMy JMHEHHBIX ypaBHeHui (4.3.4) B BHUJle IPOU3BE/IEHNsT MATPHIL
7 1 -1 1 1 o2
; 1 -1 -1 -1 e
1
(4.3.27) o 1 -1 —1 1 £20
2
4 -1 -1 1 -1 3
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W3 pasencrsa (4.3.27) caenyer
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—f2 11 -1 -1 702
—f? 11 11 F13
9 1 -1 -1 1 F20
fi -1 -1 1 -1 o
11 -1 1 _f02
1 1 1 -1 F13
1 -1 -1 -1 £20
1 -1 1 1 —f3
é) 1 —1 -1 -1 _f()2
1 1 -1 1 1 13
(4.3.28) J 2 ! 0
-1 1 1 -1 1 f
—f3 1 1 1 -1 -3t
Banuniem cucTeMy JUMHERHBIX ypasHeHuii (4.3.5) B Bujie IPOU3BEICHHsT MATPHUIL
2 1 1 -1 1 03
2 -1 -1 -1 1 12
(4.3.29) i !
fa 1 -1 -1 -1 2
19 -1 1 -1 -1 3
U3 pasencrsa (4.3.29) cueayer
—f3 -1 -1 1 -1 o8
f? -1 -1 -1 1 2
—fa -1 1 1 1 2
9 11 -1 -1 #30
11 1 -1 _f03
1 1 -1 1 _f12
1 -1 1 1 F21
1 -1 -1 -1 #30
£ S A
—f3 1 -1 1 1 —f12
(4.3.30) f22 f21
72 1 1 -1 1 f
_f({)i 1 1 1 -1 f30
Mper1 o6beunsieM pasercrsa (4.3.24), (4.3.26), (4.3.28), (4.3.30) B pasencrse (4.3.22).

O

Teopema 4.3.4. Cmandapmuvie Komnonenmu, AUHEGHOT GyYHKUUL an2ebpol K6a-
mepruonos H omuocumenvro 6asuca (4.3.1) u xoopdunamo, coomsememeyrouse2o
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AUHETH020 np606pa306aﬁu,ﬂ ydoeﬂemeopmom COOMHOWEHUAM

A= fE+ LA SIS
11_ _ p0 _ r1 2 3
(4.331) Af =—fo—fi+ /i + [3
Af#= [0+ fi = 3+ [3
AfP=—f0+ fl+ 2= f3
A= —fl+fo - fEH 12
01_ _ 0 1 ‘2 _£3
(4332) 4f - 1 + fO + f.s f2
AfP=—f0 = fo—fi - f3
Af¥=fl+fo - fi-f2
AfP0=—fl+ fs + S5 - fT
4 31_ f0 _ r1 2 _ £33
(43.33) =Rt oA
4f02: _fg - fsl + fg + ff
AffP=—fl =[5 =15 - fF
Af*0=—fS = f2 + [T+ 3
4f21— _f0 _ g1 _ r2 _ r3
(4.3.34) P
AfP=fl—fa - I+ 3
AfP=—fS+ f2 - [T+ 5

JIOKABATENBLCTBO. CucreMbl inHEHHbIX ypasHernit (4.3.31), (4.3.32), (4.3.33),
(4.3.34) mostyueHsl B pe3yJbTaTe HEPEMHOKEHHsT MaTpull B pasercrse (4.3.23). O

4.4. Anrebpa OKTOHHOHOB

Onpenenenne 4.4.1. Anrebpa O HasbiBaeTcs ajaredpoil OKTOHMOHOBEC/IU aJl-

rebpa nmMeer 6a3uc
(441) 50:1 61:.2' 52:‘? E;;Zk
€4 = -1 €5 =13l € = ]l 57 =kl

u pousBesieHne B ajredpe O ONpeesieHO COrJIACHO ITPABUIAM

e €o €3 €4 es € er
€1 | —€o €3 | —€2 €5 | —€és | —er €6
es | —€e3 | —eg e € e7 | —es | —es

(4.4.2) €3 e | —€1 | —€o er | —es €5 | —€s
€4 | —€5 | —€6 | —€7 | —€0 €1 €2 €3
€s €4 | —€7 €s | —€1 | —€g | —es3 €o
€s €7 €y | —€5 | —€2 €3 | —€o | —€1
er | —ég es ey | —€3 | —es e | —ep
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O

Teopema 4.4.2. Cmpyxmyphnoe Kowcmarnmor aszebpo, okmoruonos O ommocu-
meavho basuca (4.4.1) umerom eud

Bgo = 1 B(ln = 1 B§2 = 1 Bgs = 1
Bi,= 1 Bj;= 1 Bis= 1 Bi;= 1
Bly= 1 BY,=-1 B}Y,= 1 Bi,=-1
B,= 1 B},=-1 B],=-1 B, = 1
B%o = 1 Bg1 =-1 Bgz = -1 3%3 = 1
Bg4 = 1 B275 =1 Bg(} =-1 5)7 =-1
Bi,= 1 B3 = 1 Bi,=-1 B =-1
Bl,= 1 BS=-1 B};= 1 Bi =-1
Bj,= 1 B} =-1 BS,=-1 Bl,=-1
B),=-1 Bj;= 1 Bi;= 1 B}, = 1

go = 1 B§1 =1 Bg2 =-1 Bgs =1
B, =-1 B =-1 So=—-1 Bz, = 1
BS,= 1 Bl,= 1 Bi= 1 Bi,=-1
BZ,=-1 Bi;= 1 Bly=-1 Bl,=-1
B;O = 1 B'?1 =-1 3?2 = 1 B?s =1
B, =-1 B2 =-1 Bif= 1 BY =-1

JIOKABATEJIbCTBO. 3HauYeHHe CTPYKTYPHBIX KOHCTAHT CJIEJyeT U3 TaOJIUIbI
yMmHOKeHust (4.4.2). O

4.5. Jluneitnas dyHKIus aaredpbl OKTOHUOHOB

Tax Kak BBIYHUCJIEHHsI B TOM pa3jesie 3aHUMAT MHOIO MECTa, s coOpas B
OJIHOM MeCT€ CCBbLIIKI Ha TeopeMbl B 9TOM pasz/ieJie.

Teopema 4.5.1: ompenesieHne KOOPAMHAT JIMHEHHOTO 0TOOpaXKeHUs ajred-
pbl okToHNOHOB O Yepe3 CTaHIapTHBIE KOMIIOHEHTHI 9TOI0 OTOODaYKEHMUS.

PasencrBo (4.5.73): marpuunas ¢popma 3aBUCUMOCTU KOODIUHAT JINHEHHO-
ro orobpaskenust ajaredpbl OKTOHHOHOB O OT CTAHIAPTHBIX KOMIIOHEHT 3TO-
0 OTOOPaYKEHHUSI.

PagencrBo (4.5.74): marpuunast GpopMa 3aBUCHMOCTH CTAHIAPTHBIX KOM-
[IOHEHT JINHEHHOrO O0TOOpazkeHus ajaredpbl OKTOHMOHOB () OT KOODIUHAT
9TOTO OTOOPAKEHMUSI.

Theorem 4.5.3: 3aBUCHMOCTD CTAHIAPTHBIX KOMIIOHEHT JIMTHEHHOTO OTOO-
pazKeHus aaredpbl OKTOHHOHOB (O OT KOOPJMHAT 9TOTO OTOOPAKEHUSI.

