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LAWSON HOMOLOGY FOR ABELIAN VARIETIES

WENCHUAN HU

ABSTRACT. In this paper we introduce the Fourier-Mukai transform for Law-
son homology of abelian varieties and prove an inversion theorem for the Law-
son homology as well as the morphic cohomology of abelian varieties. As
applications, we obtain the direct sum decomposition of the Lawson homol-
ogy and the morphic cohomology groups with rational coefficients, inspired by
Beauville’s works on the Chow theory. An analogue of the Beauville conjec-
ture for Chow groups is proposed and is shown to be equivalent to the (weak)
Suslin conjecture for Lawson homology. A filtration on Lawson homology is
proposed and conjecturally it coincides to the filtration given by the direct
sum decomposition of Lawson homology for abelian varieties. Moreover, a
refined Friedlander-Lawson duality theorem is obtained for abelian varieties.
We summarize several related conjectures in Lawson homology theory in the
appendix for convenience.
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In this paper, all varieties are defined over the complex number field C. Let

X be a projective variety of dimension n. Denoted by Z,(X) the space of al-
gebraic p-cycles on X. Let Ch,(X) be the Chow group of p-cycles on X, i.e.
Ch,(X) = Z,(X)/{rational equivalence}. Set Ch,(X)g := Ch,(X)®Q, Ch,(X) =

D, >0 Chy(X) and Ch. (X)g = B, Chyp(X)g. Let A,(X) be the space of p-cycles
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on X modulo the algebraic equivalence, i.e. A,(X) = Z,(X)/~aig, where ~q4 de-
notes the algebraic equivalence. Set 4,(X)q := 4,(X) ® Q, A(X) = @D,50 4p(X)

and A, (X)g = @D,>0 4p(X)o-
2. LAWSON HOMOLOGY

The Lawson homology L,H(X) of p-cycles for a projective variety is defined by
L, Hy(X) :=mp_2p(Z,(X)) for k>2p>0,

where Z,(X) is provided with a natural topology (cf. [F1], [L1]). It has been ex-
tended to define for a quasi-projective variety by Lima-Filho (cf. [LF]) and Chow
motives (cf. [HL]). For general background, the reader is referred to Lawson’
survey paper [L2]. The definition of Lawson homology has been extended to neg-
ative integer p. Formally for p < 0, we have L,H(X) = mp_2,(Zo(X x C7P)) =
H,ff‘gp(X x C7P) = HPM(X) = LoHg(X) (cf. [FHW]), where HBM (—) denotes
the Borel-Moore homology.

In [FM], Friedlander and Mazur showed that there are natural transformations,

called Friedlander-Mazur cycle class maps
(1) (I)p,k :Lka(X)%Hk(X)

for all k > 2p > 0.

Recall that Friedlander and Mazur constructed a map called the s-map s :
L,Hy(X) — L,_1H(X) such that the cycle class map @, = s ([FM]). Ex-
plicitly, if & € L, Hy(X) is represented by the homotopy class of a contiunous map
8% - Z,(X), then @, x(a) = [f A S?P], where S?P = S2 A -+ A §? denotes
the 2p-dimensional topological sphere.

Set
Lka(X)hom = ker{q)p,k : Lka(X) — Hk(X)},
Lka(X)Q = Lka(X) ®Q;
Tka(X) = Image{@nk : Lka(X) — Hk(X)},
T,Hy(X,Q) = T,Hp(X)®Q.

Denoted by @, 1, the map @, @ Q : L,Hp(X)g — Hi(X,Q). The Griffiths
group of dimension p-cycles is defined to be

Griff,(X) := Z,(X)hom/Zp(X)alg-

Set
Griff ,(X)g = Griff ,(X) ® Q;
GriffY(X) = Griff,,_o(X);
GriffY(X)g = Griff,,—¢(X)o.

It was proved by Friedlander [F1] that, for any smooth projective variety X,
LpHop(X) = 2,(X)/Zp(X)atg = Ap(X).
Therefore
L,Hop(X ) hom = Griff ,(X).

For any smooth quasi-projective variety X, there is an intersection pairing (cf.

[FG])
Lka(X) X Lqu(X) — Lerq,nHkJrl,Qn(X),

induced by the diagonal map A : X — X x X. More precisely, the composition

Zy(X) X Z4(X) D Zpag(X x X) 2 Zpsg_n(X), where x is the Cartesian product
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of cycles and A' is the Gysin map, factors through Z,(X) A Z,(X). On the level
of homotopy groups we have intersection pairing

7Tk—2p(Zp (X)) X M—2g (Zq (X)) - Tk+1—-2(p+q) (Zp-‘rq—n (X)),

that is,
Lka(X) & Lqu(X) A LP+Q*nHk+l72n(X)'

3. CORRESPONDENCES

In this section we recall basic materials of correspondences and their actions on
Lawson homology (cf. [FM], [Pe], [HL]). For closely related materials on Chow
correspondences we refer to Manin [Ma] and Fulton [Fu].

A correspondence I from X to Y is an algebraic cycle (or an equivalent class of
cycles depending on the context) on X xY. We denote the group of correspondences
of rational equivalence classes between varieties X and Y by

OOT’I”d (X, Y) = Adim Xer(X X Y)

Let X, Y be smooth projective varieties and let T' € Corrq(X,Y) for d € Z.
Then for any element o € L, H,(X), the push-forward morphism is defined by

I, Lka (X) — LerdeJer(Y)
I'i(a) = pau(piael),

where p; (resp. p2) denotes the projection from X x Y onto X (resp. Y) and “e”
is the intersection product on the group A(X x Y).

Let X, Y, Z be smooth projective varieties. The composition of two correspon-
dences I'y € Corrg, (X,Y) and I's € Corrg, (Y, Z) is given by the formula

Ly ol'y = p13«(pioly - p3al'2) € Corrg,4a4,(X, Z)

where p;;, 7,7 = 1,2,3 are the projection of X x Y x Z on the product of its ith
and jth factors.

Lemma 3.1. Let X,Y,Z be smooth projective varieties, I'1 € Corry(X,Y) and
Iy € Corre(Y, Z). Then for any u € L,H,(X), we have

(TaoT)wu =TT 14u € LptayeHpt2d12:(2).
Proof. cf. [HL, Prop. 4.2]. O

For a projective morphism f : X; — Xy the graph of f is defined to be the
correspondence

Ff = (idxl,f)*(Xl) S A(Xl X XQ)

Lemma 3.2. (1) (Ty)«(a) = fula) for a € L,Hi(X1).
(2) (‘Ty)w(B) = f(B) for B € LaHi(X2).

Proof. From the projection formula (cf. [Pe, Lemma 11. c)]), we have

Tp)e(@) = poc((idx,, ))(X1) o pia)
= bt -l /)

since p1o (idef) = idX1 and p20 (iXmuf) = f
The proof of (2) is similar. O
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Lemma 3.3. Let f; : Y, — X;, for i = 1,2 be projective morphisms of smooth
projective varieties. Then

(1) (fi x f2)*Z ="Ty, oZoly forall Z € A(X: x Xo);

(2) (fy X f2)xZ =Ty, 0 Z ' Ty, for all Z € A(Y; X Y3).

