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Introduction

The theory of automorphic forms was initiated by H. Poincare with the Fuchsian functions,
pursued by F. Klein in connection with the elliptic functions and developed in the frame
of analytic number theory by many mathematicians among which E. Hecke [Hecl], G.
Shimura, C.L. Siegel, A. Ogg and J.P. Serre. But, according to the opinion of R. Langlands
[Lan], “the theory of automorphic forms remains in 1997 as it was in 1967: a diffuse,
disordered subject driven as much by the availability of techniques as by any
high esthetic purpose”.

On the other hand, F. Dyson, referring to Mock theta functions, claimed in 1987: “The
Mock theta functions give us a tantalizing hints of a grand synthesis still to
be discovered. Somehow, it should be possible to build them into a coherent group-

theoretical structure. This remains a challenge for the future”.

Taking into account the great challenge of the program of Langlands, the two-dimen-
sional modular forms [Gel|, [Ogg]|, are revisited here from a geometric and an

algebraic point of view in the sense that:
a) the weight k is proved to refer to k— dimensional modular forms;

b) the level N is the Galois (or transcendence) extension degree of algebraic

(or transcendental) quanta [Pie5].
The precedent advances in this field, developed in [Piel], are:

1) the Fourier series development of a two-dimensional cusp form decomposes into a

tower of increasing embedded semitori: geometric interpretation.

2) a cusp form is a function into €' from a set of IR*/(Z/N Z)?-lattices of tran-

scendental quanta having extension degree IN : algebraic interpretation.

3) a cusp form is covered by a global elliptic semimodule, which is a real
analytic cusp form, in such a way that every two-dimensional semitorus is covered

by a set of semicircles: cuspidal representation.

4) a cosemialgebra of dual cusp forms exists with respect to the semialgebra of

cusp forms leading to a bisemialgebra of cusp biforms (sections 1.11 and 1.12).

All that constitutes the pieces of a theory of two-dimensional modular forms developed in
chapters 1 and 2.

But, in order to enlarge this framework, I have also considered in chapter 3:
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1)

5)

the L -functions as nonperiodic transforms of modular forms, the nonpe-
riodicity reflected by the different unit frequencies or quanta of energy of

their nontrivial zeros;

the theta series as real analytic modular forms in one-to-one correspondence

with the respective complex modular forms;

a geometric interpretation of the weak Maass forms in the sense that their
series expansion consists of a sum of increasing embedded two-dimensional
semitori with elliptic cross sections in such a way that their nonholomorphic

part corresponds to a shadow;

the connections of the Ramanujan theta functions [Ram] with weak Maass

forms, modular forms and global elliptic semimodules in such a way that:

a) the nonhomomorphic parts of the weak Maass forms correspond to the shadow
of the Mock modular forms;
b) the partitions in Ramanujan’s theta functions are partitions of quanta.

the (2-dimensional) cusp form of weight 12 and level 1 associated with

the tau function and corresponding to a universal orthogonal cusp form.

More concretely, the theory of modular forms of weight k£ and level N is reviewed

in chapter 1 with a special emphasis on:

a)

the decomposition of the Poincare upper half plane H into ]Rz(Z/ N Z)? -lattices

partitioning it into coset representatives t(ZQJ)V [n] of the quotient (semi)group

T3 (H)=Ty(R)/To(Z/NZ) 1<n<oo, ne€lN,
T5(IR) being the upper triangular group of matrices;

the action of T5(IR) on the fundamental domain fo]z,, being a unitary mea-

surable set, i.e. a period, of t(ZQI)V [n]:

the action of the Hecke operator T;(n) on a two-dimensional cusp form fi(zn)
of weight k and level N decomposing it into Fourier series of which n -
th term, corresponding to the coset representative t(Z21)v
semitorus T2, generated by two orthogonal semicircles at n transcen-

[n], is a two-dimensional

dental quanta.



In order to be able to vary the weight of the two-dimensional cusp form fi(zn)

of weight k and level IV, the origin of this weight k is assumed to be related

e to a k-dimensional cusp form ¢®*)(zn;), having a decomposition in Fourier
series

¢(k)( onk) = OZO )\Slk) 2NN
n=1
where zn; is a k-tuple of complex numbers of order N as developed in the global
program of Langlands over number fields [Pie2],
e by a projective map:

C Py : oM (zn,) — frl(zn)

under the conditions of proposition 1.14,

e in such a way that the fundamental domain ij&,k of fi(zn) be equal to

the fundamental domain DS?, of ¢® (zne) .

The morphism of projection from a two-dimensional cusp biform (fx(z%) X fr(zn)) of
weight &k and level N to a cusp biform (f(2x) X fn(zy)) of weight h and some level
N, k> h, k and h being even integers, depends on :

a) the morphism of projection Phomy_,, from a k-dimensional cusp biform to a h-

dimensional cusp biform;

b) the Langlands functoriality conjecture [Piel0] allowing to decompose 2 -dimensional

cusp biforms of weight k£ and A into 2-dimensional cusp biforms of weight 2;

as it was developed in proposition 1.17.

The global program of Langlands over number fields is used in chapter 2 to
generate cusp (bi)forms from the Weil (bisemi)group of finite symmetric alge-
braic extensions characterized by degrees being integers module N of zero-th class, i.e.
multiples of quanta.

Langlands global correspondences are then associated with the covariant (bi)-

functor
FLGC : CABG — CBCF
GL(Fy x F,) — H(GLy(Fy x E,)
FLGC(Phomy_,,) : I, (GLy(Fy, x F,) — I,(GLy(Fy x F,)



which is a (bi)function assigning:

e to each algebraic bilinear semigroup GLl(fw X l:;w) over the product, right by left,
of symmetric complex finite algebraic extensions F- and F, of the bisemigroup
category [Pie3] CABG;

e its cuspical representation I1(GLi(Fy x F,,)) of the bisemigroup category CBCF of

complex cuspidal representations
in such a way that:

e to each map
Phomk_m : GLk(ﬁw X ﬁw) — GLh(ﬁ’w X ﬁw)

sending a bilinear semigroup of dimension k to a bilinear semigroup of dimension

h, k> h, in the sense of what was abovementioned;

e corresponds a map FLGC(Phomy.,,) sending the cuspidal representation
11, (GLy(F x F,) of GLi(Fy x F,), which is a two-dimensional cusp (bi)form
of weight k, to the cuspidal representation Hh(GLl(fw X l:;w)) which is a two-

dimensional cusp biform of weight A .

It then results that a (Weil) cusp form ) f,(zx) of weight k and level N, generated from
a Langlands global correspondence, can be identified with a (classical) cusp form fi(zn)
of weight k and level N if the Weil algebraic unitary fundamental domain D%m N Of
@) fi(2n) covers the fundamental classical domain ijz,;k of fr(zn).

Now, results on the local and global curvatures of two-dimensional tori are
presented in proposition 2.9 in the light of the covering of the cusp form fi(zn)
by the global elliptic semimodule ELLIP[(2,n,m,): thisleads to a new dynamical

transition from global euclidean geometry to local hyperbolic and spherical geometries.

In chapter 3, a generalization of two-dimensional cusp forms towards the weak
Maass forms, the theta series, the Mock modular forms and the tau function
is proposed.

But, first, the (Mellin) transform [Bom]| (which is a linear continuous map):

or: Je(zn—r) — L(frs sn-r,) = ;1 Cng M "N 7R

(resp. ¢g: fe(2y_x) — LSy, SN—k+) = 2_71 Crpe N TE)



from the two-dimensional cusp form of weight k and level N, fi(zn_r) (resp.
the dual cusp form f}(23,_,)) to the corresponding L -function L(fr,Sn—k,)
(resp. L(f;,s~n—k_)) is pointed out to be nonperiodic because of the factors
n~°N7k+ (resp. n”°N7F- ) where sny_p, (resp. sy_i_) is the complex variable con-
jugate to zy_p (resp. zx_, ) being a complex point of order (N X k).

The nonperiodicity of ¢ (resp. ¢r) results from the map of the unique period

T of fr(zn—k) (resp. fr(zx_)) to the set T(T)} of inverse periods, i.e.
N—-k ) n=1

unit complex frequencies, associated with the energies of one space quantum on
the different levels “n” which can be evaluated from the consecutive spacings

0%n = Yn+1 — Yn between the nontrivial zeros of ((s) [Pie8].

In sections 3.3 to 3.8, the theta series
On2iy2(2n—k) = %dnkﬂ eI

introduced from the quadratic form
Q(n) =

are proved to be a real analytic modular form of weight k/2 and level N in

1D o

(i) 2
%:a’nn ni ’

=1

one-to-one correspondence with the two-dimensional modular form
fe(zN—k) = T cnk qu_y
n

of weight k£ and level IN in such a way that the two-dimensional semitori c,; qj_; , of
which generators are two semicircles at n transcendental quanta, are sent into semicircles
k)2 e2min*Tn-k/2 at p? transcendental quanta.

This approach corresponds to the classical one developed by G. Shimura and J.P. Serre
who proved that every modular form of weight 1/2 on I';(N) is a linear combination of
theta series with characters [Shi], [Ser|, [S-S].

In sections 3.9 to 3.15, a geometric interpretation of weak Maass forms is
proposed in terms of modular curves. As in the Fourier series expansion
M) = S a(fimy) ¢+ 8 alfin) ¢, g=€T
n=no n=ni
of a weak form f*"M(z) of weight k, the imaginary dimension “y” is manifestly lowered
with respect to the dimension “z” in z = x + iy, the weak Maass form fe*(z) will be

decomposed in series expansion

PM (avei) = S TS, el )

anN,k/27 6f7nN7k/2

bt



consisting in the sum of two-dimensional semitori T>¢(—) with semielliptic

cross sections ef! in such a way that:
ef\nN_k/2

a) the semicircular sections of the two-dimensional semitori T (anmjaz, d) € fr(2n—k) =

wM(zn_x) are transformed bijectively into semielliptic sections;

b) fi™M(zn_k) be periodic, holomorphic and weakly modular (i.e. deviated
from circularity);

¢) the holomorphic part Y a(f,n) ¢® of the Fourier series of f©*(z) corresponds to the

n
sum of the products of two orthogonal semicircles of which the one at “imaginary”

1

semicircular section is the equation of a semicircle inscribed in the ellipse el N

d) the nonholomorphic part X ~v(f,n;y) g-™ of f™(z) corresponds to its

shadow as developed in proposition 3.11.

In section 3.14, generalized weak Maass forms are introduced as elliptic forms

P4(zn—_k) of weight k and level N having a decomposition into the sum of surfaces
of revolution of (semi)ellipses rotating around ellipses instead of circles as for the weak
Maass forms.

The commutative diagramm

Sr(zn-r) fieM (av—s)
\ /
i (2n-)

indicates the possible transformation of cups forms fi(zny_x) of weight k and

level N into the respective weak Maass forms f*M(zn_i) and elliptic forms
Ft(zn—k) which are elliptic functions, i.e. doubly periodic meromorphic func-

tions.

In sections 3.16 to 3.20, the Ramanujan theta functions are analyzed in the

light of the new geometric interpretation of weak Maass forms.

Each Ramanujan theta function [Onol] is a Mock theta function [Wat] given by the ¢-

series H(q) = Y a, ¢" in such a way that ¢* H(q), A € Q , be a Mock modular form of

weight 1/2 whose shadow is a unary thera series of weight 3/2. A Mock theta function is
thus a Mock modular form [Fol] of the space M, of such forms extending the space M;,
of classical modular forms of weight k& and characterized by a shadow g = S[h| which is

a modular form of weight (2 — k).



Proposition 3.17 introduces a geometric interpretation of Ramanujan theta
functions transformed into Mock theta functions related to weak Maass forms
in such a way that:

a) the nonholomorphic part of the weak Maass form fy™(7_2) of weight 2
and level 1 corresponds to the shadow g*(7) of the Mock modular form
h(7) of weight 1/2 resulting from the Ramanujan theta function H(q)

after the three step sequence transformation [Zag] recalled in section 3.16.

b) the space M; of Mock theta functions h(7) and M, of weak Maass forms of weight
2 are isomorphic.

Let
Rw;q)= % ¥ N(mm)w™q"

n=1m=—oo

be the partition function specializing the 17 Ramanujan’s Mock theta functions H(q)
[B-02].

As N(n,m) is assumed to denote the number of partitions of n(® transcendental quanta,
the Dyson’s rank m of a partition of n must be the order of the maximal
Galois group associated with the considered transcendental extension minus
the number of Galois subgroups: this result is the Galois interpretation of the rank

of a partition introduced by Dyson as being its largest part minus the number of its parts.

In sections 3.21 to 3.23, the Ramanujan tau function

7(n) q"
x 7(n) ¢

¢ (11— ¢ = AG),

n

which is a modular form of weight 12 and level 1, is associated with the two-
dimensional cusp form f5(z12_1) of weight 12 and level 1 which is proved
to be a universal orthogonal cusp form corresponding throughout Langlands
global correspondences to the sum of the cuspidal representations of six bilinear
algebraic semigroups generating three two-dimensional embedded toric bismisheaves as

well as their orthogonal equivalents according to:

A(z) — fo(z19-1) — TIID(GLg(Fy xp Fy)) = ® %) (GLy, (Fy xp F))

i=1
where:

o II02(GLg(Fy xp F,)) is the twelve-dimensional cuspidal representation of
GL6(ﬁw XD ﬁw) )



o 1) (GLy,(Fy xp F,)) is the two-dimensional cuspidal representation of
GLy,(Fy xp F,).

This can be finally generalized to universal nonorthogonal cuspidal representations
including bilinear crossed cuspidal representations of interaction in such a way
that I12(GLg(Fy X p F,,)) decomposes then nonorthogonally by means of the

Langlands bilinear functoriality conjecture according to:
U2 (GLg(Fy xp F)) = & 112 Fooxp B
rel 6( o XD w)) _26:91]'—[ (GLL(FU XD Fw))
ﬁ I1%)(GLy, (Fy)) ®op T (GLy, (F))
i#j=1

where the second sum on the right hand side refers to the six relevant offdiagonal crossed
cuspidal representations of interaction as developed in section 3.22.
This universal nonorthogonal cuspidal representation Hgﬁ)(GLﬁ(ﬁw xp F,)) is then
mapped injectively:
~ ~ 6
ot I (GLe(Fo xp Fo)) — X (fa(25) X fa(22-1))

rel
H(lz)ﬁi =1

into the cross binary product

Slfal) < fala) = ($ 20 < (8 o)

=1

between the six cusp biforms fy, (25 ;) X f2,(22-1) of dimension 2, weight 2 and level 1.



1 Cusp (bi)forms of weight k

1.1 Classical definitions of the modular forms

Let H be the Poincare upper half plane of complex numbers z = x + iy with strictly
positive imaginary parts ¥ .

Let S, denote the set of pairs w = (wy,ws) of complex numbers w; = z; +iy;, y; > 0,
i=1,2.