Teopema 4.5.1. Cmandapmmovie KoMnoOHeHMbL AUHETUHOT GYHKUUL A2EOPLL OK-
monuonos O omnocumenvrno 6asuca (4.4.1) u xoopdunamos coomseememeylouse2o



4.5. Jlnneitnas dynkuus aarebpbl OKTOHHOHOB

AUHETH020 NPE0OPA308AHUA YIOBAEMBOPAIOM, COOMHOUEHUAM

(4.5.1)

(4.5.2)

(4.5.3)

T A R s e b Al A
JE=I =+ 2 PP R R O T
JE=I+ P = R A S R O T
=P U [ P P O OO 1T
FE=FO0 f7 A P S R O OO 1T
A T e A b A T A A
A T Ak b A A A
FT =P fU o P I O OO = T

fo= OO PR O fOT T
JU==f0r = O 22— fP2 4 f O fOT T
f3 == f0 H f1O = 3 [P fA g fR g fOT — 7O
f3= fON = f1O— 23— fER g fAs R — 8T fT0
Jo==f0 A O R P O fOT T
fo= JON O R P O fOT T
fo= fON =[O R = T T
F e R R A o A A A
JE= SO [ RO fIL g 10 fT - pot g7
JE= 0% I8 O L U0y fT - pot g7
J8 == f0% — JI8 < [0 4 L 10 4 fOT  pO4 g7
fa==f07 = R RO fE O T fO T
e e e e R A AL i
ST =07 [ O — O 10— T pot fT
Jh= SO JI8 < RO L U0y fT  pot g7
JE= 0% JIE < 0 L U0 T pot g7
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(4.5.4)

(4.5.5)

(4.5.6)

4. AnreGpa ¢ mejiennem

8= FOoH 2= 2 PO T = 0 O —
Ji==f0 = 2= 2 R0 — T 0 — fO e fT
fa= fOP— 12— fRL = fEO 4 fAT — fO0 4 5 — e
f9 =—f0% 4 f12 — f21 — fP0 4 fAT — fO0 4 65 — e
fL==f0 = 2 2 20— fAT 4 0 - fO —
fS= O P RO T 0 O — T
Iy R Rl S Rl B A S
fr= fO T RO T O O — T
Jo= fON— I O T fUO 4 O fO2 4 fT
JE= fOt IS A T A0 pOL oy 024 g7
f= O RO T fRO O O T
VA A Bl S A Bl A A A
JE == fON = 15— O = T 04 O 02 4 fT
fr=—f0t = f1o 4 fRO 4 fIT 4 pA0 L po2 T8
JE == 0N F10 = O fT 4 10— O p02 T
JE =m0 FIO 0 = T 10— O g0

J§ = FO5 < T OO Uy o0 g0y g7
Ji =05 = g AT 80— Uy R0 4 g0 g7
JI= 05 AT 0 i R0 g0 g
J§ == 05— A AT g ULy fR0 g0 g7
e e e e N L LR e
JO == 07 fU AT 0 UL R0 p08 4 g7
J§ = fO5 < T 0 R0 g6y g7
JE =05 U T g ULy fR0 4 g0 g7



4.5. Jlnneitnas dynkuus aarebpbl OKTOHHOHOB

(()5: f06+f17+f24—f35—f42+f53+f60—f71
i?:_fOG _ f17 _ f24 + f35 +f42 _ f53 +f60 _ f71
24:_‘1006 o f17 o f24 _I_f35 _ f42 _ f53 _I_f60 _I_f71
:?: f06_|_f17_|_f24_f35_f42_f53 _f60_f71

(4.5.7)
42: f06+f17_f24_f35—f42+f53 _f60_f71
§=—f°6 _ f17 _ f24 _ f35 +f42 _ f53 +f60 +f71
g:_fOG +f17+f24 _ f35 _ f42 +f53 _ f60 _ f71
%: f06 _f17+f24_f35_f42+f53 _f60_f71
(’)7: f07 —f16+f25+f34—f43 _f52 +f61 +f70
f: f07_f16+f25+f34_f43_f52 _f61 _f70
2.5:_‘1007 _I_flﬁ o f25 o f34 + f43 _ f52 o f61 _I_f70

(4 . 8) él :_f07 _I_f16 _ f25 _ f34 _ f43 4 f52 _ f61 _I_f70

2: f07 —f16+f25 _ f34—f43 _f52 +f61 _f70
5?: f07_f16_f25+f34_f43_f52+f61 _f70
fé :_f07 o f16 o f25 o f34 + f43 + f52 o f61 _I_f70
f’? :_f07 o f16 _I_f25 + f34 _ f43 _ f52 _I_fﬁl o f70

57

JTOKA3ATEJBLCTBO. Ilosnb3ysich paBeHcTBoM (3.7.11) mosryuaeM COOTHOTIEHMsT

fg: fk’“BlfOBgr
= [YB3oBgo + [ BioBY1 + [** B3, B3, + [*° B3, B3s
+ fHBioBl + PP B3 Bls + fO° B Bis + fTT BB,
_ fO00 _ f11_ p22_ £33 _ pdd _ 55 _ (66 _ 77

f(}: fkrBiolevr
= [Y'B3oBg, + ['BioBio + [* B3, Bis + [*? B3, Bi,
+ [*9BioBls + BBy + [T B Bér + f°BiyBis
_ fO1 4 f10 | £23 _ 32 | pd5 _ 54 _ 67 4 (76

(4.5.9)

(4.5.10)

fg: fkngoBgr
= [PBB3, + [ BioBis + [*° B3 B3, + f*' B3, B3,
+ [*°BioBis + [*"B3yBs; + [°*BS,Bi, + [7°Bi,B7;
— foz _ f13 +f20+f31 +f46 +f57 _ f64 _ f75

(4.5.11)
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(4.5.12)

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)

(4.5.17)

(4.5.18)

4. AnreGpa ¢ mejiennem

fO_ fk:rBP B3
= By ng + [ Bl B, + [ B, B;’a + /B3, B,
+ [4TBiy By + J7OBE, Bis + [0 B, Bis + [T Bl B,

— f03 +f12 _ f21 +f30 +f47 _ f56 +f65 _ f74

fO_ fk:rBP B4
= [Y'BoBos + [P BioBis + [*° B3, Big + [* B3, By
+ [*BioBio + ' B3B3, + f°? By Bi, + [0 BB,
— f04 _ f15 _ f26 _ f37 _I_f40 _I_f51 _I_f62 4 f73

fO_ fk:rBP 35
= [ B3oBgs + [ BioBiy + [*" B3, B3, + f° B3, Big
+ [ BioBI, + B3B3, + [ BSyBis + f° B, B2,
— f05 _I_f14 _ f27 + f36 o f41 _I_f50 o f63 + f72

fO_ fk:rBP BG
= fOGB 6+f17BIOB 7+f24BzoB 4+f3sB
+ [ BioBS, + 7P B2y Bss + [0 B, BS, + f7lB7oB$1
— f06 _I_f17 + f24 _ f35 o f42 _I_f53 _I_f60 _ f’?l

f fk:rBP B7
= fO"B3yBi; + ['°BloBis + [*°B3,Bis + [** B3, Bi,
+ [**BioBis + f7? B2 Bi, + f°' BS,BE, + 7' Bio By,
— f07 o f16 +f25 +f34 o f43 o f52 _I_fﬁl +f70

fl — fk:rBP BO
= fO'By, BY, + f''BY, By + f*° B3, BYs + f** B3, B3,
+ fYBIBs + 7B Bl + fOT B By, + fT°B?, By
— _fOl _ f10+f23 o f32 _I_f45 _ f54 _ f67+f76

fl — fkrBP Bl
= fYBg,Bio + f''BY By, + f**B3, B, + f*° B3, B,
+ f¥B3 B3y + f°° B3y Bis + f°°BE, By + 7B Bgr
— fOO o fll +f22 +f33 _I_f44 _I_f55 _I_f66 +f77



(4.5.19)

(4.5.20)