Proof. We give a proof for 1), the proof of 2) is similar. To prove 1) it is enough
to show that (f1 x id)*Z = Z oIy, and (id x f2)*Z ="' I'y, o Z. Denote by
¢1 the projection Y7 x Xo — Y; and p;; the projections of Y7 x X; x X», e.g.
p12 0 Y1 X X7 x X9 = Y] x X; is the projection onto the Cartesian product first
two varieties. Then by applying the base change formula for Lawson homology (cf.
[Pe, Lemma 11 a)]) to (idy,, f1) o 1 = p12 o ((idy,, f1) X idx,) and the projection
formula (cf. [Pe, Lemma 11 ¢)]), we have

ZOFfl = P13*(p§3Z'pT2(idY17fl)*(§/i))
= p13*(p§32' ((idwal) X idXz)*(ﬁ(Yl))
= p13*((idy1,f1) X idXz)*((idYUfl) X idXz)*pSSZ ’ qT(YVl))
= p13*((idY1af1) X idXz)*((idYUfl) X idXz)*pSBZ)
= (fixidx,)"Z,

where we used p13 o ((idy,, f1) X idx,) = idy,xx, and pag o ((idy,, f1) X idx,) =
f1 xidx,. From this we get

(idx, x f2)"Z ="((fo x idx,)""Z) ="("Z oTp,) =Ty, 0 Z.

From Lemma 3.1-3.3, we have

(2) (f1 x f2)" Zi(a) = [3(Zi f14(@)), Vo € Lo H (Y1)
and
(3) (f1 X f2)+2:(B) = f2(Z: f1(B)), VB € L H.(X1).

4. FOURIER-MUKAI TRANSFORM

Let X be an abelian variety of dimension n and let X be the dual abelian variety
of X, i.e., X = Pic’(X). Consider the Poincaré bundle P = Px € Pic(X x X) =
Ch'(X x X). The correspondence

1
e’ =) 7P € Cha(X)o
>0

is well-defined since the sum is finite, where P? denotes the i-th intersection product.

The Fourier-Mukai transform on Chow group Ch(X)g with rational coefficients
is defined to be the homomorphism of groups F' = Fx : Ch(X)g — Ch()/f)@,
a = pau(e” - pia).

Similarly, the Fourier-Mukai transform on Lawson homology L. H. (X )g with
rational coefficients is defined to be the homomorphism of groups F = Fx :
L.H.(X)p — L*H*()A()@, a — pa.(e? - pia). In particular, the Fourier-Mukai
transform on homology H.(X,Q) with rational coefficients is defined to be the
homomorphism of groups F = Fy : H,(X,Q) — H,(X,Q), a — pa.(e” - pia).
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Theorem 4.1 (Inversion Theorem). Let X be an abelian variety of dimension n.
Then we have

FgoFx = (-1)%-1)% : LiH.(X)g — L. H.(X)qg,
where —1 : X — X s the multiplication by —1 on X.
Proof. By definition, we need to show that
ePxoeP* = (-1)'_; € L.H.(X)q.
Since (cf. [MKk])
ePx 0P = (=1)T_; € Ch.(X x X)q,

we get
ePxoePX = (—1)_; € A.(X x X)g

P% 0ePx on Lawson homol-

Px —

Since by construction the action of correspondence e
ogy depends only on its class in A, (X x X) (cf. [Pe]), it implies that e”’x oe
(=1)90_1 : LyH,(X)g — L. H.(X)g.

(]

Proposition 4.2. Let f: Y — X be an isogeny of abelian varieties. Then for all
a€ L,H,(Y)g and B € L.H.(X)g
(1) Fxf(@) = f*Fy ();
(2) Fy f*(B) = f+Fx(B).
Proof. (1) The universal property of the Poincaré bundle implies that
(f xidg)Px = (idy x f)*Py.
By Equation (2), we get

Fxfda) = (ePX).f
= (fxidg ) (€7%)sar
= (idy x f) (€™ ).
= F()a
= f*Fy(a)
(2) By applying (1) to f : X > Y we get
Fyfr = (=1)9(=1)5Fy f*FgFx (By Theorem 4.1)
= (~D)9(-DLFyFpf*Fx (By Part (1))
f*Fx. (By Theorem 4.1)

O

Now we show that the Fourier-Mukai transform F : L, H,.(X)g — L.H.(X)g
on Lawson homology groups is compatible to that on the singular homology with
rational coefficients. That is, we have the following result.

Proposition 4.3. There is a commutative diagram

F S
LyHp(X)g —— L,H1(X)qg

Lq’p,k,‘@ lq)p,k,@

Hy(X,Q) —> 1,(X,Q)
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Proof. 1t follows from the definitions of the Fourier-Mukai transform on Lawson
homology and the singular homology. O

5. PONTRYAGIN PRODUCT

In this section, X denotes an abelian variety of dimension n. Let p: X x X — X
denote the sum map p(z,z’) = z + 2z’. The morphism p induces a continuous map
p t Zp(X x X) — Z,(X) between the space of algebraic cycles.

For Z = > n;V; € Z2,(X) and Z' = Y - m,;W; € Z,(X), we set Z x Z' =
SonimVi x Wi € Z,44(X x X). So we get a bilinear continuous map x : Z,(X) x
Z4(X) = Zpiqg(X x X).

Therefore we get a continuous composed map p. o X : Z,(X) x Z,(X) —
Z,14(X). We choose the “empty cycle” 0, (resp. 04, 0,1+4) as the base point
in Z,(X) (resp. Z4(X), Zp4+4(X)) so that each of Z,(X), Z,(X) and Z,1,(X) is a
point topological abelian group. Note that we have both p, 0 x(Z x 04) = 044 and
psoX (0 x Z") = Bp4q This implies that the map x factors through Z,(X)AZ,(X),
i.e., there is a commutative diagram of continuous maps

2,(X) x 2,(X)

Zp(X) N Z4(X) = p+q(X><X)L> pq(X).
For o € L,Hy(X) and 8 € LyH;(X), the Pontryagin Product
* Lka(X) (9 Lqu(X) — Lp+qu+l(X), (a,ﬁ) = axf3

is defined to be the image of the homotopy class of f A g : SFH=2(+d) — Z . (X)
under /1., where f: S¥=% — Z (X)) (resp. g : S'72¢ — Z,(X)) is a representative
element of o (resp. ) and fAg is the composed map S*+=2(P+a) — gk=2p 5 gl=2a _,
Zp(X) N Z¢(X) = Zp1¢(X x X). The homotopy class of f A g defines an element
in LysoHpt(X x X) and so u.([f A g]) gives us an element in L, ,Hy4;(X). By
comparing the intersection of Lawson homology defined by Friedlander and Gabber
([FG]), this product a * 5 := p.([f A g]) is equal to p.(pia e p3p3).

Lemma 5.1. The Pontryagin product is bilinear, associative and anti-commutative
for the second index on L.H.(X).

Proof. The bilinear property follows exactly from the above definition of *. Note
that f A g = (—1)FH=20+t0g A f = (=1)FHg A £, where f, g are given as above.
Hence we get the anti-commutativity for the second index. The associativity follows
from the associativity of A. O

Proposition 5.2. For all a, 8 € L.H.(X), we have

(1) Flaxp)=F(a)- F(8);
(2) Fla-pB) = (=1)"F(a)* F(B).

Proof. (1) We denote by ¢; and g¢;; the projections of X x X x X. Note first
that (1 x 15)*Px = ¢i3Px - ¢53Px holds in Ch,(X x X x X) (cf. [BL,
Lemma 14.1.7]) implies that (1 x 1g)*e™* = ¢i3e”* - g33e™* holds in
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Ch,(X x X x X) and so in A(X x X x X). Then

FlaxB) = pa(e’™ - pi(u(a x B)))
= pael(e7X - (u X 1g)ugly(a x B))
= p2*(e7>x (NXl )«qia - q5[3))
= paulpx1g). ((u><1 )*ePX g g3))
= po(px 1;)*((1{36% - @35eX - qia- @3 B))

= g3 (qi3€™¥ - qf - g33e™ - g5 B)
(since g3 = p x idg)

= poequa«(qize™ - qio- g33e”X - g3 )
(since g3 = p2 © q13)

= poequz (qi5(e7¥ - pia) - g35(eP* - pip))
(since 1 = p1 © q13,42 = P1 © q23)

= po(ePX pla qusegss (e - piB))
(since g3 = p2 o q13 and g3 = p2 0 ¢23)

= (€7 - pio- pipa.(e7X - pif))

p2:(e7X - pia) - pa. (X - pif))

= F(a)- F(B).