Let z € H be given by z = % in such a way that w = (w1,ws) be sent into z by the
€ -linear map g¢ : €% — € [D2el].

The set G(Zz)(H) of lattices of H is the quotient H/GL(2,Z) of H by the
group GL(2,7Z) in such a way that G(Z2)(H) corresponds to Hom(Z?, ) .

Let F(w) = wy* f(w;/wsy) define a holomorpic and homogeneous elliptic function of weight
k in the upper half plane [God], k being fairly often an even integer.

F(w) is a modular (or “automorphic”) form of weight k if it is invariant under
the substitution w — ggp,w where ggr, is the matrix (¢9), a,b,c,d € Z, of the
homogeneous modular group SL(2,7Z) of homographic transformations, verifying
ad — bc = 1. The modular form F(w) of weight £ is then equivalent to a €'-valued

function f(z) of moderate growth on H verifying:

az+b
cz+d

f(2)=(62+d)‘kf( ) v (24) € SL2.72)

where (cz + d)~* is the weight factor.
The action of PSL(2,Z) = SL(2,Z)/ £1 on z € €' then generates on f(z):

a) a “periodic” translation by S:z — z+41;
b) a “periodic” space inversion by T :z — —1/z.

The modular form of f(z) of weight k is of level N if it is invariant under the congruence
(sub)group I'g(N) (resp. I'1(N)):

Lo(N)={(2%) € SL(2,Z) : ¢ =0 (mod N)}

(resp. I'i(N)={(2%) € SL(2,Z):¢c=0 (mod N),a,d =1 (mod N), } ).



1.2 IR?*/7ZZ*-lattices of the Poincare upper half plane

Let G(Zz)(H) = H/GL(2, Z), or more precisely, G(Zz)(H) = GL»(IR)/ GL2(Z) be the set
of IR? / 772 -lattices of the Poincare upper half plane H generated by the group
GL2(IR) isomorphic to the group GL(H) of automorphisms of H [Bor].
Similarly, let G (H) = GLa(IR)/ GLy(Z/NZ) be the set of IR?/(Z/N Z)?-lattices of
H.
As the subgroup GlLo(Z) (resp. the congruence subgroup Glo(Z/NZ)) leads to the
generation of the set {A(Zm[n]} (resp. {A(ZZI)V[n]}) of Z*- (vesp. (Z/NZ)?-) lattices
in H, the quotient group G(ZZ))(H) (resp. G(ZZL)(H)) is given by the coset
representatives:
(20} e i) ) t<oo.

The order of the n-th coset representative g, )[n] (resp. g [n] ) is the integer

n (resp. n N), corresponding to the number of its elements or automorphisms
On the other hand, as A(z2) [n] is included into A(sz)v [n], the quotient subgroup
A(ZZI)V [n]/ A(ZZ) [n] is finite and its order is N : A(ZZI)V [n] is thus of index N in A(ZZ) [n] [Ser].
Let H, (resp. H,y) denote the Poincare upper half plane restricted to the n—th coset
representative g(;) [n] (resp. g(ZN[ ]), then H,/ A( [n] is included into H,y /A(2
For every integer n labeling a coset representative g(Z)[n] (resp. g(ZN[ ]) of G(2 ( )

(resp. G(ZZZ)V(H ) ), we have the monomorphism

0

haosg A(Zz)[ | =gz [n 5

(vesp.  hayogy : AZ[] =g [n]), 1<n<t<oco.

1.3 Fundamental domains

A fundamental domain D(® (resp. D,,(f]z, of H,, with respect to the sublattice
A(Z2)[n] (resp. A(Zzzj [n]) is a unitary measurable set (i.e. a period) of H,, in such
a way that its translations by the vectors of A(Z2) [n] (resp. /\(22])V [n] ) are a partition of H,, .
As a modular form is periodic, all the fundamental domains Dg) (resp. fo]z, ,

VY n, are equal:

DP =D = = D@ == D
2 2 2 2
(resp. ng\),—Dé]\),:...:sz,: -~:Dt(]\;) ).

The fundamental domain D(Z) (resp D (2) ) corresponds then to the isotropy
group I( ) = ={iz € I( ) | iz z i," = 2} (resp. I(ZA), = {izy € I | tzn 2 ’LZN =
z}) of z.
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1.4 Proposition

The isotropy subgroup ](ZZ) (resp. I(Z212;) acts on GLo(IR) by conjugation in such a way
that the coset representatives {gg) [n]}n (resp. {g(ZQJ)V n[}n ) of G(Z2)(H) (resp. G(ZQI)V(H))
are the conjugacy classes of GLa(IR) .

Proof: The isotropy subgroup I(ZQ)

(resp. I () ) has order 1 (resp. order N) according
to section 1.2.

As the isotropy subgroup ](;) (resp. I(sz)v ) is defined with respect to the set {A( (]} _;
(resp. {A(ZQJ)V [n]}:_,) of sublattices of GLy(IR) which is isomorphic to the group of au-
tomorphisms of H , it is clear that there are ¢ classes of automorphisms in GLy(IR)
generated by the translation vectors of the sublattices {A(Z2) [n]}n (resp. {A(Zz])V [n]}n ) on
the fundamental domain DS (resp. Df}, ). As every automorphism of H is induced by
a conjugation of GLy(IR), there are “t” classes of conjugation of GLy(IR) given by their
orders which are integers 1 <n <t <oo (resp. N<n-N <t-N <o0).

And, thus, the cosets of G(Z2)(H ) (resp. G(Zzl)V(H ) ) are in one-to-one correspondence with

the conjugacy classes of GLy(IR) . .

1.5 Corollary

The action of GLy(IR) on the fundamental domain DY (Tesp DnN) induces a homo-
morphism [Hun/

ho—p,: GLa(IR) — P(DP)  (resp. hgop,: GLao(IR) — P(DS))
into the group P( ) (resp. P(D )) of all permutations of DY (resp. DS},)

Proof: The map hg_p, (resp. hgp, . ) being a bijection implies that P(D,(?)) (resp.
P(Df},)) is a group of permutations. .

1.6 Actions of Hecke operators

The sum of the functions on the cosets of Tg)(H) = T3(R)/T2(Z) (resp.

(2)(H) T»>(IR) /T2 (Z/N Z) ) (T»>(IR) being the subgroup of upper triangular matri-
ces of GLo(IR) ) can be reached by the action of the Hecke operator Ty(n) (resp.
Ti(n; N)) on the modular form fi(z) (resp. fr(z)n) of weight £ and level 1

11



(resp. N) given by:

Ti(n) fu(2) = 0¥ Ti(n) Fu(GP(H))

— pk-l > d=* fk <az * b)

ad=n d
0<b<d

(resp.  Ti(n; N) fi(2)n = (n N)* Ty(n; N) Fu(GS) (H))

N s dy fk(“”b )

ad=nN d N

according to a complete set of upper triangular representatives (&%) (resp. (354), )
ad = 0 modulo N, b = * modulo N of the group M" (resp. I'1(NV), ['o(N),...))
of integral matrices with determinant n (resp. n N ... ) with respect to SLy(Z) (resp.
SLA(ZINZ)).

1.7 Proposition

b b
The sum Y d=* fi (az; ) (resp. % dy* fu (CLZ;_ ) ) of the functions on the
ad=n ad=nN N
(

T5(Z) (resp. To(IR)/To(Z[N Z) )

coset representatives t( )[n] (resp. t(2) nl ) of Ta(IR)/

18 1n one-to-one correspondence with the action

Ti(n) : TP (H) —s 5 2 (H)
(T (H):TS (H))=n
(resp. Ti(m;N): Tyl (H) — 5 t5) (H) )

(T ()T, (H)=nN

of the Hecke operator Ty(n ) (resp. Ti(n; N) ) associating (by a correspondence) with the
lattice Tg)(H) (resp. TZ ( ) ) the sum of its sublattices t( (H) (resp. t(sz)V(H)) of
index n (resp. n N ) in TZ (H) (resp. Téli(H) ).

Proof: This is immediate if we take into account the monomorphism
hasg: AP — P[] (resp. hayogy: AL In] — t5 [0])

of section 1.2 mapping the n-th ZZ-sublattice A(Q)[ | (vesp. (Z/N Z)?-sublattice
A(Zzl)V [n] ) into the n-th coset representative t(ZZ) [n] (resp. t(2 [ ) of To(IR)/T5(Z) (resp.

T>(IR)/To(Z[N Z) ).
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Then, the functions on the cosets t(Zz) [n] (resp. t(ZN n]) are in one-to-one correspon-

2)[
az +

]
b b
dence with the functions fj (CLZ; ) (resp. f ( p ) ) on the sublattices A(Zz) [n]
N
(resp. A(sz)v [n] ) described by the coset representatives (&) (resp. (&5)y) of M™ (resp.
['1(N),To(N),...). .

1.8 Fourier series development of cusp forms

Let
B Ty
ni: R — 3 i ()
(resp. Tp(n;N):  Fu(TP(H) — % dyF fk<“z+b) )
N ad=nN d N

be the action of the Hecke operator Ty(n) (resp. Tj(n;N)) on the function Fk(Tg)(H))
(resp. Fk(Tg;(H ))) over the two-dimensional lattice T(Z2 )(H ) (resp. T(Z%i(H ))) given by

the Laurent series:
Fk(T(ZQ)(H)) = ozjoa; h" (resp. Fk(T(Z?(H)) = on])Ob;L k")

with h = Hy(z) (resp. with k = Ky(zy)) being a function of z (resp. zy ) which is a
complex point of order (1 X k) (resp. (IN X k)) to which a period “1 X k”
(resp. NN X k) corresponds.

Let

(k)

Thsg ! h=Hp(z) —q=e (k)

(resp. T, k= Ki(en) — qn = €27

2miz

be the toroidal mapping sending h (resp. k) into g (resp. gy ) in such a way
that the Laurent series Fk(Tg)(H)) (resp. Fk(TZV) (H))) be transformed into

the Fourier series:
fe(z) = X an q"  (resp. fi(zn) = z bn qy )-

Taking into account the main property

of the Hecke operators, we find that [Lan)]

Ti(m) fulz) = ¥ am(m) ¢"  (vesp. T(m: N): filen) = % con )

n=
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with ¢ : (Z/NZ)* — €* a Dirichlet character mod N, where

apr(m) = % dFt |2 (resp. cu= ¥ &(d) dk! Apmld2 )

dimon d|(m,n)
If fi(z) (resp. fr(zn)) is an eigenfunction of all the Hecke operators Ty(m) (resp.
Te(m; N)), 1 <m < oo, according to:

Ti(n) fr(2) = AMn) fi(2) (resp.  Ti(m; N)e fr(zn) = AMn)n frlzn) ),

we have that a,;, = A(n) for fr(z) normalized with a; = 1 (resp. ¢y = AMn)y =
Y e(d) d*=') where A(n) (resp. A(n)n) is a Hecke eigencharacter of fi(z)
din

(resp. fr(zn)).
If ay =0 (resp. ¢1 = 0), then Ti(n) fr(z) (resp. Tr(n;N) fi(zy)) is a cusp form of
weight k& and level 1 (resp. N ).

1.9 Proposition (Geometric interpretation of cusp forms)

Let

Ms

To(n) fo(z) = 8 au(m) " (resp. To(nsN) falen) = % co i)

be a weight 2 (k=2 ) cusp form of level 1 (resp. N ).
Then, we have that the n-th term a,(m) q" (resp. c, gy ) given by

2
Tn (anm|d2, d)
~ an(m) qn — ,’,,Sclm e27rznw % IrS’é e27r1,n(1,y)

n

(resp. T2\ (@nmjaz, de(d))

~ ¢, Qp = Ts!

e27rian X Tal e27rin(in))
An N Sdn

N

is a two-dimensional semitorus T?(@pm|az,d) (resp. T2y (anmjaz,de(d))):

a) generated by two orthogonal semicircles S; (resp. S, )and S; (resp.
S;nN) respectively at a, and d, (transcendental) quanta (see proposi-
tion 2.8) in such a way that the Hecke eigencharacter A(n) = anx (resp. A(n)y =
Cnk ) decomposes according to A(n) = A(n) X A\g(n) (resp. A(n)y = Aa(n)n X
Ad(n)n ) where Ao(n) (resp. Ao(n)n ) refers to the radius rg;  (resp. T’SénN) and
Ai(n) (resp. Ag(n)n ) refers to the radius rsy (resp. TSy );

b) whose area results from n (resp. nIN ) permutations of the fundamental
domain D® (resp. Dflzli, of Th(n) f2(z) (resp. Ta(n;N) fa2(zn))-
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Proof:

1) The n-th term f{(z) = an(m) ¢ (vesp. fi(2n)) of the cusp form Ty(n) fa(2)

(resp. Ta(n; N) fo(zn) )corresponds to the n-th cuspidal sublattice on products
(wi x wy) (resp. (wj, X wj )) of complex numbers with positive imaginary parts
and results from the map:

p=2— £y = Wl x Wl (resp. 2y = 4X —; £ () = Wiy x why )

in such a way that w] and wj (resp. wjy and w)y ) are respectively the orthogonal

semicircles

1 2winT 1 _
Sap =Ts1 € (resp.  Sg  =Tsy €

2TiNTy )
Ap,

, x>0,

2min(iy) (resp. ScllnN = rg 62m’n(iyn) )7 y > 0 ’

1
and S; =rqa e
dn sy .

of radii g1 (resp. rg1 ) and rg (resp. rg1 ).
an an N dn dn N

Indeed, as it was proved in [Piel] and [Pie2],
f2(1)(z) ~q= eZ‘n’iz — 627\'11:8 . e2‘rri(1ly)

corresponds to the product of two orthogonal unitary (semi)circles be-
cause e2™ (W) £ =2y where (iy) is an “imaginary” angle which cannot
be “assimilated” to the function exp(if) = cos@ + ¢sin €. And, thus, this
“Imaginary” angle is the angle of a circle orthogonal to e*™* .

