Algebra of Fractions of Algebra with Conjugation

Aleks Kleyn

ABSTRACT. In the paper, I considered construction of algebra of fractions of
algebra with conjugation. I also considered algebra of polynomials and algebra
of rational mappings over algebra with conjugation.
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Theorem 1.1. Let a, b€ ImA. Then

(1.1) Re (ab) = Re (ba)
(1.2) Im (ab) = —Im (ba)
(1.3) ab = (ba)*

Proof. Since condition of lemma is true, then
(1.4) a*=—a b*=-b
The equation (1.3) follows from the equation (1.4) and the equation
ab = a*b* = (ba)*
Therefore, equations (1.1), (1.2) follow from equations
ab = Re (ab) + Im (ab)
ab = (ba)* = Re (ba) — Im (ba)
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Theorem 1.2. Let a € A. Then
(1.5) aa* =a*a
Proof. The equation (1.5) follows from equations
aa* = (Rea)? — (Rea)(Ima) + (Ima)(Rea) — (Ima)? = (Rea)? — (Ima)?
a*a = (Rea)? + (Rea)(Ima) — (Ima)(Rea) — (Ima)?® = (Rea)? — (Ima)?
(]

Theorem 1.3. Let A be associative algebra with conjugation. Then'
(1.6) (ab)(ab)* = (aa™)(bb")
Proof. Since

a=Rea+Ima
b=Reb+1Imbd

Rea)(Reb)_2— 4+ (Ima)(Imb)(Rea)(Reb)_3—

(
(
(
(
(
(1.11) —(Rea Imbd)_1- — (Rea)(Imb)(Rea)(Imb)
(
(
(
(
(

IThe theorem 1.3 has more simple prove. Namely, the theorem follows from the equation
(ab)(ab)* = (ab)(b"a*) = a((bb*)a™) = (aa*)(bb*)

However, I hope to find conditions when the theorem 1.3 is true for non associative algebra. The
proof in the text is the basis for future research.
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From the equation

—~
[

1.11), it follows that
2

(112) )((m ) (Im a))
)

)
(Reb)

2(Im b)? — (Im a)*(Re b)?
(Imb)
(Imb))(Rea)(Imb) + (Rea)(Imb)((Imd)(Im a))
(

(Ima)(Imd))(Imbd) = (Ima)((Im b)(Im b))
(1.13) = ((Imb)(Imbd))(Ima)
= (Imb)((Imd)(Im a))
(1.14) (Ima)(Imbd))(Ima) = (Ima)((Imb)(Im a))
(1w @) (Tm ) (T b) (T @) = (T a) (T B) ((Tn b) (T )
(1.15) = (Ima)((Imbd)(Imb))(Im a))
— ((Tma)(Im a)) (Tm b) (T ))
= (Ima)?(Im b)?
It follows from equations (1.12), (1.13), (1.14), (1.15) that
(ab)(ab)* =(Rea)?(Reb)? — (Rea)?(Imb)?
—(Ima)?*(Reb)? + (Im a)?(Im b)?
(1.16) =(Rea)?((Reb)? — (Imb)?)
—(Ima)?((Reb)? — (Imb)?)
=((Rea)” — (Ima)*)((Reb)® — (Im b)?)
The equation (1.6) follows from equations (1.7), (1.8), (1.16). O

Theorem 1.4. Let A be associative algebra with conjugation. Then
(1.17) (H ai> <H ai> = H(aia;‘)
i=1 i=1 i=1

Proof. For m = 1, the theorem is obvious. For m = 2, the theorem follows from
the theorem 1.3. Let the theorem is true for m = p — 1. Let

p—1
b= H a;
=1
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Then
(1) (1) (1)) (11-) -
= (bay) bap = (bap)(ayb™)
= b(apa,)b* = bb*(apay,)
(i) i)
1 P
= (H aia; ) (apa;) = H(aiaf)
i=1 i=1
Therefore, the theorem is true for m = p. O

2. FIELD OF FRACTIONS OF SCALAR ALGEBRA

Let D be commutative ring. Let A be D-algebra with conjugation. According
to the definition [7]-4.2, scalar algebra Re A is commutative associative ring. Let
the ring Re A be entire.? Then there exists field F' of fractions of ring Re A.?

According to construction that was done in subsections [8]-4.4.2, [8]-4.4.3, a
diagram of representations of Re A-algebra A has form

ReA—{LA f2f—>A fiz(d):a—da
Ly fosla):b— Ca(ab)
Re|3A Ca € L(A%A)
A diagram of representations of F-algebra G has form
A2 p BB g12(d):a—da
191,2 g2.3(a) : b— Cg(a,b)
1|J‘ Cp € L(B% B)

We define F-algebra B such that there exists linear homomorphism® of Re A-algebra
A into F-algebra B

rm:ReA—F ry:A— B
such that ring homomorphism r; is embedding of the ring Re A into the ring F
(page [1]-108)
(2.1) ri(d) =d/1
and image of a basis €4 of Re A-module A under mapping r5 is a basis of F-vector
space B

(2.2) T2 0€A4 = €B.i
2See the definition of entire ring on the page [1]-91.