(2) The statement (2) follows from Part (1) by the Inversion Theorem 4.1.

O

Proposition 5.3. The Pontryagin product is compatible with the natural transfor-
mation @y, 1 : LyH,(X) — Hp(X). More precisely, we have the following commu-
tative diagram:

LyHp(X) ® LeH|(X) —— Lyp+gHyp1(X)
l(bp,k‘@@q,l lq)p+q,k+l

Hy(X) ® Hi(X) Hiy 1 (X).

Proof. Let o« € L,Hy(X) (vesp. 8 € LyH;(X)) be represented by the homotopy
class of the map f : S¥=2P — Z,(X) (resp. g : S'=2¢ — Z,(X)). Then by definition
we have a * 8 = pu.([f A g])-

Recall that from the property of s-map (cf. [FM, Chapter 6] ), one has the
explicitly formulas

@1 ([f]) = [f A S*]; @q,([9]) = [9 A S*9).

Hence
() ¥ () = @pullf)) * (i)
i [fASQ”/\g/\S2q]
= us[f AgA S A S
gl f A g A SPTD]
= /1** (q)p+q,k+l [f A g )
= Opignri(p([f A g)
= Ppiguri(axp).

The penultimate equality holds since ®piq i @ LptqgHrt1(X) = Hp(X) is a
natural transformation from Lawson homology to the singular homology. This
completes the proof of the commutative diagram. 0
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Remark 5.4. From the proof of the above proposition, we observe that the Pon-
tryagin product * is compatible with the s-map.

6. DECOMPOSITIONS OF LAWSON HOMOLOGY GROUPS FOR ABELIAN VARIETIES

Let X be an abelian variety of dimension n. For each integer m, there is a
homomorphism myx : X — X defined by z — m - z. Recall that we have cycle class
map ¢, ,@Q : L,Hy(X)g — Hi(X,Q) for all k > 2p > 0. By considering elements
in H,(X,Q) = H*(X,Q) as the dual of differential forms, it is easy to see that the
induced map mx. : Hy(X,Q) — Hp(X,Q) is multiplication by mF.

There is an eigenspace decomposition of L,Hy(X)qg for each pair of p, k such
that k& > 2p > 0. Set

LyHp(X)g = {a € LyHp(X)g|mx.a = mFtia, vV m € Z}
Theorem 6.1. Let X be an abelian variety of dimension n. Then we have the
following decomposition
n—[*44]

(4) LyH(X)o= € LyHu(X)g,

s=p—k
where [a] denotes the largest integer less than or equal to a.
We have a direct corollary from Theorem 6.1.
Corollary 6.2. Let X be an abelian variety of dimension n. Then Lka(X)(a =0
fors>n—[* 1] ors<p—k.

Lemma 6.3. Suppose o € L,H(X)q and

-~

with By € LyH(X)qg, where l = k+2(q —p). Then for all m € Z, we have
m}ﬁq — mn—q-i-pﬁq'
Proof. By the definition of F' we have
1 n— * v
By = mpz*@( ) pia) € LyHi(X)q.
Hence using flat base change with m ¢ opy = pao (1x xmyg) (cf. [FG, §3]) and the
fact that (1x x m¢)*P = mP, we get
by = G (P pia)
= gl ((1x X mg) PP pra)
m" 9t n— *
(RTLS!M*U)( ) pra)
mn—q-i-pﬁq'

O

Proposition 6.4. For « € L,Hy(X)g and m € Z —{—1,0,1} the following state-
ments are equivalent:

(1) a € LyHp(X)3,
(2) mx.a =mFtsa,
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(3) mia=m*F=sq,

(4) F(a) € Ln—k+p—sH2n—2s—k():()Q,

(5) F(a) S Ln—k+p—sH2n—2s—k(X)¢3~

Proof. We show this in the following way: (1) < (2) < (3) = (4) = (5) = (3).
(1) & (2) is from the definition of L, Hy (X))

(2) = (3). Note first that mia € L,Hi(X)g. Suppose mia € Lka(X)ga
and from the definition we get mx.(m%a) = m*¥'m%a. Since mx.(mia) =
(degmx)or = m*™a, we obtain that m « = m?* %= € LpHy(X)g. This implies

that s = ¢'.
(3) = (2). From m?™a = deg(mx)a = my.(mia) = mx.(m* "+ %a) =
m2" k" Smx.a we get mx.a =mFtoa.

(3) = (4). We write Fx(a) =Y, Bq with 8, € LyHys2(g—p)(X)g. Then
Zq p— [ Bq = FX(CY)

= mkl+s F(mX*a)
= m§+s m}%F(Oz)
= mkts Zq:O mj;(ﬂq

Comparing coefficients this implies that
F(O&) - ﬂnkarpfs S Ln7k+psz2n7k72s (X)Q

(4) = (5). By Lemma 6.3, we have F(«a) € Ln_k+p_SH2n_28_k()A()a.
(5) = (3). For every m € Z, we have

mya = mi(-1)(- )
Chr(on 2
(=D)"(— DxFgmg, B kip—s (by Statement (5))
m=F (1) (1) Fgmg, mg Bn—ktp—s (by Lemma 6.3)
m2n k— s( )n( ) Xﬂn kbp—s
m 1)
m

DxF¢Fxa (by Theorem 4.
YFgm X*FXa (by Proposition 5.

2n—k— s( n( ) F)?Fx(a)

O

Proof of Theorem 6.1. Suppose a € L,Hy(X)g and write Fx (o) = Eﬂq with
Bq € LgHyy2(g—p)(X)g. By Lemma 6.3 we have 8, € LyHj12(q—p) (X)a “atP By
applying Proposition 6.4 to 3,, we get

F(By) € LyHp(X)g "7
Now by Theorem 4.1,

a = (=1)"(-1)*Fg o Fx(a) .
()" (1) 0 ) B € DIy Lo Hr(X) 0,
This implies the assertion since n — k + [£] = n — [E1]. O

The decomposition of Equation (4) is compatible with many natural maps.
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Proposition 6.5. Let f : X — Y be a group homomorphism between abelian
varieties. Then induced map f. preserves the decomposition of Lawson homology
groups with rational coefficients, i.e.,

FoLyHu(X)3) C LyHi(Y)3, Vs € Z

Proof. Since f : X — Y is a group homomorphism, one has f(m - z) = m - f(z)
and so my o f = fomy. Hence we have my, o f, = f. omx,. This completes the
proof of the proposition. O

Proposition 6.6. The decomposition in Equation (4) is compatible with the cycle
class map ®p, 1.0-

Proof. Tt follows from the fact that the multiplication mx by m on X commutes
with the Fourier-Mukai transform F'x (cf. Proposition 4.2) and the cycle class map
®, 1.0, the latter is the general fact that the cycle class map ®, . is a natural
transformation between the Lawson homolgy (cf. [FM], [L2, Ch. IV]). O

Set
Lka(X),SwmﬁQ ={a € LpHp(X)hom,glmx«q = mk+soe,V m € Z}.

From Proposition 6.6, we have

(5) LPHk(X)Zom,Q = L;DH/C(X)(S@7 S 7& 0
and
(6) LPHk (X)gom,(@ = LZDHk(X)& N L;DHk(X)hom,Q-

On the image of the natural transform @, ® Q : LyHp(X)g — Hp(X)g, we
have the following result.

