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Abstract. In this work we construct the model of a skew—selfadjoint operator with a
simple spectrum acting on a Hilbert quaternion bimodule. This result is based on the
Spectral Theorem for a skew-selfadjoint operator. In the case of a bounded normal
operator this Spectral Theorem was announced in the report [3]. The more detailed
research was carried out in the paper [4].

In the same paper we pointed out that the given reasonings enable us to prove corre-
sponding results for a unbounded skew—selfadjoint operators too. Results of this article
essentially develop the resultsE] of the paper [I].
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INTRODUCTION

On the skew field of quaternions H and R—containing subfields of H. For reader’s
convenience recall some definitions and facts concerning quaternions.

The real quaternionic skew-field H is a four-dimensional associative division algebra
of a rank 4 over R with the basis {1,1, j, k} and multiplication rules

i?=-1 j2=-1 k*=-1
=k Jjk=1i ki=y
ji=—k kj=—i tk=—j
For any ¢ € H there exist unique qg, q1, 2, g3 € R such that ¢ = qo + q17 + ¢27 + g3k
(real representation of q). Also it is useful to deal with the vector form of quaternion
q = qo + ¢ where ¢ = q1i + q2J + g3k is the vector or imaginary part of q (if ¢ = ¢ then ¢
is called to be a vector or an imaginary quaternion).
For instance the vector form for the product of quaternions ¢ and p is nothing more
than the well-known formula of multiplication ¢p = qopo— (¢, p)+ ([cf, P+ pog+ qoﬁ). Here

!Note that since the issue of [I] investigations of spectral problems in infinite-dimensional Hilbert
(bi)modules were not carried out as far as we know. As it seems for us our papers [4, [5] are the first in
this row after [I].
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(+,-) is the usual scalar product and [-, -] is the vector product on the three-dimensional
space R(i, j, k) of vector quaternions. Conjugate of q is defined by § = qo — q17 — g2 — g3k
The map ¢ — ¢ is an involution on H, and ¢q = gq = Z?:o ¢ € R. One can define
the absolute value |q| of q by |q| = (qq)*/>.
algebra. An imaginary quaternion whose absolute value equals 1 is called an imaginary

Thus, we can consider H as a normed

unit. From this point of view one can consider the set of complex numbers C as a real
subalgebra of H: C = R(1,4). Inclusion C in H allows us to obtain the complez (or
symplectic) representation of a quaternion. Namely, for ¢ = qo + ¢1i + ¢2j + g3k we have
q = (qo + qi) + (g2 + q37)j = 21 + 22 where 2, 2, € C.

Often it is useful to restrict not oneself by choice of a concrete field; e.g. C. In fact
C is just a specimen of a field in H, which extends R. FEverywhere in this paper we
denote such a field by F. F is a commutative and associative division algebra over R; and
dimension of F is greater than 1. Hence by Frobenius theorem dimension of F equals 2;
and F is isomorphic to C.

A field F is uniquely determined by some nonreal quaternion. Indeed, let ¢ € F\ R.
Write down this quaternion in the vector form: ¢ = ¢y + ¢ Then we have
d=q—q € F\{0}. Let [ := %qf The vector system {1, f} is linear independent.
Hence it is a basis of F as a two—dimensional R—algebra. These arguments show that
any two nonreal elements of ' have proportional vector parts, and this condition is nec-
essary and sufficient for quaternions with the corresponding vector parts to commute.
Thus, we can characterize any subfield of H satisfying the above conditions as a set of all
quaternions commuting with some fixed nonreal quaternion. In addition this necessary
and sufficient condition implies possibility for a corresponding imaginary unit f to be
determined by F up to £1.

Consider now H as a real Euclidean space with dimension 4. Choose any normed
quaternion ¢ to be orthogonal to 1, f. Then we have ¢? = (¢,¢) = —1. The quater-
nion f¢ (= [f,¢]) is orthogonal to 1, f,¢; and fo = [f,¢] = —[¢, f] = —¢f. Hence
(f¢)? = —1. Thus, the system {1, f, ¢, f¢} is an R-basis of H; and this basis consists
of 1 and three imaginary units. This fact allows us to define the unique decomposi-
tion ¢ = qo + q1.f + ¢2¢ + g3 f¢ which implies an analogue of a complex decomposition
q=(q+qf)+(G+qf)p=u+up (uy, uy € F). Note that a corresponding quaternion
¢ for a field F is not uniquely determined.