3Construction of field of fractions is considered in [1], pages 107 - 110.
4See the definition [6]-6.2.
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Based on the equation (2.1) we can identify d € Re A and its image
T (d) =d

Theorem 2.1. F-algebra B is algebra with conjugation. The field F' is scalar
algebra of F-algebra B. Structural constants of F-algebra B coincide with structural
constants of Re A-algebra A

(2.3) Cpij=Caly

Proof. From the equation (2.2) it follows that

(2.4) 7“2-? = 0F

From the equation (2.4) and the theorem [6]-6.4 it follows that

(2.5) Caty=m1(Cut)6, =0867C,

The equation (2.2) follows from the equation (2.5). From the equation (2.5) and

the theorem [7]-4.5 it follows that F-algebra B is algebra with conjugation and the
field F' is scalar algebra of algebra B. O

Below we will assume that Re A is a field.
According to the theorem [7]-4.9

(2.6) aa® € Re A

In contrast to complex field and quaternion algebra, the field Re A can be different
from the real field. The concept of order may be missing in the field Re A. So
we cannot accept the expression (2.6) as norm in the algebra A. Even more, this
expression can be equal 0.

Theorem 2.2. a € A is invertible in the Re A-algebra A iff

(2.7) aa* #0
Since the condition (2.6) is true, then

1
2.8 = -
(2:8) “ aa* “

Proof. By definition, a € A is invertible, if there exists a~! € A such that
(2.9) ac”t =1
From the equation
aa® = aa”
and the equation (2.6), it follows that

1 1
(2.10) —aa” = —aa"
aa aa
We can represent right part of the equation (2.10) as

1 1 aa*
2.11 * = =1
( ) aa* aa aa* 1
Since the product in Re A-algebra A is bilinear mapping, then we can represent left
part of the equation (2.10) as

1 1
(2.12) —aa* =a ( a*)

aa aa*
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From equations (2.10), (2.11), (2.12), it follows that

(2.13) a (%a) =1

(2.8) follows from equations (2.9), (2.13).

Since
(2.14) aa* =0
then a € A is left and right zero divisor.” According to the theorem [3]-6.3, a € A
does not have inverse. O

Remark 2.3. Using the notation considered in the beginning of this section we can
say that it follows from the theorem 2.2 that F-algebra B is algebra which has the
greatest possible set of invertible elements of Re A-algebra A. F-algebra B is called
algebra of fractions of algebra with conjugation A. O

Definition 2.4. Let us denote
Apy={a€A:aa" =0}

the set of zeros of algebra A. According to the theorem 2.2, a € Ay iff either
a =0, or a is zero divisor. Let us denote

Ay ={a€A:aa* #0}
set of invertible elements of algebra A. 1

Let a€ A1, be A. Left fraction is represented by expression

1
a ' = —*a*b
aa
Right fraction is represented by expression
1
O —b a*
aa

The set of fractions in algebra is not limited by left or right fractions. For instance,
expressions

(a=tb)(c7td) a"tb+cd
are also fractions.

We can define few equivalence relations on the set of fractions. For instance,
since d € Re A, then

a~'b=(da)"'(db) (a~'(db))(c™'f) = (a""'b)(c™(df))
However, the question about canonical form of fraction is not trivial task, at least,
at current time.
5From equations
aa* = CJya’a® — CF,a"a!
a*a = CJya’a® — CF,a"d

and the equation (2.14), it follows that aa® = 0.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.4061v2.pdf#theorem.English.6.3

Algebra of Fractions of Algebra with Conjugation 7

3. ALGEBRA OF POLYNOMIALS

Let D be the commutative ring of characteristic 0. Let A be D-algebra. Algebra
of polynomials A[x] over D-algebra A is generated by the set of monomials.
The following theorem (the section [5]-5.2) describes the structure of the monomial
pr of power k, k > 0, in one variable over associative D-algebra A.

Theorem 3.1. Monomial of power 0 has form ag, ag € A. For k > 0,

pk(ﬂf) = pk71($)imk
where ay, € A.

Proof. Actually, last factor of monomial pg(x) is either ax € A, or has form z!,

I > 1. In the later case we assume a; = 1. Factor preceding a; has form zh 1> 1.
We can represent this factor as z'~'z. Therefore, we proved the statement. O

In particular, monomial of power 1 has form p;(z) = apra;. From theorems
3.1, [5]-3.41, it follows that we can associate the tensor ap ® a1 ® ... ® a to each
monomial pg.

Order of the factors is essential in the nonassociative algebra. So the theorem
3.1 gets following form.

Theorem 3.2. Monomial of power 0 has form ag, ag € A. For k > 0, there exist
monomials pi, Pm, m+1==Fk, such that

() = apapi(x)ak.2pm(x)ak.3

where ag.1, ag.2, ag.3 € A. O

Since D-algebra A is algebra with conjugation, then we can extend the mapping
of conjugation onto algebra of polynomials as well we can consider polynomials over
ring Re A. Since the structure of polynomial over ring Re A is different from the
structure of polynomial over algebra A, then determination of relationship between
algebras Re Alz] and A[z] is nontrivial problem.

