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Abstract

These two sections are part of the book introduced at [6]. We find that particle masses
emerge as dynamic parameters of Self-Organized Criticality (SOC), where they denote

the fraction of energy dissipated per relaxation event (avalanche).

I11. Field Theory on Fractal Measures

II1.1 Goal of This Section

In Section II we established, without invoking any geometric assumptions,
that Self-Organized Critical dynamics in the continuum generically

produces a fractal (Cantor Dust-like) measure, characterized by a non-
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integer Hausdorff dimension D. The goal of this section is to answer the

following question:

How does one define a classical field theory when the underlying spacetime support

is a fractal set rather than a smooth manifold?

This requires:

1. A definition of integration on fractal supports,

2. A definition of derivatives and kinetic operators,

3. A well-defined action principle (provided that the action principle is
still applicable under a specific coarse-graining procedure),

4. A controlled notion of scaling dimensions.

In what follows, we address these requirements in a step-by-step manner.

III.2 Why Ordinary Field Theory Fails on Fractals

II1.2.1 Standard assumption in local field theory

In conventional relativistic field theory, the action is defined as
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S[p] = [ d"x L(¢,0,9),
where:

« d"xis the Lebesgue measure on R",

« derivatives d, are defined via smooth spacetime coordinate.

These assumptions implicitly demand:

o a differentiable manifold in the classical sense,
« integer topological dimension,

« invariance under local coordinate transformations.

II1.2.2 Requirements breakdown on Cantor Dust

A Cantor Dust structure C ¢ R" has the following properties,

1. Zero Lebesgue measure,
2. Itis nowhere differentiable,

3. Tangent spaces do not exist almost everywhere.
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Therefore, the integral:

fd"x=0
5

is ill-defined and an entirely different notion of integration and

differentiation is necessary.

II1.3 Measure-Theoretic Formulation

I11.3.1 The Hausdorff measure

Let C be a fractal set with Hausdorff dimension D. We define a measure

pp such that, for any sufficiently small ball of extent £ [1]:

up(Be(x)) ~ £°

The Hausdorff measure replaces the Lebesgue volume element.

II1.3.2 Embedding representation

Rather than working directly on C, we use an equivalent formulation, that

1S,
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A field ¢ is defined on R", but is weighted by a singular density

p(x) encoding the fractal support as in,

dup(x) = p(x) d™x,

where p(x) is locally scaling according to

p(x) ~1x|P™"

This representation is standard in fractional calculus and its applications

2].

I11.3.3 Assumption A2 (Statistical homogeneity)

We also assume that:

(p(x)) = const.

and that scaling properties are translation invariant in expectation, which

avoids introducing explicit preferred points or directions in spacetime.

51Page



I11.4 Definition of Fields and Observables

I11.4.1 Scalar field

Let:

¢:R" - R

be a real scalar field which, depending on the context, may represent:

« energy density
 curvature density
« occupation probability

 coarse-grained matter density

I11.4.2 Integrated observables

For any region (1 ¢ R", define:

o(Q) = jﬂqb(x) d 1 (2).
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which replaces the usual notion of extensive quantities.

II1.5 Kinetic Operator on Fractal Measures

II1.5.1 Why local derivatives are forbidden

On fractals, local second-order derivatives are ill-defined because

. finite differences dominate over infinitesimal ones,
« transport is characterized by long jumps,

o locality is lost at small scales.

IT1.5.2 Fractional Laplacian revisited

From sections I and II, recall that the Fractional Laplacian is defined as [6],

fO-fO)

|x_y|n+a

v, 0<ac<.

(—A)Zf(x) = Cpa j

Rn

II1.5.3 Physical meaning of a

The non-integer exponent a controls:
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« the tail of jump-length distributions,
« the degree of nonlocality,

« the effective transport dimension.
Probability of jumps of given length in Lévy processes takes the form:
a

P(jump length > 1) ~ r™%,

II1.5.4 Identification with fractal geometry

From Sections I and II, recall that the fractal measure scales as,

M(£) ~ ¢P.

Transport on a fractal support satisfies the dispersion law:

(r2(D) ~ t2/%.

Matching scaling laws yields:

K
I
)

(%}
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where Dy is the spatial Hausdorff dimension [3].

II1.6 Action Principle on Cantor Dust

II1.6.1 Requirements

We seek an action S[¢] satistying:

1. Dimensional consistency,
2. Stability (bounded below),
3. Scale invariance at criticality,

4. Reduction to standard theory when D — n = integer.

II1.6.2 Definition of the action

We define:

1 a/2 m?* 2 A 4
SI6] = J dup () |5 6(0) (~D)2p () + = ¢2(0) + 7 d* (0| (L)
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II1.6.3 Dimensions of quantities

Let [x] = L. By demanding S to be dimensionless, yields

Quantity Dimension
dup LP
" [-(D-)/2
m /2
A L*P

II1.7 Equations of Motion

I11.7.1 Functional variation

Varying S with respect to ¢ gives

85 = [ dup(x) |(—A)*2¢p + m? + %¢3 5¢.
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II1.7.2 Euler-Lagrange equation

The Euler-Lagrange equation reads

(—0)*2p(x) + m2p(x) + %¢3(x) = 0. (II1.2)

which is identical to the fractional Klein—-Gordon equation on fractal support.

