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Anisotropy of magnetic emulsions induced by magnetic and electric fields
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The anisotropy of magnetic emulsions induced by simultaneously acting electric and magnetic
fields is theoretically and experimentally investigated. Due to the anisotropy, the electric conduc-
tivity and magnetic permeability of a magnetic emulsion are no longer scalar coefficients, but are
tensors. The electric conductivity and magnetic permeability tensors of sufficiently diluted emulsions
in sufficiently weak electric and magnetic fields are found as functions of the electric and magnetic
intensity vectors. The theoretically predicted induced anisotropy was verified experimentally. The
experimental data are fitted in order to calculate the dimensions of the ellipsoidal drops of the
emulsion distorted by the electric and magnetic fields. The dependence of the calculated fitting
parameter on the intensity of the magnetic field is compared with the theoretical one. The results
of the analysis of the experimental data are discussed.
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FIG. 1: Microphotograph of a magnetic emulsion affected si-
multaneously by electric and magnetic fields (the sketch above
the microphotograph illustrates the orientations of the vectors
defined in subsection II.A)
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I. INTRODUCTION

A magnetic emulsion is an emulsion at least one phase
of which is a magnetic liquid (a close-up photograph of an
emulsion, dispersed phase of which is a magnetic liquid,
is presented in Fig. 1). Physical properties of magnetic
emulsions have peculiarities that are not characteristic
for homogeneous magnetic liquids. Drops of the dis-
persed phase of such emulsions form various structures
under action of sufficiently strong magnetic fields [1]–[5].
Under action of magnetic fields with lower intensity mag-
nitude, the drops deform, elongating along the intensity
vector (see, e.g., [6]). Electric fields [7], hydrodynamic
flows [8], and confined geometry [9] influence the defor-
mation of the drops in magnetic fields. The scope of the
present investigation is limited by simultaneous action of
magnetic and electric fields that does not lead to forma-
tion of structures.

The drops of the dispersed phase of a magnetic emul-
sion are spherical in the absence of electric and magnetic
fields. Electric and magnetic fields distort the shape of
the drops. The behavior of the drops in uniform constant
or alternating electric and magnetic fields with parallel
intensity vectors was investigated in [10]. The case of
constant electric and magnetic fields with non-parallel in-
tensity vectors was investigated in [11]. Due to the distor-
tion of the drops, magnetic emulsions become anisotropic
in applied electric and magnetic fields. The goal of the
present work is to investigate the anisotropy of magnetic
emulsions induced by simultaneously acting electric and
magnetic fields.

The case of diluted magnetic emulsions with weakly
distorted or ellipsoidal drops is theoretically investigated
in Sec. II. In Sec. III, the experimental investigation of
the induced anisotropy is described. Analysis of the ex-
perimental data is provided in Sec. IV. The results of the
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investigation are summarized and discussed in Sec. V.

In what follows, normal italic letters denote scalar
quantities, boldface italic letters denote vectors (the cor-
responding normal italic letters standing for their mag-
nitudes), and upright boldface letters denote tensors of
the second rank.

II. INDUCED ANISOTROPY

A. Single drop of the dispersed phase

Consider a single drop of the dispersed phase of a mag-
netic emulsion in simultaneously acting uniform constant
electric and magnetic fields. Under action of the electric
and magnetic stresses, the drop always tends to stretch
along the directions of the electric and magnetic intensity
vectors, respectively. Aside from that, the electrohydro-
dynamic flow, which arises under action of the electric
field, also deforms the drop so that the drop tends either
to stretch or to shorten along the direction of the elec-
tric intensity vector. Let the radius of the drop in the
absence of the fields be a, the viscosity, electric conduc-
tivity, dielectric permittivity, and magnetic permeabil-
ity of the dispersed and dispersive phases be respectively
ηi, λi, εi, µi and ηe, λe, εe, µe, the surface tension of the in-
terface between the phases be σ, and the intensity vectors
of the magnetic and electric fields be respectively H and
E. If λi and λe are sufficiently small, then, to an approxi-
mation of the first order with respect to the dimensionless
small parameters βH2a/σ and αE2a/σ, where

α =
9λe

8π

16ηe + 19ηi

5 (ηe + ηi)

εiλe − λiεe

(2λe + λi)
2 +

9εe

8π

(
λe − λi

2λe + λi

)2

,

(1)

β =
9µe

8π

(
µe − µi

2µe + µi

)2

, (2)

the surface of the deformed drop is an ellipsoid, the semi-
axes of which a1, a2, and a3 are determined by the fol-
lowing expressions [11]:

a2
1 − a2

a2
=

(
αE2 + βH2 + 3D

)
a

12σ
, (3)

a2
2 − a2

a2
=

(
αE2 + βH2 − 3D

)
a

12σ
, (4)

a2
3 − a2

a2
= −

(
αE2 + βH2

)
a

6σ
. (5)

The orientation of the ellipsoid is given by the unit vec-
tors, l1, l2, and l3, directed along its main axes (see