Since p(x) is monomial over algebra, then, according to the theorem 1.4, we
can consider an expression p(x)(p(z))* as polynomial r(y) with variable y = za*
over algebra Re A. Although for an arbitrary polynomial p(x) € Alx], expressions
p(z) + (p(z))*, p(z)(p(x))* take values in ring Re A, it is not clear whether we can
consider these expressions as polynomials over ring Re A.

There exist algebras with conjugation where conjugation does not depend lin-
early on identity mapping (see, for instance, section [2]-6). In such case for any

polynomial, expression
p(x)(p(x))"

depends from two variables: x and z*.
Consider algebras with conjugation where conjugation linearly depends on iden-
tity mapping
¥ =s(x) = 8.0 81
(for instance, the mapping [4]-(4.3.35) in quaternion algebra, the mapping [4]-
(4.5.99) in octonion algebra). In such case for any polynomial p(z), expression

p(@)(p(z))" = r(z)
is polynomial.
Let the ring Re A be a field.
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Definition 3.3. Let p(x) be polynomial over algebra A. a € A is called root of
the polynomial p, if p(a) € Ap. O

According to the theorem 2.2, for polynomial p(z), following expression is de-
fined

1
(3.1) ~€Red

p(z)(p(x))
for any © € A which is different from root of polynomial p(z). Therefore, the
mapping
1 .
- (p(x))

-1 _
(32) @) = @)

is defined properly for x which is not root of polynomial p.
Algebra A(x) generated by expressions like (3.2) is called algebra of rational
mappings of algebra A.

4. IDEAL

Definition 4.1. Subgroup B of additive group of algebra with conjugation A is
called left ideal of algebra.’ if

aBCB acA

Subgroup B of additive group of algebra with conjugation A is called right ideal
of algebra, if

BaCcB acA

Subgroup B of additive group of algebra with conjugation A is called ideal of
algebra, if B is both a left and a right ideal. (I

Example 4.2. Let A be algebra with conjugation, a € A. The set Aa is left ideal
called left principal ideal of algebra A.” The set aA is right ideal called right
principal ideal of algebra A. The set AaA is ideal called principal ideal of

algebra A. O
Theorem 4.3. Let A be associative algebra with conjugation, a € Ag. Then

(4.1) Aa € Ao

(4.2) aA € Ay

Proof. Let b € A. From the definition 2.4 it follows that

(4.3) (ba)(ba)* = (ba)(a*b*) = b(aa™)b* =0

(4.4) (ab)(ab)* = (ab)(b*a™) = a(bb*)a™ = (bb*)(aa™) =0

The statement (4.1) follows from the equation (4.3). The statement (4.2) follows

from the equation (4.4). O

6T his definition is based on the definition [1], page 86.
7[1], page 86.
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Theorem 4.4. Let A be associative algebra with conjugation, a € A, b € Ap.
Algebra of polynomials Alx] has left ideal

Z} (a,b)Alz] = {p € Alz] : p(a) € Ab}
Algebra of polynomials Alx] has right ideal
Z:(a,b)Ala] = {p € Alz] : p(a) € DA}
Proof. The theorem follows from definitions considered in the example 4.2 and the
theorem 4.3. (]

We can prove similar theorems.

Theorem 4.5. Let A be associative algebra with conjugation, a € A. Algebra of
polynomials Alz] has ideal

Z'(a)Alz] = {p € Alz] : p(a) = 0}
O

Theorem 4.6. Let A be associative algebra with conjugation, a € A, b € Ay.
Algebra of rational mappings A(x) has left ideal

Z}(a,b)A(x) = {p € A(z) : p(a) € Ab}
Algebra of rational mappings A(x) has right ideal
Z:(a,b)A(x) = {p € A(z) : p(a) € bA}
O

Theorem 4.7. Let A be associative algebra with conjugation, a € A. Algebra of
rational mappings A(x) has ideal

Z'(a)A(z) = {p € A(x) : p(a) = 0}
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Asrebpa 4acTHBIX ajirebpbl C COMPAKEeHUEM

Anekcannp Kireitn

AHHOTALMSI. B crarhe paccMOTPEHHO BO3MOXKHOCTD ITOCTPOEHUS aIre0phl 9acT-
HBIX aJIrebpbl ¢ CoNpsi?KeHueM. ¢l TakrKe pacCMOTpes ajaredpy MHOTOYIECHOB U
anrebpy palroHAIbHBIX OTOOPAXKEeHUI HaJl ajJredpoil ¢ CONPszKEHUEM.

