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1. Introduction

We present an update on our stufly [1] of tife— yy decay width using lattice QCD calcu-
lation of its off-shell amplitude. In the limit of masslesp and down quarks, the corresponding
amplitude is completely determined by the triangle anonf@l{g], which is valid to all orders in
perturbation theory[]4]. Once the quark mass is introdutteicorrection term arises, which can be
classified most conveniently in the effective field theognfiework [5[B]. The most recent analysis
based on the next-to-next-to-leading order chiral pedtimb theory including the isospin breaking
effect 7] quoted’ o, = 8.09(11) eV, which marginally agrees with the recent expental data
Moo,y = 7.82(22) eV [B]. The experimental error is expected to leiced by a factor of 2 in
the near future, and the improvement of the theoreticaligtied would become more important.
Presently, the theoretical estimate is limited by the lacknowledge of the low energy constants
in the effective theory, for which the lattice input is mostsdable.

We calculate the®® — y*y* (two photons are off-shell) amplitude in lattice QCD frone th
(PVuWy)-type three-point function in the momentum space. In ouviptes report [L], we showed
that ther® — y*y* amplitude calculated on the lattice using the overlap femformulation is
consistent with the expectation from the axial anomaly,clvlis 1/(41), after extrapolating to
the limit of on-shell photons and massless quarks. The apddrmion is most suitable for this
study, because it has an exact U(thiral symmetry at the Lagrangian level that is violated Hoy t
guantum effect. Namely, it has the same symmetry structsiia the continuum theory even at
finite lattice spacings.

We work on a two-flavor QCD ensemble of a®1632 lattice with the lattice cutoff Aa =
1.667(17) GeV[10]. Dynamical quarks are also describedhieyaverlap fermion. Topological
chargeQ in this ensemble is fixed & = 0, which is a source of the finite size effeft][11]. There
are four different quark massesy = 0.015, 0.025, 0.035, and 0.050 (in the lattice unit), which
cover the range between,/6 andms/2 with physical strange quark mass.

In the analysis presented last yefr [1], we used the naivewegeson dominance (VMD)
ansatz to fit the lattice data and to extrapolate to the lifroiheshell photons. In the present report,
we update this work including an analysis using other fumai forms motivated by the chiral
effective theories. We then present our preliminary refsulthe pion decay width.

Once ther® — y*y* amplitude is determined including its off-shell form fagtio may be used
to estimate the size of the light-by-light scattering citmition to the muorg — 2, which occurs
through a (probably dominant) virtual procegg — m° — y*y*.

2. ° — y*y* transition form factor

The ® — y*y* transition form factorf o, (p1, p2) is defined as a matrix element of two
electromagnetic (vector) currer\!§'\" between the pion state and the vacuum:

[ d*xadtoe P02 (10 Q MEM(PIVEM (1) [0) = Euvap PSS Froyy (PLP),  (2.1)
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wherep; andp, denotes the off-shell photon momenta and —p; — p>. On the lattice we extract
f0,-y+ (P1, P2) from a three-point function

GE\JV(PL Q) _ Z e—iQX—isz <2mq Pr°t3(x)VJ°° EM (y)villoc EM (O) >
Xy

= 2mqtr[r3Q§]< > eiQX‘PZVZReTrtsqm,x)rp<x,>/)sq<>/,y>vvsq<y,0)vu]>, (2.2)
XYy

where(---) denotes an ensemble averagg(x,y) represents the quark propagay,(m)—1(x,y)

for the overlap-Dirac operatd@,,(m) with the mass terrm. To achieve thé(a)-improvement of

the pseudoscalar density operal5#'3 contains the structurBp(x,y) = (1 — Doy(0)/Mo)ys(X,Y).

“tr" means a trace over flavor indices, and “Tr” representsaad over color and spinor indices.

The (Euclidean) four-momentg, P, and Q(= —P; — ) are those of two photons and a pion,

respectively. Their components are limited to discreteesi2m, /(L a), with the lattice spacing

aand the lattice sizeyy, = 16 andL; = 32. In obtaining the second line ¢f (R.2), we assumed that

the disconnected quark diagrams are negligible.

With the overlap fermion formulation, the (flavor non-sieiyl pseudo-scalar density opera-
tor P3(x) = q(X)t3y5[(1 — Dov(0)/Mo)q](X) satisfies the axial-Ward-Takahashi (AWT) identity
2mgP™'3 = g, A3 with the conserved axial-curred€y? [[[3], which we numerically confirmed.
For the electromagnetic curre\;ftf’CE'\’| we use a local current defined with the overlap fermion
field. The electromagnetic charge is assigne@as- diag{2/3e, —1/3e} for up and down quarks.

