IDEAS OF E. CARTAN AND S. LIE IN MODERN GEOMETRY:
G-STRUCTURES AND DIFFERENTIAL EQUATIONS. LECTURE 3

J. R. ARTEAGA, M. MALAKHALTSEV

Problem:
How to make Cartan reduction in a particular case.

We will show how to find a differential invariant of a G-structure by example of a contact
2-distribution in R?, using the Cartan reduction method step by step.

TWO-DIMENSIONAL DISTRIBUTION A IN M3

Definition 1. Let M a three-dimensional manifold. A 2-dimensional distribution A on M is
an assignment of a plane to each point of M, i.e. A is a sub-bundle of the tangent bundle T'M.
The assignment is smooth in sense that in a neighborhood U of each point p € M there are
vector fields { X7, X5} such that:

(1) For any point ¢ € U the vectors X;(q), X2(q) are linear independent.
(2) For each point ¢ € U, A, is the plane spanned by the two vectors Xi(q), X2(q).

Sub-riemannian surface S on M. Let M a three-dimensional manifold. A distribution A
is called integrable or holonomic distribution if for each point p € M there exists a surface X
passing through p which is tangent to A: T,X = A(q) for each ¢ € ¥. A 2-distribution A on
M is holonomic if the commutator of vector fields X; and X5,

0% ox)
oxs 2 x5

(1) (X1, X5 = X7

generating A belong to A, i.e. [Xi, X3](p) € A(p). In this case the family of these surfaces
form a foliation of M.

In another case, when [X7, X3 ¢ A for all points in M, we say the distribution is non-
integrable or non-holonomic.

Definition 2. A sub-riemannian surface in M is a non-holonomic distribution A with a scalar
product (-,-) on A(p) for each p € M. We denote by S = (M, (A, (-,-))) a sub-riemannian
surface in M.

In this lecture we will show how to use the Cartan ideas for to find some invariants of a
sub-riemannian surface S.
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Ezample 1 (Heisenberg distribution). Let & = (R3, A, (-,-)) be the sub-riemannian surface
where

0 0
X = (1,0,_'3/) = 8_ _ya_
(2) A = span{Xi, Xo}, 0 v 0 &
Xo=(0,1,2) = — —
2 (07 ) IL’) ay + va
and the scalar product is the induced from R3. This distribution is non-holonomic because
[Xl, XQ] — Y
0
Y =X;
3 ? s
s 0Xs5 0X3
where Y* = XF 01”3 — X7 01”3

Y = (0,0,2) =22 ¢ A
0z

Ezercise 1. Let S = (R3, A, (-, -)) be the sub-riemannian surface where

(a): X1 = (1,0,252), X2 = (O, 1,5(71) in Rg.

(b): X1 = (1,0, —ZL’Q), X2 = (O, 1,0) in Rg.
and the scalar product is the induced from R3. Ts the distribution A = span{X;, X5} holonomic
or not?

CARTAN REDUCTION FOR A SUB-RIEMANNIAN SURFACES S IN R3

Let M be a three-dimensional manifold. Consider a sub-riemannian surface S = (M, A, (-, -)).
For each p € M we always can take a local orthonormal frame field (e;,e2) of A. If we take
es = [e1, e9] then (eq, eq,e3) is a local frame field of M.

Let B(M) be the bundle of positively oriented coframes of M.

First step: Adapting a coframe.

Definition 3. Given an oriented sub-riemannian surface S = (A, (-, -)) on a three-dimensional
manifold M, we say that a co-frame n = (n',n% n3) of B(M), is adapted to A if for all p € M,

(1) (n*]a,n*|a,) is a positively oriented co-frame of A,;
(2) P*(W) =0 for any W € A,;
(3) (W, W) = [n"(W)]* + [n*(W)]? for any W € A,

Definition 4 (Sub-bundle Byj). The sub-bundle By C B consists of all co-frames adapted to S.
The subgroup of matrices of GL(3) which transform adapted coframes into adapted coframes
is

CcoSpy —sSinp; @
(4) Go = sing;  Ccosgr ¥ s #0
0 0 P4

With this construction we show that any sub-riemannian surface (A, (-,-)) defines a Go-
structure on M.
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Remark 1. The quantities ¢; (i € {1,2,3,4}) are real variables and can be considered as
coordinates on (g, so the dimension of Gy is 4, and then the dimension of By is 7.