II1.8 Propagator and Correlation Functions

II1.8.1 Fourier representation

Based on the Fourier transform:

d'p .. -
P(x) = J We P (p)-

the momentum space representation of the fractional Laplacian is

(_A)a/Z | p |a.
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I11.8.2 Free propagator

The two-point function satisfies:

G(p) = (IIL.3)

| p 19+ m?2’

and exhibits the attributes of anomalous scaling.

II1.9 Interpretation

Summarizing this section we have shown that,

1. Under the hypothesis that a coarse-grained, transitional regime
between fractional and standard dynamics exists, an action principle
can be introduced on Cantor Dust measures,

2. Nonlocal kinetic terms are mandatory,

3. Fractional scaling is a derived geometric property,

4. Integer-dimensional Quantum Field Theory is recovered smoothly as

D-n
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IV. Emergence of Particle-Like Excitations and Mass Scales

IV.1 Goal of This Section

Up to this point, the following results have been established:

1. SOC dynamics in the continuum produces a fractal (Cantor Dust - like)
measure with Hausdorff dimension D (Section II).
2. A consistent classical field theory can be defined on such a fractal

support using fractional operators and Hausdorff measure (Section

I1I).

What has not yet been shown is how familiar particle-physics concepts arise

from this framework. The goal of this section is to answer the question:

In what sense do particle-like excitations and mass scales emerge from a Fractional

Field Theory defined on a fractal spacetime support generated by SOC?
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IV.2 What Is Meant by a “Particle” in This Framework

IV.2.1 Standard definition

In conventional relativistic field theory, a particle is defined as:

« a pole of the two-point Green’s function,

« corresponding to an irreducible representation of the Poincaré group.

This definition implicitly assumes a smooth spacetime manifold, invariance

under the Poincaré group, integer spacetime dimension.

As none of these assumptions hold in this new framework, we need to

formulate an operational definition, as shown below.

IV.2.2 Operational definition

A particle-like excitation is defined as a long-lived excitation of the field ¢

whose two-point correlation function exhibits:

1. a finite correlation length,
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2. a dominant spectral scale,

3. approximate exponential decay in real space.

IV.3 Two-Point Correlation Function on Cantor Dust

I1V.3.1 Definition

Let the connected two-point function be defined as:

G(x —y) =(P()E))c-

Using translational invariance in expectation, we assume:

G(x,y) = G(x —y).

This relationship does not imply exact translational symmetry of spacetime,

only its statistical homogeneity.

IV.3.2 Fourier representation

Per Section III, the free propagator in momentum space is:
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1
G(p) = m, a = Ds' (IVl)

Here a € (0,2] is fixed by fractal geometry, and m? > 0is a scalar parameter

of the action.

IV.4 Real-Space Behavior and Correlation Length

IV.4.1 Inverse Fourier transform

Define:

dnp eip-r
Qo)™ p |9+ m?’

This integral is well-studied in the theory of fractional Partial Differential

Equations.

IV.4.2 Asymptotic behavior

For large r, one finds the scaling [1 - 2]

n—a r

G(r) ~r 2 exp(— f) (Iv.3)
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where the correlation length is

§=m%e (IV.4)

IV.4.3 Interpretation

Equation (IV.3) shows:

1. A power-law prefactor (from fractal geometry)

2. An exponential cutoff (giving a finite coherence scale)

This is precisely the behavior required by the definition introduced in

section IV.2.2. Thus, a finite m produces particle-like excitations.

IV.5 Origin of the Mass Scale m

IV.5.1 What is not assumed

We do not assume here,

« A spontaneous symmetry breaking mechanism,
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« Higgs-like potentials,

« [External mass parameters.

Previous considerations strongly suggest that mass is directly rooted in the

dynamics of SOC.

IV.6 Mass as an SOC Cutoff Scale

IV.6.1 SOC systems require dissipation

By definition of SOC, dissipation is essential. Let € denote the fraction of

energy dissipated per relaxation event. This introduces an inherent scale:

£, ~e e,

IV.6.2 Identification with correlation length

We identify:
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Comparing with (IV.4) leads to

m? ~ ;% ~ €. (IV.5)

We conclude that,

Mass is an emergent SOC parameter denoting the fraction of energy dissipated per

relaxation event (avalanche), and not a postulated input.

IV.7 Stability and Spectrum of Excitations

IV.7.1 Linearized fluctuations

Let:

¢ = ¢o + 69,

where ¢, = 0 is the stable SOC fixed point. Linearizing (III.2) yields

(—0)*285¢ + m?5¢ = 0. (IV.6)
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IV.7.2 Spectral properties

Eigenmodes satisty:

|p |0£: (1)2 _mZ.

Thus, the dispersion relation is:

w(p) ~ I p ¥+ m?

IV.8 Absence of Fine Tuning

IV.8.1 Comparison with standard QFT

In ordinary QFT:

« masses must be tuned to remain small,

« radiative corrections destabilize scales.

By contrast, here:

« mis tied to SOC dissipation,
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« SOC enforces marginal stability.

IV.8.2 Statement of the main result

Particle masses are self-organized critical scales

In some sense, this result may be viewed as dynamical solution to the hierarchy

problem, formulated at the classical level. It is also seen that, as:

we recover:

-1

G(p) - §—m

p? +m?’

showing that ordinary massive scalar field theory emerge smoothly.
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