Fig. 1)

l1 =
sin θH HE − sin θE EH

|E ×H| , (6)

l2 =
− cos θH HE + cos θE EH

|E ×H| , (7)

l3 =
E ×H

|E ×H| , (8)

where D, θH , and θE are determined as follows:

D =

√
(αE2 − βH2)

2
+ 4αβ (E ·H)

2
, (9)

sin (2θH) =
2α |E ×H|E ·H

H2D , (10)

sin (2θE) = −2β |E ×H|E ·H
E2D (11)

(note that θH and θE are oriented angles and 0 ≤ θH ≤
π/2 and −π/2 ≤ θE ≤ 0). Here, · and × denote the
scalar and vector products, respectively, |b| denotes the
magnitude of vector b, and the formulas are written for
the Gaussian system of units, which, unless otherwise
stipulated, is used also in what follows. The conditions
for the parameters of the problem a, ηi, λi, εi, µi, ηe, λe,
εe, µe, σ, H and E that should be satisfied in order for
Eqs. (3)–(11) to be valid are written down in [11].

If E and H are parallel,

a2
1 − a2

a2
=

(
αE2 + βH2

)
a

3σ
, (12)

a2
2 − a2

a2
= −

(
αE2 + βH2

)
a

6σ
, (13)

a2
3 − a2

a2
= −

(
αE2 + βH2

)
a

6σ
, (14)

l1 =
E

E
=

H

H
, (15)

and l2 and l3 are undetermined. This case corresponds to
the degeneration into a prolate (if α > 0 or, when α ≤ 0,
|α|E2 < βH2) or oblate (if α < 0 and |α|E2 > βH2)
spheroid. If α < 0 and |α|E2 = βH2, the drops remains
spherical in simultaneously acting constant uniform elec-
tric and magnetic fields with parallel intensities. The
conditions for the drops to be either oblate or prolate or
to remain spherical were found in [10].

By introducing the dimensionless parameters Φ and
D∗ as follows

Φ = arctan
αE2

βH2
, (16)

D∗ =
D√

α2E4 + β2H4
=
√

1 + sin(2Φ) cos(2Θ), (17)
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where Θ = θH − θE (see Fig. 1), one obtains

a2
1

a2
= 1 +

a
√
α2E4 + β2H4

6σ

sin Φ + cos Φ + 3D∗
2

, (18)

a2
2

a2
= 1 +

a
√
α2E4 + β2H4

6σ

sin Φ + cos Φ− 3D∗
2

, (19)

a2
3

a2
= 1− a

√
α2E4 + β2H4

6σ
(sin Φ + cos Φ) , (20)

sin (2θH) =
2 sin Θ cos Θ sin Φ

D∗ , (21)

sin (2θE) = −2 sin Θ cos Θ cos Φ

D∗ . (22)

The relations (18)–(20) show that the smallness of the
deformations is determined by the smallness of the only

parameter a
√
α2E4 + β2H4/(6σ).

For small x, 1 + x can be replaced by any equivalent
(in the mathematical sense) expression, e.g., 1/(1 − x),
1 + sinx, cos

√
x, or expx. Thus, for small parameter

a
√
α2E4 + β2H4/(6σ), Eqs. (18)–(20) can be replaced

by the following relations:

a2
1

a2
= exp

[
a
√
α2E4 + β2H4

6σ

sin Φ + cos Φ + 3D∗
2

]
,

(23)

a2
2

a2
= exp

[
a
√
α2E4 + β2H4

6σ

sin Φ + cos Φ− 3D∗
2

]
,

(24)

a2
3

a2
= exp

[
−a
√
α2E4 + β2H4

6σ
(sin Φ + cos Φ)

]
. (25)

The advantage of the relations (23)–(25) with respect
to Eqs. (18)–(20) consists in the fact that, if the first
are used, the product a1a2a3, which is proportional to
the volume of the drop, is exactly constant for arbi-
trary deformation (i.e., even outside the limits of va-
lidity of the relations), whereas, if the latter are used,
the product a1a2a3 is constant only with accuracy of
the first order with respect to the small parameter

a
√
α2E4 + β2H4/(6σ).

If the parameter a
√
α2E4 + β2H4/(6σ) is not small,

the drop is strongly deformed and is no longer an ellip-
soid. The orientation vectors, li (n = 1, 2, 3), can also
be defined for the case of arbitrary deformations if the
deformed drop is orthotropic (i.e., has three orthogonal
planes of symmetry). However, it is unknown whether
the drop has such a symmetry if it is under simultaneous
action of electric and magnetic fields. Note that Eqs. (6)
and (7) define θE and θH and are valid for an arbitrary
orthotropic drop, whereas Eqs. (10), (11), (21), and (22)
determine θE and θH only for the case of small deforma-
tions of the drops.

