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Abstract

Physical systems driven far from thermodynamic equilibrium generically develop
self-similar, fractal structures that cannot be described by conventional Riemannian
geometry. We present a guide to the geometric and statistical tools needed to char-
acterize such structures, progressing from Holder exponents and invariant (SRB)
measures through Hausdorff dimension, the multifractal formalism, and the singu-
larity spectrum f(a). Universal routes to chaos — period-doubling (Feigenbaum),
quasiperiodicity, and intermittency (Pomeau—-Manneville) — are analyzed through
the renormalization group (RG) techniques, each producing a distinct multifrac-
tal attractor. Generalized Rényi and Tsallis entropies capture the non-extensive
statistics at the edge of chaos, while dimensional flow describes how the effective
spacetime dimension runs with the observation scale. Large Deviation Theory is
shown to unify these concepts, providing the exponential statistics of rare fluctua-
tions and a microscopic derivation of the Second Law. Throughout, we emphasize
the deep connections of these ideas to foundational physics: the generation structure
of the Standard Model (SM) emerges from the Feigenbaum cascade in the chaotic
limit of the RG flow; the Minimal Fractal Manifold (MEM) provides a ultraviolet
(UV) completion of quantum field theory without new symmetries; the Complex
Ginzburg-Landau equation (CGLE) bridges complex dynamics to classical field
theory and General Relativity (GR); while topological condensation of continuous
dimensions offers a geometric model of dark matter. Seven original figures — bifur-
cation diagrams, the singularity spectrum, SRB measure plots, route-to-chaos time
series, rate functions, dimensional flow, and RG phase portraits — are included to
make the presentation self-contained.

Keywords: multifractals; Holder exponents; Hausdorff dimension; singularity spec-
trum; Feigenbaum universality; generalized entropies; dimensional flow; large deviation
theory; renormalization group; Standard Model; fractal spacetime; complex Ginzburg-
Landau equation; dark matter.
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1. Introduction

Classical and quantum field theories are built on the premise that the vacuum is a
uniform and continuous Minkowski or de Sitter background. Yet every quantum field
theory (QFT) in four dimensions requires ultraviolet (UV) regularization, signaling
that this uniform continuity breaks down at short distances. The renormalization
group (RG) equations of QFT describe a flow of coupling constants with the energy
scale y — which behave as nonlinear dynamical systems. From this standpoint, the
RG flow can become chaotic in the near or far ultraviolet (UV), and the resulting
multifractal structure of coupling space and spacetime encodes the observed spectrum
of SM parameters [1-11].

This paper provides a guide to the mathematical toolkit underlying this perspec-
tive. The presentation is structured to be self-contained and to emphasize physical
intuition at every step, with mathematical definitions accompanied by their dynamical
meaning. Figure 1 below provides a road map of the main concepts and their intercon-
nections. The paper proceeds from local orbit statistics (Sections 2-3), through global
geometric structure (Sections 4-5), to universal dynamics (Section 6), statistical tools
(Sections 7-8), and the connections to foundational physics (Section 9).

dissipatior time avg.
‘ Basin of attraction H Strange attractor A }—» S
UV running / linearization local scaling

ha0s onset
‘ RG / parameter flow 5(g) ’/Tﬂ/yapunov spectrum )\Z-[} HMultifractal geometry f(a), Dy ‘
aplapt-Yorke

RB measure usrp ‘

Figure 1: Conceptual map of the key objects and relationships developed in this pa-
per. A dissipative nonlinear flow contracts phase-space volume onto a strange attractor
A. Orbit time-averages define the SRB measure usgp, whose local scaling properties
encode the multifractal geometry f(«). The Kaplan—Yorke formula connects the Lya-
punov spectrum {\;} to the Hausdorff dimension of usrg. In the field-theory context
(right column), the renormalization-group (RG) flow plays the role of the dynamical
system, and its UV chaotic attractor generates the multifractal structure of coupling
space and spacetime.
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2. Invariant Measures and Holder Exponents

2.1 What the orbit actually measures: the SRB distribution

Consider a dissipative nonlinear system — a laser, a driven pendulum, or a coupled
set of RG equations. After transients die out, almost every trajectory settles onto an
attractor A. The orbit wanders over A forever, but not uniformly: some regions are
visited far more frequently than others. This non-uniform visitation pattern defines
the Sinai-Ruelle-Bowen (SRB) measure [13-16|:

1 T
lim T / 0pi(@) dt = pisrB for Lebesgue-a.e. initial condition z. (1)
0

T—o0

Two terms in eq. (1) deserve a brief explanation. d,(y) is the Dirac delta mass con-
centrated at the moving orbit point ¢;(x); the time integral accumulates these point
masses into a probability measure whose weight on any region A equals the fraction
of time the orbit spends in A. Lebesgue-almost-everywhere (Lebesgue-a.e.) means:
for every initial condition z except possibly a set of zero phase-space volume — in
practice, for virtually any starting point one could choose.

Equation (1) says that time averages of any observable g converge to [ gdusrp,
regardless of which initial condition you start from (as long as it is in the basin). The
SRB measure is the natural nonequilibrium analog for the Gibbs measure: it describes
the statistical state of a deterministic system in its long-time asymptotics.

Physical meaning. usrp(A) = fraction of time a typical orbit spends in region
A. Tt is the “natural” probability distribution induced by the dynamics, and is
the correct measure to use when computing expectation values, entropies, and
correlation functions on a chaotic attractor.

2.2 Holder exponents: local clustering of orbits

Zoom into a small ball B(z, ) of radius € around a point x on the attractor. The SRB
measure of that ball, usgg(B(z, €)), tells you how densely the orbit clusters near . The
local Holder (scaling) exponent captures how this density scales with the resolution:

o(e) — tim BHB.)
e—0 loge

: (2)

so that p(B(z,e)) ~ £*® as ¢ — 0. Large a means dilute (rarely visited); small «
means concentrated (frequently visited). The connection to physics is direct:

1
Oé(x) N /\loc(x)’ (3)
where Ajoc(z) is the local (finite-time) Lyapunov exponent at x. Points with rapid
local expansion (A large) have small « (high density, frequently visited) according
to eq. (3); conversely, intermittent “sticky” regions (A small) correspond to large o
(low density, rarely visited).