(4.5.21)

(4.5.22)

(4.5.23)

(4.5.24)

(4.5.25)

4.5. Jlnneitnas dynkuus aarebpbl OKTOHHOHOB
flzz fk:TBngIz)r
= f03BélB%3 + f12Bng§2 + leBnggl + f3OBng§0
+ f*"B} B3, + f°°B3, Big + f°° B, Bis + fTB?, Bi.
— _f03 _f12 _f21 +f30 —f47+f56 —f65+f74
fi}: fk:TBnggr
= fozBélB%z + f13B?1333 + szBnggo + f3lBng%1
+ f*°BI, BSs + f°"B5, Biy + f' B, B, + 7 B?, Bis
— f02 _ f13 _ f20 _ f31 _I_f46 _I_f57 _ f64 _ f75
fil: fk:TBnggr
= fOSBélBils + f14B?1334 + f27Bng§7 + f%Bngge
+ fM'BI By + f7UB5, Biy + f°°Bi, Bis + 7 B?, B,
— _f05 _ f14+f27 o f36 o f41 +f50+f63 _ f72
fir): fk:TBnggr
= f04BélBir)4 + f15BngS’5 + fzﬁBngge + f37Bng§’7
+ f1B, B3y + 71 B3, BY, + f°BE, B, + [P B? By
— f04 o f15 _ f26 _ f37 o f40 o f51 _I_f62 + f73
f16: fk:TBnggr
= fO"By, BY; + f1BY, Bis + f*° B3, BSs + f** B3, BS,
+ fB:,BSs + f72B5, B, + fO' B, BT, + fTVB?, B,
— f07 o f16 + f25 + f34 o f43 o f52 o f61 _ f70
fi= f*" B}, By,
= fY°By, Bl + f'"BY, B, + f**B3, Bi, + f*° B3, Bi;
+ [ BI B, + f7°B5, By + f°°BE, Biy + f7' B Bé,
— _f06 _ f17 _ f24 _I_f35 _I_f42 _ f53 +f60 _ f’?l
f3= 1" BB},
= fO?B3, B3, + [ B, Bl + 2" B3, Bo, + 7' By, BY,
+ [YBE, Bl + [°T BBy + [ B, By + [T° B2, BY;
— _f02 _ f13 _ f20 _I_f31 _I_f46 +f57 _ f64 _ f75

59
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(4.5.26)

(4.5.27)

(4.5.28)

(4.5.29)

(4.5.30)

(4.5.31)

(4.5.32)

4. AnreGpa ¢ mejiennem
f21: fk:TB£2B11)7'
= f03Bng%3 + f12B§2B:}2 + leBngél + f3OB:}2B%0
+ [Y"BE: By + fP°Bi,Big + f°°Bg.Bis + [T B2, B,
— f03 _ f12 _ f21 _ f30 +f47 _ f56 +f65 _ f74
f22: fkTB£2B§r
= fOOBnggo + fllB§2B§1 + fzngngz + f33B:}2B%3
+ [ BB+ [P B, B, + f°BG,Bis + B2, B3,
— fOO _I_fll _ f22 +f33 _I_f44 _I_f55 _I_f66 +f77
f23: fk:TBgTBgr
= fOIBnggl + flOB§2B§0 + f23Bngg3 + f32B:}2B%2
+ fB,BEs + [ BB, + [0 B, Bl + fT°B7, Bl
— _fOl +f10 _ f23 o f32 o f45 +f54+f67 _ f76
f24: fk:TBgTBgr
= fOGBngge + f17B%2B§7 + f24Bngé4 + f3sB§2Bil5
+ [ BB, + [P B, By + f°°Bi,Biy + f T B2, Bi,
— _f06 _ f17 _ f24 _I_f35 o f42 _ f53 +f60+f71
fér): fk:TBgTBgr
= fU"B3, B3, + [ B, B3 + [*° B, Bi; + [ B, By,
+ B, BEs + fP2BL, B, + [0 B, Biy + fTVB7, B,
— —f07+f16 _ f25 o f34 _I_f43 _ f52 _ f61 +f70
fi= 1" BL By,
= fU'B3,BS, + [P B, BSs + fP° B, B + f°" B, BT,
+ B8, B + [P B, BY + [ B, Bl + [0 B2, BSs
— f04 o f15 _ f26 _ f37 o f40 _I_f51 o f62 + f73
fi= 1" BL, B,
= f°B3,Bi; + [ B, Bi, + f*" B3, Bj; + f*°Bi, B,
+ Y BE,BE, + [POB, Bl + [P B, Bl + [T? B2, B,
— f05 _I_f14 _ f27 + f36 o f41 o f50 o f63 _ f72



(4.5.33)

(4.5.34)

(4.5.35)

(4.5.36)

(4.5.37)

(4.5.38)

(4.5.39)

f 4.5. Jlunei
0 HHA.
= h
3 fk:TBp YHKITH S aJr
: f03 k3Bgr re6pbl OKTO
3 HUOH:
i BisBis + f* OB
S *B7, 4
— _ 7 + o6 . . .
fO3 4 f12 fP°BS;Bgs + L
fi=frr — o+ 9B o
BP f30 03 BY o
= f° raBp b AT g [P s
— £02 T N :
+ By B, + N 72 44
- o |
3 3
o f716 4 f57BS Bf3 + f?°BL, B!
_ 413 ) 3
- o o+ £ 1o+ 3
3 fkrBP 20 — 3t f 32331 f Bg3B1
_ k3B§,~ — f46 S :
L e 7B
0s B3 N |
+f45B7 1+fIOB2 | |
/ 1_ flo f 4B§3B2 f 33%332
- L 2, 4+ f"B3 Is+ f32BY
™ 2 |
_ BB, 4 s :3357 +f76323302
= fOOB3 T f N f67 73B2
i i 46
4+ 4 o 1 fm
f 4B7 f lB2
foo 4 i L o
fi= fk 22 3.+ f°°B2 S
fhrBP 33+ o v
_ k3Bg fA 4+ 0 P :
= f07B3 r A o
: i a7
4 f43 o fle f77
f*Bi;B; i
[ 73 + o2 . . .
3 fOT + fi6 f??BS;Bg, + ;; e
: fkTBp } - f34 BS3B4 B:(’,)3B4
"I BB S s
o | + f52 — f6 73B4
. o 40
+ 42 36 T fr N
B! o
fos 1 17 L i
f8= + f24 o5 + 60 o
) fkTBp i f35 32335 B:(’,)3Bs
-1 By, AP aha,
= 9582 - 7332
03 BS _ |
+ f4 o 1 f71
o 1B, B
3
: L 24 T
_f05 _ f14 fSOBgSBG f27B%3BG
+ f27 S0+ [9°Bg o
— f36 63B6 3336
) f41 N + f7ZB4 s
o 73 B4
s 42
_ f72
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(4.5.40)

(4.5.41)

(4.5.42)

(4.5.43)

(4.5.44)

(4.5.45)

(4.5.46)

4. AnreGpa ¢ mejiennem
f3— fk:rBP B7
= [ B3Bi, + [P Bi3Bis + [*°BysBlg + [*T B3 Biy
+ f*Bi3Bo + [P BS3BE, + f°?BEsBl, 4 P B7;Bis
— f04 _ f15 _ f26 _ f37 _ f40 + f51 + f62 _ f73

fo= flchp BO
- f04B 4B44 flsB fzﬁB f37B 77
+ f49B9,BY, + f5'BL,BY, + f92B2,BY, + f*B:,B
=—f0 _f15_f26_f37_f40+f51+f62+f73
fl= flchp Bl