B. Electric conductivity and magnetic permeability

Consider a dilute dispersion of identical ellipsoids with
semi-axes ai of the same orientation given by the unit
vectors li directed along the corresponding semi-axes
(i = 1, 2, 3). The tensors of electric conductivity and
magnetic permeability, λ and µ, of such an anisotropic
medium can be calculated with the help of method used
in [12] (see Sec. 9) for the calculation of the electric per-
mittivity of a dilute suspension of spherical particles.
Due to similarity of the equations (for static cases), this
method can also be used for the calculation of the electric
conductivity, magnetic permeability, and thermal con-
ductivity of a dilute dispersion of spherical particles. Be-
low, this method is generalized for the dilute dispersion
of ellipsoids. The calculation of the electric conductivity
of the dispersion is described in details and the magnetic
permeability is calculated by analogy.

According to the above mentioned method, the con-
ductivity tensor of the dispersion is defined by the rela-
tion

1

V

∫
V

j dV = λ · 1

V

∫
V

E dV, (26)

where V is the volume containing sufficiently large num-
ber of the ellipsoids, but sufficiently small with respect
to the characteristic size of the problem, j and E are the
electric current density and intensity within the phases
of the dispersion, S ·b denotes the contraction of tensor S
with vector b. Let Ve and Vi denote the parts of V occu-
pied by the dispersive and dispersed phases, respectively.
Then,

1

V

∫
V

j dV =
1

V

∫
Ve

λeE dV +
1

V

∫
Vi

λiE dV

= λe
1

V

∫
V

E dV + (λi − λe)
1

V

∫
Vi

E dV. (27)

Since the dispersion is dilute, i.e., the ellipsoids are suf-
ficiently distant from each other, each of them can be
regarded as affected by the uniform field the intensity of
which is equal to the average intensity of the emulsion in
the vicinity of its position

1

V

∫
V

E dV.

Consequently, the electric field inside each ellipsoid can
be regarded as uniform and (cf. [12], Sec. 8)∫

Vi

E dV = Vi

(
I +

λi − λe

λe
N

)−1

· 1

V

∫
V

E dV, (28)

where I is the unit tensor, S−1 denotes the inverse tensor
with respect to the tensor S, and N is the form-factor
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tensor of a single ellipsoid

N = N11l1l1 +N22l2l2 +N33l3l3, (29)

Nii =
a1a2a3

2

∞∫
0

ds

(a2
i + s)

√
(a2

1 + s) (a2
2 + s) (a2

3 + s)
,

i = 1, 2, 3, (30)

where bd denotes the dyadic product of vectors b and
d. [The dimensionless quantities N11, N22, and N33 are
also referred to as demagnetization coefficients [12] (see
Sec. 8) or demagnetization factors [13].] Thus, Eq. (26)
takes the form[

λeI +
Vi

V
(λi − λe)

(
I +

λi − λe

λe
N

)−1
]
·
∫
V

E dV

= λ ·
∫
V

E dV. (31)

Finally,

λ = λeI +

(
I

λi − λe
+

N

λe

)−1

cv, (32)

where cv = Vi/V is the volume concentration of the dis-
persed phase. In the same manner, one obtains

µ = µeI +

(
I

µi − µe
+

N

µe

)−1

cv. (33)

The tensors λ and µ can be written in the form

λ = λ11l1l1 + λ22l2l2 + λ33l3l3, (34)

µ = µ11l1l1 + µ22l2l2 + µ33l3l3, (35)

λii = λe +

(
1

λi − λe
+
Nii

λe

)−1

cv, i = 1, 2, 3, (36)

µii = µe +

(
1

µi − µe
+
Nii

µe

)−1

cv, i = 1, 2, 3. (37)

To an approximation of the first order with respect to
the small parameters

(
a2
i − a2

)
/a2 (i = 1, 2, 3),

N =
1

3
I−1

5

T− a2I

a2
, T = a2

1l1l1+a2
2l2l2+a2

3l3l3. (38)

Here, it is used that, since the volume of the drop is con-
stant, a2

1 + a2
2 + a2

3 = 3a2 with accuracy of the first order
with respect to the small parameters

(
a2
i − a2

)
/a2. Sub-

stituting Eq. (38) into Eqs. (32) and (33) and using the
smallness of the parameters

(
a2
i − a2

)
/a2, one obtains

λ = λdI +
9λe (λi − λe)

2

5 (λi + 2λe)
2

T− a2I

a2
cv, (39)

µ = µdI +
9µe (µi − µe)

2

5 (µi + 2µe)
2

T− a2I

a2
cv, (40)

where

λd = λe +
3λe (λi − λe)

λi + 2λe
cv, (41)

µd = µe +
3µe (µi − µe)

µi + 2µe
cv. (42)