Figure 2 illustrates these ideas for the logistic map when the control parameter
is 7 = ro: the SRB measure is highly non-uniform (panel a), and the corresponding
distribution of local Holder exponents spans a finite range (panel b) — the hallmark
of multifractality.
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(a) SRB measure on Feigenbaum attractor (r.) (b) Distribution of local scaling exponents
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Figure 2: (a) Histogram of a long orbit (2 x 10° iterates) of the logistic map at the
Feigenbaum point r,, &~ 3.56995, approximating the SRB measure. The density is
highly non-uniform, concentrated on the Cantor-set attractor with dimy ~ 0.5388.
(b) Distribution of local Holder exponents «(x) estimated from box-counting at scale
e = 0.01. The finite width of the distribution is direct evidence for multifractality:
different regions of the attractor scale with different exponents, reflecting the alternat-
ing compressions and expansions generated by the period-doubling cascade.

3. Hausdorff Dimension and the Kaplan—Yorke Formula

3.1 Hausdorff dimension: a physicist’s definition

The Hausdorff dimension generalizes the familiar notion of dimension to irregular sets.
Cover a set E with N(¢) balls of radius € and ask how N scales as ¢ — 0:

N(e) ~ g~ Do, (4)

where Dy is the boz-counting (capacity) dimension. For a smooth k-manifold Dy = k;
for the middle-thirds Cantor set Dy = log 2/ log 3 ~ 0.631. The more precise Hausdorff
dimension dimyg(F) is defined via the covering measure

H(E) = };E%mf{z \Ui|® - {U;} is a d-cover of E} (5)

A 0-cover {U,;} is any collection of sets, each of diameter |U;| < §, whose union contains
E. The infimum searches over all such coverings, while |U;|* penalizes or rewards larger
sets depending on whether s is below or above the true dimension. Equation (5) can
be read as: “weigh each cover element to the power s and minimize; if s is too large the
minimum weight goes to zero, if s is too small it diverges. The Hausdorff dimension
is the unique crossover exponent.” In practice, for the conventional systems and SRB
measures of interest, Dy ~ dimy [20)].

Physical meaning. dimp measures how efficiently an irregular set fills space
across scales. A value D between integers k and k + 1 means the set is “between”
a k-dimensional and a (k + 1)-dimensional object: it has zero (k + 1)-dimensional
volume but infinite k-dimensional measure.
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3.2 The Kaplan—Yorke formula: dimension from Lyapunov exponents

For a physicist, the most powerful route to attractor dimension goes through the
Lyapunov exponents A\; > Ay > --- > \,, which measure the average exponential
rates of expansion (\; > 0) or contraction (\; < 0) of phase-space volumes along
different directions. The Kaplan—Yorke (Lyapunov) dimension formula reads |21]:

YEEREDY

Aja|

(6)

dimp(pusrs) = Jj+

where j is the largest integer with Ay +---+ X; > 0.

Physical meaning. The attractor stretches along all expanding directions (\; >
0) and collapses along strongly contracting directions. The fractional part (A1 +
<-4+ A;j)/|\j+1| measures how far the last expanding direction “overflows” into the
first contracting direction. Concretely: imagine filling a box of dimension j + 1.
The expansion in the first j directions is not quite enough to fill the (5 + 1)-th
— the overflow fraction /\j /IAj+1] quantifies how much of that last dimension is
genuinely occupied by the attractor. A value close to 0 means the attractor barely
enters the (j + 1)-th dimension; a value close to 1 means it nearly fills it. For a
two-dimensional flow: dimp = 14 A1 /|\2|, growing from 1 (weakly chaotic, barely
one-dimensional) toward 2 (space-filling) as the ratio of expansion to contraction
increases.

Equation (6) establishes a three-way bridge: dynamics (Lyapunov exponents)
< information (Kolmogorov—Sinai entropy h = >, A; via Pesin’s formula) «
geometry (Hausdorff dimension). All three are measurable from a time series of the
system.

3.3 Correlation dimension: the experimentalist’s tool

The most practical route to dimension from experimental data uses the correlation
integral |22]:

Ole) = / / Oe — |z — yl) dyu(x) du(y) ~ P2, (7)

where © is the Heaviside function and D, is the correlation dimension. Physically,
C'(g) is the probability that two orbit points chosen independently are within distance
e. A log-log plot of C(g) vs. € yields Dy from the slope. This approach requires
only a scalar time series (via delay-coordinate embedding) and has been applied to
detect low-dimensional chaos in EEG signals, plasma turbulence, climate records, and

financial time series. Dy is the ¢ = 2 member of the generalized dimension family
{D,} defined in Section 7.

4. Multifractal Attractors

4.1 The fundamental question: why “multifractals”?

A single dimension D is sufficient to characterize a geometrically uniform (monofractal)
attractor. But for most physically relevant dissipative systems, the SRB measure is
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non-uniform: the orbit spends anomalously long in some regions and fleetingly short
in others. The local scaling exponent «(z) varies continuously over the attractor, and
the correct framework is the multifractal decomposition

A= U E.,, E,={reA:a(x)=a}. (8)
a€[amin,¥max]

Each exponent set E, is a fractal subset of the attractor, visited by the orbit with a
local density ~ ¢*. The function a — f(«) = dimy(F,) is the singularity spectrum
(Section 5).

The non-zero width Aa = @ax — Qmin 1S a direct physical observable: it mea-
sures how inhomogeneous the invariant measure is, equivalently how much the local
Lyapunov exponent fluctuates across the attractor. Monofractals have Aa = 0.

4.2 Physical mechanisms generating multifractality

Two physical mechanisms create a spread of « values:

(1) Non-uniform hyperbolicity: in a uniformly hyperbolic system the local Lya-
punov exponent is constant, giving a monofractal SRB measure. Any deviation
from uniform hyperbolicity — caused by, e.g., curvature of the stable/unstable
foliations — introduces a spread in a.

(2) Intermittency: trajectories alternating between slow, laminar phases (orbit
lingers near a “ghost” fixed point: small A\, small «, high density) and rapid
chaotic bursts (large A, large «, low density) generically produce non-trivial
f(a) with power-law tails.