Because we use the sequential source method, we have tothrwewerlap-Dirac operator for
each choice oP,, which is inserted at the poigt We restrictP, to the cases that it has a non-zero
component only in the temporal directio; = (0,0,0,Px ), with v = 1. Then we construct the
three-point function by contracting the trace at the prinith a momentun® = —P; — P, inserted.

In order to minimize the numerical effort and the storageaige restrict; as

Py = (0,Pyy,0,0) whenu =3 or P = (0,0,P,,0) whenu =2, (2.3)

with all possible values d?,y andPy,. With these choices, we can pick up the non-zero components

of PiaPog€vap in (E-)
We then extract the form factdte,., (P1,P2) as

Q?Tm:?%fnoww(lal,laz) (2.4)
up to the contributions from excited states and discondegdiggrams. Saturation of the pseudo-
scalar channel by the pion field is quite accurate for smaftherta, because the first excited state,
called 17(1300 in PDG, is much heavier. We numerically confirmed this by logkat the two-
point function(PP) in the momentum space.

SinceP; andP; are defined in the Euclidean space-time, the on-shell dondi realized only
at the zero momentum for bofh andP.. In this limit, the three-point function trivially vaniske
and no information on the form factor could be extracted. Hteo to obtain the decay width,
we therefore have to work with slightly off-shell photonsdain extrapolate to the on-shell limit
assuming some functional form fdgo,., (P1, P2).

Flat(PlaPZ) = GZ\JV(PLQ)/ (Z PlaPZBsuvaB> =-
ap
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Figure 1: Vertices contribution to tha® — y*y* decay. The solid, double-line and waved lines show pion,
vector meson, and photon propagator, respectively.

3. Fit ansatz

For the form factorf ., (P1,P2), @ naive choice would be that of the vector dominance model
(VMD)
m 1

PR =~ e
T

Gy (P,mv )Gy (P2, my), (3.1)
whereGy (P,my) = mg /(P? + mg) with the vector meson mass,. In the limit of P, = P, = 0,
(B.3) reduces to M, which is the expectation of the anomaly valid in the massliesit. Note
that the above approximation is too naive as the same vali#et) is also obtained even at finite
quark mass, and so we clearly need modifications.

Apart from this limit, we expect some corrections. For snogglark mass and external mo-
menta, those can be described by the one-loop ChPT. A forfouthe cases of off-shell photons
is available in[13]. We slightly extend the formula by adgisome analytic term and use a function

FHeop M (1 P2 P2) = 14+ o (— () + (e PE) +I(E, PE)
T
25677 6411 P2 P2
I <P12+m$ ! P%+m%>y2
PEPZ
+ 2 2 Y3
(Pf +mg) (P +mg)

for —4r2F (P, P,)/(m2/(Q%+ m2)). (Namely,I (m2, P2, P2) becomes 1 in the massless and soft
photon limit.) Here, the first line in the above equation esponds to the one-loop corrections.
The tadpole diagram (Figufé 1(a)) and the vector-vectoretator diagram (Figurf] 1(b)) lead to
the following non-analytic functions

(3.2)

An(M?) = T In——Z 3.3
2] P? 2 1 P? 4 6?2
2\ _ < 2) T —1 o m
J(m2,P?) = 3 [—647120 { 1+1In 2 + 2otanh _a} 962 } , (3.4)

respectively, witho = /1+4m2/P2. The scaleu is the renormalization point that defines the
counter terms. We set = 775 MeV, the physicgb meson mass.
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Figure 2: Bubble diagram of pion loops. Symbols are the same as in 6urFiIIed circle shows the
tree-level vertex for ther- T scattering diagram.

The second and third lines df (B.2) define the analytic (omten) terms. Since the lowest
non-zero momenturﬁf ~ 0.43 GeV is already quite large to apply the one-loop ChPT formula,
we modify the analytic terms motivated by VMD. Namely, themewith a single vector meson
propagator (the forth term) represents the effective autiwn of the fornr®yp (Figure[l(c)), while
the last term represent®pw (Figure[l(d)). The parameteys, y» andys are to be determined by
a numerical fit of the lattice data.

Another fit form we attempted is that of a resummed pion lodjgain motivated by VMD,
we assume that the bubble diagrams shown in Fifjure 2 dontimateigher loop corrections and
eventually produce the vector meson pole after summed upn,Tdn expected functional form in
the channel corresponding to the rho meson would be

g PRR) — 1 D) — 2ot
T
L(rn72'[7 vazZ) L(rn72'[7 P22722) (3 5)
T 2L(nG, P2.20) | 1 2L(5, PE.2) '
Lt P.22) = 1 (3o + 905 72) ) + S, (36)
T

wherez; andz, are fit parameters.