As the n-th cusp subform fi™(2) (resp. f{"”(zy)) is a function on the n-th coset
representative t(ZZ) [n] (resp. t(ZQJ)V [n]) of T(Z2)(H) = T5(IR)/T5(Z) (resp. Tg;(H) =
T5(IR)/T5(Z/N Z) ), the action of t(Zz) [n] (resp. t(sz)V [n] ) on the fundamental domain
D (resp. D,(f]z,) induces the map:

h V) — PP(2)

()P

(resp. hfén)(ZN)—)PnN : f2n)(ZN> — PnN(fgl)(ZN)) )

of fV(2) (resp. fi(zy)) into the subgroup P,(fs"(2)) (resp. Pun(fi"(2n)))
of n (resp. nN ) permutations of the unitary cusp subform fz(l)(z) = a; ¢+ (resp.
fél)(zN) =c¢; qi ) on DY (resp. D,(f]z,) according to corollary 1.5. .
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1.10 Proposition
The weight 2 cusp form of level 1 (resp. IN)

Tr(n) f2(z) = :2;))1 a,(m) q" (resp. T(n;N) fa(zn) = n%]:ol Cn QN )
is a function

a) composed of the sum of increasing embedded two-dimensional semitori

localized in the upper half plane:
a1 ¢' Cayq*C---Ca,q"” (resp. ¢1qy C ez g C -+ C e gy )i

b) which is periodic in the sense that each cusp subform fz(")(z) (resp.
fz(")(zN)) has an area being n (resp. nIN) times the area of the uni-

tary cusp subform f{"(z) = a; ¢* (resp. f{”(zn) = an )-

Proof: This results immediately from proposition 1.9. "

1.11 Cosemialgebra of dual cusp forms

Let Sp(k,1) (resp. Sp(k,N)) denote the (semi)algebra of cusp forms fir(z) (resp.
fr(zn)) of weight & and level 1 (resp. N ) which, expanded in Fourier series

fi2) = 3 am(m) ¢" (esp. filan) = S con(m) @i)

n=1
are eigenfunctions of Hecke operators Tj(m) (resp. Tj(m;N)) and are holomorphic in
the Poincare upper half plane H .

The dual (semi)algebra of Sp(k,1) (resp. Sp(k,IN)) is the cosemialgebra
Sr(k,1) (resp. Sr(k,N)) of dual cusp forms fi(2z*) (resp. fi(z3)) of weight
k and level 1 (resp. N) which:

e are holomorphic in the Poincare lower half plane H* of complex numbers z* = x—1y

with negative imaginary parts —y;
e are eigenfunctions of Hecke operators Ty (m) (resp. Tj(m;N));

e are expanded in Fourier series

fr(z®) = n§:]1 ar.(m) g™

* 27wiz™

(resp. fk(zj\,) = nzzll C:m(m) an' )s qg-=c¢e ,

16



according to the complete set of lower triangular coset representatives
(29) (resp. (¢9)y ad = 0modN, b = *xmodN ) of the group M" (resp. the
congruence subgroup I'1(N),[o(N),...) of integral matrices with determinant n
(resp. nN') with respect to SLo(Z) (resp. SLo(ZINZ)).

We thus have that:

a) the n-th dual cusp subform f"(z*) (resp. f"(z})) of weight k with respect to
f,g")(z) (resp. f,g")(zN)) is a cofunction on the m-th coset representative t;fzz) [n]

(resp. t;@N [n]) of
T (H*) = THR)/TUZ)  (vesp. Ty (H*)=TiHIR)/THZ/NZ))
where:

. T,g)Z(H*) (resp. T,g)z (H*)) is the set of IR*/Z* (vesp. IR*/(Z/NZ)?)-

N
lattices in the Poincare lower half plane H*;
e T5(IR) (resp. Ti(IR)) is the two-dimensional subgroup of upper (resp. lower)

triangular matrices.

b) D (resp. Dnli\),) is a fundamental domain of H} with respect to the n-th Z*-
sublattice AZEZZ) [n] (vesp. (Z/N Z)?*-sublattice AZEZZ)N n] ).

From now on, we shall only consider the semialgebra S (k, N) (resp. the cosemialgebra
Sr(k,N)) of weight k cusp forms fr(zn) (resp. dual cusp forms fi(z})) of level N, the
level N =1 being a particular case of it.

1.12 Bisemialgebra of cusp biforms

Let
Ry, ={f"(zn)}  (esp. Ry ={f"(zx)}n)

denote the left (resp. right) semiring of cusp subforms f,gn)(zN) (resp. dual
cusp subforms f,gn)(z}"\,) ) as introduced in section 1.11.

Then, Sp(k,N) (resp. Sg(k,N))is a left Ry,  -semialgebra (resp. right Ry  -cosemi
algebra).

Let Ry = x Ry,  be the associated bisemiring [Pie3].

Then, the Ryr X Ry, \ -bisemialgebra Sgxr(k,N) of cusp biforms fip(z3) X
fr(zn) of weight k and level N is a bisemiring such that:

17



a) Spxr(k,N) is a unitary Ry = x Ry, . -bisemimodule:

b) prxr @ Srxrn(k, N)XSrxr(k, N) = Sgrxr(k,N) is a bilinear homomorphism where

X is the cross binary operation acting on the cusp biforms as follows:

[(Mfie(en) x o)) x (Cfi(zr) % 2 filew))]
= [(1fk(z}kv) + ka(zfv)) X (1fk(ZN) + 2fk(ZN))}

allowing cross products (*fr(z}) X 2fi(zn)) and (3fu(zy) X *fe(zn)) be-
tween left and right cusp forms 1 and 2.

C) MRxL : Ry X Ry, o — Srxr(k,N) is an injective homomorphism [Piel].

The existence of the bisemialgebra Sgy.r(k, N) of cusp biforms is especially important due

to the homomorphism:
’l/) : SRXL(/{?,N) —>End(SL(k,N))

allowing to compute the endomorphism End(Sp(k, N)) of the semialgebra Sp(k, N) of
cusp forms fi(zn) -
As the semialgebra Sp(k, N) (resp. the cosemialgebra Sg(k, N)) of cusp forms fi(zn)

(resp. dual cusp forms fi(2%)) is defined on the quotient semigroup
Ty)(H) = To(R)/Ty(Z/NZ)  (resp. Ty, (H*) = T3(IR)/T{(Z/NZ) )

of lattices of H (resp. H*), the bisemialgebra Sgy«r(k, N) of cusp biforms fi(zy) X fx(2n)

will be defined on the quotient bisemigroup
G (H* x H) = GLy(IR x R)/ GLy(Z/N Z)*
where
Gigy, (H™ x H) = T (H) x T, (H) |
GLy(IR x IR) = T3(IR) x T5(IR) ,

GLy(Z/NZ)?* = TN ZINZ) x To(ZINZ) .

18



1.13 Varying the weight of cusp (bi)forms
The bisemigroup category CAF of cusp biforms fi(zy) X fe(zn) is then given by:
1) the cusp biforms (fx(zy) X fe(2n)), & and N varying;

2) the (bi)morphisms of projection

Hom [(fr(zy) X fr(zn)), (fa(zx) X fu(zn))] s k>h,

sending cusp biforms (fr(z3) X fr(zn)) of weight k into corresponding
biforms (fn(zx) X fa(zn)) of weight h.

But, in order to understand the (bi)morphism of projection:
Phomi”, :+  fu(si) X fulaw)  — fuleh) X fuew)

from a cusp biform of weight k£ onto a cusp biform of weight h, we have to give a new

meaning to the weight of cusp forms: this will be done in the next sections.

1.14 Proposition (Origin of the weight of cusp forms)

Let
V() = Tilm N filow) = S e i

denote a weight k two-dimensional cusp form of level N as described in section 1.8,
where

n __ _2minzy

=% e(d) d"" apne and gy =e ,
d|(m,n)

Let
¢(k)(ZNk) _ OEO )\glk) p2minzN,
n=1

be the Fourier series development of a cusp form of real dimension k (k being an even

integer) [Pie2] and level N on C*/* above the weight k two-dimensional cusp form

6 (2) = filew)
where:
W) _ M2\@ @) y : |
o A =11 Ay with Ay =rg1 X rsi, the product of the radii of two circles Sy, and
d=1 1
S
o Znp = zj(vl) + 21(3) + -+ z](\]f) 15 the sum of the elements of a k-tuple of complex

numbers z](\',) of order N .
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Then, there exists a map:

CPuoz:  oPw) — 67 (w)
in such a way that, Vn, 1<n<oo:

1) every two-dimensional semitorus Tg\),(a, de(d)r) = cni qy of ¢)§f)(zN)
be the inverse image of a k-dimensional real semitorus T,g'lc\),(kgk)) =
)\glk:) eZwinsz of d)(k)(sz) ;

k/2
2) the product AP =11 )\32) , representing the product of the radii of the generators of
d=1

T:;\;(Agf)) , be sent by the map

CPy—2(n) : AE e

n

into the coefficient cpy of gﬁ,(f)(zN) implying that ||)\£Lk)|| = |lcnk]| -

Proof: The weight k£ of the two-dimensional cusp form of level N, gb,(f)(zN) then orig-

inates from the map CPy)—2 of a k-dimensional cusp form of level IV, »*) (zy1) into
,(f)(zN) at the conditions of this proposition.

The Fourier series development of ¢*)(zy;) was introduced in [Pie2] from which it results

that it is the sum of increasing embedded k-dimensional real semitori Téﬁ;()\gk)) .

The conditions given by the map
CP(k)_>2(’I’L) : Agc) — Cnk

on the coefficients imply the inflation of the coefficients c,, of a weight 2 cusp
form to the corresponding coefficients ¢, of a weight k cusp form (according

to section 1.8 and proposition 1.9) associated with the inflation map

Iry g : Ty(n,N) fa(zn)  —  Ti(m, N)e fe(zn)

of a weight 2 cusp form into a weight k cusp form.
The origin of this inflation map Iz, proceeds mainly from the factor d*=Y of ¢, and,

similarly, from the “normalization factor” (cz + d)~* in the automorphic condition

F2) = (cz+d)* f (“Hb) . .

cz+d
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1.15 Proposition

The fundamental domain Dg)wf of the weight k two-dimensional cusp form qb,(f)(zN) =

fr(zn) is equal to the fundamental domain Dn];), of the corresponding k -dimensional cusp

form ¢®)(zn1) implying that

T (a,d,e(d)) ~THAPY | v,

n

Proof:

1) The fundamental domain D,(f]z,k of the weight k£ two-dimensional cusp form qb,(f)(zN)

is given by ¢k = €?™'*¥ where zy is a complex point of order (kx N) according to

propositions 1.4 and 1.14 while the fundamental domain Difj\), of the corresponding

k -dimensional cusp form ¢®)(zy,,) is given by ¢k, = e*™*Nr where zy; is also a

complex point of order (k x N) according to proposition 1.14.

Consequently, we have that:
2 k
Dy = Dyx -

2) The domain Ag&,k of the n-th periodic cusp subform Tg@(a,ds(d)k) = f,g")(zN) is
evidently given by:
2 2
Aiz)wf =n Dr(zlsz

while the domain Agk]z, of the n-th periodic cusp subform T,EI;\;(A,(JC)) of ¢ (zyy,) is:

Consequently, we have that:

and, then, that

1.16 k-dimensional cusp biforms

The k-dimensional real cusp biform of level N associated with the k-dimensional real

cusp form ¢®)(zy) of level N is:

0" (23k) % 6© (2m) -
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As ™ (2np) (vesp. ¢ (z%,)) is a function on the sum of the cosets of Ty (IR)/Ty(Z/N Z)
(resp. T}(IR)/THZ/NZ)) according to section 1.6, ¢ (z%,) x ¢ (2y) will be a bi-

function on the sum of the cosets of
GLL(IR x IR)/ GLy(Z/NZ)* = T{(IR) x Tu(IR) /T{(Z/N Z) x Tv(Z/N Z)
and will be written as follows:

%) x o) (GLy(IR x IR)/ GLy(Z/NZ)?) .

1.17 Proposition (Changing the weight of cusp (bi)forms)

Let
6% x o (GLy(IR x R)/ GLi(Z/NZ)°)

be the h-dimensional real cusp biform of level N above the 2-dimensional cusp biform
(fa(zy) % falzn)) (also written (62 (23) x &\ (2x)) ) of weight b and level N .

Then, the bimorphism (of projection) between 2 -dimensional cusp biforms of weights k
and h (introduced in section 1.13):

Phom;”,, - Flzn) X filew)  — ) X falew) . k>,
directly depends on:
a) the bimorphism (of projection)
Phomy . : ¢ x ¢%) (GLy(IR x IR)/ GLy(%Z/N Z)?)
— o x o) (GLy(IR x R)/ GLy(Z/N Z)?)
between k and h -dimensional cusp biforms;

b) the decomposition
k/2

fe(2y) X fu(zn) = g@jl(fzz(z}kv) X f2,(2n))

h/2

fulzn) x fulzn) = @ (fa, (25) % fa(2w))

h andf k being even integers,

of weight k and h 2-dimensional cusp biforms (fr(2x) X fe(2n)) and (fn(zy) X
frn(zn)) into 2-dimensional cusp biforms of weight 2 according to the Langlands

functoriality conjecture.
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This can be summarized in the following diagram:

GLy(IR x IR) GL4(IR x IR) GLy (IR x IR)
/ GLy(Z/N Z)? | GLw(Z/N Z)? | GLA(Z/N Z)*
= GLQ - = GLk I = Glh

J 2 J 11(k) J 11h)

Ph0m2_>k Phomk_}h
2 k h
o) x ) (GLy) 0% x 6% (GLy) 6" x ¢ (GLy)

Nh
J CPuy—2p.

Id CPry—2
(2) (2) J RXL
Phomy™ Phom,” ,

f2(2n) X falan) = ful(zx) X fulen) ————— fulen) x fu(zn)

where:

o 0% x OGLa(IR x IR)/ GLo(Z/NZ)) = fo(z4) X falzw) is a two-dimensional
cusp biform of weight 2 ;

o the map I is a cuspidal representation of the quotient bisemigroup (GLg (IR %
IR)/ GLy(Z/NZ)*) given by the corresponding cusp biform and depending on a
toroidal compactification [Pie2].

Proof: The bimorphism (of projection) Phomy_,, is directly related to the
Langlands functoriality conjecture transposed from cuspidal representations of bi-
linear algebraic semigroups [Pie4] to cuspidal representation of quotient bisemigroups
GLy(IRx IR)/ GLy(Z/N Z)? and asserting that the cuspidal representation I1¢*)(GLj, (IR x
IR)/ GLy(Z/N Z)*) of the quotient bisemigroup (GLy(IR x IR)/ GLy(Z/N Z)?) is orthog-

onally completely reducible if it decomposes diagonally according to [Pied]:
k/2
% (GL,(IR x IR)/ GLi(Z/N Z)*) = 2 1% (GLy, (IR x IR)/ GLs,(Z/N Z)?) .
=1

This corresponds to the injective map Phoms_,; which is above the injective map Phoms

leading to the decomposition

Fulzi) X Fu(an) = © (Fa(2h) X Faelow))

of weight k cusp biforms into weight 2 cusp biforms.

2)

The surjective morphism Phom,(f ., 1s then directly associated with:

a) the deflation of the product (¢, x¢,;,) of the coefficients of the two-dimensional cusp

biforms fi,(2}) X fn(zn) of weight h from the product (¢, X c,x) of the coefficients
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of the cusp biform fi(2%) X fe(zy) of weight k, 1 < n <t < co, according to
proposition 1.14 and giving the increasing sequence

* * * .
Cro X Cpa — Crp X Cpp — Chpe X C

b) the increasing sequence
(zy X 2n)2 — (2y X 2n)n — (28 X 2N )k

of cusp bipoints, where (z3 X zy) is a complex bipoint of order (N x 2), (zi X z2x)n
is a complex bipoint of order (N x h) and (2} X zn)i is a complex bipoint of order
(N x k), with k > h. .
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2

Cusp (bi)forms from the Langlands global program

Cusp (bi)forms are characterized by the two integer numbers k and N where k refers to

the geometric dimension of a cusp (bi)form above a cusp (bi)form of weight 2 while N

will be recalled to refer to an algebraic dimension.