= fB3,Bis + [ BY,B3, + f*"BS,Bg; + f*°Bi,Big
+ [ B Bsy + fPUBLBig + f° B3, By + B3B3,
_ fO5 _ 14 _ p27 | £36 _ p41_ ¢50 _ (63 4 (72
2= fkrBP, B2,
= fU°B3,Bis + "B, B3, + f**BS, B, + f*°Bi,B7;
+ [*?B1,B3, + [P B, Bis + f°°BE, B3, + [T B7, B3
_ fO6 4 p17 _ p24 _ p35 _ 42 | ¢58 _ 60 _ g7l
fi= fkrBP, B3,
= fU"Bg,Bi; + f'°BY, B + f*°BS,Bis + f*Bi,B7,
+ [*BL,Bis + 2B, B, + O B3, B3, + [°B7,B3,
_ fO7 _ 16 4 p25_ p34 _ 43 _ £52 4 61 _ £70
fi= ferBP,BY
= fY9B3,Bi + "' BY,Bs, + [**BS,Bg, + f*°Bi,Brs
F BB+ LB + SO BB+ 1T BB,
_ fO0 4 1L g2 £33 _ p4d | g55 4 66 4 77
fi=fkrBP,BS,
= fU'B3,Bi, + f1BY,BS, + [*°BS,Bgs + f32B34B72
+ [*¥BB3s + f°'Bi.BY, + f°TBE. B3, + fT°B,B
_fOL 4 f10_ p28 4 32 g5 _ g54 4 67 _ f76



(4.5.47)

(4.5.48)

(4.5.49)

(4.5.50)

(4.5.51)

(4.5.52)

(4.5.53)

4.5. Jlnneitnas dynkuus aarebpbl OKTOHHOHOB

f4— fk:rBP BG
— f02B 4B6 f13B f20B f3lB
f4GB f57B f64BG4B f75B74B35

_ _f02 +f13 +f20 _ f31 _ f46 _ f57 _ f64+f75

fi=f*"BP,BT,
= f03B 4B43 f12B leB f3OB 4B;0
+ f47B9,BY. + f5°BL, BT, + f°°B2,BI. + {7B3,B
= —f03 _f12+f21_I_f30_f47+f56_f65_f74
fO= f*"BP,BY,

= [ B35 BYs + [ BisBly + f*"Bi; By, + f°BS; Bgg
+ [ BisBYy + fPUBIBoy + [P BEs Bl + [ B7:BY,
_fO5 4 f14 _ p27 4 36 _ pAl _ £50 _ 63 | ¢72
fi= ferBP BL
= [ B Bis + ['°BisBis + [?°Bi; Big + [*"BS; Biy
+ [*BisBio + 7' BIsBoy + fO?BisBis + [ B75 B3
_ _fO4_ f15 | £26 | 37 | p40 _ p51_ 62 _ ¢T3
f2=fkrBP B2,
= fU"B3s B3, + ['°BisBis + [*°Bi;B7; + f**BS; Bi,
+ [*BisBis + fP?BIsBa, + 01 B B3, + [°B7: B3,
_ fO7 _ 16 _ p25 | p34 _ 43 _ £52 4 61 _ £70
fi= ferBP B3,
= fU°B3sBis + [T BisBi; + [**Bi; B}, + f*°BS; Bi;
+ [ BisBiy + P BYBis + fOOB3s Bl + [T B7: B3,
_ _fO6 _ 1T _ p24 _ g35 | pd2 _ 53 4 60 4 (71
fi= ferBP.BY,
= fU'B3sBs, + ['°BisBiy + [**Bi;B7s + f*?BS; By,
+ [*BisBis + B Bos + fOTBs Big + f°B75 B3
_ fO1_ 10 p23_ p32 _ 45 _ g54 _ £67 4 (76

63
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(4.5.54)

(4.5.55)

(4.5.56)

(4.5.57)

(4.5.58)

(4.5.59)

(4.5.60)

4. AnreGpa ¢ mejiennem

fg: fkTBﬁSBZT

= [Y9B3s B, + [ Bis By + [**Bi; By, + [*°BS; Bgs
+ [ Bis By, + P B Bis + fO°BEs B3 + fTB7: B3,
— fOO +f11 +f22 +f33 +f44 _ f55 +f66 +f77

f56: fkTBﬁSBST

= [ B3sBSs + ['?Bi; B, + f*' Bi; B, + Y BS; B,
+ fY"Bis B, + fP°BYs B + f°°Bis BSs + f T B75 B3,
— f03 _I_flz _ f21 _ f30 _I_f47 _ f56 _ f65 _ f74

fg: fk:TBﬁSB;r

= [PB;Bi, + [P BisBis + [*°Bis By + f*' BSs BS,
+ [*°BisBis + [P BsBiy + [ BisBi, + fT° BB
— _f02 +f13 +f20 o f31 o f46 _ f57+f64 _ f75

fg: fk:TBﬁGBgr

= fP°BsBds + [ "Bl B + [** B3 Bl, + [*°B3s Bls
+ ¥ B2sBY; + [P B3g By + f°YBds Boy + f' By BY,
— _f06 +f17+f24 o f35 o f42 +f53 _ f60 _ f’?l

fé: fkTBﬁGB;r

= fU"BGsBgr + ['°BisBig + [*°B3sBis + f** B3 B,
+ ¥ B2sBis + [P B Bs, + [C'Bds By, + f7°Big Bl
— _f07 _ f16 _ f25 o f34 _I_f43 +f52 _ f61 +f70

fi= 1" BB,

= [YBSsBi, + ['°BiB7s + [*°B3sBis + [*"B3s B2,
+ [*B2sB3 + [P Big B3, + [°?BdsBiy + f7° BigBis
— _f04+f15 _ f26 _I_f37_|_f40 _ f51 _ f62 _ f73

fi= 1" BB,

= [P BsBis + [ BlsB7, + [*" BB, + [*°B3s B,
+ Y B3B3, + [P BB, + [°*BisBis + f° BB,
— f05 _I_f14 _ f27 _ f36 o f41 o f50 o f63 + f72



(4.5.61)

(4.5.62)

(4.5.63)

(4.5.64)

(4.5.65)

(4.5.66)

(4.5.67)

4.5. Jlnneitnas dynkuus aarebpbl OKTOHHOHOB

fG_ fk:rBP B4
= f"*BgB, + 1Bl B¢3 + f* Bl Bffo + [* Bl B§1
+ f4GBZGB f57B f64B f75B
— foz _ f13 _ f20+f31 _ f46 +f57 _ f64 _ f75

f fk:rBP 35

= [P BsBgs + [ Bl B2, + [#' B3g Bl + [*B3s B3,
+ [YTBis B3, + fP°BisB3s + f° BB + [ BigBi4
_ _f03 _ g12 | p21 4 30 _ pAT _ 56 _ 165 | 74
fé= frBP BS,
= fYB8eBgo + [ BisBfy + [**B3g B, + f7?B3s BSs
+ [*BigB, + [P B3 BSs + f°BsBos + [T Big By
_ fO0 4 114 g2 £33 4 p4d | ¢S5 66 4 7T
fI=fkrBP BT,
= fU'B8sBg: + ['BisBio + [** B3sBis + f*? B3 Bi,
+ [*"BigBis + 7B B, + "B Bi, + [°BigBls
_ fO1_ 10 4 p23_ p32 4 45 _ ¢S54 _ £67 _ £76
0= frBP. B,
= fU"Bg; B, + ['°BY; B + f*° B3, BS; + f** B3, Bi,
+ [*Bi;B3s + f°?B3; B3, + f°' Bi; BYy + 7B, BY,
_fO7 _ f16 | 25 4 34 _ pd3 _ 52 4 61 _ 70
fi=ferBr B
= fY°Bg; B + ['"BY; By + f** B3, B, + f*° B3, Bi;
+ [ Bi;Biy + [°° B3, Bis + [*°Bi; Bio + [T By By,
_ fO6 _ 17 p24_ p35 _ 42 | ¢58 _ £60 _ ¢71
2= fkrBP B2,
= f°Bg;B?s + [ B, Bi, + [*" B3, B, + f*° B3, Big
+ 4B B, + [°°B2, B3, + [*° B, Bts + [T? B, B,
_ _fO5 _ 14 _ £27 _ 36 g4l | £50 4 63 _ ¢72