Agreements and notations. In the paper we use substantially accepted notations.
Some notations we define as one goes along (e.g. Lin, Clos, p.H).

”Linear operator” in H-bimodule means a right—side linear operator. (All the results
presented here hold true if term ”"bimodule” one change by term ”right module”. Con-
sideration of precisely bimodules is connected with the tradition of our previous papers).

An operator of right multiplication Ryx = xq (v € H), ¢ € H, plays a significant
role in studying operators on quaternion bimodules (R, is not H-linear but it is F-linear
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where the field F is generated by ¢; see above). It is useful to emphasize the following
simple properties of an operator of right multiplication which we use throughout the paper
without any special comments: R,., = R, + Ry; Ryq = RyR,.

Note that an R-linear operator A is F-linear iff RfA = AR (f is an imaginary unit
generating F). F-linear operator A is H-linear iff RyA = AR,.

For further consideration we fix an imaginary unit f and a field F generated by f. In
conclusion note that all arguments concerning F-modules (orthogonality; etc.) copy the
corresponding ones for C-modules because of isometrical isomorphism@ between F and C.
In this case we use the corresponding notations Lg, @p; etc.

THE MODEL OF A SKEW—SELFADJOINT OPERATOR WITH A SIMPLE SPECTRUM

Spectral Theorem. The spectral theorem for a skew-—selfadjoint operator mentioned in
introduction can be written as follows.

Theorem 1. Let A be a skew—selfadjoint operator acting on a Hilbert quaternion bimodule
H (whose domain D(A) is dense in H), F be an R—containing subfield of H. Then there
exists a spectral measure E defined on the Borel o—algebra B(f,) (consisting of all Borel
subsets of the half-azxis £, = {7f | 7 = 0} ), skew—selfadjoint operator J commuting with
E and satisfying the condition J?> = —I such that the following equalities hold

D(A) = {heH| / g (E(dg)h, by < oo} 1)
or (A)
A= / R_,+JE(dq) . (2)

The integral in () is understood as a strong limit

Ah = lim |R_,sJE(dgq)h, h e D(A).

n—oo

[0,n.f]
We can determine
E Er(— 0
- ::{ 2(0) + Ex(—a), 0 ¢ a,

Er(e) + Es(—a) — Ex({0}), 0 € o (o € B(E,)) (3)

where Ef is a F-linear spectral measure defined on Borel subsets of the axis f = fR; i.e.
the spectral measure of A where A acts on H as on a F-module. The last is isometrically

2We pay reader’s attention to the following remarkable phenomenon arising in the quaternion theory
of functions and operators. This phenomenon is connected with the relation between such notions as
7equality” and ”isomorphism”. Although every such a field F is isomorphic to C and therefore it is "not
interesting” from the algebraic point of view nevertheless it is a unique ”"copy” of C in H. This fact
becomes crucial for analysis. In particular our theory of differentiability of functions of a quaternionic
variable ([2]) is based precisely on ”playing by” these properties.
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isomorphic to H as to a C-module, therefore, we can use the classical spectral theorem
for constructing Er. In addition, J and Ep are connected by the formula

J = Ry(Bs(£,) — Bx(£.) (4)

where f_ = {7f | 7 < 0} is the negative half-axis of F. Concerning (3)) note that
H-linearity of F is equivalent to validity of the equality

Ex(a)Ry = RyEr(—a) (o € B(f})). (5)
In particular, putting H* = Ep(f,)H we have the decomposition
H=H"op RyH". (6)

A skew—selfadjoint operator with a simple spectrum. Let A be a skew—selfadjoint
operator acting on a Hilbert quaternion bimodule H. By theorem [levery such an operator
determines the spectral measure E and the corresponding operator J commuting with F.