4. Fitting results

Here we describe the fit of the lattice data.

In order to keep the external momenta as small as possiblegstrict the momentum range
to use, so that onlyaP;)? = 0.154 and 0039 < (aP)? < 0.154 are included. These correspond to
the lowestaP;)? and the lowest and second lowéaP,)? in the momentum assignmeifit (2.3). The
data points are plotted in Figufg 3 as a function of pion mgsared. The plot is normalized so
that the on-shell limit corresponds to 1 in the chiral linfto, we can see that the deviation from
that limit is quite significant (as large as50%).

By fitting the lattice data with the functionst'©°P+VMD (n2 P2 P2) and I'esuMmé, P2, P?),
we obtain the solid and dashed curves shown in Figure 3,ctieply. Here we input the measured
value ofmy from two-point function(VV) into I°oP*VMD (2 p2 P2y The naive VMD is also
plotted by thin dashed curves for comparison. In the plo¢ cen see that both fit curves with the
modified VMD show a better agreement with the lattice data the naive VMD does, especially
for the second lowest momentum.
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Figure3: n°® — y*y* transition form factor as a function of pion mass squaredfeRint symbol denotes
the different(aP,)?, and(aP;)? is fixed in the lowest value,.054. Thick solid and dashed curves are results
in fit function F100PHYMD gndrresumagpectively. Thin dashed curve shows the naive VMD resisitthe
comparison with them.

y1(=ws) Y2 Y3
1-loop + VMD —0.00030(20) GeV2 —0.0054(6) 1.65(48)
z1(=wg) 2

Resummation —0.00120(12) GeV?2 —0.0271(37) GeV?

Table 1: Fitting results with the functioii'°°P+VMP (m2 P2 P2) and with "sU"(m2, P2, PZ). y1(z) corre-
sponds to LECsys.

Fit parameters are listed in Talfle 1. A comparison with thenpmenological analysis in
[L3] is possible for the parameter controlling the pion mdspendencevs, which corresponds
to y1 andz; in our functional form. Unfortunately, we find a significariscrepancy betweew
andz;. This suggests that the extraction of the low energy cotssiarthe chiral effective theory
from our calculation suffers from large systematic errohaflis due to several possible reasons.
One of them appears to be due to the large momentum we tookdaft-shell photons to apply
the one-loop ChPT. we estimate this parametevas —0.0007523)(63) GeV~2, where the first
error is statistical the second error denotes the systeraatir coming from the ambiguity of the
fit function. The phenomenological work used a vale= 0.0131 [I3], which is an order of
magnitude larger than our result.

The ® — yy decay width is defined as

2
M0 fit iz

Moy = st%’ron-shel (4.1)



Two-photon decay af® from two-flavor lattice QCD E. Shintani

with QED fine structure constant = 1/137. Inserting the fitting results after takiRg = Pz = 0,
which is consistent with CHPT formula in on-shell two phottetay, we obtain
[ oy, = 7.98(6)(20) eV, (4.2

where the first error is statistical and the second is sydtemmiae. While the systematic uncertainty
is still rather large in our calculation, the result and itoeare compatible with the present world
average, 7.87(47) eVY][9], and also with the recent experiateesult 7.82(22) eV(]8].

5. Conclusions

Lattice calculation of the®® — y*y* decay amplitude is feasible for space-like momemta
p2 andg. We attempt a fit of the lattice data with the functional formetivated by the NLO
ChPT, from which we can in principle extract the low energystants in the effective theory.
With our current setup, however, the smallest non-zero nmbunme is already too large to safely
apply the NLO ChPT, so that we have to introduce some modetifurs to extend the ChPT form
to larger momenta. Our proposals partly motivated by théoveneson dominance ansatz describe
the lattice data very well, but are not an unique choice. €kalt for the physical decay width thus
has large systematic effect, but is already compatible @tlier estimates in the size of uncertainty.
An extension to larger lattices and an introduction of thisted boundary condition will improve
this situation a lot, which is a subject of future studies.

Numerical calculations are performed on IBM System Blue&®alution and Hitachi SR11000
at High Energy Accelerator Research Organization (KEK)anradsupport of its Large Scale Sim-
ulation Program (No. 09/10-09). This work is supported ley@rant-in-Aid of the Japanese Min-
istry of Education (No. 20105002, 21105508, 21764002, 2002, 22740183 ).
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