65
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f7— szrBP BS
(4 - 68) _ f04B 7BS flSB f26B f37B 7B47
o f4OB f51B57B f62B f73B
— _ {04 15 26 __ £37 40 _ £51 _ £62 _ 73
[+ f + = f f
f7— szrBP B4
— f03B 7B4 f12B f21B f3OB
(4569) f47B f56B f65B f74B
— f-03 +f12 _ f21 _ f30 _ f'47 _ f'56 +f65 _ f74
f7— szrBP BS
(4.5.70) = fPBG; B2, + [ By Bgs + [*° B3, B3y + f*' B3, Bi,
+ f*°Bi;B3s + B3, B3, + fO' Bi; Bl + [T B2, Bgs
— f'02 o f'13 _ f20 +f31 +f46 o f'57 o f'64 _ f75
f7— szrBP BG
(45.71) = fU'Bg; B¢ + 1B, B, + f*° B3, BSs + f*? B3, Bi,
+ [*°Bi;BSs + f** B2, B3, + f°" Bs, BY, + fT° B2, Bl
— _fOl +f10 _f23 +f32 —f45+f54—f67—f76
f szrBP B7
(45.72) = fY°Bg; B, + "' B, B, + f**B3, B, + f** B3, Bi;

+ [*Bi; Bl + [P B3 Bis + f°Bi; Bis + [T B2 B,
— fOO +f11 +f22 +f33 +f44 +f55 +f66 _ f77
Vpasuenus (4.5.9), (4.5.18), (4.5.27), (4.5.36), (4.5.45), (4.5.54), (4.5.63), (4.5.72)
dopmMupyror cucremy JuHeHbIX ypasHeHnit (4.5.1).
Vpasuenust (4.5.10), (4.5.17), (4.5.28), (4.5.35), (4.5.46), (4.5.53), (4.5.64),
(4.5.71) dopmupyior cucremy JuHelHbIX ypaBuenuii (4.5.2).
Vpasremms  (4.5.11), (4.5.20), (4.5.25), (4.5.34), (4.5.47), (4.5.56), (4.5.61),
(4.5.70) dopmupyroT cucremy JuHeNRHbIX ypasHeHnit (4.5.3).
Vpasuenust (4.5.12), (4.5.19), (4.5.26), (4.5.33), (4.5.48), (4.5.55), (4.5.62),
(4.5.69) dopmupyror cucremy JuHeNRHbIX ypasHeHnit (4.5.4).
Vpaprernms  (4.5.13), (4.5.22), (4.5.31), (4.5.40), (4.5.41), (4.5.50), (4.5.59),
(4.5.68) dopmupyioT cucremy JuHelHbIX ypaBHenuii (4.5.5).
Vpasmemms  (4.5.14), (4.5.21), (4.5.32), (4.5.39), (4.5.42), (4.5.49), (4.5.60),
(4.5.67) dopmupyror cucremy JuHeNRHbIX ypasHeHuit (4.5.6).
Vpasuenust (4.5.15), (4.5.24), (4.5.29), (4.5.38), (4.5.43), (4.5.52), (4.5.57),
(4.5.66) dopmupyioT cucremy JuHelHbIX ypaBHenuii (4.5.7).
Vpasrernms  (4.5.16), (4.5.23), (4.5.30), (4.5.37), (4.5.44), (4.5.51), (4.5.58),
(4.5.65) dopmupyioT cucremy JuHeiHbIX ypaBHuenuii (4.5.8).
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(4.5.90) - 3T0 perreHne CHCTEMBI JIMHEHHbBIX ypaBHeHuit (4.5.1). O

Teopema 4.5.2. Paccmompum aneebpy oxmonuonos O ¢ basucom (4.4.1). Cman-
dapmrvie KOMNOKEHRMBL SUHETHOT GYHKUUL U KOOPIUHAMDL MO0 PYyHKUUY YIo8Ae-
MBOPAIOM COOMHOULEHUAM

(4.5.73) A=FB
(4.5.74) B=F"1A
20e
o s fs e ?
o= s = fs —fi 7 fe
A A R FON R L e
R I S R O [ | e [ B [ S
fio =t —fe —f7 ~fo  ff5 fs
P S (A S T (R A
I A AR I/ B (e i
S A A S S B e
foo _f01 _foz —f03 —f04 _f05 _f06 —f07
fll flO f13 _f12 f15 _f14 _f17 f16
f22 _f23 f20 f21 f26 f27 _f24 _f25
B f33 f32 —f31 f30 f37 _f36 f35 —f34
f44 —f45 _f46 —f47 f40 f41 f42 f43
f55 f54 _f57 f56 _f51 f50 _f53 fsz
f66 f67 f64 _f65 _f62 f63 f60 _f61
f77 f76 f75 f74 _f73 _f72 f71 f70
1 -1 -1 -1 -1 -1 -1 -1
1 -1 1 1 1 1 1 1
1 1 -1 1 1 1 1 1
[ T T
1 1 1 1 -1 1 1 1
r 1 1 1 1 -1 1 1
11 1 1 1 -1 1
11 1 1 1 1 -1
5 1 1 1 1 1 1 1
-1 -5 1 1 1 1 1 1
-1 1 -5 1 1 1 1 1
[ O e N T
2] -1 1 1 1 -5 1 1 1
-1 1 1 1 1 -5 1 1
-1 1 1 1 1 -5 1
-1 1 1 1 1 1 1 -5
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JIOKABATEJIbCTBO. 3anumieM cucreMy JimHeiiHbix ypasuenuii (4.5.1) B Buie
[IPOU3BEICHUS MATPHUIT