Both mechanisms are present in the Feigenbaum attractor, where the period-doubling
cascade creates an infinite hierarchy of alternating compressions and expansions.

4.3 The thermodynamic analogy: from orbits to free energy

Ruelle [18] showed that the multifractal structure is formally equivalent to an equilib-
rium statistical-mechanical system, via the pressure function:

P(p) = sgp{h(u) + /sodu}, (9)
where h(u) is the Kolmogorov—Sinai (metric) entropy — the average rate of information
production per unit time along orbits — and [ ¢du is the time-averaged potential
energy of the orbit under ¢. The supremum selects the measure that best balances
entropy production against potential energy, exactly as the GGibbs measure maximizes
free energy in equilibrium thermodynamics. The analogy with statistical mechanics is
precise:

Statistical mechanics Dynamical systems

Orbit weight e~ t1og[f]
Moment order ¢ (or t)
Pressure P(—tlog|f'|) / 7(q)
Holder exponent «
Singularity spectrum f(«)
Non-analyticity of 7(q)

Boltzmann weight e ¥
Inverse temperature 3

Free energy F(3)

Specific energy u
Microcanonical entropy S(u)
Phase transition

ITIITNI
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Setting ¢ = —tlog |f'| and solving P(p) = 0 for t defines 7(¢), the dynamical free
energy. Its Legendre transform is f(a).

5. The Singularity Spectrum f(a)

5.1 Definition and key geometric properties

The singularity spectrum,
fla) =dimg({z € A : a(z) = a}), (10)

is the Hausdorff dimension of the set of attractor points sharing a given local scaling
exponent «. Think of it as the “density of states” for the multifractal geometry: it
tells you how large each exponent layer is.

Figure 3 illustrates the characteristic shape of f(«) for two systems and the corre-
sponding D, spectra.

(a) Singularity spectrum f(a) (b) Generalized dimension spectrum D,
—— Multifractal (generic) 141 —— Multifractal (generic)
1.0F —— Feigenbaum attractor —— Feigenbaum attractor
s | —-- Monofractal
= o 1.2
g 0.8f Q
= §
5 w 1.0r
2 0.6F g
o, 3}
@ £
z S 0.8
=041 i
= z
3 3
2 N ~ 0.6
7 021
0.0 0.4r
. . . . . . ) . . . . . . . .
0.25 050 0.75 1.00 1.25 1.50 1.75 2.00 -4 -2 0 2 4 6 8 10
H\"{o}lder exponent a Moment order q

Figure 3: (a) Singularity spectra f(«) for a generic multifractal (blue, broad support)
and the Feigenbaum attractor (red, narrower support centered near aw ~ 0.72). The
maximum of f(a) equals the box-counting dimension Dy; the tangency point f(a) = «
gives the information dimension d;. (b) Corresponding generalized Rényi dimension
spectra D,: constant for a monofractal (dashed gray), and monotone-decreasing func-
tions of ¢ for multifractals. The spread Dy— D, quantifies the degree of multifractality.

The key features of f(a) are:

e Concavity: f”(a) <0 everywhere.

e Support: f(a) > 0 for @ € [min, Omax] and f = 0 at both endpoints (rarest and
most concentrated regions are sets of zero Hausdorff dimension).

e Maximum: max, f(a) = Dy (box-counting dimension of the full attractor sup-
port).

e Tangency: the point where f(a) = « coincides with the information dimension
d; (the entropy-weighted effective dimension).
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5.2 The Legendre transform

The Legendre-transform relationship between f(«) and the generalized dimension
spectrum [17],

alq) = fla)=qalg) —7(q),  7(q) =(¢—1)D,, (11)

d_q’

is the fundamental duality of the multifractal formalism. Here a(q) = d7/dq is indeed
the derivative of the free energy 7(q) with respect to the moment order ¢, playing the
role of specific energy in the thermodynamic analogy. The parameter ¢ acts as an
inverse temperature that selects which part of the attractor dominates:

e ¢ > 1: the partition sum Z;, = ) . u! is dominated by the densest boxes —
highlights the most concentrated, frequent events.

e ¢ < 0: dominated by the most dilute boxes — highlights the rarest, most sparse
regions.

e ¢ = 1: Shannon-entropy weighting, giving D; (information dimension).

e ¢ = 2: pair-correlation weighting, giving D, (correlation dimension, measurable
from time series via eq. (7)).

5.3 Measuring f(a) from data

Numerically, 7(¢) is extracted from the scaling of the partition sum at resolution ¢ [23]:
Zy(e) = Do) ~ 7. (12)

A log-log plot of Z, vs. ¢ for a range of ¢ values gives a family of straight lines; their
slopes are 7(q). The Legendre transform (11) then delivers f(«). Non-analyticity
of 7(q) at some q = q. signals a multifractal phase transition: a qualitative change
in the dominant scaling regime, analogous to a first-order phase transition in the
thermodynamic free energy [28].

6. Feigenbaum Scaling and Universal Routes to Chaos

6.1 Period-doubling: universality from the RG

The logistic map f,.(x) = rz(1 — x) undergoes an infinite cascade of period-doubling
bifurcations as r increases toward 7., ~ 3.56995. Feigenbaum [25, 26| proved that the
convergence rate of the bifurcation sequence is a universal constant:

Tntl — Tn

§ = lim = 4.669201 609 . .. (13)

n=0 Tpyo — 'ntl

independent of the specific form of the unimodal map. Figure 4 shows the bifurcation
diagram and the convergence of the ratio 9, to the Feigenbaum constant.
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(a) Period-doubling cascade 550 (b) Convergence to Feigenbaum constant
1.0F ’ P _—
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Figure 4: (a) Bifurcation diagram of the logistic map f,.(z) = rz(1—xz). Dashed vertical
lines mark the first four period-doubling bifurcations 7y, ..., r4; the solid orange line
marks the accumulation point ., beyond which fully developed chaos is interspersed
with periodic windows. (b) Convergence of the ratio 6, = (741 —7rn)/(Fnte — Tni1) to
the universal Feigenbaum constant § = 4.6692. .. (dashed red). The rapid convergence
reflects the single relevant eigenvalue o of the linearized RG doubling operator at the
fixed point g*.