Indeed, we shall at first prove that the quotient bisemigroup GLy (IR x IR)/ GLy(Z/N Z)? ,
on which a cusp biform can be defined, is covered by the (algebraic) bilinear semigroup
GLi(F5 x F,) over the product (Fy x F,) of sets F; and F, of pseudoramified transcen-

dental extensions referring respectively to the lower and upper half space.

2.1
a)

Algebraic and transcendental quanta

Let then F' denote a set of finite algebraic extensions of a number field k& of charac-
teristic 0: F is assumed to be a set of symmetric splitting fields composed of
the left and right algebraic extension semifields F; and ﬁ’R being respec-
tively the set of complex and conjugate complex simple roots of the polynomial ring
In the real case, the symmetric splitting fields are the left and right symmetric
splitting semifields ﬁLJ’ and ﬁ;{ composed of the set of positive and symmetric

negative simple real roots.

The left and right equivalence classes of infinite Archimedean completions of F;, and

Fp are the left and right symmetric infinite complex places
w={wi,. ., Wn, ..., and wW=A{w,...,Wn,..., 0}, t<oo.
In the real case, the infinite places are similarly
v=Avy,...,0n,...,n} and T={Ty,...,U,,..., 0},

covering the respective infinite complex places as described subsequently.

All these (pseudoramified) completions, corresponding to the transcendental exten-
sions, proceed from the associated algebraic extensions by a suitable isomorphism of
compactification [Pie5] and are built from irreducible real subcompletions F,1 (resp.

Fs ) characterized by a transcendence degree
tr-d-Fpu/k=tr-d-Fu/k=N equalto [Fu:kl=[Fu: k=N,

which is the Galois extension degree of the associated irreducible algebraic closed

subsets ﬁv}l and ﬁ%}l :
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All these irreducible (unitary) subcompletions (resp. subextensions) are

assured to be transcendental (resp. algebraic) quanta [Pie6].

The pseudoramified real extensions are characterized by degrees:

[F,, k] =[F, :kl=%+nN, 1<n<t<
which are integers modulo N, Z/NZ , where:

° ﬁvn and fgn are algebraic extensions corresponding to the infinite completions
F,, and Fj, , respectively at the v, -th and 7, -th symmetric real pseudoram-

ified places;

e x denotes an integer inferior to NV, taken generally to be “07.

Similarly, the pseudoramified complex extensions f’wn and ﬁwn, corresponding to
the completions F,, and Fg, at the infinite places w, and @, , are characterized

by extension degrees:

[F, k] =[Fy, k] = (x+n N)m,,

n

where m,, is the multiplicity of the n-th real extension F, and Fj, covering its

n-th complex equivalent.

Let then F

Un,mn

tension equivalent to F, (resp. Fy, ).

(resp. F5 ) denote a left (resp. right) pseudoramified real ex-

n,mn

The corresponding pseudounramified real extensions F)" ~— and Fj'"  are charac-
) n

imn

terized by their global residue degree (case N =1):

fon=[F2 tkl=3j and fo, =[F kl=3.

Un,mn

If the orders of the Galois sub(semi)groups correspond to the class zero of the integers
modulo N, then these Galois sub(semi)groups Gal(F,, /k) (resp. Gal(Fj, /k)) are

global Weil sub(semi)groups of extensions F,, (resp. Fjy, ) constructed from n

algebraic quanta.

By an isomorphism of compactification, these n noncompact algebraic
quanta of ﬁ’vn (resp. 1::%”) are sent into the corresponding compactified

n transcendental compact quanta F,, (resp. Fy, ).

As in the Galois case, there is a one-to-one correspondence between all transcendence

extension subfields:

F,Cc---CF,, ---CFE, (resp. Fy C - CF; -+ CF, )
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2.2

and the set of all (normal) sub(semi)groups of these:

Autk(Fvl) D) Autk(Fvn) DI Autk(th)
(resp. Autg(F3,) D --- D Auty(F5,) D -+ - D Auty(F,) )

taking into account that Gal(F,, /k) ~ Autg(F,,) (resp. Gal(ﬁgn/k) ~ Auty(F3,) ).

Abstract bisemivarieties

Let
GLi(Fy x E,) = TH(Fy) x Ti(F,)

be the algebraic bilinear semigroup of matrices over the product of sets E, =
{f’vl, . ﬁvn, o ﬁvt} and F, = {ﬁ§17 . ﬁgn, o f@t} of pseudoramified algebraic
extensions in such a way that its representation bisemispace is given by the tensor
product ]\/ZUR®]\7UL of aright T,ﬁ(ﬁg) -semimodule MUR by a left Tk(ﬁ,)—semimodule
M

vr,

Considering the monomorphism:

Gog X Goy t WEXW®  —  GLy(F; x F,)

R

from the product of the global Weil semigroup WI%E X ng into GLk(ﬁU X E) and

the isomorphism:
ngs X Wl%lj ;> Autk(Fg) X Autk(Fv)

of (ng X ng) with respect to the product Autg(Fy) x Autg(F,) of the automor-
phisms (semi)groups of the sets F3; and F, of increasing transcendental extensions,

we have the commutative diagram:

b b Tun X Ou, K (F « F
W x Wi G (F5 x F,)
! l
Ovgp X Ouy,
Auty(Fy) x Auty(F) G®(Fy x F)

where G(k)(fg X fv) = MUR ® MUL and G (F; x F,) is an abstract bisemivariety
covered by the affine bisemigroup G®(F; x F,).

Let G (F" x F™) be the abstract bisemivariety of dimension k over the
product (F7" x F]") of the sets )" = {F}7, ..., F)"} and F" = {F]" Err

vy 0 vttt vn}

of increasing pseudounramified (case N = 1) extensions.
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Then, the kernel Ker(GEfL pnr) Of the map:
G¥ ot GB(F,xE) — GW(ET x F™)

is the minimal (unitary) bilinear parabolic subsemigroup P®) ([ x F,1) over the
product of the sets Fyn = {F1,..., F,... } and Fp =}F1, ..., F, ... } of unitary
Archimedean pseudoramified completions.

G®(F; x F,) acts on the unitary bilinear parabolic subsemigroup P®)(F: x F1)
by conjugation [Pie5].

c) At every infinite Archimedean biplace (7, X v,) corresponds a conjugacy class

cg,,, ,In| o e abstract bisemivariety v X F,) whose number of rep-
(k) f the abstract bisemivariety G*)(F; x F,) wh ber of
resentatives corresponds to the number of equivalent transcendental extensions of
5, < F,, .

The n-th conjugacy class representative gf}’;)xL[n] is defined over n tran-
scendental biquanta (a biquantum being the product of a right quantum
by its symmetric left equivalent) in such a way that the number of biquanta in

k .
ggRLL[7d 18

nbiq(gglj?m [n]) = n".

d) Let G®(F;x F,) denote the complex abstract bisemivariety which is a GLy,2(F X
F,,) -bisemimodule M, ® M,, and the representation space of the bilinear semi-
group of matrices GLy2(F5 x F,,) over the product Fj x F,, of sets of complex

pseudoramified increasing transcendental extensions.

Assume that each conjugacy class representative ggng [n] of G® (Fy;x F,)

is unique and can be covered by m, real conjugacy class representatives
{g% /D [n,m,]} of G¥I(F; x F,), 1<n<t<oo.

YRXL
So, the complex bipoints of G*(F x F,) are in one-to-one correspondence with the

real bipoints of G¥(F;, x F,) and we have the inclusion:

GO (Fx F) /G (B x F) — GW(FyxF,).

2.3 Cuspidal representation of complex (algebraic) bilinear semi-
groups

a) Providing a cuspidal representation of the complex abstract bisemivari-

ety G®(F; x F,) consists in finding a cusp biform of dimension k on
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G(’“)(FE X F,) by summing the cuspidal subrepresentations of its conju-

gacy class representatives [Pie2].

Let then
ng . B, — F (resp. ngn . Py, — FEL ), Vo,

be the toroidal isomorphism mapping each left (resp. right) complex transcen-
dental extension F,, (resp. Fg, ) into its toroidal equivalent F_. (resp. FZ )
which is a complex one-dimensional semitorus localized in the upper (resp. lower)

half space.

Each left (resp. right) function on the conjugacy class representative
gg%)[n] € TO(FT)y ¢ G®W(FL x FT) (resp. ggz[n] c T®W(FLY)) is a func-
tion (resp. cofunction) ¢r(T¥[n]) (resp. oér(TE[n])), gg%)[n] = TF[n], on the
even k-dimensional real semitorus T§[n] (resp. Tj[n]) having the analytic

development:
¢L(T£f[n]) — )\(k‘,n) e27rinZNk (resp. ¢R(T}§[n]) _ )\*(k’, n) e2m’nzj‘\,k )

where:

® Nk = Z](\P +21(3) + -+ZJ(§) (resp. znj = z}kv(l) +z}k\§2) +-- -+z}kv(k) ) is a complex

(resp. conjugate complex) point of order (kx N) according to proposition 1.14;

o A\(k,n) x \*(k,n) is the product of the eigenvalues of the n-th coset represen-
tative of the product, right by left, of Hecke operators [Pie2].

This left (resp. right) function ¢p(Tf[n]) (resp. ¢r(Th[n])) constitutes

the cuspidal representation H(")(gg?[n]) (resp. H(”)(gﬁlg[n])) of the m-th

conjugacy class representative of G*)(F,) (resp. G®(F})) in such a way that

the cusp biform of GLg/2(Fyi Xp F,,) is given by the Fourier biseries:
T(GLya(Fy xp F) = & T (g8, [n)

w
n— RXL

= (2 )\*(k,n) e2m’n27\;k) X p (E )\(k‘,n) e2m’nsz)

n

where Xp is the diagonal product.
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2.4 Cuspidal representation of real (algebraic) bilinear

semigroups

A real cuspidal representation, covering the complex cuspidal representation
I(GLy /2 (F5x p F,) , can be obtained for the real diagonal bilinear semigroup GH(FyxpF,)

by summing the cuspidal subrepresentations I1(") (gi(,]f,c)X .[n,my]) of its conjugacy class rep-

resentatives gt(,];)x L, my) .

Every left (resp.  right) function on the set of conjugacy class representatives
{gf}’? [, my) b, (vesp. {gi’?[n, My]}m, ) is a function (resp. cofunction) o (T¥[n,m,))
(resp. Yr(TE[n,m,])) on the k-dimensional real semitorus T *[n,my,] (resp. Tk[n,m,])
localized in the upper (resp. lower) half space, covered by m,, semitori of dimension k/2

and having the analytic development:

wL(Tf[namn]) = )\(/{5/2,77,7 mn) e2TiNmn TNk /2

(vesp. Yp(T[n.ma]) = X N (k/2,n,my) e” 2z )

where zyy is a real point of order N x (k/2).
The real cuspidal representation II(GLy(Fs Xp F,) is then given by the k-
dimensional global elliptic II(GLy(F5 X p F,)-bisemimodule

ELLIPRXL(I{:’ n, mn) =X X ()‘*(k/27 n, mn) e—ZWinmank/z XD ()\(k/Qy n, mn) 627rinmank/2 )

n Mn

covering the k-dimensional cusp biform II(GLy/2(Fs Xp F,)) in the sense that

ELLIPRxL(k,n,mn) — H(GLk/g(FE XD Fw)) .

2.5 (Bi)functor FLGC of the Langlands global correspondence(s)

Let CABG denote the bisemigroup category of algebraic bilinear semigroups
G’Lk/2(ﬁ1§ X 1::;) given by

a) the algebraic bilinear semigroups GLj /Q(ﬁw X fw) , the geometric dimension k vary-

ng;
b) the (bi)morphisms of projection
Hom (GLW(% x F,), GLy,2(Fy x Fz,)) . k>h,
sending GLy /Q(ﬁw X ﬁw) into the algebraic bilinear semigroup GLh/Q(ﬁw X ﬁw) )
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Similarly, let CBCF denote the bisemigroup category of (complex) cuspidal rep-
resentations H(GLk/Z(ﬁ’g x F,)) of the algebraic bilinear semigroup GLk/Q(ﬁw x F,)
whose (bi)morphisms of projection are:

Hom (H(GLk/Q(ﬁw x F,)),TI(GLy2(Fy x R)) .

Then, there exists a covariant (bi)functor FLGC associated with the Langlands

global correspondences [Pie2]:

FLGC: CABG — CBCF
GLyo(Fis x F,) —  TI(GLyo(Fy x F,)
FLGC(Phomy ) : (CLyjo(F x Fy)) —  T(GLyo(Fy x F))
which is a (bi)function assigning:

a) to each algebraic bilinear semigroup GL;, /Q(ﬁw X ]:;w) € CABG its cuspidal represen-
tation H(GLk/g(ﬁw x F,)) € CBCF;

b) to each morphism Phom,(fl_f,{ : GLk/Q(ﬁ’w X fw) — GLh/2(ﬁw X l:;w) a morphism

FLGC(Phom!™®)) : TI(GLy2(Fy X F,)) —= I(GLy 5 (Fiy x F)).

2.6 Hecke eigenbivalues as Galois representation

Consider now the two-dimensional case GL3(Fy; X F,).

The ring of the endomorphisms of the GL,(Fy X F,)-bisemimodule (M,, ®
M, ), decomposing it into the set of subbisemimodules {Mp, =~ ® Mg, }um, or con-
jugacy class representatives {gﬁ?x [n]}nm, (see section 2.2), according to the (Z/NZ)?-
bisemilattices (Ag}ym ® Af)i)mm) [Piel], is generated over (Z/NZ)? by the prod-
uct (T, ® T,,) of Hecke operators 7,,, over 7T, for n{ N and by the product
(Unp x U,,) of Hecke operators U,, and U,, for n| N: it is noted Ty(N)r ® Tu(N)L
(weight two case).

The coset representative of U,, (resp. U, ), referring to the upper (resp. lower) half
plane, can be chosen to be upper (resp. lower) triangular and given by the integral matrix
(o Z}Jf,) (resp. (pn ny ) ) Of the congruence subgroup I'y(N) (resp. T'r(N)) in GLy(Z)
in such a way that:

e ny = *x+n N where ny is the number of transcendental subfields in the n-th

conjugacy class representative g](\?) [n];
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e by =%+ b- N refers to a phase shift;

where * denotes an integer inferior to V.