C. Longitudinal and transversal components of the
current density and magnetization

Due to the anisotropy, the electric current density,
j = λ · E, and the magnetic induction, B = µ ·H, in
a magnetic emulsion have, in general, both longitudinal
and transversal components relative to E and H, respec-
tively. Using Eqs. (34)–(37) and (6)–(8), one obtains the
following expressions for the longitudinal and transversal
components in the general case:

j‖ = λeE +

(
1

λi − λe
+
N11

λe

)−1

cv cos2 θEE

+

(
1

λi − λe
+
N22

λe

)−1

cv sin2 θEE, (43)

j⊥ =

[
−
(

1

λi − λe
+
N11

λe

)−1

+

(
1

λi − λe
+
N22

λe

)−1
]

× cv sin θE cos θE
(E ×H)×E

|E ×H| , (44)

B‖ = µeH +

(
1

µi − µe
+
N11

µe

)−1

cv cos2 θHH

+

(
1

µi − µe
+
N22

µe

)−1

cv sin2 θHH, (45)

B⊥ =

[
−
(

1

µi − µe
+
N11

µe

)−1

+

(
1

µi − µe
+
N22

µe

)−1
]

× cv sin θH cos θH
(H ×E)×H

|E ×H| . (46)

The longitudinal and transversal components for the case
of small deformations of the drops are calculated with the
use of Eqs. (3)–(11) and (38)–(40) and have the form

j‖ = λeE +
3λe (λi − λe)

λi + 2λe
cvE

+
9λe (λi − λe)

2

5 (λi + 2λe)
2 (47)

×

[
2αE4 + 3β (E ·H)

2 − βE2H2
]
a

6σE2
cvE,
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j⊥ =
9λe (λi − λe)

2

5 (λi + 2λe)
2

8βaE ·H E × (H ×E)

σE2
cv, (48)

B‖ = µeH +
3µe (µi − µe)

4π (µi + 2µe)
cvH

+
9µe (µi − µe)

2

5 (µi + 2µe)
2 (49)

×

[
2βH4 + 3α (E ·H)

2 − αE2H2
]
a

6πσH2
cvH,

B⊥ =
9µe (µi − µe)

2

5 (µi + 2µe)
2

8αaE ·H H × (E ×H)

σH2
cv. (50)

It follows from Eqs. (48) and (50) that the transversal
components are equal to zero when E and H are parallel
or perpendicular and are maximal for given values of E
and H when the angle between E and H is equal to 45◦

or 135◦.
Consider a magnetic emulsion filling a rectangular par-

allelepiped. Let electric and magnetic fields in the paral-
lelepiped be such that the electric and magnetic intensity
vectors are parallel to some pair of opposite faces of the
parallelepiped and are not parallel or perpendicular to
each other, with the electric intensity vector being per-
pendicular to the second pair of opposite faces. Then, as
it follows from Eq. (44) or (48), the electric current den-
sity should have a component perpendicular to the third
pair of opposite faces, i.e., some electric current should
flow from one of those faces to the other. This consid-
eration hints an idea of an experimental verification of
the induced anisotropy, which is described in the next
section.

III. EXPERIMENT

A. Experimental setup

The experimental setup for investigation of induced
anisotropy of electric conductivity in magnetic emulsions
is shown in Fig. 2. The prepared emulsion is placed in-
side the cell 1. The interior of the cell is a rectangu-
lar parallelepiped with the dimensions D1 × D2 × h =
33.3× 22.7× 1.2 mm. The internal surfaces of the faces
2 of the cell (the distance between which equals 1.2 mm)
have electrically conducting cover and serve as main elec-
trodes. The lateral electrodes 3 that contact the emul-
sion from the side of the lateral faces serve to detect the
transversal current with measuring the voltage between
them (transversal voltage). The Helmholtz coils 4 serve
to create a magnetic field. The cell is able to rotate
around a vertical axis, which allows varying and control-
ling the mutual orientation of the intensity vectors of the
applied magnetic and electric fields with respect to each
other.

Е

Н

+
-

1

2

3

4

mA

V

FIG. 2: Scheme of the experimental setup for the study of the
anisotropy of electric conductivity

The values of the parameters of the phases of the emul-
sion used in the experiments were µe = 1, µi = 10.1,
λe = 1.7 × 10−9 Sm/m, λi = 8.1 × 10−7 Sm/m,
εe = 2.2, εi = 5.8 (all the quantities mentioned above
measured with the bridge method), ηe = 0.0145 Pa · s,
ηi = 0.03 Pa · s (measured with a capillary viscometer),
σ = 5 ± 3 × 10−6 N/m (measured with the method of
form relaxation), cv = 0.15, a = 6 ± 2 × 10−6 m. These
values correspond to α ≈ 0.8 and β ≈ 0.2.