The universality is explained by an RG fixed point in the space of maps [24, 27].
The doubling operator Tg(x) = ar g(g(z/ar)) has a unique even fixed point ¢*(z) ~
1—1.5276 2% + - - -, satisfying

g (x) =arg’(¢"(z/ar)),  ¢"(0)=1, (g7)(0) =0, (14)

with ap = —2.502907 . ... The linearization of 7 at ¢g* has exactly one unstable eigen-
value §. This is the dynamical-systems analogue of the Wilson—Fisher fixed point in
the e-expansion: one relevant direction (the control parameter r), all others irrelevant,
giving universal critical exponents.

At r = ro, the attractor is a Cantor set with

dimg (As) ~ 0.5388, (15)

and the SRB measure has singularity spectrum supported on [@min, Omax] = [0.3995, 0.9685],
the archetypal multifractal.

6.2 Routes to chaos: period-doubling, intermittency, quasiperiodicity

Figure 5 illustrates the three universal routes to chaos.

The period-doubling route (Feigenbaum) accumulates an infinite sequence of
bifurcations at r,, and is the most common transition in low-dimensional dissipative
systems.

The intermittency route (Pomeau-Manneville [31]) arises at a tangent bifurca-
tion, with the Type-I normal form z,, ., = z,, + 22 +¢. For small € > 0, the trajectory
is re-injected into the channel repeatedly, spending a time 7 ~ £~'/2 near the ghost of
the periodic orbit before escaping. This produces 1/ f-type power spectra and power-
law laminar-duration distributions, both signatures of multifractal dynamics. Type
T (1 ~ ¢!, subcritical Hopf) and Type IIT (7 ~ |loge|, inverse period-doubling)
complete the classification.
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(a) Period-doubling route (b) Type-I intermittency (c) Devil's staircase (circle map)
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Figure 5: (a) Time series for the logistic map at three values of r, showing period-2
(green), period-4 (blue), and fully developed chaos (red). The trajectories are off-
set vertically for clarity. (b) Type-I intermittency in the Manneville map: the orbit
alternates between extended laminar phases (shaded green) where x, varies slowly,
and turbulent bursts where it fluctuates rapidly. The laminar-phase duration scales
as T ~ £~'/2 where £ measures the distance from the tangent bifurcation. (c) Devil’s
staircase for the critical circle map (K = 0.85): the winding number W () locks onto
rational values (horizontal plateaus, Arnold tongues) over finite ranges of the drive
frequency €. The remaining set of non-locked frequencies is a Cantor set of non-zero
measure at K < 1, collapsing to measure zero at the critical K = 1.

The quasiperiodicity route (Ruelle-Takens-Newhouse) proceeds via successive
Hopf bifurcations creating a torus that eventually breaks up into a strange attractor.
The critical circle map (eq. 16) at K = 1 and golden-mean winding number Q =
(v/5 — 1)/2 generates the devil’s staircase: a fractal structure of locked (rational) and
unlocked (irrational) frequency ratios, with its own universality class and distinct f(«)
spectrum |29, 30].

K
Opi1 =0, +Q — by sin(276,) (mod 1), (16)
m

6.3 Crisis and fractal basin boundaries

A crisis [32] is a sudden qualitative change in the chaotic attractor caused by a col-
lision with an unstable periodic orbit. Interior crises expand the attractor abruptly;
boundary crises destroy it, replacing it with a fractal repeller. The escape rate from
the repeller is

K = htop — Aesc (17)

where fyp is the topological entropy. Crisis phenomena have been observed experi-
mentally in driven Duffing oscillators, plasma discharge tubes, and Josephson junction
circuits.

7. Generalized Entropies, Dimensions, and Dimensional Flow

7.1 Rényi entropies: scanning the full distribution

The standard Shannon entropy Hy = — >, p; log p; gives equal weight to all probability
values. For a multifractal measure, different moments of {p;} carry different physical
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information. The Rényi entropy (33|

1
Hy = 1_q10g2p3, q>0,q#1, (18)

scans the full distribution: ¢ > 1 amplifies the densest regions (most probable out-
comes); ¢ < 1 amplifies the most dilute regions (rarest outcomes). The limits give
Hy = log N (topological entropy), H; = —>_ p;logp; (Shannon), Hy = —log_ p?
(collision entropy), and H,, = —logmax; p; (min-entropy). The entire Rényi family
{H,} is monotone decreasing in ¢ and convex, providing a complete characterization
of the probability distribution beyond its mean.

7.2 Generalized Rényt dimensions: the full spectrum

Applying H, to the coarse-grained SRB measure at scale ¢ yields the generalized Rényi
dimensions [23]:

1 log > jia(2)
D, = lim 198 224 14:(6)" (19)
q—1e=0 log e

The three most physically important special cases are:

Dy : box-counting dimension — geometry of the support,
D, : information dimension — entropy-weighted effective dimension,

D, : correlation dimension — measurable from orbit pairs.

For any multifractal, Dy > Dy > Dy > .-, with equality only for a monofractal.
The spread Dy — D, is a single-number diagnostic of multifractality. The free energy
7(q) = (¢ — 1) D, is related to f(a) by the Legendre transform (11).

7.3 Dimensional flow: how effective dimension runs with scale

A key physical consequence of fractal geometry is that the effective dimension of the
system depends on the resolution scale €. Define the running dimension

_ dlog N(e)

d(e) = ———, 20
(¢) dlog(1/e) (20)
which measures how the number of boxes required to cover the attractor grows as the
resolution is refined. At coarse scales (e > £, where £ is a correlation length), d(¢) —

diop (topological dimension); at fine scales (¢ < &), d(e) — Dy (fractal dimension).
At the critical Feigenbaum point, the flow of the effective dimension through the

period-doubling hierarchy takes the RG form
deﬂ‘<n) = doo +Cl (S_n—i‘Cg 5—2n+ cet (21)

converging to dy, = dimy(As) ~ 0.5388 with corrections controlled by the Feigenbaum
constant 9.