COJEPYKAHUE

N W=

1. BCIIOMOTATE/IbHBIE TEOPEMBI

Teopema 1.1. ITycmv a, b € Im A. Tozda

(1.1) Re (ab) = Re (ba)
(1.2) m (ab) = —Im (ba)
(1.3) ab = (ba)*

Jloxasamenvcmeo. Ecim ycnoBue JIeMMBI BBITOJHEHO, TO
(1.4) a*=—a b*=-b
Pasencrso (1.3) sBisercs caeacTsueM pasercTsa (1.4) u paBeHcTBa
ab = a*b* = (ba)*
Caenosarenbno, pasecrsa (1.1), (1.2) aBIAIOTCS CII€ICTBIEM DABEHCTB
ab = Re (ab) + Im (ab)
ab = (ba)* = Re (ba) — Im (ba)

Aleks  Kleyn@MailAPS.org.
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Teopema 1.2. I[Iycms a € A. Toeda

(1.5) aa* =a*a

Joxazameavcmeo. Pasencrso (1.5) cieiyer u3 paBeHCTB
aa* = (Rea)? — (Rea)(Ima) + (Ima)(Rea) — (Ima)? = (Rea)? — (Ima)?
a*a = (Rea)? + (Rea)(Ima) — (Ima)(Rea) — (Ima)?* = (Rea)? — (Ima)?

Teopema 1.3. ITycmov A - accoyuamuenas areebpa ¢ conpascenuem. Tozda*
(1.6) (ab)(ab)* = (aa™)(bb")
Zloxasamenvcmeo. IlockoIbKY

a=Rea+Ima
b=Reb+1Imbd

=
@
S
~
no
I
—~
=
¢
S
~—
—~
=
S
~—
_|_
—~
=
S
~
—
=
)
S
~
I
—~
—
B
S
~—
[ V)
I
—~
=
¢
S
~—
[ V)
I
—~
—
B
S
~
V)

—
I~
S

=

*
|

Rea)(Reb)_2— + (Ima)(Imb)(Rea)(Reb)_3—

(
(
(
(
(
(1.11) —(Rea Imbd)_1- — (Rea)(Imb)(Rea)(Imb)
(
(
(
(
(

ITeopenma 1.3 mmeeT 6osee MPOCTOE IOKA3ATENLCTBO. A HMEHHO, TEOPeMa, CJIedyeT M3 paBeH-
cTBa
(ab)(ab)* = (ab)(b*a*) = a((bb*)a*) = (aa™)(bb*)
Opanako, s HAJEIOCh HANTH yCIOBHA, KOTJa Teopema 1.3 BepHa JIIs HeaCCOIMATHBHOM alrebpEbI.
TIpuBeieHHOE JOKA3ATEILCTBO ABJIACTCA OCHOBOM /i OY/LyIIero MCC/IeI0BAHMS.
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U3 pasencrsa (1.11) caenyer
(ab)(ab)*
(Rea)?(Reb)
—(Rea)*(Imb)? — (Ima)?(Reb)?
Ima)(Imb))((Imb)(Ima))
(Imd)
(

2

(1.12)

+

((
—((Ima)(Imbd))(Rea)(Imbd) + (Rea)(Im bd)((Im b)(Im a))
—((Ima)(Imbd))(Ima)(Rebd) + (Ima)(Re d)((Im b)(Im a))

Eciu npousseienue B anredpe A acconuaTuBHO, TO
(1.13) = ((Imb)

(
(
(1.14) ((Ima)(Imd))(Ima) = ( )
(Ima)(Imd))(Imd)(Ima)) = (Ima)
(1.15) =( )
(
(

(1.16) = )
Reb)? — (Imb)?)
2 — (1mb)?)

Pagencrso (1.6) cienyer us pasercrs (1.7), (1.8), (1.16). O

Teopema 1.4. Ilycms A - accoyuamuenasn arzebpa ¢ conpasicenuem. Tozda

m

(1.17) (H%) <H ai) = H(aiaf)

i=1
Jloxasameavcmeo. Ina m = 1 yrBepxKaenune TeopeMbl oueBuano. s m = 2 teo-
pema ciemyeT u3 TeopeMbl 1.3. IlycTh yTBepKIenne TeopeMbl BEpHO it m = p — 1.

IIycrs
p—1
b= H a;
i=1
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Torma
p p * *
H a; H a; | = H ai | ap H a; | ap
i=1 i=1
= (b%)(b% = (bap)(ay, b*
= b(a’Pa’p)b* = *(apa )
p—1 p—1
= H a; H ai | (apay)
i=1 i=1
p—1 P
= | [T(@a) | (apay) = [ [(aia))
i=1 i=1
CrenoBare/IbHO YTBEPKIEHUE TEOPEMbl BEPHO LI 11 = P. O

2. TIOJIE YACTHBIX AJITEBPBI CKAJISAPOB

IIycre D - komMyTaTuBHOE KOJIibIO. IlycTth A - D-anredbpa ¢ comnpsizkernem. Co-
riacHo onpenenennto [7]-4.2, anrebpa ckanspos Re A sBisleTcst KOMMYTATUBHBIM
ACCOIUATUBHBIM KOJIBIOM. IIycTh kombio Re A apiserca nenocrasiv.? Torma cy-
mectByer 1ojte F uacTHBIX Kosbia Re A.3

CoriacHO MOCTPOEHNUAM, BBIIOJIHEHHBIM B pasjeax [8]-4.4.2, [8]-4.4.3, auarpam-
Ma npejicraBienuii Re A-anrebpor A umeer By