The coset representative of (U, x U,,) will be given by

nR

1by 10

o ) (bN 1) is an element of the nilpotent group of matrices us(by) - uz(by)*

where ( and

of the unimodular decomposition group D,z acting on the split Cartan subgroup element

10
a2 =

ny 0 "?\r

(Uny x Uy, ) then factorizes according to the bilinear Gauss decomposition into nilpotent
and diagonal parts [Piel].
Let A% (n%,b%) and A%(n%,b%) be the eigenvalues of (Dpz 2 X apz) =
GL2 (T (N)r®TH(N)L) corresponding to the irreducible semisimple (pseudo)-

ramified representation:
Pz : Gal(F;, /k) x Gal(F,, /k) — GLa(Ta(N)g) ® Ta(N)g)
associated with a weight two cusp form in such a way that A% and A\? verify [Piel]:

trace pyz =1 + by + 1%,

dot pra, = N2 (14 B) % N2 (nd, 03) = v
Indeed, the eigenvalues A\ are:
(1403 +n3) £ [(14 b3 +nZ) — 4n3]/?

2
and the characteristic polynomial of p,2 has the form:

M=

X? — trace py3 x +det pyz = 0.
All that can be summarized in the commutative diagram:

Gal(Fs/k) x Gal(E,/k) GLy(Fy x F)

|

GLy(Ty(N)gr @ Tu(N) 1) — GLo(Ff x Ff)/ GLo(Z/ N Z)?)

Note that, in the weight k case, the Cartan subgroup element 2 = <(1) n%) is then

a2 0 _
= ( évd%,2> where n%, = Y a3 - d¥?.¢*(d) denotes the number of
N ’ dln

transcendental quanta, i.e. ((k/2) x n)? referring to sections 1.8 and 2.2.

given by 2,
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2.7 Two-dimensional cusp biforms and global elliptic bisemi-
modules
The k-dimensional bilinear cuspidal representation II(GLy/2(Fz X(py Fl,) of the complex

bilinear semigroup GL /2(Fw xpF,) is a k-dimensional cusp biform whose Fourier biseries

are given by:
I(GLgj2(F x(p) Fu) = (E N(k,n) ezmmm) XD (E Ak, n) 62”"%)

according to section 2.3.
The corresponding 2-dimensional (“Weil”) cusp biform of weight k can be

reached by considering the projective (bi)map:
CPuy=) : I(GLyo(Fo xp Fu)  — @ f(zx) xp @ filzn) ,

introduced in proposition 1.14,

where @) f.(2%) xp @ fi(2n) are given by

(w)fk(z}kv) XD (w)fk(ZN) = (Z )\2(27 n) e2m’nZ}§,) XD (Z )\k(2,n) e27rinzN>
where:
o Mi(2,n) = [A\}, (nk,b%)]"? is the product of the radii of two orthogonal circles at

(k/2) x n transcendental quanta referring to proposition 1.9 and section 2.6;

e 2y is a complex point of order (N X k) written now zy_j .

Similarly, the real k-dimensional bilinear cuspidal representation II(GLj(Fy x(py Fy,)) of
the bilinear semigroup GLj(Fy X (py Fy) is a k-dimensional elliptic TI(GLy(Fy X (py F})) -

bisemimodule:

ELLIP g (k, 1, m) = 5 5 (X (k/2,m,m,,) 7200tz sy (A(k/2,m, m,) ¢2mmmensss

which is a real analytic k-dimensional cusp biform.
The corresponding 2-dimensional global elliptic bisemimodule of weight k will

be reached by the projective (bi)map:
CPRNY) ELLIP gy (k,n,m,) — ELLIPy, ,(2,n,m,)
where:

ELLIP,, , (2,n,m,)

=% B (Npjo(L,n,my) e 2N k2 5 X (1,0, 1y, ) €27 EN-R/2)
n

mn

with:
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xU.

o )\ /2(1, n,m,) being eigenvalues of the coset representative (U, .

NREk

) of the prod-
uct of Hecke operators where n?\,;k, denoting the number of transcendental quanta,

is now written according to:

n?\/;k/d2 = a’?\/;k = a?\l;—2 62(a?\17€_2)

referring to section 2.6.

So, Ags2(1,n,my) corresponds to the radius of a semicircle equal to the respective
coefficient A(k/2,n,m,) of ELLIP.(k,n,m,) by considering proposition 1.14.

e zy being a real point of order (N x k/2) written now xn_g/s .

2.8 Proposition

The 2-dimensional elliptic bisemimodule ELLIPy, ,(2,n,m,) of weight k,
which 1s a real analytic cusp biform, covers the corresponding cusp biform
(“’)fk(zj‘v_k) X (“’)fk(zN_k) according to:

ELLIPkaL(27n7 mn) (:> (W)fk(z}k\f—lc) XD (W)fk(ZN—k)
in the sense that:
a) every 2-dimensional semitorus

Tg[n] = Au(2,m) e2™INzZN K (resp. Tf%[n] = A;(2,n) e2™NZN i )

2

of class “n” of @ fi(zn_r) (resp. “ fi(zk_,)) is covered by m, =

> d- N - nu semicircles
din
1 27Ny, TN
T, [n,my] = Ag/2(1,n,m,) e "mnEN=k/2

(resp. Tgln,m,] = )\2/2(1,”, m,) e~ ZrimmaTN /2 )

at (g X apn;x) transcendental quanta of ELLIP, (2,n,m,) (resp.
ELLIP,(2,n,my,) ) localized in the upper (resp. lower) half plane, where nu is

the number of nonunits of Galois extensions;

b) the parameter by of the nilpotent group of matrices uz(by) - uz(by)? is
a “phase shift” in the first dimension of the considered (Z)N Z)? -bisemilattice.

When this phase shift “by 7 increases, the difference between the two eigenvalues
Aej2, (1L,n,my) and Mg (1,n,my) of (Uan X UnLk) also increases but verifies

Mo, (Lmsmg) X AL (1,m,my) =n3py .
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Proof:

a) As the n-th semitorus T?[n] = A\i(2,n) 2™~k of the cusp form ©) f,(zy_1) is
generated by the product of two orthogonal semicircles at (k/2 x n) transcendental

quanta whose product of radii is Ar/2(2,n) which is an eigenvalue of (U, X Uy, )

with a,z = ((1) n%) and n3., = ¥ a% -d3w 2 €3(d), we have that the number “m,,”
’ din

of semicircles T} [n, m,] = Agj2(1,n,m,) e

2Ny,

“N-k/2 covering T#[n[ is the integer

dnme = X d*D . N . nu since, in this real case, ajyg = a2 2. (a2

dln
b) It is easy to calculate that when the phase shift by = b- N increases, })\k/g+ (1,n,by)
— A2 (1,m, bN)‘ also increases, reflecting a deformation of one radius Ay /2, (1,7, by)

with respect to the order Ag/o_(1,7,bn). .

2.9 Proposition (Local curvature of a torus)

Let

{Tll/ (n’ mn) = )\k‘/2(1, n, mn) 627”'"7”anfk/2 }d'N-nu

mnp=1

be the set of semicircles covering the n -th two-dimensional semitorus T?[n] € @) fi(zy_p) .
Then, the increase of the length of the semicircles with respect to m,, depends
on the twisting of “opposite” semicircles in function of their curvature leading
to degenerate singularities of fold type (or possible of cusp type) on them.

The blowups of the versal deformations of these singularities in codimension 1

and 2 are then sent on opposite semicircles increasing then their lengths.

Proof: Assume that the semitorus T7[n] is generated from a cylinder covered by d-N -nu
line segments having the same length, i.e. by “d” transcendental quanta.

Then, by bending this cylinder in order to get a semitorus, degenerate singularities of fold
type are generated on the most bent line segments.

Let f(x) =2 be one of these fold singularities.

Its versal unfolding in codimension 1 is

F(z,a1) =2 +ay 2'.

4

Possible degenerate singularities of cusp type f(z) = z* can be generated of which versal

unfolding in codimension 2 are

4 1 2
F(z,a1,a0) = 2"+ a3 x° +as x° .
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Blowups of these versal deformations, consisting in the extensions of their quotient algebras,

are introduced in [Pie7]. They are smooth endomorphisms based on Galois antiautomor-

phisms disconnecting the monomials z' € F(x,a;,) and 2',2% € F(z,a1,as) which are

then sent on the opposite least bent line segments. "

This dynamical process is then responsible for the transition from the global

euclidean geometry of the semitorus to local hyperbolic and spherical geome-
tries [Piel2].

2.10 Proposition

1)

2)

Let
Tzo(H) = To(IR) [ T5(Z, N 7Z)
be the set of IR®/(Z|N Z)? -sublattices of the Poincare upper half plane H .

Let g(sz)V [n] denote the n-th coset representative of T;}i(H) whose fundamental do-

main is D}y, with respect to the sublattices A(sz)v [n] .

Let fi(zn_k) be a cusp form of weight k and level N which is:

a) invariant under a congruence subgroup I'(N) of SLy(Z) ;
b) periodic and expanded in Fourier series fr(zy_x) = OZO Crp QN1 s
n=0
c) eigenfunction of Hecke operators Ty(n; N) acting on the function Fk(Tg;(H))

on ng& (H) according to a complete set of upper triangular coset representatives

of T'(N).
Let

(T\(F.) = Ty(Fy) [ TU(Z/ N 7)) = (To(F,) = To(F}) [ T2 Z/ N 7))

be the set of F,/(Z/NZ)?* =~ (F,)/(Z/NZ)*-(sub)lattices of Galois on the
Poincare upper half plane H .
Let Dg”N;k (resp. Dg})“N;k) be the fundamental unitary domain of the n -th con-
jugacy class representative g [n] € T\(F,) (resp. g [n] € T5(F,) ) with respect to
the (Z] N Z)? -sub(semi)lattice A2 (resp. AP ).
Let @ fi(zn_k) be a “Weil” cusp form of weight k and level N on Ty(F,) or on
T>(F,) which is:

a) invariant under a suitable congruence subgroup T'(N);
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b) periodic and expanded in Fourier series ) fi(zn_p) = ¥ A\p(2,n) e2meN-+

c) eigenfunction of the Hecke operator Ty _(N) according to section 2.6.

(2

If the Weil unitary fundamental domain DFw)n Nk (covered by Dg)

" Nk ) COV=
ers the fundamental classical domain D,,(jz,,k, then the Weil cusp form
@) fi.(zn_x) of weight k and level N can be identified with the classical
cusp form fi(zn_k) of weight k and level N in such a way that:

(w)fk(ZN—k) ~ fr(zn—k)

the weight k referring to a geometric dimension while the level N is an algebraic
dimension related to the degree of extension of transcendental quanta: this constitutes

the main objective of the Langlands program.

Proof: As the cusp form fi(zy_x) of weight k originates from a k-dimensional cusp
form (b(k)(sz) according to proposition 1.14, the two-dimensional fundamental domain

Dy(sz,;k of weight k is given by:

k/2
2 _ ©)
DnN;k - (DnN;k:2>

where Dizz)v;kzz is the corresponding two-dimensional fundamental domain of weight 2

expanded by a power k/2.

Similarly, let Dgw)n; N—z be the two-dimensional Weil unitary fundamental domain of

weight 2: its surface S (Dgw)n; n:) 18 the square of the one transcendental quantum of level
N
2
S(DiR) xea) = N? x (n)?

where nu is the number of nonunits.

So, the two-dimensional unitary domain Dﬁ?jn; na Of weight k is:

2 2 k/2 k/2
DE = (SIDR ) = (N ()2
Now, assume by hypothesis that:

By periodicity of cusp forms, the fundamental unitary domains are the same in all coset
representatives of T;\)I(H ) which is covered by Ti(F,) ~ T»(F,).
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The unitary fundamental classical (resp. Galois or Weil) domain(s) Dnzjz,;k (resp.

D%)n; na ) generate(s), under the action of the Hecke operator having a representation
in the upper triangular group of matrices T»(Z/N Z)) (or I'(N)), the classes of automor-
phisms in T3(IR) (resp. Ti(F.) or in Ty(F,)) according to the (Z/N Z)*-sublattices in
the Poincare upper half plane H .

As the (Z/N Z)? -lattice is the same in the classical and Weil (or Galois) case, the classical
and Galois two-dimensional cusp forms of weight k and level N correspond, and, thus,

we have:

) fu(zn-i) = fulzn-i) - .
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3 Zeta functions, Theta series, weak Maass forms,

Mock Theta functions and the Tau function

This chapter will be devoted to a generalization of classical (or Weil) cusp forms in order
to take into account Maass forms and Mock modular forms.

But, first, the generation of
a) L-series from cusp forms [Hecl] by a globally nonperiodic transform map,
b) theta series from modular forms with integer weights

will be introduced.

3.1 Proposition ( L-functions as nonperiodic transforms of cusp

forms)

Let

o0 o0 .
fr(znk) = El Cnk Qn— (resp.  fr(zn_p) = 21 Cow ANk ) Qg = €T
n= n—=

be a left (resp. right dual) cusp form of weight k and level N as developed in sections 1.11
to 1.14 and 2.6 to 2.8.
Let

Sy =0+t (resp. s_=o—iT )

be a complex variable conjugate to z = x + iy (resp. z* =z —iy ).

Then, there ezists a linear continuous map (Mellin transform):

Op: fulznn) — L(fr, sn—k,) (resp. g fr(en_p) — L(fi,sn—k_))

in such a way that the L-function L(fr,sn_kr,) (resp. L(f;,sn—k_)) be the

nonperiodic transform of fi(zn_k) (resp. f;(zn—_k)) given by:

L(fk, SN—k+) = z_:lfflin)(zN_k) e 2MINZN -k . TSN—ky dzn_k

X —SN—ky
N nz::1 Cni T
* x n); x —2minzk —SN_k
(resp. L(fy,Sn—k_ )= 21 i (2ns) e N-k . - dan_y

n=
oo

— S & v )
n=
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and corresponding to the Mellin transform

dzn_

Dlfuvsn-s) = (2 D(s)™ [ (=i s S T

where:

. f;ﬁ")(zN_k) = Cuk Qy_p = Cpp €77EN-E

(resp. f;i")(z}‘v_k) = g =, XNk )

is the n -th term of fr(zn—r) (resp. fe(zh_1) );

o zn_i (resp. zN_y ) is a point of order (N x k) conjugate to the point sy_j, (resp.
Sn_k_ ) of order (N x k).

Proof: Referring to the literature of L-functions, we must admit that s, (resp. s_ ) is
conjugate to z (resp. z*) in the sense that s, ~ % (resp. s_ = Zi) is a complex inverse
space variable restricted to the upper (resp. lower) half plane.

SN_k, (resp. Sy_j_ ) is a complex point of order (N x k), usually called period (N x k).
o1 (resp. ¢r) is the nonperiodic equivalent of the Fourier transform. Indeed, if ¢, (resp.