Corollary 6.7. Let X be an abelian variety of dimension n. Then we have

-~

Tka (X)Q = Tnerkaank(X)Q

Proof. Note that we have the following commutative diagram
F ~
LyHp(X)Q —> Lyyp—rHon—r(X)Y

l‘bp,k@(@ l¢7l+pk,2nk®(@

F ~
TPHIC (X)Q $ Tn+p7kH2n7k (X)Qa

where Fx is the restriction of the Fourier-Mukai trarAlsform Fx on the rat19na1
homology groups of X. Since Fy : Hi(X,Q) — Hp(X,Q) is isomorphism, F :
T,Hi(X)g = Thtp—rHon—1(X)g is injective and so

dimQ Tka (X)Q S dimQ Tner,kHQn,k (X)Q

Since I'g is also an isomorphism on the rational homology groups, we obtain

~

dimg T+ p—rxHon—k (X)Q < dimgq T, H, (X)Q

Hence

~

dirn@ Tka (X)Q = dirn@ Tn+p—kH2n—k (X)Q
and so Fy : T,Hi(X)g — Tn+p,kH2n,k()?)Q is an isomorphism. O
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The motivation of our decomposition follows from that of the Chow group theory.
Recall that there is also an eigenspace decomposition for Ch,(X) of for every p,
due to Beauville [B2]. If we set

Chy(X)§ = {a € Chy(X)g|mx.oo = m** "o for all n € Z},

then there is a direct sum decomposition for the Chow group of X with rational
coefficients

n—p
Chy(X)e = @) Chy (X,
s=—p
Beauville conjectures that Chy,(X)g = 0 for s < 0 ([B1, B2]). Similarly, we have
the following analogue of Beauville’s conjecture for the Lawson homology of abelian
varieties.

Conjecture 6.8. For an abelian variety X, one has L,H(X)g =0 for s <0.
From Theorem 4.1 and Proposition 6.4, we have

Corollary 6.9. Let X be an abelian variety of dimension n. The Fourier-Mukai
transformation Fx induces an isomorphism

Lka (X)(S@ = Ln7k+psz2n72sfk (55)(3
for all integer s.

Proof. To see the injectivity of Fx, let a € L, Hy(X)g such that

(7) Fx(a) =0 € Ly_pipsHan—os—k(X)3.
Now we apply F'g to both sides of Equation (7), we get
(8) Fg o Fx(a) = Fg(0).

The right side of Equation (8) is obviously equal to zero. By Theorem 4.1, the
left side of equation (8) is (—1)"(—1)% (a). Since (—1)% is an isomorphism, we get
a=0.

To see the surjectivity of Fly, for 8 € Ln,ker,SHgn,gs,k()?)fQ, we have ' () €
LypHyp(X) by Proposition 6.4. Set o := (—1)"(—1)%. Then Fix (o) = 3 by applying

Theorem 4.1 to X. O
From the explanation in the beginning of this section, if we define
Hy(X)g = {a € Hp(X)g|mx.a = m*sa, ¥V m € 7},

then by applying Fx on singular homology with rational coefficients, one gets

o) mop={ e 220

Now we will check the situation of the conjecture for low dimensional abelian
varieties. For those X of dim X < 2, Friedlander’s result [F1, Th.4.6] and the
Dold-Thom theorem imply that Conjecture 6.8 holds.

Example 6.10. Conjecture 6.8 holds for abelian variety X of dimension 3 except
possibly forp=1,k> 4 and s =3 — k.
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Proof. From the above discussion, we only need to consider abelian varieties X of
dimension three. That is, we need to show L,Hy(X)g = 0 except for p =1,k > 4
and s =3 — k.
There are different cases according to p and k. It is trivial when p < 0 or p > 3.
(1) p = 0. In this case, one has the Dold-Thom isomorphism LgH(X) =
Hy(X) and therefore by Equation (9) we have

. s Hi(X)g, s=0;

So we have LoHy(X)g = 0 for s <0 for all k > 0.

(2) p =2. In this case, we obtain from Friedlander’s theorem (cf. [F1, Th.4.6])

that

s s - e 1o
for k > 5. For k =4, LoH(X)g C Hi(X)g = 0 for s <0 by Equation (9).
So we have Lo Hy(X)g = 0 for s <0 for all k > 4.

(3) p = 3. In this case, by definition, the only nontrivial LsH}(X) occurs in
the case that £k = 6. When k = 6, we have L3Hg(X)g = Hs(X)g. So
L3Hg(X)g = He(X)g = 0 for s <0 by Equation (9).

4) p=1.

(a) k =2. By applying Corollary 6.9 to X, we obtain that

LiH(X)% 2 Loy Hy_oy(X)3
Soif s < 0, then 2—s > 2 and hence L275H4,25()?)f@ = 0 by applying
the above cases to X.
(b) k= 3. Again by applying Corollary 6.9 to X, we get
LiH3(X)3 = Li—gHs_24(X)3.
So if s < 0, then 1 — s > 2 and hence Ll_ng_gs(X)(s@ = 0 by the

applying the above cases to X.
(c¢) k > 4. By applying Corollary 6.9 to X, we get

-~

LiHp(X)g = Lip—sHe—2:(X)g
0,if s # 3 — k.

O

From the discuss above, we see that the mysterious part of L1 Hy(X)qg for an
abelian threefold X is LlHk(X)?@_k ={a € L1Hi(X)g|mx.a = m3a}. For k =2,
it is the Griffiths group with rational coefficients of 1-cycles on X; For k = 3,
conjecturally it is T H3(X,Q); For k > 4, conjecturally it is zero.

Now we describe the relation between of Conjecture 6.8 and a weak version con-
jecture by Suslin (see the appendix below for the statement). In the usual (or
strong) version of the Suslin conjecture, varieties are only required to be quasi-
projective. Moreover, the strong version Suslin conjecture also includes the state-
ment that the cycle class map ®,, ;, from Lawson homology to the singular homology
is injective for k =n +p — 1.

Proposition 6.11. Conjecture 6.8 is equivalent to the (weak version) Suslin con-
jecture for Lawson homology with rational coefficients on abelian varieties.
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Proof. Let X be an abelian variety of dimension n. First we assume Conjecture
6.8, i.e.

LyHp(X)g =0

for all £k > 2p and s < 0. Then for & > n + p, we obtain that

(10)
k41
LyHi(X)q = @;:,E_ 'L pHK(X)g (by Theorem 6.1)
k41
= @Z:_(ET] LpHi(X)g (by Conjecture 6.8)
k4L ~
= @Sf(g * Ln—gp—sHon—25—1(X)g (by Corollary 6.9)
k4L ~
=} @S:(E 2] Hap 25— k(X)) (sincen—k+p—s<0)
= H2n7k()£)%2 (by Equation (9))
= Han—k(X)o (by Equation (9))
>~ Hi(X)g (by Fourier Inversion)

and this is exactly the Suslin conjecture for X with rational coefficients for k > n+p.

Conversely, we assume that the Suslin conjecture holds for X. Then by Equation
(10), we have L,Hy(X)g = 0 for p —k < s < 0. This together with Corollary 6.2
implies that L,H(X)g = 0 for all s <0. O

Remark 6.12. The weak version Suslin conjecture relates to a Hard Lefschetz type
conjecture for Lawson homology (cf. [FM], [X]). Moreover, by applying an action
of SL(2,Z) on the space of algebraic cycles modulo the algebraic equivalence, as
observed by Beauville, Xu gives further direct sum decomposition of L,H}, (X)(SQ) n
terms of primitive elements.

The following question was asked by Friedlander and Lawson in the terminology
of their morphic cohomology (for definition, see section 8 below). By Friedlander-
Lawson’s duality theorem (cf. [FL2]) between the Morphic cohomology and Lawson
homology, an equivalent version in terms of Lawson homology is given in the fol-
lowing.

Question 6.13 (Compare with Question 9.7 in [FL1]). For a smooth projective
variety X of dimension n, is @, 1 : Ly Hip(X) — Hi(X) surjective for k> n+p?