In order to verify that the possible diffusion of ions
and contaminants between phases could be neglected, the
conductivities were measured also after the emulsion was
prepared and stratified into the fractions again. First,
the conductivities of the components of the emulsion (oil
and magnetic liquid) were measured. Then the prepared
emulsion was affected by a constant electric field dur-
ing an hour and was placed in non-uniform magnetic
field, where it was stratified relatively soon. After that,
the conductivities of the fractions were measured again.
The conductivity of the magnetic liquid remained prac-
tically the same and that of the oil became higher by
4 %. The increase in the conductivity of the oil was ex-
plained by the fact that the stratification was incomplete
(some number of small magnetic liquid drops were de-
tected with a microscope after the stratification). These
additional measurements allowed neglecting the diffusion
of ions and contaminants and using the values of the con-
ductivities presented above in the calculations.



6

The electric field was created by a constant voltage
V = 350 V applied to the main electrodes, and thus its
intensity was Ea = 2.92× 105 V/m. At this value of the
electric field intensity, the strength of the electric cur-
rent that passed through the magnetic emulsion was suf-
ficient for reliable measurements, and, on the other hand,
the electrohydrodynamic flows inside and near the drops
of the dispersed phase did not cause an electrohydrody-
namic flow in the entire emulsion. The electric current
in the absence of magnetic filed, I‖0, was equal to 15 µA.
The intensity of the applied magnetic field in the cell, Ha,
was equal to 1830 A/m = 23 Oe. As observations with
an optical microscope showed, this value of the magnetic
field intensity was the maximal one at which the coales-
cence of the drops and their transformation into threads
and other structures could be neglected.

The transversal voltage (i.e., voltage between the lat-
eral electrodes), V⊥, and longitudinal current increment
(i.e., current in the circuit of the main electrodes in the
presence of the magnetic field minus that in absence of
the magnetic field), ∆I‖, in the circuit of the main elec-
trodes were simultaneously measured in three series of
measurements with two digital multimeters GDM-8246
(one connected into the circuit of the main electrodes as
an ammeter and the other, into the circuit of the lateral
electrodes as a voltmeter).

B. Estimation of the influence of the Hall effect

Since the magnetic field acts on the moving ions that
form current through the cell, the Hall effect takes place.
This effect leads to the appearance of a voltage between
upper and lower edge of the cell. However, if the varia-
tion of the current density within the cell caused by the
Hall effect is not negligible, it can influence the measured
transversal voltage as well. So it would be desirable to
estimate the correction to the electric current density due
to the Hall effect.

Without taking into account the Hall effect, the rela-
tion between the current density and the intensity of the
electric field is as follows

j =
∑
i

zienivi =
∑
i

zienimiE, (51)

where e = 1.6021765 × 10−19 C is the elementary posi-
tive charge, zi, ni, vi, and mi are the valency, number
concentration, velocity, and mobility of the ion i, and the
summation is performed over all the species of ions. If
the correction to the current density due to the Hall ef-
fect is small, the relation between it and the induction of
the magnetic field has the form

jH =
∑
i

zienimi
1

c
vi ×B =

∑
i

zienim
2
i

1

c
E ×B, (52)

where c is the speed of light. Note that the corrections
to the current density due to the Hall effect given by

the positive and negative ions can completely compen-
sate each other at some ratios of their mobilities and
concentrations. In any case,

jH =

∣∣∣∣∣∑
i

zienim
2
i

∣∣∣∣∣ 1

c
|E ×B|

<

∣∣∣∣∣∑
i

zienimimmax

∣∣∣∣∣ 1

c
EB = mmax

1

c
jB, (53)

jH
j
< mmax

1

c
B < mmax

1

c
µmaxH, (54)

where mmax is the maximal absolute value of the mobility
and µmax is the maximal value of the magnetic perme-
ability. Using the relation between the mobility of the ion
i and the viscosity of the liquid within which it moves

mi =
zie

6πηri
, (55)

where ri is the hydrodynamic radius of the ion i, one
obtains the final formula for the estimation

jH
j
<

zmaxe

6πηminrmin

1

c
µmaxH, (56)

where zmax is the maximal absolute value of the valency
and ηmin and rmin are the minimal values of the viscosity
and hydrodynamic radius. For SI, Eq. (56) is rewritten
in the form

jH
j
<

zmaxe

6πηminrmin
µmaxµ0H, (57)

where µ0 = 4π × 10−7 V · s/(A ·m) is the magnetic con-
stant.

Taking H = 1830 A/m, µmax = 10.1, ηmin =
0.0145 Pa · s, rmin = 10−10 m, and zmax = 3, one obtains
jH/j < 5 × 10−10. Thus, the influence of the Hall ef-
fect in the experiments under consideration can be safely
neglected.

C. Experimental data

The transversal voltage and the longitudinal current
increment are shown in Figs. 3–4.

Let us note that no transversal voltage was detected
in similar experiments with pure magnetic liquids. The
ability to become anisotropic under simultaneous action
of non-parallel magnetic and electric fields is a charac-
teristic peculiarity of magnetic emulsions. Thus, the
experimental data confirm the theoretically predicted
anisotropy of electric conductivity of magnetic emulsions
caused by simultaneous action of magnetic and electric
fields.