Figure 6(a) illustrates dimensional flow in the field-theory context: the spectral
dimension of spacetime runs from ds; = 4 in the IR to dys = 2 in the UV, with the
Planck scale playing the role of the correlation length &.
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(a) Dimensional flow: UV to IR (b) Tsallis entropy Sq vs q
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Figure 6: (a) Spectral dimension ds(p) as a function of energy scale p increasing
from left (IR, ds — 4, classical) to right (UV, dy — 2, quantum). The crossover at the
Planck /SM scale is marked by the dash-dotted vertical. The Rényi parameter ¢ on the
right panel increases left to right, with ¢ < 1 giving extra weight to rare fluctuations
and ¢ > 1 to frequent ones. The Feigenbaum attractor dimension dn, ~ 0.539 (dashed
orange) marks the universal fixed point of the multifractal RG. (b) Tsallis entropy S,
as a function of ¢ for distributions of increasing sharpness (controlled by k). For ¢ < 1,
Sy grows rapidly for broad (weakly peaked) distributions, capturing their long tails
more sensitively than Shannon entropy. The vertical dashed line at ¢ = 1 marks the
Shannon limit.

7.4 Tsallis entropy: statistics at the edge of chaos

At a critical point (e.g. r = ry), the correlation length diverges, there is no separation
of timescales, and the central limit theorem breaks down. Standard Boltzmann—Gibbs
entropy is not extensive for these long-range correlated states. Tsallis [34] proposed
the generalized entropy

q
Sy = 1 q?ipl s _Zpil()gpia (22)
which is non-additive: Sy(A+B) = S;(A)+54(B)+(1—q)Sq(A)S,(B). The extra term
(1 —¢q)S,(A)S,(B) captures the inter-system correlations that persist in the critical
state. For the Feigenbaum attractor, the natural Tsallis parameter is the universal
value [35, 36|

¢~ 0.2445 . ., (23)

determined by the geometry of A,,. At ¢ = ¢, the Tsallis entropy is extensive on
the multifractal attractor — a precise statement that the correct entropy for these
systems is neither Gibbs (¢ = 1) nor the Rényi family (¢ # 1 additive), but the
specific non-additive form (22).

8. Large Deviation Theory

8.1 The exponential statistics of rare fluctuations

The law of large numbers guarantees that time averages S, = (1/n) 31— g(xx) con-
verge to § = | gdusrp almost surely. Large Deviation Theory (LDT) [37, 38| charac-
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terizes the exponentially rare events where S, deviates significantly from g:

Prob{S, ~ s} ~ e "1 n — 0o, (24)

where I(s) > 0 is the Cramér rate function, with 1(g) = 0. The rate function is the
Legendre transform of the cumulant generating function A(t) = P(tg) (the topological
pressure evaluated at the observable potential tg). Figure 7(a) illustrates a typical rate
function: it vanishes at the typical value and grows quadratically for small deviations
(Central Limit Theorem regime), with non-Gaussian tails for large deviations.

(a) Cramér rate function (b) Gallavotti-Cohen fluctuation theorem
8t —— Rate function /(s) 3 — FT: log A A
7L ---- Typical value s” @ Numerical (chaotic map) ®
i di
—_ 6 | 1
0 1 —
E i <|( 1F Z °
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g i I o0
g : z
i) ! = o
2 3F ! o 1}
& - 8
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1+ i
i
ot : -3r
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Time average s Entropy production A = g,/(0)

Figure 7: (a) Cramér rate function I(s) for a time-averaged observable. I vanishes at
the typical value s* and grows monotonically away from it; the probability of observing
S, ~ s is exponentially suppressed as e () for large n. The marked point at s = 1.1
illustrates a rare fluctuation with large 1. (b) Gallavotti-Cohen fluctuation theorem for
a numerically simulated chaotic map (blue circles): the log-ratio log[P(+A)/P(—A)]
is plotted versus entropy production A (abscissa symmetric about A = 0; positive A
= forward, negative A = time-reversed entropy production). The slope is exactly 1
(red line), confirming the Second Law: positive entropy production is exponentially

more probable than negative, by a factor e™4.

8.2 The singularity spectrum as a rate function

The deepest connection between LDT and the multifractal formalism is that f(a) s
a large-deviation rate function [19, 39]. The Birkhoff spectrum of the local Lyapunov
exponent,

n—1
b(s) = dimH{$ ; nlgg() % Zlog 1/ (f*2)] = s} , (25)
k=0

gives the fractal dimension of the set of orbit points with time-averaged local exponent
exactly s. Via the variational principle, b(s) = inf,{ P(tlog |f'|) — ts} — the Cramér—
Legendre transform with the Lyapunov potential. Identifying s = —a gives b(—a) =
f(a): the singularity spectrum is the large-deviation rate function for fluctuations of
the finite-time Lyapunov exponent away from its ergodic mean.

Physical meaning. The probability that a randomly chosen orbit point has
local Lyapunov exponent Ajoc ~ s decreases as n~ ! in Hausdorff dimension at rate
f(=s). The singularity spectrum f(a) quantifies how unusual it is for an orbit to
have a given local scaling exponent.
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8.3 Fluctuation theorems: the Second Law from chaos

For a dissipative chaotic system, the time-averaged entropy production o, satisfies the
Gallavotti-Cohen fluctuation theorem [40]:
1 P(o, = +A)

lim — log

= A. 26
n—oeomn Plo, = —A) (26)

Equation (26) is an exact, non-perturbative result: positive entropy production is
exponentially more probable than negative entropy production by a factor e™4, for
any finite fluctuation A. Figure 7(b) confirms this numerically. The result follows
directly from the properties of the SRB measure and provides a rigorous microscopic
derivation of the Second Law without any equilibrium assumption.

The full correspondence between dynamics and thermodynamics that emerges is:

7(q) + F(B), a < u, f(a) < S(u), I(o) < rate function, (27)

where I u,S are the free energy, specific energy, and microcanonical entropy of the
statistical-mechanical analogue.

8.4 Anomalous diffusion and Lévy statistics

Intermittent systems exhibit anomalous transport: the mean-squared displacement
grows as (z%(t)) ~ t? with v # 1/2. The displacement distribution converges to a Lévy
stable law |41 P(z,t) ~ t7/2r L, (x/tY/°r) with tail index ar € (0,2). This is the
generalized central limit theorem for heavy-tailed distributions, replacing the Gaussian
that holds for oy, = 2. The non-Gaussian rate function corresponding to Lévy statistics
is non-convex and is directly encoded in the Tsallis entropy with ¢ = 1 + 1/ay, # 1
— a concrete example of why Tsallis statistics and the multifractal formalism are
inseparable.