RGA'ILA 224 fi2(d):a—da
Ifl,z f2,3(a) : b— Cala,b)
Re|A Ca€ L(A%A)
Junarpamma npejcrasiennit F-aurebper G uMeer BHJL
F--p 2B g12(d):a—da
191,2 g2.3(a) : b— Cg(a,b)
1|7 Cp € L(B?; B)

Mar onpesiesum F-anre6py B tax, 9To cymecTByeT auHeiiHbi romomopdmsm® Re A-
anredopsr A B F-anrebpy B

rmn:ReA—F rq:A— B

TAKOM, ITO TOMOMOP(MU3M KOJIEIl 71 sABJISIETCsI BJIOXKEHNEM KoJiblla Re A B KOJIbIO
F (crpanuna [1]-86)

(2.1) ri(d) =d/1

u 0bpa3 Gasuca ey Re A-monyns A mpu oToOpaskeHHN 1o dABsSeTcs 6asucoM F-

BEKTOPHOT'O TIpOCTpaHcTBa B

(22) 9 0€A.; = €R.j

2CMOTpH OlIpeiesIen e NETOCTHOTO KOMbIa Ha cTpanune [1]-79.
3[ocTpoetue 1O YACTHBIX PACCMOTDPEHHO B [1], crpanunsr 85 - 88.
4Cmorpu onpegenenue [6]-6.2.


http://arxiv.org/PS_cache/arxiv/pdf/1105/1105.4307.pdf#theorem.Russian.4.2
http://www.amazon.com/#subsection.Russian.4.4.2
http://www.amazon.com/#subsection.Russian.4.4.3
http://arxiv.org/PS_cache/arxiv/pdf/1104/1104.5197.pdf#theorem.Russian.6.2
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Ha ocuose pasencrsa (2.1) Mbl MozkeM oroxkaectBuTh d € Re A u ero obpas
1 (d) =d
Teopema 2.1. F-anezebpa B asisemcsa anzebpoti ¢ conpascenuem. Ilore F asan-

emes anzebpoti cxarsapos F-anzebpu, B. Cmpyxmyprue xoncmarnmo, F-aneebpa B
cosnadarom co cmpyrmyproLmu koncmarnmamyu Re A-anzebpor A

(2.3) CB-?j = CA.I{?,'
Jokasameavcmeo. 13 pasencrsa (2.2) caexyer

(24) ryf =0f

W3 pasencrsa (2.4) u Teopemsl [6]-6.4 caexyer

(25) CAiJ =T (CAEJ)éi = 65}5}103-;}11

Pasencrso (2.2) cienyer u3 paserncrsa (2.5). 113 pasencrsa (2.5) u Teopemsr [7]-4.5
ciemyer, uro F-anrebpa B sBisiercs ajarebpoii ¢ conpsizkenneM u moJsie F' sapisercs
aredPOil CKAJIAPOB aredpoil ckasisipoB aaredpol B. O

B pasbaeiinem Mbl Oyiem mojarars, 9To Re A siBjisiercst moJiem.
Corsacuo reopewme [7]-4.9

(2.6) aa® € Re A

B ornuume or mosist KOMIUIEKCHBIX YHCE] U ajaredpbl KBaTEPHUOHOB, mojie Re A
MOZKeT OBITh OTJIMIHO OT TI0JIs JIeHCTBUTENbHBIX drces. B moie Re A moxker orcyT-
CTBOBATH HOHATHE NOpsaKa. [loaToMy MBI HE MOXKEM HHTEPIPETUPOBATH BhIPazKe-
uue (2.6) kak Hopmy B anrebpe A. Bojiee Toro, 910 BbIpazkeHne MOKET ObITh PABHO

0.

Teopema 2.2. a € A obpamum 6 Re A-anrzebpe A mozda u moavko mozda, xozda
(2.7) aa® #0

Ecau yeaosue (2.6) svinoarero, mo

(2.8) at = ! a”

aa™*

Jloxazamensvcmeo. Ilo onpenenenmio, a € A obpaTuM, ecn cymecTByeT a ' € A
TaKOM, YTO

(2.9) aa™t =1

U3 paBencrsa

aa® = aa”
u paBeHcTBa (2.6) caemyer
1 1
(2.10) —aa” = ——aa”
aa aa

Mpr MOKEM IIPEJICTABUTD MPaBYyo 1acTh paseHcTsa (2.10) B Bue

1 1 aa*
(2.11) aa* = — =1
aa* aa* 1
TTockonbky npousseenune B Re A-anrebpe A - GununeiiHoe 0TOOpayKeHUE, TO MbI
MOKEM IIPEJICTABUTD JIEBYIO 4acTh pasencTsa (2.10) B Buie

1 1
(2.12) —aa” =a < a*>

aa aa*


http://arxiv.org/PS_cache/arxiv/pdf/1104/1104.5197.pdf#theorem.Russian.6.4
http://arxiv.org/PS_cache/arxiv/pdf/1105/1105.4307.pdf#theorem.Russian.4.5
http://arxiv.org/PS_cache/arxiv/pdf/1105/1105.4307.pdf#theorem.Russian.4.9
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W3 pasencts (2.10), (2.11), (2.12), crenyer

(2.13) a (ai a*) =1

(2.8) cemyer u3 pasencrs (2.9), (2.13).