Obviously, the Suslin conjecture says Friedlander-Lawson’s answer to the above
question is yes. The answer is also yes to the question for abelian varieties, as
given in the morphic cohomology version (cf. [FL2, Cor. 9.5]). The affirmative
answer to Question 6.13 can be obtained by using the Friedlander-Lawson’s duality
theorem. Now we give an alternative proof of the surjectivity of ®, ;,, without using
the Friedlander-Lawson’s duality theorem.

Proposition 6.14 (Friedlander-Lawson). For an abelian variety X of dimension
n, the cycle class map @, 1 : Ly Hi(X) — Hi(X) surjective for k> n+ p.

Proof. From the proof of Proposition 6.11, we see that for any abelian variety X
of dimension n, @, : L,Hi(X)g — Hi(X)q is surjective for all & > n + p. The
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details are given as follows: Since k > n + p, we have

(11)

LyHr(X)o = Deep i 2L pHK(X)g (by Theorem 6.1)
> @Z;g%] Ly Hi(X)

= @Z:_cg%] Ly ktp—sHon—25— k(ff)f@ (by Corollary 6.9)

= @Z:_o[%] H2n—2s—k(5€)(s@ (since n — k +p—s<0)

Hgn_k()z)% (by Equation (9))

= Hop—k(X)o (by Equation (9))

= Hip(X)o (by Fourier Inversion)

This implies that @, : L, Hi(X)g — Hi(X)q is surjective for k > p+mn. Since the
Suslin conjecture with finite coefficients holds, as from the work of Milnor-Bloch-
Kato conjecture (now a theorem by by Voevodsky, Rost and others), we obtain that
D, 1 L,H,(X) — Hg(X) is also surjective for k > p + n. O

Remark 6.15. From the above proposition and a recent result by Beilinson [Bl],
one obtains an alternative proof of the Grothendieck standard conjecture of Lef-
schetz type for X (see the appendiz below for the statement). The first proof of
this Grothendieck standard conjecture of Lefschetz type for abelian varieties was
obtained by Lieberman [Li].

Proposition 6.16. Let X be an abelian variety of dimension n. Suppose the
(strong version) Suslin conjecture holds for X. Then for 1-cycles, we have

LiHyp(X)g = TiHi(X)g

for all k > 2 and there is a finite filtration on L1Hy(X)g given by

FOLiHy(X)g = LiHp(X)o,
F'LiHi(X)g = LiHp(X)hom,0:
F?LiHy(X)g = kerAlJy,
FILiHe(X)g = @D;s, LiHr(X)},
FILHy(X)g = 0,j>>1,

where AJx is the Abel-Jacobi for Lawson homology, as defined by the author in
[H2].

Proof. From Theorem 6.1, we have a finite filtration given by

FIL,He(X)g = @ LyH(X)8, j=p—kp—k+1-- ,n—[(k+1)/2].
Jjzs
Moveover, FP=FL,Hy,(X)g = L,Hy(X)g and FIL,H(X)g = 0 for j > n —
[(k+1)/2]. By assumption and Proposition 6.11, we have
FILyHe(X)g = LyHp(X)g

for all j <0.
By the (strong) Suslin conjecture for Lawson homology with rational coefficients,
O,k LpyHp(X)g — Hi(X)g is injective for k = n + p — 1. By applying Theorem
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6.1 to LyHp(X)g for k =n+p—1, we get

(12)
o [EtL
LyHp(X)g = 695:15_2;C ] Ly Hi(X)g (by Theorem 6.1)
kL
= @::(E ? ]Lka(X)E!, (by Proposition 6.11)
e .
= @::(E : ]Ll—SHn—p+1—2s(X)(S@ (by Corollary 6.9)
= L,y (X))
@it *  Hy pi12.(X)y  (by Dold-Thom Theorem)
= LiH, p11(X)} (by Equation (9))
o LpHner,l(X)(O@ (by Fourier Inversion)

, Therefore, L, Hy, 1p—1(X)Q = LyHy1p-1(X)g. Then the Sulin conjecture implies
that
(13) LpHnerfl (X)%g = TpHnerfl (X, Q)
and hence F'L,Hy(X)g = LyHi(X)hom,q- In particular, one has F' L Hi(X)g =
LlHk(X)hom,Q for p = 1.

Under the assumption of the (strong) Suslin conjecture, for k > 2, we have the
following isomorphisms

LiHy(X) Lot1-1Hon—x(X)%  (by Corollary 6.9)
Tn+l—kH2n—k(X7 Q) (by Equation (13))
T H,(X,Q). (by Corollary (6.7))

Note that the Abel-Jacobi map for the Lawson homology of a smooth projective
variety X is a natural map

AJx : LyHi(X ) hom — { D H”””’“(X)} / Hy1 (X, 7).
r>k—2p+1,r+s=k—2p+1
So if X is an abelian variety and o € L,Hj, (X)f@ N LpHi(X)hom,q, then
AJX (mX*Q) - mX*(AJX (Oé)),

ie. mPsAJx (o) = mFH AJx () since the action of mx, on H*1(X, Q) is the
multiplication by m*+1. Therefore AJx(a) = 0 unless a € L, Hj, (X)g- O

1R 1R

Remark 6.17. From the above proposition, it is reasonable to conjecture for an
abelian variety X that L, Hy,(X)g = T,Hy(X,Q) for all integers k > 2p. Then the
above proposition would hold for all p > 0.

The direct sum decomposition for the Lawson homology of an abelian variety X
in Theorem 6.1 is compatible with the Pontryagin product.

Proposition 6.18. Let X be an abelian variety of dimension n. Then the following
diagram

LyHy(X)3 ® LoHi(X)g — > Ly Hpn(X)5H
li;k‘@iil li;if}ikﬂ
LyHp(X)g ® LeHi(X)g —— LypyoHiv1(X)g

is commutative, where i3+ Ly Hyp(X)g — LpHi(X)q is the inclusion of the sum-
mand in the direct sum decomposition (cf. Equation (4)).
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Proof. We need to show that for a € L,Hy(X)g and B8 € Lqu(X)fQ;, one has
axfe Lp+qu+l(X)(a+sl. Since a € L, Hy(X)g, we have by definition mx.(a) =
mFtsa. Similarly, mx.(8) = m'*¥' 8. It is enough to show that mx.(a * 8) =
mFttsts"o « 3. Note that by definition the two morphisms u o (mx,mx) and
myx o u coincide, ie., po (mx,mx) = mxopu: X x X = X. So we have the
commutative diagram by the induced maps on Lawson homology groups

LyHy(X)g ® LeHi(X)g — > LyrqHyr1(X x X)g —> LyrqHy1(X)g

lmx*@)mx* lmX*

L;DHk(X)Q & Lqu(X)Q — L;D+qu+l(X x X)o s LyptqHpti (X)o-
So we have
pxo X o(mxy @Mxy) =Mxy 0 iy 0 X 1 LyHp(X)g @ LpyHp(X)g = LpHi(X)g,

in other words,
mxs(a*x B) = mx.a*myf.
Now since a € L, Hx(X)3 and 8 € Lqu(X)g, we have

mx«(a*xfB) = mx.oxm,f
— (mk+sa) * (mlJrs’ﬂ)
= mbrsti o, (by the bilinearity of x)
So by definition we get a x 5 € Lp+qu+l(X)(a+s’. -

However, we cannot hope the Pontryagin product would bring more on the Abel-
Jacobi map for Lawson homology, since AJx is only non-trivial on L,H (X )(b, but
the Pontryagin product of a € L, Hy(X)g and 8 € LyH(X)g is in Ly o Hyi(X)3-
So the Abel-Jacobi map AJy is identically zero on Lp+qu+l(X)é.