Since the experimental verification of the induced
anisotropy yielded numerical data, it would be worthy to
analyze quantitatively at least some part of them. Such
an analysis is presented in the next section.
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FIG. 3: Experimental dependence of the longitudinal current
increment on the angle between the intensities of thew electric
and magnetic fields
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FIG. 4: Experimental dependence of the transversal voltage
on the angle between the intensities of thew electric and mag-
netic fields

IV. ANALYSIS OF THE EXPERIMENTAL
DATA

A. Electric and magnetic fields within the
measuring cell

Let R be the resistance of the voltmeter connected to
the lateral electrodes. If the electric and magnetic fields
were uniform, the transversal and longitudinal currents
would be as follows:

I⊥ = V⊥/R = D2hj⊥, (58)

I‖ = I‖0 + ∆I‖ = D1D2j‖, (59)

where j⊥ and j‖ would be determined by Eqs. (43)–(44)
or (47)–(48). But the electric and magnetic fields in-
side the experimental cell are not uniform due to the
edge effects (i.e., due to the the influence of the lateral
electrodes and of the edges of the main electrodes). So

Eqs. (58)–(59) with Eqs. (43)–(44) or (47)–(48) cannot
be immediately used for calculation of V⊥ and ∆I‖. In-
stead, a boundary value problem, which is formulated
below, should be solved.

The electric and magnetic fields are determined by
Maxwell’s equations for constant electric and magnetic
fields in a conducting magnetizable substance and by the
material relations for the latter:

∇ · j = 0, ∇×E = 0, j = λ ·E, (60)

∇ ·B = 0, ∇×H = 0, B = µ ·H. (61)

Here, ∇ denotes nabla operator, E and H are the inten-
sities of the electric and magnetic fields, B is the induc-
tion of the magnetic field, j is the electric current den-
sity, and λ and µ are determined by Eqs. (32)–(33) or,
if the drops of the dispersed phase are weakly distorted,
by Eqs. (38)–(42) and (1)–(11).

The second equation in Eq. (60) allows introducing
the electric potential ϕ determined by the relation E =
−∇ϕ. Combining the latter with the first and third equa-
tions in Eq. (60), one obtains the following equation for
the electric potential ϕ:

∇ · (λ ·∇ϕ) = 0. (62)

Note that Eq. (62) is a non-linear equation since λ de-
pends on ∇ϕ. The boundary conditions for Eq. (62) fol-
low from the continuity of tangential component of the
electric field intensity and of the normal component of
the electric current density on the internal surfaces of
the cell with regarding the conductivity of the electrodes
as much greater than that of the emulsion:

ϕ = ±V/2 on the main electrodes, (63)

ϕ = ϕ|Sle,Sre
= const on the lateral electrodes, (64)

∫
Sle

j · ndS =

∫
Sre

j · n dS =
V⊥
R
, (65)

and, with regarding the insulating parts of the internal
surface of the cell as a perfect insulator:

n · λ ·∇ϕ = 0 on the insulating surfaces. (66)

Here, n is the unit normal vector to the corresponding
surface, Sle and Sre denote the surfaces of the lateral
electrodes that contact the magnetic emulsion.

By analogy to the electric field, one may introduce the
scalar magnetic potential ψ by the relation H = −∇ψ.
Then the second equation in Eq. (61) becomes identity,
and the first and third equations yield the following non-
linear equation for ψ:

∇ · (µ ·∇ψ) = 0. (67)
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FIG. 5: Sketch of the orientations of the intensities of the
electric and magnetic fields between and outside the infinite
electrodes

The boundary conditions for Eq. (67) includes the con-
ditions on the internal surfaces of the cell,

n · (∇ψ)|n = n · (µ ·∇ψ)|m , (68)

n× (∇ψ)|n = n× (∇ψ)|m (69)

(magnetization of any part of the cell except the emulsion
is neglected), and the condition at infinity,

ψ(r)→ −Ha · r as r →∞ (70)

(the diameter of the Helmholtz coils is much greater than
the size of the cell). Here, A|m and A|n denote the
value of the quantity A on the internal (directed to the
magnetic emulsion) and external (directed to the non-
magnetic wall of the cell) sides of the internal surfaces of
the cell, r is the radius-vector with the origin at the cen-
ter of the cell, Ha is the intensity of the uniform magnetic
field in the cell created by the Helmholtz coils.

Solution of the system of equations (62) and (67) with
the boundary conditions (63)–(66) and (68)–(70) allows
finding V⊥ and ∆I‖:

V⊥ = ϕ|Sre
− ϕ|Sle

, (71)

∆I‖ =

∫
Sme

j · ndS − I‖0, (72)

where Sme denotes the surface of either of the two main
electrodes that contacts the magnetic emulsion.

