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Abstract
This paper enhances a previous publication on the geometric unification of gravitation and electromagnetism. In successive steps it proceeds to the quantization of a V5 - manifold to enable the formalization of elementary particles und strong interaction. This is complimented by the inclusion of spin and the weak force, leading finally to a grand total equation, the stationary version of which corresponds to Schroedinger´s equation, the instationary version to the Einstein equation of General Relativity.
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Introduction

This paper expands and finalizes my previous publication “Geometric Unification of Classical Gravitational and Electromagnetic Interaction in Five Dimensions: a Modified Approach”, published in Zeitschrift für Naturforschung in 1980 [4]. In the previous introduction the current state of research in the field of unification had been presented referring to other reviews [1, 2] and shall not be repeated here. Before advancing to the next steps, here is a brief summary of the results of this publication:

Brief Summary

1. The unification between gravitation and electromagnetism takes place in a 5-dimensional manifold V5 with three space-like dimension, one time-like dimension and a fifth dimension x5 with the affine parameter q/m.
2. An "elevated principle of equivalence" is postulated: "If an observer in a (special) inertial frame (i.e. a Faraday cage) is travelling in an 'accelerating' field, he can neither distinguish, whether he is moving in a gravitational or an electromagnetic or any other field, nor whether he is subjected to an apparent field (of any kind) due to acceleration of a reference frame."
3. The final quantitative results lead to the following field equation:

							(1)

with T as the purely mechanical stress energy, u the 4-velocity of a test body,  an interval of proper time, with

										(2)

 									(3)

								(4)

where the terms in κ2 and κ3 are derived from electromagnetic stress energy.
G is the curvature tensor of the V5 manifold. It can be constructed from the Riemannian tensor for V5, the corresponding connection coefficients and the metric

								(5)

using the ADM-method [3, 5]

The following builds on equation (1) and includes the quantization of geometry. We shall first look at elementary particles and the strong interaction, and then include spin and the weak force, before arriving at the grand unification itself.

Elementary Particles and Strong Interaction

Heuristic Postulates

(a) The manifold in question, including space-time, has to be is quantized.
(b) Elementary particles with a rest mass m0 > 0 are described as geometric entities, i.e. resonant structures of the quantized manifold, in which energy is trapped. These particles must be solutions of a quantum equation, relating trapped energy (rest mass) and topology.
(c) The quantum nature of the manifold becomes apparent only at short distances, i.e. in the “long” connection a correspondence principle becomes obvious, serving for the transition from microscopic quantum limits to macroscopic continuum physics.
Un-quantized systems exist only in generalization outside a certain limit. In reality nature is subjected to quantum rules. A geometric theory must reflect this. In the V5-theory, geometry has to be quantized and thus provide the very basis for any static and dynamic behavior within the system as being characteristically of quantum nature. Quantum effects will be directly related to quantum geometry.
If the V5 – manifold is quantized in geometrical terms (postulate (a)), the stress energy results from the agglomeration of any number and combination of quantized entities, e.g. nucleons or quarks. The quantum nature of the stress energy (“potential”) propagates itself into the surrounding “continuum” – up to sufficiently small distances! Thus the surrounding geometry shows a structure basically related to the entities “at the centre of it”.
An elementary particle can be defined as a certain amount of energy (rest mass), trapped in a highly curved resonant manifold configuration. Thus, if one takes into consideration a continuous manifold structure, when approaching smaller and smaller distances, i.e. reaching quantum conditions under inclusion of manifold quanta, “gravitational” (geometric-dynamical) interaction suddenly “jumps” into a quantum aspect of nature. Thus “gravitation” becomes the long range part of “strong interaction” for a heavy particle for example. For a “charged” particle the difference constitutes itself from the position of that particle along x5.