Yy 1 -1 -1 -1 -1 -1 -1 -1 oo
fi 1 -1 1 1 1 1 1 1 e
13 1 1 -1 1 1 1 1 1 22
I I | b
4
12 1 1 1 1 1 -1 1 1 fo°
1S 1 1 1 1 1 1 -1 1 fo¢
7 1 1 1 1 1 1 1 -1 7
3amuiemM cucTeMy JUHEHHBIX ypaBHEHU (4.5.2) B BHU/JIe IIPOU3BEJEHUA MaTPUI]
fa 1 1 1 -1 1 -1 -1 1 For
o -1 -1 1 -1 1 -1 -1 1 fro
3 -1 1 -1 -1 -1 1 1 -1 2
(4.5.76) VS _ 1 -1 -1 -1 1 -1 -1 1 32
13 -1 1 -1 1 -1 -1 1 -1 4
fa 1 -1 1 -1 -1 -1 -1 1 ot
7 1 -1 1 -1 1 -1 -1 -1 fer
o -1 1 -1 1 -1 1 -1 -1 fre
U3 pasencrsa (4.5.76) caenyer
—fa -1 -1 -1 1 -1 1 1 -1 ot
1o -1 -1 1 -1 1 -1 -1 1 fro
f3 -1 1 -1 -1 -1 1 1 -1 2
- -1 1 1 1 -1 1 -1 3
o N s N NS T [, 1 -1 f45
—f -1 1 -1 1 1 1 1 -1 ot
—fi -1 1 -1 1 -1 11 fe7
o -1 1 -1 1 -1 1 -1 -1 17
1 -1 1 1 1 1 1 1 —fot
1 -1 -1 -1 -1 -1 -1 -1 o
1 1 1 -1 1 1 1 1 —f%
1 -1 11 1 1 1 3
S l1r 1 1 1 1 -1 1 1 —f45
1 1 1 1 -1 1 1 1 ot
1 1 1 1 1 1 1 -1 17
1 1 1 1 1 1 -1 1 —f7
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D 1 -1 -1 -1 -1 -1 -1 -1 —fot
—f 1 -1 1 1 1 1 1 1 o
—f2 1 1 -1 1 1 1 1 1 —f23
(4.5.77) 13 I T T S f:‘f
—fe 1 1 1 1 -1 1 1 1 —f*
13 r 1 1 1 1 -1 1 1 ot
1o 1 1 1 1 1 1 -1 1 o7
—fe 1 1 1 1 1 1 1 -1 —f7
3amuiemM cucTeMy JUHEHHBIX ypaBHEHUI (4.5.3) B BU/JIE IIPOU3BEJCHUA MaTPUI]
13 1 -1 1 1 1 1 -1 -1 o2
fi 1 -1 -1 -1 1 1 -1 -1 e
S -1 -1 -1 1 1 1 -1 -1 2
(4.5.78) fL:l I e e e e f:
b -1 1 1 -1 -1 -1 -1 1 f
I -1 1 1 -1 -1 -1 1 -1 For
fa 1 -1 -1 1 -1 1 -1 -1 o4
12 1 -1 -1 1 1 -1 -1 -1 7
U3 pasencrsa (4.5.78) cieayer
—f2 -1 1 -1 -1 -1 -1 1 1 o2
—f3 -1 1 1 1 -1 -1 1 1 e
) -1 -1 -1 1 1 1 -1 -1 120
A1 | -1 -1 1 -1 -1 -1 1 1 o
s -1 1 -1 -1 -1 -1 1 f1e
7 -1 1 1 -1 -1 -1 1 -1 for
—fa -1 1 1 -1 1 -1 1 1 o4
—f2 -1 1 1 -1 -1 1 1 1 e
1 1 -1 1 1 1 1 1 —f02
1 1 1 -1 1 1 1 1 e
1 -1 -1 -1 -1 -1 -1 -1 120
St -1 1 1 1 1 1 1 —f3
S l1r 1 1 1 1 1 -1 1 —f46
1 1 1 1 1 1 1 -1 —fo7
1 1 1 1 -1 1 1 1 1ot
1 1 1 1 1 -1 1 1 e
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9 1 -1 -1 -1 -1 -1 -1 -1 —f02
fi 1 -1 1 1 11 1 e
—f2 1 1 -1 1 1 1 1 20
(4.5.79) orA o I Lo _f31,
—fs 1 1 1 1 -1 1 1 1 —f4
—f2 11 1 1 -1 1 1 —f°
9 1 1 1 1 1 -1 1 o4
1 11 1 1 11 -1 e
3amuiemM cucTeMy JUHEHHBIX ypaBHEHUI (4.5.4) B BU/JIE IIPOU3BEJCHUA MaTPUI]
13 1 1 -1 1 1 -1 1 -1 o8
fi -1 -1 -1 1 -1 1 -1 1 f2
fa 1 -1 -1 -1 1 -1 1 -1 F2
(4.5.80) f;’ -1 1 -1 -1 1 -1 1 - f;’
T -1 -1 1 1 -1 1 -1 -1 f
1S 1 1 -1 -1 1 -1 -1 -1 fo°
s -1 -1 1 1 -1 -1 -1 1 fo°
e 1 1 -1 -1 -1 -1 1 -1 fr
U3 pasencrsa (4.5.80) cieayer
—f3 -1 -1 1 -1 -1 1 -1 1 o8
fi -1 -1 -1 1 -1 1 -1 1 f?
—f1 -1 1 1 1 -1 1 -1 1 2
! - 1 -1 -1 1 -1 1 -1 120
7 -1 -1 1 1 -1 1 -1 -1 AT
—f8 -1 -1 1 1 -1 1 1 1 fo8
1o -1 -1 1 1 -1 -1 -1 1 fo°
—f2 -1 -1 1 1 1 1 -1 f
1 1 1 -1 1 1 1 1 —f08
1 1 -1 1 1 1 1 1 —ft
1 -1 1 1 1 1 1 1 2
-1 -1 -1 -1 -1 -1 -1 20
S l1r 1 1 1 1 1 1 -1 —fA7
1 1 1 1 1 1 -1 1 fo8
1 1 1 1 1 -1 1 1 —f%
1 1 1 1 -1 1 1 1 f



(4.5.81)

BanmmeM cucTeMy JIMHEHHBIX ypaBHeHUi (4.5.5) B BUJe IPOM3BE/IEHNs MATPHIL

(4.5.82)

0
3

—f3
ft
-5
—f7
f8
—f3

7
4

4.5. Jluneiinass dyHKIus: aare6Gpbl OKTOHUOHOB

—_ = = = = = e

-1 -1
-1 1
1 -1
1 1
1 1
1 1
1 1
1 1

fi 1 -1

7 1 -1

o 1 -1

T 1 -1

Ol -1 -1

fa -1 -1

13 -1 1

f3 -1 1
U3 pasencrsa (4.5.82) cieayer

-1t -1 1 1

—f7 -1 1 1

—f$ -1 1 1

- -1 11

[ N e S R |

12 -1 -1 1

12 -1 1 -1

b -1 1

11 1

11 1

11 1

I

I S |

1 -1 1

11 -1

11 1

-1 -1 -1 -1 -1 _fo3
11 1 1 1 —f12
11 1 1 1 2
-1 1 1 1 1 30
1 -1 1 1 1 —fA7
1 1 -1 1 1 o
11 1 -1 1 —fo°
1 1 1 1 -1 Fr
4.
-1 1 1 1 1 ot
-1 -1 -1 1 1 e
-1 -1 1 -1 1 2
-1 -1 1 1 -1 7
-1 -1 1 1 1 o

1 1 -1 -1 -1 ot

1 1 -1 -1 -1 92
-1 1 -1 -1 -1 £

1 -1 -1 -1 -1 o4

1 1 1 -1 -1 e

1 1 -1 1 -1 1%

1 1 -1 -1 1 7

-1 1 1 1 12

1 1 -1 -1 -1 for

1 1 -1 -1 -1 f62

1 -1 -1 -1 fm
-1 1 1 1 —fo4
1 -1 1 1 e
11 -1 1 1%
11 1 -1 e
-1 -1 -1 -1 2o
11 1 1 —for
S R T | — 162
S R T | —f7