¢r ) was globally periodic, L(fx,sn—k,) (resp. L(f},sn—k_)) would be given by:

L(fk’sN_k+) = glfflgn)(zN—k) 6_27rinZN7k dZN—k = chk

(resp. mmW%>=;/ﬂW%%n%W%wm%:z%>

The factor n™*¥~*+ (resp. n~ *¥~*-) is thus responsible for the global nonpe-
riodicity of ¢r (resp. ¢r) which can be analyzed by the Poisson formula [E-K].
fr(zn) is a periodic function of period T = fok) (resp. Ty = fo]z,k ), being a unitary
fundamental domain according to section 1.3 and proposition 1.15, which can be expressed
generally as [Rod]:

fe(en—k) = frlen-r) * noél d(zn_r — nNET)

=3 fk(ZN—k — ’/I,N]{ZT) s

n

the period T being explicitly written.
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Its Fourier transform is:

1~ nNk 1 __~(nNEk nNk
phn 020 (o= ) = 227 (U)o (=)

vn_k having the “periodic” variable conjugate to zy_, i.e. a series of Dirac equidistant
distributions with interval % .

By taking into account the inverse Fourier transform, we get:

1~ (nNk .
Y fu(zn — nNET) = - S fi <nT) Q2minan_k

That can be summarized by the Fourier transform

1 Nk
Yo (ZN—k — TLN]{?T) E) Yo (TVN_k — TLN]{?) ~ T by (VN—k - HT)

of Dirac distributions which is periodic [Rod] while the nonperiodic transform ®; would
lead to:

® 1 nNk
%6(VN_k—nNkT) —L> %mﬂ(SN_k+—W)
where 3| sy_p, — T would be the nonperiodic equivalent of the Dirac distribution

( nNk)
1) UN—k — T .

The nonperiodicity of ®; (resp. ®gr) can then be evaluated from the map
of the unique period T of fi(zn—_k) (resp. fr(zx_)), or more exactly Tn

associated with one space quantum, to the set {1/T(")}:°:1 of inverse periods,

oo
i.e. unit periods, or more exactly {1/T1(\,n_)k} associated with the energies

n=1
of one space quantum on the different packets “n” [Pie8]. "

3.2 Corollary

If k=2 and N =1 (pseudounramified case), let the weight 2 cusp biform fo(zh_1) ®p
fo(zn=1) be reduced to the double global elliptic bisemimodule

ELLIP . (1,n) = z (2A"(1,n) €72 @p 2\ (1, n) €*7")
where, according to sections 2.7 and [Piel]:
N (1,n) = 4n? rzelR.
Then, the nonperiodic map

br®p Py : ELLIPg«r(1,n) — C(r(s—) ®p (r(st)
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sends the global elliptic bisemimodule ELLIP gy, (1,n) into the (diagonal) product (g(s_)

®p (r(sy) of the classical zeta functions:
Cr(s_)=Xn*, s_.=o0—ir, and Co(sp)=En"t, s, =o0+ir.

The nonperiodicity of ®; (resp. ®r) can then be evaluated from the Gaussian

distribution of the consecutive spacings 67, = ¥n+1—7» between the nontrivial
zeros of Cr(s—), ¢r(s+) and ((s).

Proof: Referring to [Pie8], the kernel Ker[®r ®p @] of (Pr®p P1) maps the product,
right by left, of degeneracies of (2A"(1,n) e=2™"* @p 2\ (1,n) €*™) into the product
“4n?” of the trivial zeros of (r(s_) and (r(sy). And, these products of trivial zeros are
mapped into the products of the corresponding pairs of nontrivial zeros under the action
of Dyy2.42 €42 which is a coset representative of the Lie bisemialgebra of the decompo-
sition (bisemi)group restricted to 4n?: this corresponds to the solution of the Riemann
hypothesis [Piel].

So, the consecutive spacings v, = Yn4+1 — ¥n between the nontrivial zeros of
¢(s) are the energies of one free transcendental quantum in subsemilattices of
(n + 1) quanta as proved in [Pie8].

As the energies 90+, vary from one level “n” to another, for example “n + j5”
the zeta functions (r(s_) and (r(sy) are non periodic, which is also the case for
the map & ®p Py, . "

3.3 Theta series

Let Q(r) = (n,n) = § Sal) n? be a Z-valued positive definite quadratic form on Z*
reduced to its diagonzil_lfgrm which is always possible.

As envisaged classically [Ser], the diagonal terms a') of the matrix A of rank (t x k),
1<n<t< oo, 1<1i <k, areequal to 1 and the n; € Z are the generators of
Z-subsemilattices {A(Zm [n]} in the Poincare upper half plane.

From the quadratic form ((n), we introduce the theta series ©(zn_) by:

Ozn) =X X(gn)7 ', 1<n<t, 1<i<k,
k 271 n2z
=Y Xe (§ ' N) , 2y being a point of period N,
i=1n
= ¥ 2 ANk zZn_k being a point of period (N x k) |
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or, more generally as suggested by D. Zagier in [Zag]:

@a,b(zN—k) . 6Z7”("+a)2ZN—k S e2mb(n?+a2) ’ Cl,,b c Qk .
n+a =1
3.4 Theta series as real analytic modular forms

Let ©p2p2(2n—k) = X dnk/2 2N EN-k be q theta series introduced from the quadratic form

i) 2
%arm n; .

Q(n) =

I o

i=1

Then, Op2i2(2n—k) @5 a real analytic form of weight k/2, in one-to-one correspondence

with the weight k modular form fr(zn—k) = 3 cnr 4Ny -

Proof: Let

felzn—i) = X Cok G-k

be a (left) cusp form of weight k& and level N such that, in gy_p = €>™*N-+  zy_, is a
point of order (N x k) according to proposition 1.15.
Assume that the theta series ©,,2/9(2n—x) originates from the cusp form fi(2y_x) by the
map:

fOin : fe(zn—r) — ®n2k/2(ZN—k>

in such a way that the two-dimensional semitori c,r gy _, , of which generators
are two semicircles at n transcendental quanta (see proposition 1.9), are sent
into semicircles d /2 e?™i"’Tn-k/2 gt m? transcendental quanta by the bijective

maps:
) o,
T — cpr - Cpp €2FIEN-E dni /2 e>™IN N —k/2 | Vn,

at the condition that the complex point of order (k X IN) be sent into the
k

real point xn_j/2 of order (5 X N) , i.e. that, in z2ny_r = TN_k/2 + 1YN—k/2
1Yn—r/2 — 0 which is suggested in [D-S].

As fr(zy_x) is a modular form of weight k, generated from the k-dimensional geomet-
ric cusp form II(GLy/(F,)) according to sections 2.7 and 2.3, and as the theta series
On2k/2(2n—k) results from fi.(zy_x) by the isomorphic maps {1" — cni}y stretching two-
dimensional semitori into semicircles, ©,2;/2(2y—x) is a modular form of weight k/2 since

the maps T — ¢, divide the geometric dimension by two. "
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3.5 Proposition

Let fr(zn—k) = X Caok qN_i be a cusp form of weight k and level N .
Let

®’ﬂ2]€/2(zN—k‘/2) — Zdnk/Q 627'('in22N7k/2
be a theta series generated from fi(zy_x) by the bijective maps {T — Cux}n -
Let

ELLIP;5(2,n,m,) = £ 8 Aja(1,n,my,) eFmmnon-k/2

be the global elliptic semimodule covering the cusp form fi(zn_k) -

Then, we have the following commutative diagram:
JELkn

fr(zn—k) ELLIP:/2(2,n,my)

FOrn N\~ - ©ELjy

Onz2(2N—k/2)

in such a way that OELyy = fOy o fEL_y be a bijective map.
Proof: The map
@ELkN : @nzk/2(ZN—k/2) — ELLIPk/Q(Q, n, mn)

sends semicircles of ©,2y/2(2n—r/2) at (g X n)2 transcendental quanta into semicircles of
ELLIP/5(2,n,m,) at (n X g) transcendental quanta.

As fELpy and fO,y are bijective maps, OFELgy is clearly bijective, reorganizing the
transcendental quanta of the theta series ©,2j2(2n—_g/2) according to the underlying
Z/NZ—subsemilattices of On2p/2(2n-k2) and ELLIPy/9(2,n,my):

k k
(AP, {(AS) [n]}n
OELy N
On2p2(2N—k/2) ELLIP/2(2,n,my) "

3.6 Locally compact global elliptic semimodule

Assume that the compact two-dimensional global elliptic semimodule ELLIP, (2,n,m,,)
of weight 1 and level N covering the weight 2 cusp form f5(2x_2) is transformed by the
map:

C — Lepy, © ELLIPy, (2,n,m,) —  ELLIPY9(1,0,m,)
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into the locally compact one-dimensional global elliptic semimodule ELLIP%C)(I, n,my) in
such a way that the m,, - semicircles {\1, (2,n,m,) e*™"mneN-21_ of ELLIPy, (2,n,m,),
covering compactly the n-th semitorus of fs(zy_2), are no more connected.

Thus, ELLIPgﬁC)(l,n,mn) becomes one-dimensional and its weight, related to the geo-
metric dimension, can be considered as being 1 - ELLIP%C)(I,TL, m,) is then a modular
form of weight 1 and will be written according to ELLIPgiC)(l, n,my) .

So, we have the commutative diagram:

fa(2n-2)

ELLIP, (2,7, m,) ELLIP{*9(1,n,m,)

N 2 -~

@n21/2(ZN—1/2)

3.7 Proposition (The Theta series of weight 1/2)
@”21/2(ZN—1/2> — %dnl/z 627”'”255N71/2

is generated either from the weight 2 modular form fy(zy_2) or from the weight 1 real
analytic modular form ELLIP{

1, (1I,n,my,) .

Proof: This results directly from the commutative diagram of section 3.6 by taking into
account that the locally compact modular form of weight 1: ELLIPgiC)(l, n,my,) covers

the weight 2 cusp form fo(zy_2). "

3.8 Remark (Classical approach of modular forms of weight 1/2)

This way of generating modular forms of weight 1/2 generalizes the classical approach
of G. Shimura [Shi] and J.P. Serre [Ser] in which it is proved that every modular form of

weight 1/2 on I';(N) is a linear combination of theta series with characters.

3.9 Weak Maass forms: a quick review

Maass forms [Maa] of weight 2, now called generally weak Maass forms, are functions

SVM(2), on the Poincare upper half plane, equipped with the Riemannian metric ds® =

da?+dy® and being modular under the action of SL(2, Z) implying that

az+b
() = v esies).

45



FJVM (%) has a Fourier series expansion of the form [Bool:
M () = 5 A(n) y Kir(2mny) cos(2mnx) z=x+1y,
n=1

where K;,.(2mny) is the classical Bessel function, and is an eigenfunction of the hyperbolic

Laplace operator A = 3?2 % + %) having eigenvalue % + 72,

The L-function associated with f;*(z) is the series L(f)'™,s) = 5 A(n) n™* converg-
n=1

ing for Re(s) > 1.

A weak Maass form of weight k on a subgroup I' C I'g(4) verifies [Onol]:

2%
YAz = (2)7 ez d)ff (V) for A= (2h) €T
where (g) is the extended Legendre symbol
and has a Fourier expansion of the type:
Y= 2 y(fimy) ¢+ X alfin) gt g=eF
n=ng n=ni

where ~(f,n;y) are functions in y and a(f,n) are complex numbers.

oo

> ~(fyn;y) g™ refers to the nonholomorphic part of fV(z) while
n—

no
ozo] a(f,n) g™ is its holomorphic part.
n=ni
As no explicit examples of the Maass forms are known at this day [Boo], a geometric
interpretation of weak Maass forms will be given to them in terms of modular
curves.

A first elementary fundamental remark is that, in the Fourier series expansion f;"(2) of

Yy

13 b

a weak Maass form, the “imaginary” dimension is lowered with respect to
the dimension “x” in z =z +1y.

Taking into account that the Fourier series expansion of a modular curve decomposes into
two-dimensional semitori {172 (anmiaz, d)},—;, ¢t < 0o, generated by two orthogonal semi-

circles referring to propositions 1.9, 1.10 and 2.8, we are led to the following proposition.

3.10 Proposition (Geometric interpretation of weak Maass forms)

The series expansion f)¥™(z) of a weak Maass form consists of a sum of two-

dimensional semitori {T2>(9(S. x efl,

)H t < oo, with elliptic cross

n=1"

sections eﬁif’n i such a way that:

e the elliptic section ef}zf,n 1s a bijective deformation of the semicircle S}ln generator

of the n -th semitorus T2 (apmia2, d) ~ St xS} of the modular curve (cusp form);
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e the equation of the ellipse eﬁéfvn corresponding to the circle Sclln having radius rg:
s given by:
zewy, =g (f cos2m(iy) + iesin 27 (iy))

where e and f are the half lengths of the axis of the ellipse eﬁif’n.

Proof: As the imaginary dimension “y” is lowered with respect to the dimension “x”,
the semicircular sections S; of the two-dimensional semitori Ts(anmldza d) are

transformed into semielliptic sections eﬂllif’n according to the bijective map:

Se : Sy — ell VnelN,

cfn
in such a way that:
1) the length (or area) of Sj is equal to the length of el},  ;

2) the number of transcendental quanta on Sj is equal to that on el .

The canonical equation

X34 Y?=f2 ¢
of the ellipse ef,  ,having the same length as the circle S, , is transformed under
the bijective map “Se” into:

f? 7“%1 cos? 2miy + € 7’?91 sin? 2miy = €2 f*
dn dn

or
Tgén (f? cos? 2miy + €2 sin® 2miy) = €2 f?
or

Zetes, = Ts1 (f cos2miy + i esin 27iy)

i X =rg cos2my,
by the change of variables dn
Y =rg sin2my,

where:

e the “imaginary angle” iy refers to a circle localized in a plane orthogonal to the
circle S} [Pie2];

e ¢ and f are the half lengths of the axis of the ellipse e/f! - "
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3.11 Proposition (Holomorphic and nonholomorphic part of the

new series expansion of a weak Maass form)

Let
2 M(z) = % [(Tsin (f cos 2mn(iy) + e sin 27m(iy))> X (Tsén ezmm>]
- %Ti’(ez) (Se.s €lern)

be the new series expansion of the weak Maass form f)V™(z) of weight 2.
If

f2VVM,hol(z) — EC(’I’L) eZﬂ'inz ,
n

where c(n) = rs1 X rga denotes the holomorphic part of the “Fourier”

dn,inscr

series expansion of f)VM(z) in such a way that

1 _ 2min(iy)
dninscr — T'sl €

dn ,inscr

be the equation of the circle inscribed in the elliptic eﬁéf,n ,

then, the nonholomorphic part f," """ (2) of the weak Maass form fJVM(z),

is given by:

W M ,nonhol 2,(el 1 1 2mi
2 (Z) = ETTL (e )(San7 efefn) - <Tsl X Tsé " cr> esmInz
n ’ n an n,inscr

and corresponds to the shadow of f)VM(z).