7. FILTRATIONS ON LAWSON HOMOLOGY

In this section we will define a filtration on Lawson homology, as an analogue
of the conjectural Bloch-Beilinson filtration for Chow groups. For X a smooth
projective variety, then conjecturally, for every integer k, there exists a decreasing
filtration £ L,Hy(X)g on the Lawson homology group with rational coefficients,
satisfying the following properties:

(1) FIL,H(X)g =0 for j >> 1.
(2) The filtration is stable under the action of correspondences:
If T' € Adgim x+a(X X Y), then the maps

Dy LyHr(X)g = LpraHri24(Y)o
satisfy
D (FLyH(X)a) € FV LytaHyi2a(Y )o-
(3) The induced map
Gril. : GrlLyHy(X)g = GrlLyraHi 2a(Y)g
vanishes if the class I' is zero on Hy4;(X,Q), i.e.,
0= [T]s: Hp45(X,Q) = Hpqjt2a(Y, Q).
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A candidate of such a filtration could be given in the following way by induction:
Assume that we have constructed F7/~1L,H;(Y)qg for every I > 2q and every smooth
projective variety Y. Then we set

FIL,Hy(X)g := span{Im Du(FI " L, Hy10,.(Y))|l € A™HImX (Y x X)g},
where I' satisfies the condition that

R Hk+27‘(}/7 Q) — Hk(X7 Q)

is zero.
For X an abelian variety, if we set as before
FIL,He(X)g = @ LpH(X)s, j=p—kp—k+1,-- ,n—[(k+1)/2].
jzs
As an analogue in Chow theory ([Mr]), it is reasonable to conjecture that the
two filtrations for abelian varieties coincide.

8. MorpHIC COHOMOLOGY

There is a cohomological version of Lawson homology, i.e., the Friedlander-
Lawson morphic cohomology, is defined to be the homotopy group of algebraic
cocycles. The topological group Z7(X) of all algebraic cocycles of codimension-¢q
on X is defined as a homotopy quotient completion (cf. [FL1, Definition 2.8])

ZUX) := [Mor(X,Co(P1))/Mor(X,Co(PI 1)) = Mor(X, Z5(C2)).

The (2g — k)-th homotopy group of the space of algebraic cocycles instead of
algebraic cycles, is defined to be the Friedlander-Lawson morphic cohomology group
and is denoted by L1H"(X).

Let X be an abelian variety. There is also an eigenspace decomposition of
LiH¥*(X)q for each pair of ¢, k such that k < 2q.

LIHM(X)g == {a € L'H*(X)glmka =m" *a}
Proposition 8.1 (Refined Friedlander-Lawson duality for Abelian varieties). There
is an induced isomorphism
LIH*(X)§) = Ly—qHon—k(X)§
from the Friedlander-Lawson duality for all integers s and k < 2q, where n =

dim X .

Proof. Let D : LYH*(X) — Ly—qHa2,—1(X) be the the Friedlander-Lawson duality
homomorphism (cf. [FL2]). We denote by the same notation for the coefficient
extension map D : LYH*(X)g — Lyn—gHa2,—1(X)g. Since D is an isomorphism, it
is enough to show that the image of Lqu(X)fQ under D is Ly —qHap—(X)g. First
note that there is a commutative diagram

(14) LIH*(X) —2> Ly gHap 1(X)

Lqu (X) L Ln—qHQn—k (X)7

where m'y is the Gysin map induced by the map my : X — X (cf. [FL2, Prop.5.5]).
By the Fulton’s excess formula for the morphic cohomology (also Lawson homol-
ogy), we have m'ym’% = degmx (cf. [HL]). The latter is equal to m?".
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k

Now or « € Lqu(X)fQ, by definition we have m¥% (a) = m" *a. Hence o =

L
i—s -mya and
1 1

1
(15) mya = 2

- -m2a = m2n—k+sa'
mk—s

! % _
s mmxa =

From Equation (14), we have Do m'X = mx4oD. So by this as well as Equation
(15), one gets
(16) mx«(Da) = D(m'ya) = D(m> *+5a) = m*"FDa.
That is to say, Da € Ln_qun_k(X)&. This gives us an isomorphism

LUH*(X)% 2 Ly—qHan—i(X)}

for all integers s and k < 2gq. 0

By this proposition, all the results in terms of Lawson homology in section 6 have
the corresponding morphic cohomological version obtained by replacing LI H*(X )(a

by Lyp—qHzy—k(X)g. For example, we have a decomposition for the morphic coho-
mology of an abelian variety.

Proposition 8.2. Let X be an abelian variety of dimension n. Then we have the
following decomposition

4]
L'H*X)o= @ LIHMX)).

s=k—q—n

Proof. 1t follows from Theorem 4.1 and Proposition 8.1. O

9. SEMI-TOPOLOGICAL K-THEORY

Recall that the (singular) semi-topological K-theory (denoted by K$(—))
was introduced and developed by Friedlander and Walker in a sequence of papers
(cf. [FW1], [FW2], [FW3], [FW4] and reference therein).

Let K**(X) be a homotopy-theoretic group completion of a space of maps of
X to an infinite Grassmannian, topologized as in [FW3]. The semi-topological
K-group K3*'(X) of X is defined to be the j-th homotopy group of £**(X). The

rational K**t-groups is denoted by
K5 (X)q = K3(X) © Q.

One of the fundamental result in semi-topological K-theory is that there is a nat-
ural isomorphism between rational K**t-groups and certain direct sum of rational
morphic groups:

Theorem 9.1 (Friedlander-Walker [FW3]). There is a natural isomorphism

KX)o = @ LIH*(X)g, j=>0
q=>0

for any smooth (quasi-)projective variety X .

Now let X be an abelian variety. From Theorem 9.1 and Proposition 8.1, we
have the following result.
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Corollary 9.2. Let X be an abelian variety of dimension X. Then

K" (Xe=PD @ LH" (X

In other words, K;St (X)q is decomposed to be the direct sum of eigenspaces of the
map mk = K3°'(X)g — K3*(X)q.
Proof. We have the following isomorphisms

KX)o = @0 LIH* 7 (X)g (by Theorem 9.1)

[240]

>~ @D,y LIH?7I(X)5.  (by Proposition 8.1)

O

Note that in Corollary 9.2, there is only finite many nonzero direct summands
on the right side of the equation since, for fixed j, LYH??77(X) vanishes when q
large. In particular, for an abelian variety of dimension three, we give explicitly
the following equations.

Example 9.3. Let X be an abelian variety of dim X = 3. Then we have
(17) K§*'(X)o = H(X,Q) & NS(X)q & Li1Hz(X)§ & Griffy (X )g & H°(X, Q).

(18)  K{*(X)o= H'(X,Q) ® LiH3(X)% @ LiHs(X)y & H(X, Q).
and there is surjective map
(19) K (X)g —» K (X)qg, Vj > 2.

The weak wversion Suslin conjecture for Lawson homology with rational coeffi-
cients implies that

(20) K;*(X)o 2 K (X)g, Vj =2
where K;Op (X)q is the j-th topological K -group with rational coefficients.
Proof. From Corollary 9.2, one has

KX)o =2 H'(X,Q) & NS(X)g® L*H* (X)) & L*H*(X)y @ H°(X, Q).