Since G is a Lie group with identity element 7, one can construct the associated Lie algebra
go as the tangent space of Gy in I. As coordinates of I are ¢ = 9 = 3 = 0 and ¢4 = 1, taking
the tangent vectors to the coordinate curves, we obtain that the Lie algebra go associated to
the Lie group Gy is the set of matrices of type

0 a1 Qg

(5) —Q 0 (0%}

0 0 g
Ezample 2. Find an adapted frame and coframe for the Heisenberg distribution of example (),
(6) Xl = (1a09 _y)a X2 = (0,1,1’)

This distribution is defined in whole R? and is given by the vector fields {X;, X5}. Using
Gram-Schmidt algorithm we found one orthonormal frame for A, (e, e2) and complete it with

e3 = [e1, €s] to obtain the frame e = (ey, eq, €3) for R3. So e = (ey, €9, €3) is an adapted frame
for R3,

(., .1 o0 'y 9
! V1+y20r /144202

. xy 0 V1i+y? 0 x 0
2

= — =

VI+2/1+22+200  \JT+22+920y  \/1+y2/1+22+y202
Y 0 x 0 2+ 322 +3y* 0

€3 =

U 42242200 (14224 2) P00 (1402442702
The dual co-frame is

([ 243y da 3xydy ydz

T o/t 21ty 211

5 xydx (2 + 3z% + 2y2) dy xdz
! /i1 2+ 2T+ 242 21+ 21+ +
7 = LT e+ /T 2 T gy — 5 /TT 2§ e

that is an adapted co-frame to A.
Remark 2. We can write that the Heisenberg distribution is A = ker(n?).
FEzercise 2. Find an adapted frame and coframe for the Cartan distribution of exercise ()
(7) X;=(1,0,—y), Xy=1(0,1,0)
Definition 5 (Tautological forms). The 1-forms 6" on By such that 6°(n®)(X) = n'(dw(X)) are
called tautological forms.
An adapted co-frame 1 = (n',n? n?®) defined on a neighborhood U C M defines a trivializa-
tion
(8) U x Go ¢ Bolu,  (2.9) ¢ g7 na.
In terms of this trivialization, the tautological forms can be written as

(9) H(m,g) = g_l(nﬂc o dﬂ-)
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Derivation equations.

Theorem 1. Let S = (A, (-,-)) be a sub-riemannian surface in M. Let B(M) be the principal
bundle of positive oriented co-frames on M and Bo(M) the principal sub-bundle of B(M) with
the group Go defined in ({l) consisting of co-frames adapted to S. The exterior derivatives of
the tautological forms can be written as follows:

or in contracted form,
(11) do' = wi AN O° + TH0 N6

Remark 3. (1) These equations (I0) are a part of all structure equations. They represent
only the equations containing the derivatives of the tautological forms #° in terms of
themselves. Recall that the cotangent space T By has dimension 7. One co-frame of
T*BQ is:

(12 {91,92,93,d0é1,d0é2,d0é3,d0é4}

) The 1-form w = w? is a pseudoconnection form.

)

(2

(3) The coefficients T}, are called the torsion coefficients.

(4) We would like to construct the invariants from the components of the connection form
w and the torsion T'.

Obviously these components in general case are functions, they depends of the points

(x,g) on a fibre T, B. If all of them were constant we would finish the problem, however
in the general case they are not. For this reason we have to continue.

Contact distribution. A distribution A on M is a contact distribution if for all p € M the plane
A(p) is given by the zeros of a 1-form 1. Is clear that they will also given by the zeros of
An. Thus, {An?} all give same the same A(p). The Heisenberg distribution and the Cartan
distribution are both contact distribution.