71
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0 1 -1 -1 -1 -1 -1 -1 -1 —fo4
fi 1 -1 1 1 11 1 e
2 1 1 -1 1 11 1 2
(4.5.83) 13 I S S R 11 1 27
—f5 1 1 1 1 -1 1 1 1 o
—fi 11 1 1 -1 1 1 —fo!
—f8 1 1 1 1 1 -1 1 —f92
—fa 11 1 1 11 -1 —f7
3amuiemM cucTeMy JUHEHHBIX ypaBHEHUI (4.5.6) B BU/JIE IIPOU3BEJCHUA MaTPUI]
135 1 1 -1 1 -1 1 -1 1 1o
fi -1 -1 1 -1 -1 1 1 -1 fie
7 1 1 -1 1 -1 -1 -1 -1 27
(4.5.84) 9 -1 -1 1 -1 11 -1 -1 16
i 1 -1 -1 1 -1 -1 -1 1 4
1o -1 1 -1 1 -1 -1 -1 1 Fo0
13 1 1 -1 -1 -1 -1 -1 1 198
Ve -1 -1 -1 -1 1 1 1 -1 £
U3 pasencrsa (4.5.84) caenyer
—15 -1 -1 1 -1 1 -1 1 -1 o
* -1 -1 1 -1 -1 1 1 -1 i
—f7 -1 -1 1 -1 1 1 1 1 27
s -1t -1 1 -1 1 1 -1 -1 12
O I | 1 -1 1 1 1 -1 A
19 -1 1 -1 1 -1 -1 -1 1 fo0
—fé -1 -1 1 1 1 1 1 -1 o8
12 -1 -1 -1 -1 1 1 1 -1 ™
1 1 1 1 1 -1 1 1 N
1 1 1 1 -1 1 1 1 —f
1 1 1 1 1 1 1 -1 27
111 11 -1 1 —f%6
1 -1 1 1 1 1 1 1 4
1 -1 -1 -1 -1 -1 -1 -1 fo0
1 1 1 -1 1 1 1 1 1o
1 1 -1 1 1 1 1 1 —f7
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3 1 -1 -1 -1 -1 -1 -1 -1 _f05
~fi 1 -1 1 1 1 1 1 1 _ja
f7 1 1 -1 1 1 1 1 1 27
(4.5.85) -f§ _ 1 1 1 -1 1 1 1 1 _f36
fi 1 1 1 1 -1 1 1 1 fa1
-1 1 1 1 1 1 -1 1 1 150
13 1 1 1 1 1 1 -1 1 763
~f3 1 1 1 1 1 1 1 -1 _f72
3amuiemM cucTeMy JUHEHHBIX ypaBHEHUI (4.5.7) B BHJIE TIPOU3BEJIEHUS MaTPUI],
5 1 1 1 -1 -1 1 1 -1 06
7 -1 -1 -1 1 1 -1 1 -1 F17
f3 -1 -1 -1 1 -1 -1 1 1 F24
(4.5.86) f3 _ 1 1 1 -1 -1 -1 -1 -1 35
fi 1 1 -1 -1 -1 1 -1 -1 42
f2 -1 -1 -1 -1 1 -1 1 1 53
fe -1 1 1 -1 -1 1 -1 -1 f60
f7 1 -1 1 -1 -1 1 -1 -1 71
U3 pasencrsa (4.5.86) ciexyer
-fs -1 -1 -1 1 1 -1 -1 1 06
i -1 -1 -1 1 1 -1 1 -1 £17
f3 -1 -1 -1 1 -1 -1 1 1 F24
—f3 -1 -1 -1 1 1 1 1 1 35
-1 [ -1 -1 1 1 1 -1 1 F42
2 -1 -1 -1 -1 1 -1 1 1 753
6 -1 1 1 -1 -1 1 -1 -1 60
—f7 -1 -1 1 1 -1 1 1 g
1 1 1 1 1 -1 1 — fo8
11 1 1 1 1 1 -1 _f7
1 1 1 1 -1 1 1 1 _p2
11 1r 1 1 1 -1 1 1 735
B 1 1 -1 1 1 1 1 1 F42
1 1 1 -1 1 1 1 1 _ 53
1 -1 -1 -1 -1 -1 -1 -1 £6°
1 -1 1 1 1 1 1 1 F71
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Y 1 -1 -1 -1 -1 -1 -1 -1 —fo6
—ft 1 -1 1 1 11 1 —fi7
—f2 1 1 -1 1 1 1 1 —f2
(4.5.87) 12 I S S R 11 1 2
s 1 1 1 1 -1 1 1 1 12
—f3 11 1 1 -1 1 1 —f3
—f8 11 1 1 1 -1 1 feo
7 11 1 1 11 -1 fm
3amuiemM cucTeMy JUHEHHBIX ypaBHEHUI (4.5.8) B BU/JIE IIPOU3BEJCHUA MaTPUI]
v 1 -1 1 1 -1 -1 1 1 for
fo 1 -1 1 1 -1 -1 -1 -1 fie
3 -1 1 -1 -1 1 -1 -1 1 f°
(4.5.88) f"? e f3.4
3 1 -1 1 -1 -1 -1 1 -1 8
12 1 -1 -1 1 -1 -1 1 -1 o2
fa -1 -1 -1 -1 1 1 -1 1 ot
0 -1 -1 1 1 -1 -1 1 -1 fro
U3 pasencrsa (4.5.88) cieayer
—fr -1 1 -1 -1 1 1 -1 -1 o7
—f9 -1 1 -1 -1 1 1 1 1 fle
13 -1 1 -1 -1 1 -1 -1 1 %
A0 -1 1 -1 -1 -1 1 -1 1 3
-1 | -1 1 -1 1 1 1 -1 1 f48
—f2 -1 1 1 -1 1 1 -1 1 o2
fa -1 -1 -1 -1 1 1 -1 1 for
0 -1 -1 1 1 -1 -1 1 -1 7o
11 1 1 1 1 1 -1 —fo7
1 1 1 1 1 1 -1 1 fie
1 1 1 1 1 -1 1 1 —f%
111 -1 1 1 1 -3
S l1r 1 1 -1 1 1 1 1 f48
1 1 -1 1 1 1 1 1 o2
1 -1 1 1 1 1 1 1 —fot
1 -1 -1 -1 -1 -1 -1 -1 7o
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70 1 -1 -1 -1 -1 -1 -1 -1 _fo7

i 1 -1 1 1 1 1 1 1 f16

_f2 1 1 -1 1 1 1 1 1 _f2s

(45.89) e 2 I R U T R T B R e

72 1 1 1 1 -1 1 1 1 43

5 1 1 1 1 1 -1 1 1 52

g0 11 1 1 1 -1 1 _g61

T 1 1 1 1 1 1 1 -1 F70
Mper o6bennnsiem paserctsa (4.5.75), (4.5.77), (4.5.79), (4.5.81), (4.5.83), (4.5.85),
(4.5.87), (4.5.89) B pasencrse (4.5.73). O

Teopema 4.5.3. Cmandapmrwie KoMnonenmov, AUHeUHOT GYHKUUL ar2ebpvl ok-
monuonos O omnocumenvrno 6azuca (4.4.1) u xoopdunamo: coomseememeylouse2o
AUHETH020 NPEOOPA3OSAHUA YIOBACMBOPAIOM, COOMHOUEHUAM

1290 =5f0+ fi+ f3+ f3+ fi+ o+ fé+ [
12" =—f9=5f1+ fi+ fi+ fi+ f5+ f6+ f7
12f%2 =—f8+ fl=5f3+ fi+ fi+ f5+ fé+ f7
12f%% =—f0+ fi+ f3-5f3+ fi+ fo+ f6+ f7

(4.5.90) 12f4 = f04 [l [ fi-5fi [4 [O+ [
12f%% =—fO+ fi+ f3+ f3+ fi-5f2+ fé+ [
12f%0 =—fo+ fi+ f3+ 3+ fi+ [2-5f+ [
12f7T =—f8+ fl+ f3+ f3+ fit+ f5+ f6-5f7
—12f0Y =50~ fo— fi+ fi— fi+ fi+ fi-
1210 =—fP45f5— f3+ f3— fi+ f2+ fi— [
—12f% =—fP— fo+5f3+ fi— fat+ f2+ f7—- 1§

(45.91) 12/ == 0~ fo— J3=5f2= fi+ fi+ f7- S5

—12f*° =—f0— fo— fi+ [E45f3+ fi+ fi— fE
125 =—fP— fo— f3+ fo— f3-5f3+ fi— f&
12fT =—fP— fo— f3+ f3— fi+ fi-5f7— f&
—12f70 =—f0— fo— [i+ fi— fa+ fi+ [P45SE