Ecmm
(2.14) aa* =0
5
TO a € A sBIsSeTCs JIeBBIM U NpaBbiM JesuresieM Hydist.” CorsacHo Teopeme [3]-6.3,
a € A He numeer 06pPATHOTO. O

Bamevwanue 2.3. Ucnonb3ys 0003HAUECHNS, PACCMOTPEHHBIE B HAYAJIE PA3/IE/IA, MbI
MOXKEM YTBEDXKIATh, 9TO W3 TeopeMbl 2.2 cjemyer, 4ro F-amrebpa B saBisercs
arebpoit, B KOTOPOil 00PATUMO MAKCHMAJIHLHO BO3MOYKHOE MHOYKECTBO 3JIEMEHTOB
Re A-anrebper A. F-anrebpa B Ha3biBeTCsi aJirebpoil YacTHBIX ajreopnl C Co-
npsizkeHueM A. O
Onpenenenune 2.4. Ob6o3nagM

Apy={a€A:aa" =0}
MHO2KecTBO HyJieii ajire6pbr A. CorjiacHo Teopeme 2.2, a € Ay Torja u TOJBKO
Tora, Korja Jjimbo a = 0, mubo a siBisiercs jenureseM HyJisi. Obo3HAUNM

Ay ={a€A:aa" #0}
MHOXKECTBO O0OpaTUMBbIX 3JIEMEHTOB aJIreopbl A. (I

I[Iycts a € A1, b € A. JleBast ApobB IpejicTaB/IeHA BbIPAXKEHIEM

1
a b= a*b
aa*
IIpaBasi ;PpOOBL mpeacTaBIeHA BhIparKeHIEM
1
ba~ ! = -b a*
aa

MmuoxkecTBO Jipobeit B ajiredOpe He OrpaHUYEHO JIEBLIMUA WU TTPABBIMUA JIPOOSIMI.
Hanpumep, Boiparkenus
(a=tb)(c7td) a"tb+cd

TaKXKe SIBJISIIOTCS JPOOSIMI.
Ha muoxkecTBe Jipobeii MOYKHO OIMpPeJIeUTh HECKOJIBKO OTHOIIEHUN 9KBUBAJICHT-
voctu. Hanpumep, eciin d € Re A, To

a™'b = (da)~'(db) (a='(db))(c™'f) = (a7'b)(c™}(df))

O1HAaKO BOIIPOC O KAHOHUYIECKOH hbopMe JApobu - 3a/1aua HeTPUBHAIbHA, 110 KPaii-
Heil Mepe, B JJAHHBII MOMEHT BPEMEHU.

SUs paBeHCTB
aa* = C9a%a® — C2,a*a!
a*a = CJyaa’ — CF,a"d

u pasencrsa (2.14) creayer aa® = 0.


http://arxiv.org/PS_cache/arxiv/pdf/0912/0912.4061v2.pdf#theorem.Russian.6.3
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3. AJITEBPA MHOI'OYJIEHOB

[Iycts D - xkommyTaTusHOE KOJbIO Xapakrepuctuku 0. [lycrs A - D-anrebpa.
Anre6pa mHorouneHoB Alz] wuan D-anreGpoit A mopoxKieHA MHOMKECTBOM
onuowreHoB. CTPYKTypa OfHOWIeHa Py crenern k, k > 0, oHON TIepeMeHHON Ha/T
accoruaruBHoil D-asrebpoii A onmcana B ciejytomeii Teopeme (pasaen [5]-5.2).

Teopema 3.1. Odnousen cmenernu 0 umeem 6ud ag, ag € A. Jas k > 0,

pk(x) = pk71($)imk
20e ap € A.

Joxazamenvecmeo. eiicTBUTENbHO, TOCASAHUNA MHOXKUTE/Ib OJHOWICHA Py (2) aB-
nsercs 6o ay € A, mbo umeer Bux !, [ > 1. B mocienmeM ciyuae Mbl HOIOKIM

ar = 1. MHOXKuTes b, IpemmecTByOmuil ay, mvmeer sux !, [ > 1. Mbl MoxkeM
IPEeJICTABUTE STOT MHOXKHTEb B Bujie '~ 'z, CirenoBaTeibHo, yTBEPK ICHIe I0Ka-
3aHO. (]

B wacrHOCTH, OtHOUIIEH crenieHu 1 uMeer BuJ p1(x) = apzar. 13 Teopem 3.1, [5]-
3.41 caemyer, 9TO KayKJIOMY OJHOUIEHY Dy MbI MOXKEM COHOCTABUTH TEH30D ag @
a1 Q... ay .

B meacconmaTuBHOil anrebpe MOPsIOK COMHOXKHUTENEH CTAHOBUTCH CyIIECTBEH-
ubiM. [TosTomy Teopema 3.1 mpuobpeTaeT e yionLyio (popmy.