Definitions

Let
(a)  							(6)
	being an event interval,
(b)  the space-time (or manifold) number
(c) q the space-time (or manifold) quantum
(d)  a space-time (or manifold) operator
In the quantum limit:
							(7)
The following quantization rule is applied:
 							(8)
Quantum limit on the metric:
                                                                                                                                  (9)
 describes also an event:     							(10)
Thus, an event dependent state of initially any kind can be expressed generally as:
                                                                                                                                (11)
This can be developed as:
                                                                                                    (12)
with ω initially unknown.
The meaning of ψ:
                                                                                                                  (13)
which is the probability, that at the event  within the “event space” (space-time manifold) the event is in the state |ψ>.
Clarification of  :  in geometric terms as metric corresponds to  in quantum terms to a quantum event state, thus
                                                                                                              (14)
To determine ω:
ω has to be related to the energy, trapped in events, or propagated along a world line; it therefore has to be found from the Einstein equation, which relates “event space” to (stress) energy.
Intermediate, semi-classical considerations, regarding the choice of a manifold metric
The choice – in principle – of the gik etc. is to be done arbitrary with a final restriction on at least one parameter, to suit the quantum condition (12). Thus only the choice of the final set is decisive: if. e.g. the time like part is chosen to be free, then one space like part is determined to fulfill the quantum condition et vice versa.
To carry through a full quantization, one has to define a quantum geometrical Hamiltonian, - an operator, which associates energy states with purely geometric entities: let us call it “Λ”.
Development of the Energy State Equation
Determining Λ and ω:
a) Λ
Λ carries the geometric information, which relates the manifold structure to energy states. It is therefore derived from Gμν (Einstein equation) under the observation of quantum rules:
Gμν → (quantized) Λ										(15)
b) ω 
The remaining part of the Einstein equation, being capable of yielding information for ω, is the stress energy, thus fulfilling the requirements for ω, outlined above:
ω = 8πTμν											(16)
To carry through a meaningful and consistent quantum relation between Λ and T in analogy to the Einstein equation, it is more useful to make  dependent on  rather than on  (without vector notation):
|        							(17)
The transformation from r2 to r2 + Δr2 is done via the transformation matrix U:
 								(18)
U can be expanded as:
                                                                                                              (19)
and with K = -iΛ				        						(20)
                                                         (21)
For mathematical convenience we make the transition:
Δr2 → dr2 						   			   		(22)
Thus
                                                                                               (23)
This is the instationary equation
Inserting the stationary terms leads to:
                                         (24)
and finally to
                                                                                             (25)
the stationary equation.
To arrive at energy states one has to rewrite (28):
and Tμν being  →                                                                 	                        (26)
leading to 						           (27)
and integrating
                                                                               (28)
leads to                                                                            (29)
the energy state equation
     l = 1,2,….,i,….n; l = 1,2,3							(30)
Thus the volume V is the product of three factors; the factors can be three out of any combination of dimension elements of an n-dimensional manifold (e. g. dx1dx2dx4 or dx2dx3dx4 or dx1dx2dx3 etc.).

Remarks to equation (25):
a) (25) corresponds to Schroedinger´s equation, relating energy states to a field potential.
b) (25) corresponds formally to Einstein´s equation, relating geometry (quantized) to stress energy (quantized).

Inclusion of Spin
Spin plays an important role in the quantum mechanical application of the unified field equation; it shall be look at in this section. Basis is still equation (1) (without indices)

							(31)

According to F. Hehl et al. [6] the stress energy tensor can be split into 
 
 										(32)
	with Tc  mechanical stress energy
	      Ts spin angular momentum
	(33)
thus
,	(34)
if there is coupling between spin angular momentum and stress energy momentum, and the latter changes with time.
In case of weak coupling of
						(35)
and
  , 						(36)
then
 ,   						(37)
and the spin equation reduces to:
 				(38)
with complete decoupling of spin from any charge effects.

Inclusion of Weak Force
According to the Fermi Model [7] the interaction density for charged and neutral weak processes is
 				(39)
  has to be found in the coupling constants κi,  ji in  T. LIweak   then transforms to
u = uc + uw										(40)
uc correponds to u (originally purely electromagnetic).
 		(41)
leading finally to
 						(42)

Spin and Electro-Weak

The simplest case is a weak coupling between spin and charge:
                                                 (43)
By taking the stationary equation (25), one arrives at:
  						 (44)
and
                                                                                                        	 (45)

Grand Total

The energy state equation reads:
  (46)                    
With all factors it transforms to:

  (47)

Conclusions

In succeeding from the original geometric unification of gravitation and electromagnetism in a V5 – manifold as described in [4] further steps in the quantization of the event space have been achieved leading to stationary and instationary equations, which correspond to the Schroedinger und Einstein equations respectively. With the inclusion of spin and the weak force a grand total description of elementary particles and their interactions can be described by geometrical means only. The discrete geometry in event space is the sum of quantized energy states, depending on their location in a V5 – manifold, their momentum relative to x5, the change of these momentums with proper time, and spin energies.
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