Denote by Z the set of all (bounded) intervals A of half-axis
f.; A=laf,bf]; a,beR; 0 < a<b.

Definition 1. A is called to be an operator with a simple spectrum if there exists a
generating vector g € H:

ClosLin{E(A)g | Ae€Z}=H (7)
(Lin is the (right-side) H-span, Clos is the H-norm closure).

A special generating vector. Now we prove the key fact for further consideration of
existence of a generating vector g with the property

Jg = Ryg. (8)
Let T = {T;}icr be a set of operators on H, g € H is a vector. Define
C(T,g9)=ClosLin{T;g |i€1}; Cp(T,g)=ClosLing{T;g|i€ I}
(Ling is the (right-side) F-span). The following properties are quite elementary:

Ce(T, g1+ g2) € Clos (Co(T, 91) + Co(T , 92)); 9)
C(T,g) = Clos (CF(T, g) + RsCr(T, g)) (10)

If the set T is closed respectively to the product of operators then we have
heCp(T,g9)=Ce(T,h) CCe(T,g9) (if Vi,jel T,T,€T) (11)

(the same is true for C(-,-)). Denote
E={E(A)|Ae T}, &={E(A)|AcT}

By use of (@) — (1)) the following relations can be easily derived from the properties of
a spectral measure:

Vge H Cp(&r,g) CHT; (12)
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ge HY = C(€,9) = Cr(&r, 9); (13)
Vge H C(E,Ryg) = RsC(E,9); (14)
h Lg CIF(£IF,9) = C]I?<51177 h + g) = C]F(&Fa h) Dr CIF(S]Fag)- (15)

Statement 1. Let A be an operator with a simple spectrum. Then there em’stfﬁ a gener-
ating vector g satisfying (8).

Proof. Let y be an arbitrary generating vector for A. Then we have
H=C(&,y). (16)
By (@) for some vectors y*, 2" € H" y=y" 4+ Ryxt. Denote
D =Cr(&r,yT), Xt =Cp(Er,a™). (17)

Then we have

@
Ce(E,y) C Clos (C(€,y™) +C(€, Ryae™)) B Clos(+ + R,XH).  (18)
Hence
R¢C]F(5, y) - CIOS<R¢QJ+ + %+) (19)
Furthermore,
(15), (I0) ,(T8), (T9)
H C Clos (VF + RyX+ + Ry * + x+) O (20)
= Clos (9" +X7) ®r Rg(DT + X)) = Clos(Y* + X7) @ Ry Clos(Y™ + XT);
then by (@), (2)
H* = Clos(9" + X7). (21)

Let v"™ be an F-orthogonal projection of the vector z* on H'T ©p X*; and
=0T +wt, wt e Xt Let g = yT +ov". Since g € HT; therefore, by ) ¢ sat-
isfies (8). Now we can easily prove that g is a generating vector. Denote B = Cp(E,v™T).

By ()
Cr(&,w™) CPT. (22)
Hence
D+ Xt =Yt 4 (&, vt + ) DYt £ Ut 1 Co(Er,wt) B 9t ap . (23)
On the other hand
B D g yt) B Cr(En,vt) B Ca(Ery™ + ) B CR(E, g). (24)
By (24), (I0), (@) we obtain H = C(€, g); i.e. g is a generating vector. O

3The main idea how to construct a special generating vector in statement [l is borrowed from the [
Prop. 5.2].
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Model. Further we assume that a generating vector g of a skew—selfadjoint operator A
with a simple spectrum satisfies ([I0]).
Consider the operator

(Qh)(A) = Ah(X)
acting on the H-bimodule L2(f,,H) of all square integrable by a measure o H-valued
functions on the half-axis f. Since the domain of @) is

DQ) = {hel? / A2 [BO)Po(d) < oo

therefore, by standard arguments one can show that @) is a skew—selfadjoint operator.