B. Solution of the equations without taking into
account the edge effects

Consider the case when the magnetic emulsion fills the
layer of the thickness h between two infinite plane parallel
electrodes in an applied uniform magnetic field with a
given intensity vector, Ha. Let the voltage between the
electrodes be equal to V (see Fig. 5). Then, due to the

symmetry, the intensity of the electric field, E, and the
electric current density, j, inside the layer are as follows:

E = Ea =
V

h
n, j =

V

h
λ · n, (73)

where n is the internal normal to the positive electrode,
and the intensities of the magnetic field inside and outside
the layer are also uniform and determined by the bound-
ary conditions (68)–(70). It follows from the boundary
condition (70) that the magnetic field intensity outside
the layer is equal to Ha. For the magnetic field intensity
inside the layer, H, the boundary conditions (68)–(69)
with taking into account Eqs. (35), (37), and (6)–(11)
and the relation Θ = θH − θE yield the equations

Ha sin Θa = H sin Θ, (74)

Ha cos Θa =
µ11 + µ22

2
H cos Θ

+
µ11 − µ22

2
H [cos(2θE) cos Θ− sin(2θE) sin Θ] , (75)

from which it follows that

cot Θa =
µ11 + µ22

2
cot Θ

+
µ11 − µ22

2
[cos(2θE) cot Θ− sin(2θE)] . (76)

Here, µ11 and µ22 are expressed in terms of N11 and N22

by Eq. (37), Θa is the angle between n and Ha, and Θ,
between n and H (see Fig. 5).

C. Fitting of the dimensions of the distorted drops

The major part of the longitudinal current flows
through the cell sufficiently far from the edges of the
main electrodes and from lateral electrodes. Thus, the
influence of the edge effects may be neglected during its
calculation if h � max(D1, D2). Whereas, in a calcula-
tion of the transversal current, the edge effects may not
be neglected for any dimensions of the cell since all the
transversal current goes through the regions near the lat-
eral electrodes, where the electrical and magnetic fields
are essentially nonuniform. So, only the data obtained
in the measurements of the longitudinal current are used
below.

For the treatment of the experimental data, Eqs. (23)–
(25), (21), and (22) are used as fitting expressions for the
semi-axes and orientation angles of the ellipsoidal drops.
Let us note that this is a very strong assumption since
those formulas are valid only for small deformations of
the drops. By introducing the fitting parameter

ã = exp
a
√
α2E4 + β2H4

12σ
(77)
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and substituting Eq. (17) into Eqs. (18)–(22), one obtains

a1

a
= ã

[
sin Φ+cos Φ+3

√
1+sin(2Φ) cos(2Θ)

]/
2
, (78)

a2

a
= ã

[
sin Φ+cos Φ−3

√
1+sin(2Φ) cos(2Θ)

]/
2
, (79)

a3

a
= a∗3 = ã− sin Φ−cos Φ, (80)

sin (2θH) =
sin Φ sin(2Θ)√

1 + sin(2Φ) cos(2Θ)
, (81)

sin (2θE) = − cos Φ sin(2Θ)√
1 + sin(2Φ) cos(2Θ)

, (82)

where Φ is determined by Eq. (16). With taking into
account that π/2 ≤ θE ≤ 0, it follows from (82) that

θE = −1

2
arcsin

cos Φ sin(2Θ)√
1 + sin(2Φ) cos(2Θ)

. (83)

By eliminating ã from Eqs. (78)–(80), one obtains

a1

a
= a∗3

−
1

2
−

3

2

√
1+sin(2Φ) cos(2Θ)

/
(sin Φ+cos Φ)

, (84)

a2

a
= a∗3

−
1

2
+

3

2

√
1+sin(2Φ) cos(2Θ)

/
(sin Φ+cos Φ)

, (85)

a3

a
= a∗3. (86)

With neglecting the edge effect, the longitudinal cur-
rent through the cell can be expressed as follows

I‖ = I‖0 + ∆I‖

=
V

h
D1D2

(
λ11 + λ22

2
+
λ11 − λ22

2
cos 2θE

)
, (87)

where λ11 and λ22 are expressed in terms of N11 and N22

by Eq. (36). According to [13],

N11 =
cosφ cosϑ

sin3 ϑk2
[F (ϑ, k)− E(ϑ, k)] , (88)

N22 =
cosφ cosϑ

sin3 ϑk2(1− k2)

[
E(ϑ, k)− (1− k2)F (ϑ, k)

−k
2 sinϑ cosϑ

cosφ

]
,

(89)

N33 =
cosφ cosϑ

sin3 ϑ(1− k2)

[
sinϑ cosφ

cosϑ
− E(ϑ, k)

]
, (90)

where F (ϑ, k) and E(ϑ, k) are the incomplete elliptic in-
tegrals of the first and the second kind,

cosϑ =
a3

a1
, cosφ =

a2

a1
, k =

sinφ

sinϑ
. (91)
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FIG. 6: Dependences of a1/a, a2/a, and a3/a on Θa calculated
on the basis of the experimental data (semi-log plot)
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FIG. 7: Dependence of ã on H (lines are the theoretical de-
pendences for different values of the surface tension, circles are
the dependencies calculated on the basis of the experimental
data)