Proof: As the new series expansion of the weak Maass form f;"%(z) is the sum, over

the integers n € IN, of the products of the equation of the circle S;n over “x” by the

(13

equation of the ellipse eﬁifm over “i-y”, which is a bijection with the equation of the

circle having as radius sy it appears clearly that the holomorphic part f2W M’hOl(z) of

5"M(2) must be given by

W M, hol : - ‘
) ,ho (Z) =) rg1 627'('Z7L£E X rar eQTK‘Zn(Zy) =¥ C(n) 627r7,nz
n an dn ,incr "
where rg1 ™) s the equation of the circle inscribed in the ellipse ef}; .

So, the nonholomorphic part f;" """ (2) of fWM(z) will be given by the

series expansion:
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2VVM,nonhol (Z)

= %Tsy(eg)(sin’ egéﬂn) _ %C(n) e27rinz
= % [S;n X (eeif,n - Sclln,incr)}

= {ngn p2mine o [(rscll (f cos 2miy + iesin 2m’y)> — (7"55 _ eQWin(iy))]}

which clearly corresponds to the nonholomorphic part 02(]) v(f,n;y) ¢ of the Fourier

n=ng
expansion of the weak Maass form f;"*(z) as developed in section 3.9.

This nonholomorphic part f3’ """ (%) is then the “shadow” of the weak Maass form

WM () with respect to its holomorphic part fy " (z)

in the sense that the shadow
introduced for describing the Mock modular forms [Zag] is a unary theta series of weight
3/2,i.e. afunction of the form »e(n)n ¢"™* with x € @ and ¢ and odd periodic function.

W M ,nonhol (Z) can be

Taking into account propositions 3.4 and 3.5, it can be shown that f,

transformed in such a unary theta series of weight 3/2. n

3.12 Weak Maass forms of weight £ and level N

Referring to proposition 1.14 and section 2.7, we infer that the weak Maass form
WVM(z) of weight 2 and level 1 can be extended to the weak Maas form
FVM(zn_i) of weight k and level N defined by the series:

WM (i)

=y Ti,(ef) (Sl 661 )

a‘nN,k/27 6f7nN7k/2

= % |:<Tsénk/2 (f cos2mn(iy) N—k/2) + iesin 27m(iy)N/2)) X g1 e2™NTN —k/2

n—k/2

1
ann_k/2

of weight k/2 and level N

i.e. by the sum over the integers n of two-dimensional semitori Ti’(ee)(S

1
ezef,nN_

where:

k/2) with elliptic cross sections eﬁif PN k)2
AN

. LTS e*mMIN-k/2 is the equation of a semicircle over “27 at (a x k/2)

MN—k/2 An—k/2

transcendental quanta with radius rg and real points wy_i/p of order (N x
An—k/2

k/2), n=ad;
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1 _
® lefnn i = "
ellipse over “i-y” at (d x k/2) transcendental quanta with rg being the
n—k/2
1

[43 kM 3
efmn_n, A0d “real” points

(f cos2mn(iyn—_k/2) + tesin 2mn(iyn_r/2)) is the equation of an

radius of the circle in one-to-one correspondence with e/l
“iyn—_gs2” of order (N x k/2).

3.13 Proposition

The weak Maass form fV™(zn_i) of weight k and level N defined by the
series:
M (zn_i) = R T2 (SE ,el! )

n TN _k/2 efsnN—k/

is:
a) periodic;

b) holomorphic and weakly modular.

Proof:

a) fIVM(zy_;) is periodic because it verifies:
fi M (enoi) = B (v + 1)

b) f¥M(zn_k) is holomorphic but not modular with respect to the elliptic

cross section ef! deviation from circularity. On the other hand, the

ef;nN_k/2

. 2.(el) .
circle factor S, of T2 is modular.
NN _k/2

Consequently, fVM(zy_;) will be said to be weakly modular, the modularity given
by:

azn_r+0b "
v M (m) = "M (zn-p) for (¢5) e SL(2,Z) .

Remark that the modularity can be checked by using the formula:

cos (a - b) = = (exp(iab) + exp(—iab)) = = ((expia)’ + (exp —ia)")

N =
N | —

and
cos (¢) = 3 ((exp(ia)"/* + (exp —ia)'/?) . .
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3.14 Generalized weak Maass forms: Elliptic forms

The weak Maass form ™ (zn_j) of weight k and level IV, having a decomposi-
tion into the sum over the n sublattices, 1 < n < oo, of two-dimensional semitori Tg’(e@
with elliptic cross section, can be generalized to elliptic forms of weight k and
level N introduced as having a decomposition into the sum over n sublattices
of surfaces of revolution of (semi)ellipses rotating around ellipses instead of
circles as for the weak Maass forms.

Thus, a two-dimensional elliptic form fFY(zn_j) of weight k and level N will
be defined by the series:

fit(enx) = S BLY el el )

—k/2 ’ € efvank/2

=Y [(rsé e (bcos 2mnaN_k)2 + tasin 27ran_k/2)>

dnfk/2

X (7*31 (f cos2mn(iyn_k/2) + tesin 27m(in_k/2)))}

where:
° EL?L’(EZ)(‘%%L() ,eféfn ) is the m-th surface of revolution of the ellipse
N —k/2 MN—k/2
elesn rotating around the ellipse el :
MUN—k /2 Nk

e the equation of the ellipse ef’, ) is given by:
"N—k/2

6€abnN,k/2 =TSt (bcos 2mna N _k/2 + 1aSin 2TnTN_j/2)

with rg1 ) being the radius of the circle in bijection with efl, ) referring to
n—k/2 "N—k/2

section 3.12 and xy_k/2 being a point or order (N x k/2).

The elliptic form fF%(zn_i), defined over a doubly periodic lattice, is thus an
elliptic function characterized by four parameters “a, b, e, f” which are the

half lengths of the axis of the two ellipses ef;, and ef!

N—k/2 e.fanN—k/2 ’

3.15 Proposition

Let fe(zn_r), fI"M(zn_k) and fEE(zy_i) be respectively a cusp form, a weak Maass
form and an elliptic form of weight k and level N .
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Then the commutative diagram

Je(zn—) fIZVM(ZN—k)
S ~
P (an—r)

indicates the possible transformation of one of these forms into another.

Proof: The above commutative diagram results from the one-to-one correspondence be-

tween these forms referring to proposition 3.10. .

3.16 Mock Theta functions of Ramanujan: A brief synthesis

Each of the 17 Ramanujan’s theta functions belongs to one of the three families of functions:

a) Lerch sums,
b) quotients of binary theta series by unary theta series,

c¢) Fourier coefficients of Jacobi forms,

as discovered by S. Zwegers [Zwe].

These theta functions are ¢-hypergeometric series of the form ¥ A,(q), A.(q) € Qq).
n=0

The first of these is:

n2

X q
=y .
1) n=0 (1+¢2)...(1+q")?
Each Ramanujan theta function is a Mock theta function given by the g-series

H(q) = n§>)0 a, q" in such a way that q* H(q), A € Q, be a Mock modular

form of weight 1/2 whose shadow is a unary theta series of weight 3/2 given
by a function of the form Ye(n) n ¢, K € Q , where £(n) is an odd periodic function.
A Mock theta functionnis thus a Mock modular form of weight k of the space
M, of such forms extending the space M of classical modular forms of weight
k and characterized by a shadow g = S[h] which is a modular form of weight (2 —k).
Zagier then deduced that the Ramanujan’s Mock theta function H(gq) acquire

modularity after carrying out the following three steps [Zag]:
a) multiply H(q) by a rational power ¢* of ¢;
b) change the variable ¢ = €™ by 7, setting h(7) = €2™*™ H(e*™i7)
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¢) add a nonholomorphic correction term ¢*(7) to h(7) in such a way that ﬁ(T) =
h(T) + ¢g*(7) transforms like a modular form of weight 1/2 with ¢*(7) associated
to a theta series g(7) = ¥ n ¢ being a modular form of weight 3/2 and the

nezZ+d
shadow of A(T).

Finally, it appears that the space M, of Mock theta functions is in one-to-one correspon-
dence with the space Mk of weak Maas forms.

Having proposed in the preceding sections a geometric and algebraic approach to theta
series and weak Maass forms, we will try to give in the next proposition a geometric
interpretation of Ramanujan’s theta functions transformed into Mock theta

functions related to weak Maass forms.

3.17 Proposition (Connection of Ramanujan Theta functions
with weak Maass forms, modular forms and global ellip-

tic semimodules)

Let My 5 « H(qg) — ﬁ(T) denote the map corresponding to the three step sequence
recalled in section 3.16 and transforming each Ramanujan theta function H(q) into a
Mock modular form /H(T) of weight 1/2 characterized by a shadow g*(7) being a modular
form of weight 3/2.

Then, the map My 5 corresponds to the composition of maps (./\/lfzvvzw;;Loz_)A o

h
MH_”CW]\/I;hol) of the commutative diagram:
2

MELLIP= £y

ELLIPY """ (2 0, m,,) ELLIP:, (2,1, m,,) «—————— fo(712)

~

M = y
f‘;/VJ\/I,holHELLIPW]M,hol M; L ELLIP Mféu—>f2 !

M W M, hol

M v
H—f. h—f
2 W M, hol 2
2

(1) 2 (T1-2)

H(q)

M WM, kot )
WMol ;WM

2 M (11o0)
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where:

o fIVMOl(r L) is the holomorphic part of the weak Maass form f¥™(r_y) of the

space K/I@ of weight 2 and level 1;

o fM(7_y) is the Mock modular form of weight 2 and level 1 of the space My ex-
tending the space SL(2,1) of classical (or Weil) modular forms fo(mi_2) of weight
2 and level 1;

e ELLIPy, (2,n,m,) and ELLIPY *"(2,n,m,) are the global elliptic semimodules of

weight 1 and level 1 covering respectively the modular forms fo(m_2) and
2VVM,hol(7_l_2) i

. MH_>f2W1\/I,hol and Mf;vM,hoz_)ﬁ are the maps respectively of the steps ((a) — b) and
c)) of the three-step sequence recalled in section 3.16;

° M3—>f2M is the covering map of the Mock modular form ﬁ(T) of weight 1/2 and
level 1 by the Mock modular form fM(71_5) of weight 2 and level 1,

i such a way that:

a) the nonholomorphic part f," "™ (7, _,) of the weak Maass form f¥M(1;_,)

corresponds to the shadow g*(7) of the Mock modular form fAL(T) ;

b) the spaces My of Mock theta functions /f\L(T) and |]\/4\|2 of weak Maass forms f}Y™M(1_s)

are 1somorphic;

¢) the bijective map M; o p ¢ h(t) = ELLIPy, (2,n,m,) is an extension of the
bijective map:

. W M ,hol ~ W M ,hol
Mf;/VM,hol_)ELLIP : 2 (T1_2> — ELLIPlL (2, n, mn)

by the shadow /H(T) .

Proof: The map

MH_>f2VVM,hol : H(q) — 2VVM,hol(7_1_2) ,
corresponding to the steps a) and b) of section 3.16, transforms each Ramanujan’s ¢-

hypergeometric series H(q) = Y a, ¢" into a holomorphic function which may be the

holomorphic part fy' "(1,_,) of a weak Maass form fYM(ry_,) of weight 2 and level

1, referring to proposition 3.10.
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Then, the map

MfQVVM,hoL_)E : 2WM’hOl(T _2) — h(T)
corresponds to the map
MfQVVA{,hol%fz‘/VM : 2WM7hOl(7'1_2) N f2WM(7_1_2>

extending f2W M’M(ﬁ_g) by the shadow ¢*(7) which may be the nonholomorphic part

JVMmenhol( ) of the weak Maass form f3V™(r,_y) according to proposition 3.11.
It then results that the global elliptic semimodule ELLIPy, (2, n,m,), covering h(tr), is
an extension by the shadow ¢*(7) of the global elliptic semimodule ELLIP‘{ZM’M(Q, n, mp)
: W M, hol
covering f, (T1-2)
And, thus, the spaces M; of Mock theta functions h(7), which are real analytic modu-
lar forms [Wat], and M, of weak Maass forms f3"(r;_5) are isomorphic (see proposi-

tion 3.7). n

3.18 Corollary (Mock modular forms of weight &)

The weight 2 case of Mock modular forms studied in proposition 3.17 can be easily gen-
eralized to the weight k by considering that the shadow of weight (2 — k) of a Mock
modular form of weight k corresponds to the nonholomorphic part of a weak Maass form
MW (1) of weight k and level 1.

3.19 Partitions of n and Dyson’s rank

In order to provide a combinatorial explanation of Ramanujan’s congruence for the number

of partitions p(n) of an integer n [B-O1] of which generating function is

) 1

X p(n) " =T — ol

F. Dyson [Dys] introduced the rank of a partition defined to be its largest part
minus the number of its parts.
In this respect, let N(n,m) denote the number of partitions of n having rank m congruent
to rmods.
The generating function giving the number of partitions of n with rank m is:
o] +00
R(w,q) = 21 X N(n,m)w™q"

143 4

T w1 -wTgm)

n2

=1

=F
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where w =¢

2miz/s i g s-th root of unity.

According to D. Zagier [Zag], knowing the functions n — N(n,m) for all r (mods) is

equivalent to knowing the specializations of R(w;q) to all s-th root of unity w. For

w=—1, R(w,q) specializes to the first Ramanujan’s Mock theta function f(q) given in

section 3.16. Bringmann and Ono [B-O2] generalize this to other roots of unity.

3.20 Proposition (Partitions of quanta in Ramanujan’s Theta

functions)

Let R(w,q) be the partition function specializing to the (17) Ramanujan’s Mock theta
functions H(q) of weight 1/2 and level 1.

As N(n,m) denotes the number of partitions of n'® transcendental quanta, it follows

that:

1)

2)
3)

4)

the Dyson’s rank m of a partition of n must be the order of the maximal
Galois sub(bisemi)group associated with the considered transcendental

biextension minus the number of Galois sub(bisemi)groups;

m

w™ 1is a phase factor related to N(n,m);

N(n,m) X nu may be the multiplicity of the n-th global elliptic sub-
semimodule ELLIP,, (1,n) covering the n-th term of the Ramanujan’s
Mock theta function H(q) specialized from R(w;q) where nu is the number of

nonunits of Galois extensions;

there is a map:
Mg H(q) —  fa(mi-2)

from the theta function H(q) to the corresponding Hecke cusp form fa(mi_2) of

™ maps into the n-th

weight 2 and level 1 in such a way that N(n,m) w
coefficient c,» (being a global Hecke character) of the cusp form fo(mi_2) =

n
Y Cp2 - q,_,-
n

Proof:

1)

As the integer n in the Mock theta series refers to the n-th ZZ-sublattice (see
proposition 1.7) of the cusp form fy(7_5) extending H(q), as developed in proposi-
tion 3.17, and as fo(71_2) is generated from the Weil (or Galois) group W accord-
ing to section 2.2 by means of a Langlands global correspondence (see section 2.5),

it (i.e. the integer n ) must correspond to the order of a Weil (or Galois) subgroup.
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Taking into account the definition of the rank m of a partition of n, it is clear that
the largest part of partition is the order of the maximal Galois sub(bisemi)-
group associated with the considered partition and that the number of
parts of the partition is the number of intermediate Galois (or Weil)

sub(bisemi)groups.