To find out the spectral measure EFr we use a slight modification of the stan-
dard algorithm which was considered in our paper [4]. In particular, for any inter-
val (af,bf), —oo < a < b < oo; and any function h from D(Q) which has the form
h(\) = hi(A\) + ho(\)¢ where hi(A), ha(A) € F we have

EIF(<af7 bf))hO‘) = X(ap) (=AL)h(A) + Xap) (Af)ha (V) =
= Xtafss) M (X) + X(-b.-ap) (A)h2(A) .
Then for any a € B(f)
Er(a@)h(A) = Xa(Mh1(A) + X-a(A)h2(N) 6.
Hence for o € B(£,\{0})
Ex(a)h(N) = xa(Nhi(N), Er(=a)h(A) = Xa(A)ha(N)¢;
and, finally,

where

By the equality
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By virtue of () and above formulae the corresponding operator J for ) has the form

(Jh)(A) = (h(A) = ha(A)@) -
(almost everywhere and except 0)
Define the step function

g\ =ap, Ae A= ((k=1)f kf), o € £.\{0},

with the condition Y |ax|?*0(Ax) < oco. This function generates @ in the sense of defi-
nition [l Indeed, the (right) quaternionic span of the set of functions E(A)g coincides
with the set of all finite step functions and this set is dense in LZ(f,,H). Note that
(Jg)(A) = axf, X\ € Ag;ie. Jg= Rsg. Briefly denote L2(f,, H) by L2.

Theorem 2. Let A be a skew-selfadjoint operator with a simple spectrum acting on a
Hilbert quaternion bimodule H, g be a generating vector, o(a) = (E(a)g, g) be a measure
defined on the o—algebra B(f). Then the map ® : L? — H determined by the integral

dh = /Rh()\)E(d)\)g,

i

sets an isometric isomorphism between L and H such that

Adh = /R)\h(A)E(dA)g.
£y
Proof. Denote
G={heH|3hel?: h= /Rh(A)E(dA)g} = 3()
i

(range of ®). Let A be an interval of f,. Then xya € L%; and
dxa - /E(dmng(A) — [B@ng = E@)s

Hence G is dense in H. Let h € G. Then hyw = ff E(dX)g, hYh()\). Since

(E(a)g, ) = / (E(a)g, E(dN)gh(\)) = / ROV(E(AN) E(a)g, g) =

£y £y

— A (E@Ng.9) = ROV

« «

therefore,

MH—/m Eo(dA) = (hN), h(N))zz.
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Thus, ® isometrically maps the dense subset of L2 onto a dense subset of G. Density of
L2 yields closedness of G. Hence G = H; and @ is an unitary operator.

Next prove the second part of the theorem. Let h be a finite function from L2 with a
support [af, bf]; ﬁ = ff+ Ry E(dN)g. To prove that he D(A) we consider the integral

ff IAP(E(dN) h, h) Since

(E(a)h,h) = / o) (E(a)h, E(dv)g) = / () (h, E(a) E(dv)g) = / R() (h, E(dv)g)

fi fy @
and
(. E(9)g) = [(E(de)g. E@a)h(e) = [(E().9)h() = [ o(acine)
i B B
therefore,
a)h, h) = / \h(v) 2o (dv).
Hence

/m?wwﬁﬁ /w B 2o (dN) /m A 2o (d) <
i

[af,bf]
Further, for any vector h = ®h € D(A) Ah = ff+R_,\fJE(d)\)h. Since

B(@)h = [ E(@)Ruu Eld)g = [Ru E@) E(dr)g = [Ruco Bl

f+ f+ «

therefore, by linearity of R_,; and J; and commutativity of J and E we have

Ah = / R_xsJ Ry E(dN)g = / Ry RoxrE(dN)Jg = / Ry RoarE(dA) Rrg =

£ £ £

= /Rh(A)R)\E(d)\)g :/Rkh(A)E(d)\)g.

£ £y

OJ

Thus, on the set of finite functions from L2 the equality A® = ®Q holds true (or, in
other words, A = PQP~!). As a consequence we obtain the main result of this paper.

Theorem 3. Any skew-selfadjoint operator with a simple spectrum acting on a Hilbert
quaternion bimodule is unitarily equivalent to the operator of left multiplication by an
independent variable on a functional bimodule L.
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