—12f9% =5f9+ fi— fo— fi— fi— f24 fi4+ [
1213 =—f9-5fi— fo— fi— fé— f2+ fi+ f2
12f20 =—f9+ fa+5f5— fi— fo— f2+ fi+ f3

(45.92) —12f == 2+ fi- fE45f0- fi- fi+ £+ S

—12f% =—f3+ fi— f3— fi+5fs— fi+ fi+ f2

—12f°T =—f9+ fi— fo— fi— fé+5f2+ fi+ f2
12/ =—f94+ fa— fo— [i— fe— [2-5f5+ [
12f75 =—f9+ fa— fo— fi— fe— f2+ fi-5f2
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(4.5.93)

(4.5.94)

(4.5.95)

(4.5.96)

4. AnreGpa ¢ mejiennem

—12f%% =5f0— fo+ fi— fo— fi+ - fo+ [I
—12f" =—fO45f5+ fi— fo— fi+ fo— fo+ fI
122 =—f9— fo—5fT— fo— fi+ fo— fS+ fi
12f%0 =—f— fo+ fP4+5f5— fi+ f6— fo+ fi
—12f =—f9— fo+ fi— foADf7+ fo— [+ fI
12f%0 =—f— fo+ fi— fo— f7-5f5— fo+ fi
—12f%° =—f0— fo+ fi— fo— fi+ fEH5f5+ fI
12f™ =—f9— fo+ fi— fo— fi+ f6— fS—5f1

—12f% =5f0+ fi+ fi+ f2- fo— fi- 5 [
121 =—f2-5f3+ fo+ f7— fo— fi— fS— f1
12126 =—fO+ fo=5f5+ fi— fo— fi— f5— f5
1237 =—f0+ fa+ fE-5f7— fo— fi— f&— f4
12f90 =—f+ fi+ [+ fP45f0— fi— f5— f5

—12f%" =—f0+ fi+ [+ fi— fo+5fT— fi— fi

—12f%% =—f0+ fi+ [+ f7— fo— fi45fS— fi

=127 =—f0+ fi+ [+ f7— fo— fi— fE45f5

—12f9° =5f9— fi+ f7— fi+ fi— fo+ f5— 12
—12f" =—f245f,+ f7— fo+ fi— fo+ f§— f2
12f%T =—f9— fi1=5f7— fi+ fi— f6+ f5— f2
—12f%0 =—f0— fi+ fPH5fE+ fi— fO+ f§— 2
12f* =—f9— fi+ f7— fe=5fi— fo+ f5— f3
12f50 =—f9— fi+ f7— f3+ [I4505+ fS— [
12f9% =—f0— fi4+ f7— fé+ fi— [0-5f5— [
127 =—f— fi+ f7— [+ fi— fo+ fS+5f

—12f9 =5f0— fi— fi+ f34+ fi— f3— [+ AT
—12f"T =—fe+5f7— fi+ fi+ fa— f3- fo+ fi
—12f** =—f9— fr45fi+ fi+ fi— f3— fo+ ST
12f%° =—fQ— f7— fi=Bf5+ fi— f5— fS+ fT
12f%2 =—fO— fi— fi+ [5=5f3— f3— f6+ fT
—12f%% =—f8— fi— fI+ fi+ f245f5— fo+ fT
12f00 =—f— fi— [i+ f3+ fo— 34505+ f]
12f" =—f0— fi— fi+ fi+ffa— f3— fS—5fT



4.5. Jluneiinass dyHKIus: aare6Gpbl OKTOHUOHOB e

—12f°7 =5f7+ fo— fi- fi+ fit f2- fP- S
12f19 =—f2-5f5— fi— fi+ fi+ [2— fi— fo
—12f%° =—f2+ fo+5fi— fit fi+ f3- 7 fO
—12f% ==+ fo— fEH5fi+ fi+ f3- 7 FC
12f%% =—f2+ fo— fi— fi-5fi+ f2— fi— f§
1292 =—f2+ fo— fi— fi+ fi-5f3— fi— fo
—12f° =—f7+ fo— fi- fi+ fit+ F2A5f0- f]
12f 70— f24+ fo— f3— fi+ fi+ f2— fP45f5
JIOKABATEJIBCTBO. Cucrembl jiuneiinbix ypasuenuii (4.5.90), (4.5.91), (4.5.92),

(4.5.93), (4.5.94), (4.5.95), (4.5.96), (4.5.97) Oy UeHBI B PE3yJIbTATE IEPEMHOKEHUST
MaTpull B paseHcTre (4.5.74). O

(4.5.97)

st Toro, aTobb! HAlITH JTUHEHOE 0TOOpakeHne, COOTBETCTBYIOIIEE OlepaIlnu
COTIPSIZKEHUS, s1 TIOJIOXKY

(4.5.98) =1 fi=fi=f=fi==K£=H=-1
Toncrasus (4.5.98) B cucremy ypasaennii (4.5.90), Mbl moryanmM

(4599) f fll f22 f33 f44 f55 f66 f77 — __
CiieroBaTesbHoO,

(4.5.100) z = —é(z + (i2)i+ (j2)j + (k2)k + ((il)2) (i) + ((51)2) (51) + ((kl)2)(Kl))
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IIpeamerHblii yKa3areab

A(A)-orobpazkenue 11
© o-TIpOU3BeJeHre MaTpul] OToOparkeHuit 11
(z )-0 °-KBa3ugeTepMUHAHT 12

o °-mipousBeienne Marpul, orobpazkenuii 10

0 °-BbIpOXKAeHHast MaTpuna A(A)-
orobpaxkenwnit 13

o°-KBa3uierepMuHaHT 12

o°-HeBbIpOXKIenHasa Marpuna A(A)-
orobpaxkenuii 13

o -HEBBIPOXKIEHHAS CUCTEMA AJJIUTUBHBIX
ypaBHeHuit 14

anrebpa F KBaTepHHOHOB Ha rojeM F 46
anrebpa HaJ KOJbIOM 23

anrebpa OKTOHHOHOB 53

anrebpa, IPOTUBOIOJIOXKHaAsT ajrebpe A 23
acconmaruBHas D-ajirebpa 24
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Ro-momynns Ag 22
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JmHeiHOe oTobpaykenne R-momynst A1 B R-
Moaynb Ag 22

maTpuia orobpaxkenuit 10
MOZYJIb HaJT KOJbIOM 21

HEBBIPOXKJIEHHBIN TeH30p 37
HOpMa KBaTepHHOHa 46
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cBObO/IHast ajrebpa HaJl KOJIbIIOM 23
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cucremMa aJIUTUBHBIX ypaBHeHUN 13

CTaHJapTHasl KOMIIOHEHTa TEH30Da B
TEH30PHOM IIPOU3BEIEHUN AJredp 32

CTPYKTYPHBIE KOHCTaHTHI ajiredopbr A Hat
KoJibIloM R 25

TEeH30pHOe Npou3sBejieHne anrebp 30
uentp R-anrebpor A 24
3¢ deKkTuBHOE IpescTaBieHne Kobla 21

anpo R-anrebpor A 24
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CHeI_[I/Ia.TIbHI)Ie CUMBOJIBI 1 0003HaAYEHUS

(a,b,c) accoumarop R-anrebper 24

[a,b] xommyrarop R-anreGper 23

det (a, oo)g (Z )-0 °-KBa3uAEeTEPMUHAHT 12

A" anrebpa, IpOTHUBOIOJOXKHAA ajarebpe A
23

(A2 ® A2) o f opbura JuHEHHOrO
orobpaxkenust 37

det (a,0°) o°-kBasumerepMuHaHT 12
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Al ®...® A, TEH30pHOE IPOU3BEJIeHNE
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anrebp 30
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