The property that a contact distribution A in R? is non-integrable if

(13) dn’ A # 0

This property also can be formulated in terms of the tautological form: a contact distribution
is a non-integrable if

(14) do> N O* #0
In our case, using the equation (I0), for a contact distribution in R? we have,
(15) do* NO® = TL0" N 6> N §P

Ezample 3. For the Heisenberg distribution treated in the example 2] we have,
(16) do* NG* = —20" A O* A 6P

That is, T3, = —2

Ezercise 3. For the Cartan distribution find 77,.
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How the component T3, change under the action of G(? Let us denote the action of
Go on B? by R, where g € Gy. Thus the components of §° under action of G change by the
following rule,

(17) R0 =g'0

This imply that Ry6° = ¢g~'6°, where g € G defined in equation (). Therefore R}df® =
(4)7'd6?, and this imply that

(18) RyTY) = (pa) ' T

For a contact distribution 7}, # 0, and from (I8) it follows that we can take a subbundle
By C By with the property that T, = 1. The structure group G; of By is

CcosSpy —Ssinp; @
(19) G, = sing; cosp;  ©3
0 0 1

and the Lie algebra g, associated to G is the algebra of matrices,

0 a1 Qo
(20) g1 = —Q 0 (0%
0 0 0

Thus we have reduced the structure group Gy to G, and the dimension of By is 6, because the
dimension of the vertical space, isomorphic to Gy, is 3.

Second step: Reducing the structure group G, as much as possible. The idea is

continue reducing the structure group Go. Now we have a principal sub-bundle (B, G1) of
(Bo, Go) defined by

By ={n=n"n"n’) € By | Tiz(n) =1}
cospr —singpr @2 A B
G = SlH<P1 CoSY1 @3 =<0 1)
0 1

The structure equations are,

ot 0 a 8 0! TL, T Tk 02 A 0°
a2 | = —a 0 v | Al 2 |+ | T4 12 T3 03 A 0!
63 0 00 63 TS TS 1 o1 A 02

How the components T}, and T3, are changed under the action of G;? Since the right
action R, is defined by R,0 = ¢g~'6 where g € Gy, then the components Ty, and Tj, under
action of G; change by the following rule:

T3 TS, —
R* 23 — A—l ( 23 2 )
g ( T331 ) T331 —¥3

So, we can define another principal sub-bundle (Bs, G2) as follows,
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B, = {77 = (77177727773) € B ‘ T233(77) = Tffl(n) = O}
cosp —sing 0
Gy = sinp cosp 0 :<61 (1))
0 0 1

and the Lie algebra g, associated to Gy is

0 aq 0
(21) g2 = —a; 0 O
0 0 O
Then the structure equations are,
do* 0 a0 0! TS, Ta Th 0% A 63
(22) > | = —a 0 0 | A| 6% |+ | T T Th 03 A6
de? 0 00 63 0 0 1 o' A 62

Third step: Finding invariants. We have reduced GG to a minimum subgroup G imposing
more and more conditions for the adapted co-frame 7. In the ideal case we must find the unique
frame of the G-structure in order to find finally invariants of G-structurs.

How the components of w and T in the structure equations are changed? If we take another
connection form w’, then the torsion map also changes and we have T” such that
do" = WL NG+ T 0PN O™

But w and w’ are both connections on B,, i.e. both are elements in the space of all smooth
1-forms on B, with values in the Lie algebra gy, A'(Bs, go),
If o is a fundamental vector field and p is the difference y = W’ — w we have

(23) w(o(a)) = a,w'(c(a)) =a where a € gy
and
(24) w(o(a)) =0

Therefore i1 does vanish on the vertical subbundle V. So we have,

(25) p= 150° = w, = Wy + i, 0°

Therefore,
do" = Wi A"+ T O A O™
= (wp, + phy0') NO™ + T 0" N O™
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and
do" = Wi AT+ T 0N O™
= (wh, + piy0") NO™ + T8 6" A O™

(26) W AT (T = i) O A O™ = Wi A G T B A

T = T + My |, Where gy = A(ptiy,) = finy,

where A is the operator of alternation with restpect to the lower indices.