9. Connections to Foundational Physics

9.1 Framing the RG flow as a dynamical system

The RG equations of quantum field theory (QFT) describe a flow in the space of
coupling constants {g;()} as the renormalization scale p is varied. The Callan—
Symanzik equation,

C;il = Bi(g1, 92, - - -), (28)
is formally identical to an autonomous dynamical system evolving in time ¢ = log .
Fixed points of §; are attractors of the flow; the eigenvalues of the linearized 5 matrix
at a fixed point are the RG critical exponents.

In the infrared (IR, p — 0), the SM gauge couplings flow toward a Gaussian (free)
fixed point, corresponding to asymptotic freedom in QCD. But what happens in the
ultraviolet (UV, u — 00), above the SM scale? Our central claim |1, 2| is that the UV
RG flow does not terminate at a simple interacting fixed point (conformal field theory)
but instead undergoes a cascade of bifurcations — period-doubling, quasiperiodicity,
and eventually fully developed chaos — as the nonlinear terms in 3; dominate.

I



Goldfain — Geometric Foundations of Complex Dynamics 16

Figure 8 illustrates this program: panel (a) shows the schematic RG flow from the
Gaussian IR fixed point through the Wilson-Fisher interacting fixed point and into
the chaotic UV attractor; panel (b) shows the resulting prediction for the generational
mass hierarchy.

(b) Generational mass hierarchy

(a) RG flow in coupling space vs Feigenbaum scaling
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Figure 8: (a) Schematic RG flow in the two-dimensional coupling space spanned by
(g1, g2). Arrows indicate the direction of flow toward the IR. The Gaussian fixed point
(green circle) is the free-theory IR attractor; the Wilson-Fisher point (orange square)
is an interacting UV fixed point associated with weakly coupled critical phenomena.
At strong coupling (red shaded region), the flow enters a chaotic multifractal attractor
— the regime relevant to the SM UV completion proposed in [1, 2]. (b) Generational
mass scales of quarks (blue circles, geometric mean of up-type and down-type masses)
and charged leptons (red squares) plotted against generation number. Dashed lines
show the Feigenbaum scaling m,, oc 0" with § = 4.6692, predicting geometric growth
across generations.

9.2 SM generation structure from the Feigenbaum cascade

The existence of exactly three generations of quarks and leptons, with geometrically
increasing masses across generations, is one of the most unexplained features of the SM.
In Ref. [2], we argued that this structure is a direct consequence of the universal period-
doubling cascade in the UV RG flow, using the Feigenbaum—Sharkovskii-Magnitskii
scenario.

The key prediction is that inter-generational mass ratios should scale as powers of

the Feigenbaum constant:
My

-1
— Fn(é ) , (29)
where m,, is a characteristic mass parameter of the n-th generation and F,(07') is
a function of the inverse Feigenbaum constant 6—! ~ 0.2141 ... that depends on the
bifurcation index n. In the simplest leading-order approximation F,, ~ §~* for all n,
recovering the constant ratio used in Fig. 8(b); the n-dependence captures corrections
from higher iterates of the Feigenbaum cascade and is made explicit in Appendix A,
eq. (44). As Figure 8(b) shows, this simple one-parameter prediction is consistent with
the observed mass hierarchy of both quarks and charged leptons, without invoking any
new fields, symmetries, or free parameters.
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Reference [3| extended this analysis to the hadron mass spectrum, identifying signa-
tures of multifractal scaling in the distribution of meson and baryon masses consistent
with a chaotic RG attractor.

9.3 The Minimal Fractal Manifold: SM on a fractal spacetime

Our program takes a further step in Refs. |5, 7]: rather than treating the fractal
geometry as a perturbative correction, the SM is embedded in a Minimal Fractal
Manifold (MFM) — a spacetime of continuously evolving dimension

D(p)=4—c(p), =) <1, (30)

where e(p) is a dynamically generated small parameter controlled by the nonlinear
UV RG flow. The MFM reduces to ordinary four-dimensional Minkowski space in the
IR (¢ — 0) but deviates increasingly from integer dimension as p grows, implementing
the dimensional flow (21) at the level of the fundamental spacetime geometry.

On the MFM:

e The SU(3)x SU(2) xU(1) gauge symmetries of the SM emerge naturally from the
fractal-dimensional geometry |7]: the gauge group structure is determined by the
number of independent scaling directions in the MFM at the electroweak scale.

e The Higgs sector, which is trivial (non-interacting) in exactly D = 4, acquires
a non-trivial UV fixed point because ¢ > 0 shifts the theory away from the hy-
perplane of exact renormalizability [6]. This provides a UV completion of the
electroweak sector without supersymmetry, Technicolor, or compositeness.

e Dimensional regularization in perturbative QFT — the analytic continuation to
D = 4 —¢e¢ — acquires a physical interpretation: ¢ is not a mathematical regulator
but a real property of spacetime in the UV.

9.4 The Complex Ginzburg—Landau Equation: the spatiotemporal chaos of
classical fields

The central dynamical model in our program is the Complex Ginzburg-Landau equation
(CGLE) 19, 10]:
A=A+ (1 +ic))VEA — (1 +icy)| Al A, (31)

where A(z,t) € C is a complex order-parameter field and ¢y, co are real parameters
encoding the dispersive and nonlinear properties. The CGLE is the universal amplitude
equation for any spatially extended system near a Hopf bifurcation: it describes the
onset of oscillatory, pattern-forming, and turbulent behavior in a model-independent
way and is therefore the minimal field theory for the transition to complex dynamics.

The CGLE exhibits a rich phase diagram as a function of (c;, ¢p): defect turbulence,
phase turbulence, spiral waves, and frozen states. In the spatiotemporally chaotic
regime, the CGLE supports multifractal SRB measures and a non-trivial singularity
spectrum f(a), exactly as described in Sections 4-5.