Teopema 3.2. Odnousen cmenenu 0 umeem eud ag, ag € A. Jdas k > 0, cywe-
cmeyom 00HOUAEHBL Pi, Pm, M + 1 =k, maxue, wmo

pk(ﬂi) = ak~1pl($)ak~2pm(17)ak~3

20e ap.1, Qp.2, .3 € A. O

Ecrm D-anrebpa A sBisierca anreGpoit ¢ CONPAKEHUEM, TO MbI MOXKEM PACCIPO-
CTPAHUTH OTOOPAZKEHNE CONPIAZKEHNsI HA aJre0py MHOTOUJICHOB, & TAKKe PACCMAT-
pHBATH MHOTOWIEHDI HaJ KOIbIoM Re A. Tak Kak cTpyKTypa MHOIOUICHA HaJ{ KOJIb-
noM Re A orimdaercst 0T crpyKTypbl MHOIOWIEHa HaJt anrebpoit A, To onpeaesenue
cBsi3u Mexty asnreOpamu Re A[z] u Alz] siBasiercst HeTpuBnaibHOl 3a1a4€ii.

Eciin p(x) - ompowien Haj aiarebpoii, To, coriacHo Teopeme 1.4, Mbl MOXKEM pac-
cMarpuBarh Belpazkenue p(z)(p(z))* kak mMuorouseH r(y) ¢ nmepeMeHHOR y = xa*
nan anrebpoit Re A. Xora g npomssosbroro muorowiena p(z) € Alz] Boipazke-
uust p(z) + (p(z))*, p(z)(p(z))* npuaIMaroT 3HAaUeHust B Kosble Re A, coBcem He
OYEBH/HO, MOXKEM JIM MbI 9TH BBIPAKECHHsI PACCMATPUBATH KAK MHOIOYUIEHBI HaJl
KoJIbIOM Re A.

CymecTBy 0T anrebphl ¢ CONPSAZKEHUEM, B KOTOPBIX CONPsIZKCHNE HE 3aBUCAT JIU-
HEHHO OT TOXKJIECTBEHHOIO 0ToOpazkenus (cMorpu, Hanpumep, paszei [2]-6). B arom
cJLydae Jyisl IPOU3BOJILHOIO IOJIMHOMA BBIPAZKEHHE

p(z)(p(x))"

3aBUCUT OT JIBYX IIEPEMEHHBIX: T 1 X*.
Pacemorpum arebpet ¢ conpsizkeHneM, B KOTOPBIX COIPSZKEHUE JITHEHHO 3aBUCUT
OT TOXKJIECTBEHHOT'O OTOODaYKEHUS

¥ =s(x) = 8.0 81


http://arxiv.org/PS_cache/arxiv/pdf/1003/1003.1544v2.pdf#subsection.Russian.5.2
http://arxiv.org/PS_cache/arxiv/pdf/1003/1003.1544v2.pdf#theorem.Russian.3.41
http://arxiv.org/PS_cache/arxiv/pdf/0909/0909.0855v5.pdf#section.Russian.6
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(manpumep, orobpazenue [4]-(4.3.35) B anrebpe KBaTepHUOHOB, OTOOpazkenue [4]-
(4.5.99) B asrebpe OKTOHNOHOB). B 9T0M cityuae Jijist IPOM3BOJILHOIO MOJTHHOMA P ()
BbIpazKeHUe

SABJISIETCST TIOJTTHOMOM.
[Tyctob xombio Re A siBiisiercst mojiem.

Onpepnenenune 3.3. Ilycrs p(x) - momuaOM Has anrebpoit A. a € A HasbiBaeTCst
KOPHEM IMoJnHOMa D, eciu p(a) € Ap. O

Corutacuo Teopeme 2.2, i moJuHOMa p() OUPEIEIeHO BhIpazKeHue

1
@@y < el

Jtst oboro x € A, oramvHOro oT KopHst nosmHoMa p(z). CremosaresnbHO, 0TOOpa-

L (o))"

-1 _
(3:2) @) = @)

KOPPEKTHO OIPEJIEJCHO ISl &, He SBJISIIOIINXCS KOPHAMUA MHOPOYJICHA, P.
Asrebpa A(x) , nopoxkaénnas BoipaxkeHugMu Buja (3.2) Ha3bIBETCs AIreGpoit
PaMoHaJIBbHBIX OTOOpaXKeHUl ajaredopnr A.