2) Referring to the diagram of proposition 3.17, we see that the global elliptic semimod-
ule ELLIPKM’hOI(Q,n, my) covers the holomorphic part fy' " (7_y) of the weak

Maass form f3V™(7;_5) and thus also H(q).

Then, (N(n,m)xnu) must refer to the multiplicity “m,, ” of the n-th global elliptic
subsemimodule
ellip;, (1,n) = % A\ (1 or 2,n) 2T iNmy 211

according to section 2.7.

. in contrast with the result of proposition 2.8 referring to the multiplicity with respect
to Hecke cusp forms in the sense of:

3) the map
Mu_se) - H(g) — fa(mi2)
N(n,m) w™ —  cupo, VnelN,

is such that N(n,m) w™ be sent into the n-th coefficient of fy(m_5) which is a

product of radii of two orthogonal circles (see proposition 1.9). .

3.21 The Tau function: A brief summary

The Ramanujan tau function is the function defined by:
» T(n) ¢" =q ﬁ (1—q¢")* = A(z), q=e"%, z=x+iy, y>0.
n=1 n=1
As we have the equality
A(z) =n(2)*
where 7n(z) = ¢'/* i (1 — q,) is the Dedekind’s eta function of weight 1/2 and level 1
n=1

due to transformation laws:

n(—=1/z) = (—iz)"? n(z) and n(z+1) = ™12 n(z) ,
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and as A(z) satisfies the symmetry condition:
A(—1/2) = 2 A(2) ,

A(z) is a modular form of weight 12 and level 1.
The coefficients 7(n) satisfy:

a) 7(nm)=r7(n) 7(m) if (n,m) =1,
b) (") =71(p) T(p") —p" T(P"), n>1,
c) |T(p)| <2 p*/%, ¥ prime

which is the Ramanujan’s conjecture proved by P. Deligne.
The 7(n) enjoy many congruence relations, for example:

7(n) = o11(n) mod 2™ for n = 1mod8 ,
and a very interesting one is:

7(n) = ¥ d'"'mod691

0<d|n

in such a way that the Eisenstein series

FEi5(q) = —Bia/24 + OZO ( ) dll) q,

n=1 \ 0<d|n

where
Bi2/24 = —691/65520 = 0 mod 691 ,

has the same Fourier expansion coeflicients as A(z) as analyzed by B. Mazur in [Maz].

The Dirichlet series associated with the Ramanujan tau function is:

1
L.(s)=11
( ) » 1 —T(p) p—s +p11_28

and the function (27)~° I'(s) L,(s) is invariant under the substitution s — 12 — s.
The Ramanujan tau function A(z) = 2 7(n) ¢" = q TI(1 — ¢")** is a generating function
on numbers of inverse partitions of quanta (corresponding perhaps to partitions in the dual

(semi)space with respect to the generating function

1
1—qgn

Yp(n) ¢" = il

n

of numbers of partitions p(n) of quanta as analyzed in section 3.19.
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Referring to proposition 3.20, the map
MA—>f<12> : A(z) — fa(z12-1)

from the tau function A(z) of weight 12 to the associated two-dimensional
(Hecke) Weil cusp form f3(z12_1) of weight 12 and level 1 will be studied in
the next proposition and proved to correspond to a map from this tau function
to a cusp form ¢(?(z;5_;) in 12 real dimensions and level 1 (on €°) which is
an orthogonal universal structure. This may be a clue to know how to compute the

congruence relations of 7(n).

3.22 Proposition (Universal (orthogonal) cusp form in dimension
2 and weight 12)
Let fo(z12-1) be a two-dimensional Weil cusp form of weight 12 and level 1.

Let
CPug—2 - ¢(12)(212—1) —  fa(z12-1)

be the map from the cusp form ¢ (z15_1) on ©° of level 1 projecting it into the two-

dimensional cusp form fa(z12_1) and satisfying the commutative diagram:

1o CP12)2
¢( )(2’12—1) f2(2’12—1)
N
4{\’ ]K\‘%
ZQQJ Y[\V
A(z)

Then, the two-dimensional cusp form f5(z12_1) of weight 12 and level 1 is a
universal “orthogonal” cusp form corresponding throughout Langlands global
correspondences to the sum of the cuspidal representations of six bilinear al-
gebraic semigroups generating three two-dimensional embedded toric bisem-

isheaves as well as their orthogonal equivalents according to:

6 ) = = CPRI
D 1= (GLL(FW XD Fw)) — f2(212—1)

1U2(GLg(Fs x p Fy,)) =
=1
where:

. H(zi)(GLli(ﬁw xp F,)), being the two-dimensional cuspidal representation of the
bilinear algebraic semigroup GLy,(Fz xp F,), is in one-to-one correspondence with

the two-dimensional cusp form fo,(z2-1) of weight 2 and level 1, 1 <i<6;
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o IIU(GLg(Fy xp F,)), being the twelve-dimensional cuspidal representation of

GL6(ﬁw XD fw) , is in one-to-one correspondence with the cusp form ¢ (z15_1).

This is summarized in the commutative diagram:

{I®)(GLy, (Fy xp Fu))}, M2 (GLg(Fg xp )

¢(12)(212—1)
CP12)52

{f2i(z2_1)}’?=1 fa(z12-1)

Proof:

1) Let {gbR(gg; n]) ® o1 (%) [n])}=% denote the set of two-dimensional bisections of
a bisemisheaf (M }({2 )(Fw) ® M f)(Fw)) of differentiable bifunctions constituting the
functional representation space FREPSP(GLy(Fy X F,)) of the bilinear algebraic
semigroup GL;(F5 x F,) over sets of complex transcendental extensions Fy and

E,.

Let (Ml(f)l(Fw) ® Mg)l(Fw)) be the orthogonal complement bisemisheaf of
(M (Fz) @ MY (F))

Degenerate singularities on these bisemisheaves can give rise, by versal deformations
and blowups of these, to one or two new covering bisemisheaves according to the

kind of considered singularities as developed in [Pie9], [Pie7].

If there are degenerate singularities of corank 1 and codimension 3 on these bisem-
isheaves, we get, after a process of versal deformations, blowups of these, desin-
gularizations and toroidal compactifications, the three shell embedded bisem-

isheaves:

I®)(GLy, (Fy x F,)) @ I (GLy, (Fy x F,)b)

v(1 )) @ H(24)(GL14(chov(1) X chov(l))J_)

C I®*)(GLy,(Fy,,, 0, X Fo

cov (1)

- H<25>(GL15(F%(2) x F

Weow(2)

)) @ H(26)(GL16(chov(2) X FwCOU(Q))J_)

where:
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2)

e TI)(GLy,(—x—)) is the cuspidal representation of the i-th bilinear (algebraic)
semigroup GLj,(— x —)), 1 <7 <6 in such a way that the sum of its conju-
gacy class representatives, which are products, right by left, of two-dimensional
semitori according to sections 2.6 to 2.8, is the two-dimensional cusp biform
fo,(z2-1) X fa,(20-1) of weight 2 and level 1 referring to sections 2.5 and 1.12;

o I1)(GLy,(Fy, . X F

ool weouny)) 18 the cuspidal representation of the blinear (al-

gebraic) semigroup constituting the first shell covering of T1?2(GLy,(Fy x F,))

with “ L7 referring to the orthogonal complement cuspidal representation.

Taking into account the Langlands global functoriality conjecture introduced in
[Pied], we have that the sum 2 1) (GLy,(Fyx F,)) of the six above cuspidal repre-

sentations is equal to the 12 dlmensmnal cuspidal representation I1'?)(GLg(Fy X p

F,)) of the bilinear (abstract) complex semigroup GLg(Fz Xp F,) .
Indeed, the Langlands global functoriality conjecture states that the 12-

dimensional cuspidal representation I1'?)(GLg(Fy X p F,,)) is nonorthogo-
nally reducible it if decomposes diagonally according to the direct sum of
irreducible cuspidal representations of the (algebraic) bilinear semigroups

GL4,(F5 X F,) and offdiagonally according to the direct sum

#?63:1(“(2 (GLy,(Fz)) x T (GLy, (F,))

of the (tensor) products of irreducible cuspidal representations of cross

(algebraic) linear semigroups
GLy, (Fy)) x (GLy,(F,)) = Tt (Fy) x Ty, (F) -

So,

'Y (GLg(Fy x E,)) = & 1) (GLy,(Fy X F,,))

z:l

'55:111(2 (GLy, (F5)) ® ) (GLy, ()

in such a way that, if 1% (GLg(Fy x E, )) is orthogonally completely reducible,
then the crossed cuspidal representations @ I13)(GLy, (F5)) ® 1% (GLy, (F,) are
i#j=1

equal to zero.

Taking into account the sum of the 12-dimensional cuspidal conjugacy class rep-

resentatives of 102 (GLg(Fy x F,,)), we get the 12-dimensional cusp biform
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¢ (2%, ) X ¢ (z12_1) of level 1 which, by the map CP2)_,2, sends
it into the two-dimensional cusp biform f>(2, ;) X f2(z12-1) of weight

12 and level 1 referring to propositions 1.14 and 1.17:

¢(12)(Z>1k2—1) XD ¢(12)(212—1)
CP12)2

f2(215-1) XD fa(z12-1)

Y(GLg(Fy xp F,))

f2(212—1)

As, by hypothesis, f2(z{y_1) X p fa(212-1) and f,(25_1) X p fo,(22-1) are diagonal cusp
biforms, they are in one-to-one correspondence respectively with their left equivalents

f2(212—1) and fzi(22—1)-
Then, we get the equality:

f2(212—1) = ié fzi (22—1)

resulting from the above commutative diagram and corresponding to the an-
nounced universal “orthogonal” cusp form f3(z12-1) in dimension 2,
weight 12 and level 1.

4) Finally, the map
M—l

Ag(2) o1 (212-1) —  Alz)

directly results from the maps
CP(12)—>2 : ¢(12)(2’12—1) — f2(212—1) and MA—>f(12) : A(Z) — f2(212—1) .

Then, A(z), defined by

A(z) = (n(2)")° = (¢"°11(1 - ¢")")°

n

i.e. by the 6-th power of (n(z))* which is a modular form of weight 2, is directly
related to a 12-dimensional cusp form ¢(?)(z;5_;) of level 1. .

3.23 Universal nonorthogonal bilinear cuspidal representations

The generalization of proposition 3.22 to universal “nonorthogonal” cuspidal representa-

tions including crossed cuspidal representations of interaction will now be envisaged.
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Referring to the Langlands functoriality conjecture [Pie4|, the bilinear cuspidal repre-
sentation T2 (GLg(Fy X F,,)) of the (algebraic) bilinear semigroup GLg(Fy X

F,) decomposes essentially according to:

(12) _ 5 e
"2 (GLg(Fy x F,)) = @ TI%)(GLy, (Fy xp F,))

rel im1

6
& II%)(GLy,(Fy)) ®op I®)(GLy, (F,))

i#j=1

where the second sum on the right hand side refers to crossed cuspidal representations
leading to a nonorthogonally reducible representation of 1112 (GLg(F, x F,)).
According to [Pie9], the six diagonal cuspidal representations I1(2)(GLy,(Fy X p
F,)), 1 < i < 6, correspond to an embedded three-shell universal physical
structure of space-time (“ST”), middle-ground (“MG”) and mass (“M ”):

H(21)(GLA191T(FU XD FU))T P H(ZQ)(GLflT(Fw XD Fw))s
C NN(GLYY (Fy xp F,))r & I%)(GLYC (F xp F))s

C (GLY (Fy xp F,))r @ TP (GLY (Fy xp Fu))s

in such a way that:

o IIW(GLYT(E, xp F,))r ~ II®)(GLy, (Fy xp F,)),
I02)(GLYC(Fy xp F,))r ~ I®)(GLy, (F; xp F,)),
and 11U (GLY (Fy xp F,))r ~ I®)(GLy, (F; xp F.)),
are the one-dimensional “time” diagonal cuspidal representations respec-

tively of the space-time, middle-ground and mass shells;

o NI)(GLYT (Fy xp F,))s, NN (GLYY(F; xp F,))s and II®)(GLY (F; xp F,))s
are similarly the two-dimensional “space” diagonal cuspidal representations

respectively of the space-time, middle-ground and mass shells.

In this context, the six relevant off diagonal or crossed cuspidal representations
1139 (GLy, (F,)) ®op 19 (GLy, (F,)), being interaction crossed cuspidal rep-
resentations I1%)(GLy,(Fy)) Qint 1139 (GLy, (F,)) , are for [Piel0]:

e 1 # 7 =1, 2 and 3 the crossed cuspidal representations of the interacting

fields respectively of the space-time, middle-ground and mass shells;
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e ¢ # 37 =4, 5 and 6 the interacting crossed cuspidal representations
between respectively the three different right and left semifields of the
“STpr — MGL”, “MGgr — Mp” and “STr — My ”, mixed shells:

H(24)(GL§?(FU))T Qint H(25) (GL%G(FU))S ’ H(25) (GL%G(Fﬁ))T Qint H(ZG)(GL%(FU))S
and 112 (GLET (Fy))r @i 1109 (GLY! (F,)) s

3.24 Proposition

The cross binary product

Slfala) < fala) = ($ 20 < (8 Al

=1

between the siz cusp biforms fo. (25 1) X fo,(20-1) of dimension 2, weight 2 and level 1
1s the image of the injective map:
. (12) 6 «
o 0 L (GLe(Fo x Fy))  — X (f2,(251) X fo,(22-1))
02— x =
from the relevant universal nonorthogonal bilinear cuspidal representation
H(lz)(GLG(Fg X F,)) decomposing into six relevant cuspidal representations

rel

of interaction by taking into account the section 3.23.

Proof: The cross binary product between cusp biforms was introduced in [Pie3] and
recalled in section 1.12.

The six diagonal cusp biforms { fo, (25_,)Xpf2,(22-1))}}_; are in one-to-one correspondence
with the six time and space diagonal cuspidal representations of the embedded three shell
universal physical structures ST, MG and M mentioned in section 3.23.

The thirty off diagonal bilinear cuspidal representations { fa,(25_1) Xop fa2,(22-1))}} 4j=1 T
duce by symmetry, ¢ > 7, to fifteen ones among which the six in one-to-one correspolr>1?ience
with the interacting crossed cuspidal representations taken into account in section 3.23 are
relevant. The other nine remaining off diagonal bilinear cuspidal representations are diago-
nal crossed cuspidal representations of gravitational fields between mixed shells ST — MG ,
ST—M and MG— M . Knowing that gravitational fields can be transformed into electro-
magnetic fields referring to [Piell], we understand why these off diagonal bilinear cuspidal

representations are not really relevant. "
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