Note that L*H*(X)g = LiHy(X)g is a finite dimensional Q-vector space. Now
Equation (17) follows from a fact that L2H*(X)4 = L*H*(X )hom,q = Griff1(X)g
by Beauville (cf. [B2, Prop.6]). Equation (18) follows from Corollary 9.2 and
Proposition 8.1. Equation (19) follows from Corollary 9.2 and the surjectivity
of @, : LyHp(X)g — Hp(X)g for all & > n + p. Equation (20) follows from
Corollary 9.2 the Atiyah-Hirzebruch isomorphism between the topological K-group
with rational coefficients and the singular cohomology with rational coefficients,
and the fact the morphic cohomology is isomorphic to the singular cohomology for
X in these cases under the assumption of the weak Suslin conjecture. O
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If we denote by K3*(X)3 = {a € K;*'(X)g|m% (o) = m®a}, then
K§'(X)g = HYX,Q) =
K3'(X)g = NS(X)g
K$&H(X)3 = Griff®(X)g = Griffy (X)g;
K§t(X)h = L2HY(X)0 = Ly Ho(X)",
K008 = HOXQ) =@
K§*'(X)3 = 0,all other s.
Ky'(X)y = HY(X,Q)
Ki*(X)h = L2HY(X) 2 Ly Hy(X)l;
Kt (X)L = L2H3(X)Y = Ly Hy(X)Y;
Ky'(X)g = H°(X,Q);
K#*'(X)g = 0,all other s.

and

K*Y(X)g = H*(X,Q),Vs € Z,j > 2.
10. APPENDIX

In this appendix we will discuss and summary for convenience the relations
between a few conjectures in Lawson homology theory. Some of them are known
or implied in the literatures before.

Let X be a smooth complex projective variety. It was shown in [FM, §7] that the
subspaces T}, H, (X, Q) form a decreasing filtration (called the topological filtration):

o C T HW(X,Q) € Tyt Hy(X,Q) C -+ € TyHi(X, Q) = Hy(X, Q)
and T, Hy (X, Q) vanishes if 2p > k.
Denote by GpHi(X,Q) C Hi(X,Q) the Q-vector subspace of Hy(X,Q) gener-

ated by the images of mappings Hy (Y, Q) — Hy(X,Q), induced from all morphisms
Y — X of varieties of dimension < k — p.

The subspaces G, H, (X, Q) also form a decreasing filtration (called the geometric
filtration):
o g Gka(Xu Q) g Gp—lHk(Xu Q) g T g GOHk(Xa@) g Hk(Xu Q)

Denote by F, H,(X,Q) C Hy(X,Q) the maximal sub-(Mixed) Hodge structure

of span k — 2p. (See [G2] and [FM].) The sub-Q vector spaces F, Hy(X, Q) form a
decreasing filtration of sub-Hodge structures:

- CF,HL(X,Q) C F, 1 Hy(X,Q) C--- C FpHi(X,Q) C Hi(X,Q)

and Fka(X, Q) vanishes if 2p > k. This filtration is called the Hodge filtration.
It was shown by Friedlander and Mazur that

(21) Tka(XuQ) - Gka(X7@) ngHk(XuQ)
holds for any smooth projective variety X and k& > 2p > 0.

Friedlander and Mazur proposed the following conjecture which relates Lawson
homology theory to the central problems in the algebraic cycle theory.

Conjecture 10.1 (Friedlander-Mazur conjecture, [FM]). For any smooth projec-
tive variety X, one has

T,Hi(X,Q) = G, Hi(X, Q).
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The Friedlander-Mazur conjecture remains open for general threefolds. However,
it has been verified for some cases. For example, it was shown to hold for general
abelian varieties (cf. [F2]) or abelian varieties for which the the generalized Hodge
conjecture holds (cf. [A]); It was also shown to hold for threefold X with h?0(X) =
0, in particular, the complete intersection of dimension three (cf. [H1]). It also holds
for any abelian threefold. To see the last statement, we note that for X a threefold
X, it is enough to show Conjecture 10.1 for the p = 1. Note that by Proposition
6.14, TV H,(X,Q) = G1Hi(X,Q) for & > 4. By Proposition 1.15 in [H1], one
has Ty H3(X,Q) = G1H5(X,Q). Moreover, Friedlander and Mazur proved that
T1H2(X7 @) = G1H2(X7 @) (Cf [FM7 §7])

Conjecture 10.2 (The generalized Hodge conjecture, [G2] and [FM]). For any
smooth projective variety X, one has

GpHi(X,Q) = F,Hy(X,Q).

There is a corresponding conjecture in terms of morphic cohomology (cf. [FW4]).
The equivalence between the homological version and the cohomological version is
given by using Friedlander-Lawson duality isomorphism (cf. [FL2]). In [FW4],
the cohomological version of Conjecture 10.1 and 10.2 combine to one conjecture
T,Hy(X,Q) = F, Hy(X,Q) which they called the (strong) Friedlander-Mazur con-
jecture.

Now let X C PV be a smooth variety of dimension n and let H be a hyperplane
section such that Y := X N H is smooth. The Lefschetz operator L : HY(X,Q) —
H2(X,Q) is defined by L(a) = a U [Y], where [Y] denotes the homology class of
Y in H?(X,Q). The Hard Lefschetz Theorem says

L" " HY(X,Q) — H*"Y(X,Q)
is an isomorphism. Note that this Ly is given by the algebraic cycle A(Y), in other
words, L(—) = p2. (pi(—) N A(Y)).

Conjecture 10.3 (Grothendieck standard conjecture of Lefschetz type, [G1]). The
inverse A"t H?"~{(X,Q) — H'(X,Q) to L% is given by an algebraic cycle for
each 0 <i<n.

In this case A"~ is also called algebraic for each 0 < i < n.

Conjecture 10.4 (Hard Lefschetz conjecture for Lawson homology, [FM]). Let X
be a smooth projective variety of dimension n and let h be a hyperplane section.
Then the intersection

h*e: L,Hu1(X)g — Ly Hy 1(X)g, a— [h*Fea,
is ingective for k > 1, where [h] is viewed as the class of h in Ly_1Hazp—2(X)g.

The following conjecture is essential to the structure of the Lawson homology
for a smooth quasi-projective variety.

Conjecture 10.5 (The Suslin conjecture for Lawson Homology with coefficient
A, [FHW]). For any abelian group A and any smooth quasi-projective variety X
of dimension n, the map @, : LyHp(X,A) — Hi(X,A) is an isomorphism for
k > n+p and is an injection for k =n+p— 1.

This is an analogue of the Beilinson-Lichtenbaum conjecture in motivic cohomol-
ogy theory. When A is a finite abelian group, the Milnor-Bloch-Kato conjecture(or
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theorem) implies that the Suslin conjecture for Lawson Homology with coefficient
A.

The weak version Suslin conjecture for Lawson homology only requires X be
projective and @, ; be isomorphic for k¥ > n 4 p. Clearly, the weak version Suslin
conjecture is much weaker than the (strong) Suslin conjecture. However, it is
mentioned separately since the weak version Suslin conjecture for Lawson homology
with integer coefficients implies the Grothendieck standard conjecture of Lefschtez
type (see below).

These conjectures (Conjecture 10.1-10.5) hold for all smooth projective varieties
of dimension less or equal than two. However, as far as I know, all of them are still
open even for a general smooth projective variety of dimension three. Known cases
and statements on these conjectures can be found in the literature (cf. [Bl], [F2],
[FHW], [FM], [FW4]), [H1], [LF], [Pe], [X], [Vo], etc. and the references therein).

Lemma 10.6. The maps @, : LyHp(X,Q) — Hi(X,Q) are surjective for all
smooth projective variety X and k > p + dim X is equivalent to the Friedlander-
Mazur congjecture holds for all smooth projective variety.

Proof. On one side, it is clear that if the Friedlander-Mazur conjecture for a smooth
projective variety X, then T,H,(X,Q) = G,H,(X,Q) for k¥ > p + dim X. Since
E>p+dimX, GoHp(X,Q) = Hp(X,Q) and so T,Hx(X,Q) = Hp(X,Q), ie,
D,k LyHE(X,Q) — Hi(X,Q) is surjective.

One the other side, we need to show that for any smooth projective variety Y,
T,H,(Y.Q) = G,Hi(Y,Q) for all £ > 2p. By assumption, we only need to show
T,Hi(Y,Q) = GpH(Y,Q) for all 2p < k < n+ p— 1. This was done in the proof
of Theorem 1.20 in [H1], where we base on a stronger assumption (i.e. the Suslin
conjecture). However, the injection for @), is not really used in that proof. O

Proposition 10.7. The Friedlander-Mazur conjecture is equivalent to the Grothen-
dieck standard conjecture of Lefschtez type. More precise, the Friedlander-Mazur
congecture holds for all smooth projective varieties if and only if A is algebraic for
every smooth projective varieties.