(3.1)

4. UDEAT

Onpenenenune 4.1. [logrpymnma B a/yIuTUBHOI IPYIIIBI AJIr€OPHI C COMPSIKEHIEM
A HazpIBaeTCH JEBBIM HAEAJIOM aaredpsl,’ eciu

aBCB acA

Tloarpymma B ajuTUBHON I'PYIIIbl ajredpsl ¢ colpsizkeHneM A Ha3biBaeTcs Impa-
BBIM H/I€aJIOM aJIrebpbl, ecim

BaCB acA

Toarpynma B ajiuTuBHOM rpyniibl aaredpbl ¢ compsizkenneM A Ha3bIBaeTCsl uae-
ajJIoM aJiredpsl, ecjin B 0IHOBPEMEHHO SBJISIETCS JIEBBIM U IIPAaBbIM ujeajiom. [

ITpumep 4.2. Ilycrs A - anrebpa c compsizkenuem, a € A. Muoxkecrso Aa aB-
JISIETCS JICBBIM HJICAJIOM, HA3BIBACMBIM JIEBBIM IVIABHBIM MeasioM aiareopor A.”
MHOkecTBO @A SIBJISIETCSl TIPABBIM HJIEAJIOM, HA3BIBAEMbIM MIPABBIM TJIABHBIM
ugeanom aarebpor A. MuoxkectBo AaA  sBJsieTcst naeaoM, HA3bIBAEMbIM TJIaB-
HBIM HUJIeAJIOM aareOpbl A. O

Teopema 4.3. IIycmv A - accoyuamuenas anzebpa ¢ conpasicenuem, a € Ag.
Toz0a

(4.1) Aa € 4y
(42) aA € Ay

6310 onpenenenne onupaercs Ha ompesesenue [1], cTp. 75.
[1], crpamuua 75.


http://arxiv.org/PS_cache/arxiv/pdf/1003/1003.1544v2.pdf#equation.Russian.4.3.35
http://arxiv.org/PS_cache/arxiv/pdf/1003/1003.1544v2.pdf#equation.Russian.4.5.99
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Joxazameavemeso. Ilycrs b € A. U3 onpenenenus 2.4 cieyer

(4.3) (ba)(ba)* = (ba)(a*b*) = blaa™)b* =0

(4.4) (ab)(ab)* = (ab)(b*a*) = a(bb*)a* = (bb*)(aa™) =0

Vreepxkienne (4.1) crenyer u3 paseHcrsa (4.3). YrBepxkienue (4.2) cuemyer us
paseHcTBa (4.4). O

Teopema 4.4. [Tycmv A - accoyuamuernas arzebpa ¢ conpaxcenuem, a € A, b €
Ag. Aneebpa mrozounennos Alx] umeem aeswili udean

Zj(a,b)Alz] = {p € Alz] : p(a) € Ab}
Auneebpa mnozounennos Alx] umeem npasvili udean
Zy(a,b)Alz] = {p € Alz] : p(a) € bA}
Loxazameavcmeo. Teopema siBIIsieTCs CJIEACTBUEM OIPEIEICHI, PACCMOTPEHHBIX
B mpuMepe 4.2 u Teopembr 4.3. 0

BeprI TaKzKe aHaJIOTUIHbIE T€eOPEMBI.

Teopema 4.5. Ilycmov A - accoyuamuenas arzebpa ¢ conpascenuem, a € A. Aa-
2ebpa mrozouaentos Alx] umeem udean

Z'(a)Alz] = {p € Alz] : p(a) = 0}
O

Teopema 4.6. [Tycmv A - accoyuamuernas aszedpa ¢ conpaxcenuem, a € A, b €
Ap. Auneebpa payuonasvror omobpascernud A(x) umeem aesvili udean

Z} (a,b)A(z) = {p € A(z) : p(a) € Ab}

Anzebpa payuonasvhor omobpascerud A(x) umeem npasoid udean

Z,(a,b)A(z) = {p € A(z) : p(a) € bA}
O

Teopema 4.7. Ilycmov A - accoyuamuehas arzebpa ¢ conpastceruem, a € A. Aa-
2ebpa payuonasvroir omobpasicernuti A(x) umeem udean

ZH(a)A(z) = {p € A() : p(a) = 0}
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6. IIPEAMETHBIN YKA3ATEJIb

asrebpa MHOro4jeHOB HaJj D-ajrebpoit 7

anrebpa panroHAIBLHBIX OTOOParKeHUM
anrebpor 8

anrebpa JaCTHBIX AJrebpbl C COMPSIZKEHIEM
6

TJIaBHBIN ugeas 8
uieast ajarebpsr 8
KOpEHb TOJIMHOMA 8

JieBasi 1pobn 6
JIEBBINA TUIABHBIN mjeas 8
JIEBBIN njieas ajrebpol 8

MHOXKECTBO HyJIeil ajareopsl 6
MHOKECTBO OOPATHMBIX 3JIEMEHTOB
anrebpor 6

npagasi 1podb 6
IpaBbIil IVIABHBIN nieas 8
npaBblil uaeasa aareopsl 8

11



7. CHELH/IAJH)HI)IE CHMBOJIbI 1 OBO3HAYEHUA

Alz] anrebpa muorowieHosB Has D-
anrebpoit A 7

A(z) anrebpa paroOHAJIBLHBIX
orobpazkenuit anrebpor A 8

a~ b nesas mpobn 6

Aa JIeBBIH TVIaBHBIN ugeast 8

AaA rinaBHbIN uaeasn 8

aA TpaBblil TVIABHBIN ueas 8

A1 MHOXKECTBO OOPATUMBIX IJIEMEHTOB
anrebper A 6

Ap MHOXKeCTBO Hyuleit aiarebpsr A 6

ba~! npasas 1po6n 6

12
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