Finding invariants. If we take

(27) o =a+ThLO + TA07 — % (T35, + Ty) 6°
and replace it in (22) we obtain,

(28) Ty =T5=0, and Ty =—T4
and differentiating d(6®) we obtain,

(29) d(df?) =0 = Ty = T3

If we denote a; = Tys, as = Ty, then the structure equation will be reduce to,

d? 0 o O o ap ay 0 0% A 63
(30) > | =1 —a 0 0 | A 6 |+ aa —a1 O AN
de? 0 0 O 03 0 0 1 AN

One differential invariant of a contact distribution on R? is,

(31) M = (a1)* + (a2)?

Ezample 4. Let us consider the Heisenberg distribution defined on R? treated in the examples
@), and (3],

(32) n® = ydr — xdy + dz

For this contact distribution, using the Cartan reduction method, we have that between another
differential invariants has the invariant

9 (2% 4 y?)?
33 M= TI)
(33) 4 (1422 +y2)*
These calculations we obtained using Maple.

Exercise 4. Calculated the invariant M for the Cartan distribution treated in the second and
third exercise. Is the Cartan distribution equivalent to the Heisenberg distribution?.
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SUMMARY OF LECTURE 3

(1) The Cartan reduction method is a tool in the modern Differential Geometry in order
to determine if two geometrical structures are equivalent up to a diffeomorphism. We
demonstrated this method by an example of a contact 2-distribution with a metric
S = (A, (-,+)) in a three-dimensional manifold M and found a differential invariant for
this geometrical structure.

(2) The method consist of three steps:

(a) At the first step one defines an adapted coframe for the distribution S and con-
structs a sub-bundle (By, Gy) of the principal GL(3)"-bundle of all oriented posi-
tively coframes on M. We write the structure equations which express the exterior
derivatives of tautological forms in terms of themselves and a connection form.

(b) At the second step we reduce the group Gy as much as possible adding new condi-
tions for the adapted coframe such that the structure group becomes smaller and
smaller. Thus we get a sub-bundle (Bsy, G3).

(c) At the third step we construct invariants from the torsion coefficients.

ANSWERS TO EXERCISES

1 (a): Holonomic distribution because [X;, X5] = 0.
(b): Non-holonomic distribution because [X;, X3] = (0,0, 1). This distribution is called
Cartan distribution.

2 Adapted frame

1 Yy
- - 0 —L
V1+y? V1+y?
0 1 0

(34) e =

Y 1
— 0
/1+y2 /1+y2

The adapted co-frame n = (', n?, n®) for A is:

nt = ! dx LA
1+y2 /1+y2
(35) n* = dy
1
P=— dr+ dz
/1+y2 1_|_y2
4
1(2y%— 1)
36 =\ I
( ) M 4 (1+y2)4

The Cartan and Heisenberg distributions are not equivalents.



G-STRUCTURES AND DIFFERENTIAL EQUATIONS 9

REFERENCES

[1] JR.Arteaga, M.A.Malakhaltsev, Symmetries of sub-Riemannian surfaces Journal of Geometry and
Physics, 61 (2011), 290-308.

[2] J.R.Arteaga, M.A .Malakhaltsev, Levantamiento de Wagner de una metrica, Mateméticas: Enseflanza
Universitaria, Vol. 18, N 1, 2010, 27-44.

[3] P.J. Olver, Fquivalence, invariants, and symmetry. Oxford University Press. ISBN 0521478111, 1995.



	Two-dimensional distribution  in M3
	Sub-riemannian surface S on M

	Cartan reduction for a sub-Riemannian surfaces S in R3
	First step: Adapting a coframe
	Derivation equations
	How the component T312 change under the action of G0?
	Second step: Reducing the structure group G0 as much as possible
	How the components T323 and T331 are changed under the action of G1?
	Third step: Finding invariants

	Summary of Lecture 3
	Answers to exercises
	References