Proof. On one side, we note that the Grothendieck standard conjecture of Lefschtez
type implies the Friedlander-Mazur conjecture (cf. [F2]). On the other side, the
Friedlander-Mazur conjecture implies that @, : L, Hy(X,Q) — Hy(X,Q) is sur-
jective for all £ > p 4+ dim X. The surjectivity of ®,; for all k& > p + dim X is
equivalent to the Grothendieck standard conjecture of Lefschtez type (cf. [B]).

Proposition 10.8. The generalized Hodge conjecture holds for all smooth projective
varieties implies the Conjecture 10.1. More precisely,

“GLHyp(X,Q) = F, Hy(X,Q), all X7 & “T,H(Y,Q) = F,H,(Y,Q), all Y.

Proof. The part “ < 7 follows directly from the assumption and Equation (21). For
the part “ =7, we assume the generalized Hodge conjecture holds for all smooth
projective varieties, in particular, it holds for X x X in the case that k = 2p,
which is the classical Hodge conjecture. It is known the Hodge conjecture for
X x X implies that the Grothendieck standard conjecture for X, which holds for
all smooth projective varieties implies that Conjecture 10.1 holds for all smooth
projective varieties. 0
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Remark 10.9. From the above discuss we see that the generalized Hodge conjecture
and the Suslin conjecture for Lawson homology with integer coefficients dominate
many key problems in the theory of Lawson homology. So solutions to those prob-
lems for gemeral smooth projective varieties is the most difficult problems in this
field. An alternative way to deal with problems in Lawson homology theory would
be the study on those varieties carrying special structures.

ACKNOWLEDGEMENTS

I would like to thank Baohua Fu for useful conversions during my visiting Chinese
Academy of Science during December 2010. The author is grateful the Max-Planck
Institute for Mathematics at Bonn for its hospitality and financial support during
my visiting period. The project was partially sponsored by SRF for ROCS, SEM
and NSFC(11171234).

REFERENCES
[A] S. Abdulali, Filtrations on the cohomology of abelian varieties. Proceedings and Lecture
Notes 24 (2000).
[B1] A. Beauville, Quelques remarques sur la transformation de Fourier dans l’anneau de

Chow d’une variété abélienne. Algebraic geometry (Tokyo/Kyoto, 1982), 238-260, Lec-
ture Notes in Math., 1016, Springer, Berlin, 1983.

B2] A. Beauville, Sur l’anneau de Chow d’une variété abélienne. Math. Ann. 273 (1986), no.
4, 647-651.

[Bl] A. Beilinson, Remarks on Grothendieck’s standard conjectures, arXiv:1006.1116v2

[BL] C. Birkenhake and H. Lange, Complex abelian varieties. Second edition. Grundlehren

der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
302. Springer-Verlag, Berlin, 2004. xii4+-635 pp. ISBN: 3-540-20488-1

[F1] E. Friedlander, Algebraic cycles, Chow varieties, and Lawson homology. Compositio
Math. 77 (1991), no. 1, 55-93.

[F2] E. Friedlander, Filtrations on algebraic cycles and homology. Ann. Sci. Ecole Norm.
Sup. (4) 28 (1995), no. 3, 317C343.

[FG] E. Friedlander and O. Gabber, Cycle spaces and intersection theory. Topological methods
in modern mathematics (Stony Brook, NY, 1991), 325-370, Publish or Perish, Houston,
TX, 1993.

[FHW] E. Friedlander; C. Haesemeyer and M. Walker, Techniques, computations, and conjec-
tures for semi-topological K-theory. Math. Ann. 330 (2004), no. 4, 759-807.

[FL1] E. Friedlander and B. Lawson, A theory of algebraic cocycles. Ann. of Math. (2) 136
(1992), no. 2, 361C428.

[FL2] E. Friedlander and B. Lawson, Duality relating spaces of algebraic cocycles and cycles.
Topology 36 (1997), no. 2, 533C565.

[FM] E. Friedlander and B. Mazur, Filtrations on the homology of algebraic varieties. With
an appendix by Daniel Quillen. Mem. Amer. Math. Soc. 110 (1994), no. 529, x+110 pp.

[FW1] E.Friedlander and M. Walker, Semi-topological K-theory using function complezes.
Topology 41 (2002), no. 3, 591C644.

[FW2] E.Friedlander and M. Walker, Comparing K-theories for complex varieties. Amer. J.
Math. 123 (2001), no. 5, 779C810.

[FW3] E.Friedlander and M. Walker, Rational isomorphisms between K-theories and cohomol-
ogy theories. Invent. Math. 154 (2003), no. 1, 1C61.

[FW4]  E.Friedlander and M. Walker, Semi-topological K-theory. Handbook of K-theory. Vol. 1,
2, 877C924, Springer, Berlin, 2005.

[Fu] W. Fulton, Intersection theory. Second edition, Springer-Verlag, Berlin, 1998.

[G1] A. Grothendieck, Standard conjectures on algebraic cycles, Algebraic Geometry (Bom-
bay, 1968), Oxford Univ. Press, London, 1969, 193-199.

[G2] A. Grothendieck, Hodge’s general conjecture is false for trivial reasons. Topology 8 1969

299-303.



24

(H1]
(H2]
(HL]
(L1]
(L2]
(L]
[LF]
[Ma]
[MK]
[Mr]
[Pe]

(X]
[Vo]

WENCHUAN HU

W. Hu, Birational invariants defined by Lawson homology. Michigan Math. J. 60 (2011),
331-354.

W. Hu, Generalized Abel-Jacobi map on Lawson homology. Amer. J. Math. vol. 131
(2009), no. 5, 1241-1260.

W. Hu and L. Li, Lawson homology, morphic cohomology and Chow motives. Math.
Nachr. 284, No. 8-9, 1024 - 1047 (2011).

H. B. Lawson, Jr., Algebraic cycles and homotopy theory., Ann. of Math. 129(1989),
253-291.

H. B. Lawson, Jr., Spaces of algebraic cycles. pp. 137-213 in Surveys in Differential
Geometry, 1995 vol.2, International Press, 1995.

D. I. Lieberman, Numerical and homological equivalence of algebraic cycles on Hodge
manifolds. Amer. J. Math. 90 1968 366C374.

P. Lima-Filho, Lawson homology for quasiprojective varieties. Compositio Math.
84(1992), no. 1, 1-23.

J. I. Manin, Correspondences, motifs and monoidal transformations. Math. USSR~
Sbornik 6 (1968), 439-470.

Shigeru Mukai, Duality between D(X) and D(X) with its application to Picard sheaves.
Nagoya Math. J. 81: 153-175.

J. P. Murre, On a conjectural filtration on the Chow groups of an algebraic variety. I.
The general conjectures and some examples. Indag. Math. (N.S.) 4 (1993), no. 2, 177-188.
C. Peters, Lawson homology for varieties with small Chow groups and the induced fil-
tration on the Griffiths groups. Math. Z. 234 (2000), no. 2, 209-223.

Z. Xu, On Hard Lefschetz Conjecture on Lawson Homology. arXiv:1101.4990v1

M. Voineagu, Semi-topological K-theory for certain projective varieties. J. Pure Appl.
Algebra 212 (2008), no. 8, 1960-1983.

SCHOOL OF MATHEMATICS, SICHUAN UNIVERSITY, CHENGDU 610064, P. R. CHINA

Current Address: VIVATSGASSE 7, 53111 BONN, GERMANY
E-mail address: huwenchuan@gmail.com