Reference [9] showed that in appropriate limits the CGLE reduces to:

e The Navier—Stokes equation for an effective viscous fluid, via a Madelung-
type transformation A = \/_pew with v = V#. The kinematic viscosity v of the
effective fluid plays the role of a mass generation scale on the MFM.
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e The Schrédinger equation in the linear, low-amplitude limit |A| — 0 [11],
establishing a direct bridge between the nonlinear complex dynamics of the UV
field theory and the linear quantum mechanics of matter fields.

This chain of reductions — CGLE — Navier—Stokes — quantum mechanics — provides
a unified framework in which the probabilistic character of quantum mechanics emerges
from the deterministic (but chaotic) dynamics of the UV field theory, rather than being
postulated independently.

9.5 General Relativity from Rényt Entropy

The connection to GR follows from the Navier—Stokes link established above [10]. The
argument proceeds in three steps:

(1) Primordial dimensional fluctuations: the UV RG flow on the MFM generates
fluctuations of the effective dimension e(u) governed by the CGLE (31) in far-
from-equilibrium conditions.

(2) Fluid analog: via the Madelung transformation, these dimension fluctuations are
mapped to an effective viscous fluid with density p = |AJ* and velocity v = V0,
satisfying a Navier—Stokes equation on a curved background.

(3) Einstein equations: the Navier-Stokes equation on a curved background, com-
bined with the Jacobson—Verlinde argument that gravity is an entropic force,
yields the Einstein field equations G, +Ag,, = 871G T),, as the large-scale, coarse-
grained limit of the CGLE dynamics.

In this picture, GR is emergent: it is the hydrodynamic description of a deeply non-
equilibrium, multifractal vacuum, valid only at scales ¢ > ¢ ~ e /2. At shorter
scales, the vacuum geometry is governed by the multifractal dynamics of the CGLE,
with Hausdorff dimension D(p) = 4 — e(u) and a non-trivial singularity spectrum
encoding the vacuum fluctuations. The cosmological constant A naturally arises as a
coarse-grained measure of the vacuum fluctuation energy on the MFM.

9.6 Dark matter as relic dimensional condensate

Reference [8] proposed that non-baryonic dark matter (DM) arises as a natural conse-
quence of the MFM. Canonical field quantization on a fractal manifold with dimension
D = 4 — ¢ generates Cantor Dust structures: quasi-particle excitations of the vacuum
field with non-integer scaling dimensions. These excitations:

e Behave as a pressureless, collision-free fluid with no electromagnetic interactions
— matching the observational properties of cold dark matter.

e Have a characteristic mass set by the fractal dimension ¢, providing a geometric
(parameter-free) origin for the DM mass scale.

e Form self-gravitating halos whose density profiles follow p(r) ~ =3¢ inter-
polating between the NFW profile (standard ACDM) and the observed flatter
cores.

The og tension between CMB-inferred and large-scale-structure-measured clustering
amplitudes [12] may provide an early observational test of this picture, since the MFM
predicts a slight suppression of small-scale power relative to standard ACDM.
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9.7 Holography, Rény: entropy, and entanglement geometry

The Rényi entropy formalism of Section 7 connects the multifractal framework to the
holographic structure of quantum gravity [44, 45]. In the AdS/CFT correspondence,
the g-th Rényi entropy of a boundary CFT state Sf = (1 —¢q) 'log Tr p? is dual to
the gravitational partition function on a g-fold replica spacetime. The entanglement
entropy is

. Amin
g=1 N 4Gh,

the Ryu-Takayanagi formula: entanglement entropy equals the area of the minimal
bulk surface, measured in Planck units. Equation (32) is the holographic incarna-
tion of the g-derivative formula (11) connecting Rényi and Shannon entropies in the
multifractal formalism.

On the MFM, the entanglement entropy receives fractal corrections: Sgg = A/(403)+
c1log(A/l2) + ca(AJ€3)* /2 + - - -, where the leading area law is modified by logarith-
mic and power-law terms controlled by the fractal dimension . These corrections are,
in principle, observable in the spectrum of primordial gravitational waves and in the
entanglement structure of the CMB.

0
SEE = ~ 3 (log Tr pq) (32)

9.8 The unified picture
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[Chaotlc UV RG flow HCGLE (eq. 31) Minimal Fractal Mamfold}

cascade |[Al =0

[ SM parameters } [Quantum Physicsj quantiEeGeneral Relativity}

EDark Matter (Cantor Dust)}

Figure 9: Our unified program connecting complex dynamics to foundational physics.
The chaotic UV RG flow (Section 6) drives the system into the CGLE regime. The
CGLE provides the dynamical model of the Minimal Fractal Manifold (spacetime with
running dimension D = 4—¢). Its various limits recover quantum mechanics (|A| — 0),
General Relativity (via Madelung/Navier-Stokes), the SM parameter structure (via
Feigenbaum cascade), and a geometric model of dark matter (Cantor Dust structures
on the MFM).

Figure 9 summarizes our program. The six pillars are:

(1) Chaotic UV RG: the SM RG flow develops period-doubling bifurcations in the
UV, generating a Feigenbaum-type chaotic attractor [1, 2|.

(2) SM parameters: the Feigenbaum constant § controls the inter-generational mass
ratios |2, 3.

(3) MFM: spacetime acquires dimension D = 4 — &(u), providing a UV completion
of QFT and the electroweak sector [5-7].
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(4) CGLE as master equation: the CGLE governs primordial dimensional fluctu-
ations and contains QM and GR as limits [9-11].

(5) Dark Matter: Cantor Dust structures of the MFM provide a parameter-free
model of cold dark matter [8].

(6) Dimensional flow: running from D = 4 (IR/SM) to D = 2 (UV/Planck)
unifies the SM, GR, and quantum gravity under the single concept of multifractal
spacetime geometry.

10. Summary and Outlook

We have presented a self-contained account of the geometric foundations of complex
dynamics, progressing from invariant measures and Holder exponents (Section 2),
through Hausdorff dimension and the Kaplan—Yorke formula (Section 3), the multi-
fractal formalism and its thermodynamic analogy (Section 4), the singularity spectrum
and its Legendre-transform structure (Section 5), the universal routes to chaos (Sec-
tion 6), generalized entropies and dimensional flow (Section 7), and Large Deviation
Theory (Section 8), culminating in the connections to foundational physics (Section 9).
Seven original figures — generated from first principles using the logistic map, circle
map, and Manneville map — make the key concepts directly visible.