Substituting Eqs. (36)–(37), (83)–(86), (16), and (88)–
(91) into Eqs. (76) and (87), one obtains two equations
of the form

f1(a∗3,Φ,Θ) = cot Θa, (92)

f2(a∗3,Φ,Θ) = I‖, (93)

where f1 and f2 are some functions of three variables.
With the use of Eq. (74), Eq. (16) can be rewritten in
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the form

tan Φ =
αE2

a

βH2
a

sin2 Θ

sin2 Θa

. (94)

Equations (92)–(94) form a system of three equations
with respect to the variables a∗3, Φ, and Θ. Numerical
solution of this system of equations for the measured val-
ues of I‖ and Θa allows obtaining the dependences of
a1/a, a2/a, and a3/a on Θa (see Fig. 6) and ã on H
(see Fig. 7). (During the calculations, the corresponding
equations were transformed from the Gaussian system of
units to SI.)

Aside from the data obtained with fitting, the theo-
retical dependences calculated with the use of Eq. (77)
are shown in Fig. 7. For the calculations, the mea-
sured data indicated in Sec. IIIA were used with tak-
ing a = 6 × 10−6 m and choosing two extreme values
of σ so that all the fitted data would fall between the
extreme theoretical lines (dashed lines in Fig. 7). Note
that the average and both extreme values of σ fall within
the measurement error interval of the measured value
σ = 5± 3× 10−6 N/m.

V. SUMMARY AND DISCUSSION

Simultaneous action of constant magnetic and electric
fields, which deform the drops of a magnetic emulsions,
makes the emulsion anisotropic. Due to the anisotropy,
the electric conductivity and magnetic permeability are
no longer scalar quantities, but second rank tensors. For
sufficiently dilute emulsions the dispersed phase of which
can be regarded as constituted of identical ellipsoidal
drops of the same orientation, the electric conductiv-
ity and magnetic permeability tensors are determined by
Eqs. (34) and (35). If the drops are weakly distorted, the
tensors are determined by Eqs. (39) and (40).

If the intensity vectors of the electric and magnetic
fields are not parallel or perpendicular, the transversal
components of the electric current density and magnetic
induction appear [see Eqs. (43)–(50)]. The latter prop-
erty allows experimental verification of the theoretically
predicted induced anisotropy. The experimental setup
and the measurements are described in Sec. III. The ex-
perimental data are presented in Figs. 3–4. Non-zero
transversal voltage that takes place when the magnetic
intensity vector is not collinear to the electric one (see
Fig. 4) is an unambiguous confirmation of the induced
anisotropy.

Eqs. (39)–(42) together with Eqs. (38), (23)–(25), (6)–
(8), (16)–(17), (21)–(22), and (1)–(2) are exact theoreti-
cal relations that allow calculating the electric conductiv-

ity and magnetic permeability tensors for sufficiently di-
lute magnetic emulsions the drops of the dispersed phase
of which are distorted weakly enough. However, in order
to check quantitatively these theoretical relations in such
emulsions, one should overcome considerable experimen-
tal difficulties. The results of measurements in magnetic
emulsions are usually unstable since many undesirable
processes take place in them, e.g., sedimentation, coagu-
lation, and so on. Electric and magnetic fields make these
processes more intensive. Due to these processes, mea-
surements in magnetic emulsions lose reproducibility and
some fluctuations of the measured values take place. So,
in order to measure small variations in the current and
to compare them with the exact theoretical relations, the
fluctuations should be eliminated and the reproducibility
should be restored. This could be reached by neutraliza-
tion of the undesirable processes, which would lead to
extremal complication of the experimental setup. The
setup used in the experiments allowed detecting the in-
duced anisotropy and performing reliable measurements
in a rather concentrated emulsion with strongly distorted
drops. So, in order to analyze the numerical data ob-
tained in the experiments, the theoretical fitting formu-
las are deduced on the basis of very strong assumptions.
The drops of the dispersed phase are regarded as ellip-
soids whose sizes and orientations are determined by the
relations valid only for weakly distorted drops. The emul-
sion is regarded as sufficiently dilute in order to neglect
the electric, magnetic, and hydrodynamic interactions of
its drops. The edge effects, due to which the electric
and magnetic fields are not uniform, are neglected. The
deduced fitting formulas allow determining the shape of
the drops of the emulsion for various angles between elec-
tric and magnetic intensity vectors (see Fig. 6). In spite
of the above mentioned strong assumptions done during
deducing the fitting formulas, the comparison of the the-
oretical dependence of the parameter ã on H with that
obtained with the use of the fitting (see Fig. 7) demon-
strates sufficiently good agreement: the dependences are
both monotonously increasing and the theoretical and
fitted values of the parameter ã coincide at least in the
order of magnitude.

The results of the present investigation can also be used
for estimation of the influence of the induced anisotropy
in experiments with magnetic emulsions or in the design
of devices in which magnetic emulsions are used.
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