The central thesis is that the thermodynamic formalism of smooth ergodic theory
provides the unifying mathematical language for complex dynamics in nonequilibrium
systems and for the deep structure of physical law. The master identity is the Legendre-
transform duality:

fla) «— 7(q) = (¢ —1)D,, (33)

which simultaneously encodes the geometry of the strange attractor, the statistics of
Lyapunov exponent fluctuations, the large-deviation rate function for entropy produc-
tion, and — in the field-theory context — the distribution of SM coupling constants
across the chaotic UV RG attractor.

The Feigenbaum constants § = 4.6692 ... and ap = —2.5029.. ., the Feigenbaum
attractor dimension d., ~ 0.5388, and the universal Tsallis parameter ¢* ~ 0.2445 are,
in this framework, fundamental constants of complex dynamics as universal as h or
the fine-structure constant ey, in their respective domains.

Priority open problems.

(1) Derivation of ¢*: a rigorous computation of the Tsallis parameter ¢* =~ 0.2445
from the Feigenbaum fixed-point function g* alone, without numerical fitting.

(2) MFM dimension spectrum: first-principles computation of e(u) from the
chaotic UV RG equations, producing a quantitative prediction for the running
of spacetime dimension.

(3) CFT at the Feigenbaum point: identification of the (0 + 1)-dimensional con-
formal field theory at the Feigenbaum fixed point (14) and its complete operator
spectrum.
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(4) Fermionic CGLE: extension of the CGLE derivation of GR to include tor-
sion and the fermionic (Dirac) sector, incorporating SM matter fields into the
emergent-gravity framework.

(5) Observational tests: quantitative predictions for deviations from standard
ACDM in the CMB power spectrum, primordial gravitational wave background,
and collider observables that can be tested against current and forthcoming ex-
periments (JWST, Einstein Telescope, FCC) [12].
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A. Energy Content of Continuous Spacetime Dimensions

A.1 Masstve particles as topological polarizations of spacetime

We show here that the dimensional deviation € = 4 — D from integer spacetime repre-
sents a topological polarization of classical four-dimensional spacetime, and that par-
ticle masses are controlled by the large-deviation rate function of the multifractal
attractor.
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Starting from the MFM picture of Refs. |5, 7| together with [46], the particle mass
at the n-th level of the Feigenbaum hierarchy is written as

my, = ve 1) (34)

where v is a reference (vacuum expectation) energy scale and [(«,) is the large-
deviation rate function (Section 8) evaluated at the local Holder exponent «, of the
n-th orbit class. This identification is natural: e~/(®) is the SRB probability weight
of the set of orbit points with scaling exponent «, and m, inherits this weight as an
energy cost for maintaining the topological structure at scale n.

The rate function at the tangency point g (where f(ag) = 0, i.e. the extremal,
dimension-zero subset of the attractor) satisfies

I{a) = a = f(a), (35)
f(OZ()) =0 = ](Oé[)) = Q. (36)

Fractional Brownian motion (fBM) supplies the connection between the Holder expo-
nent o and the Hausdorff dimension D, via

DO =2— Qp, (37)

where oy = 1 corresponds to standard smooth one-dimensional curves (no fractality)
and oy = 0 corresponds to highly irregular, plane-filling curves (maximum fractality).
Combining eqgs. (36)—(37) with the MEM relation ¢ = 4 — D gives

e=4-—D, (38)
so that
Am = O(e), (39)

pointing to the conclusion that massive particles emerge as topological polarizations of
spacetime embodied in dimensional deviations €.

A.2 Feigenbaum scaling of consecutive mass ratios

On the same line of thought, and appealing to Refs. [1, 2|, we show that the ratio of
consecutive particle masses follows Feigenbaum scaling, stemming from next-neighbor
differences in the rate function.

The mass difference between successive levels is

Amy, = My — My = v[e’l(a"“) — e’[(“")} . (40)

Using the {BM relation I(a,) = 2 — Dy, and expanding to leading order,
Am,, oc e” @ Pon) _ o=(2=Dont1) o Do _ Dont1 (41)
Am,, < ADgy,, = Do — Do 1 X €. (42)
The successive differences of the rate function follow the Feigenbaum convergence (?7):
Al(ay) =Aay =€ — €00 = A0, (43)

where 0 = 4.6692. .. is the Feigenbaum constant, A is a non-universal prefactor, and
€4 18 the asymptotic value of the dimensional deviation at the chaotic fixed point.
Consequently,
T exp(Al,) = exp(Ad"), (44)
Mnp+1
recovering the Feigenbaum scaling of inter-generational mass ratios [2| from the geom-
etry of the multifractal rate function.




Goldfain — Geometric Foundations of Complex Dynamics 25

B. Probability Measure, Free Energy, and Primordial Gravita-
tion

The probability measure usgrp of the multifractal attractor, expressed via the large-
deviation rate function I(«), embodies a free energy density (or entropy flux): the
weight e~ (@ attached to each exponent layer F, is precisely the Boltzmann factor
for the corresponding geometric microstate, with I playing the role of a dimensionless
free energy per degree of freedom. This is the dynamical-systems analogue of the
statement that the SRB measure is the unique measure of maximal free energy for the
Ruelle pressure (9).

A direct consequence is that gravitation in the early Universe — when spacetime
itself was governed by the far-from-equilibrium dynamics of the CGLE (31) on the
MFM — can be viewed as an interaction driven by probability measures rather than
by smooth energy-momentum tensors. The curvature of primordial spacetime reflects
the non-uniform distribution of free energy density e/(®) across the fractal vacuum,
with regions of large ¢ (large dimensional deviation) carrying higher free energy and
acting as sources of gravitational attraction [8].

This picture connects naturally to the Cantor Dust model of dark matter [8]: the
condensates of continuous dimensions (Cantor Dust structures) that constitute the
dark sector are precisely the low-a, high-free-energy excitations of the multifractal
vacuum whose probability weight e(®) is large. Their gravitational interaction is
therefore an entropic force driven by gradients in I(«) across the MFM, providing a
unified geometric interpretation of dark matter, dark energy, and the origin of inertia.
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