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Abstract
It is known that if a classical link group is a free abelian group, then
its rank is at most two, and a p-component 2-link group for u > 1 is
not a free abelian group. In this paper we give examples of surface
links whose link groups are free abelian groups of rank three or four.
Moreover we show that the examples of rank three are infinitely many
and one of them has the triple point number four. [

0 Introduction

Closed 1-manifolds embedded locally flatly in the Euclidean 3-space R? are
called classical links, and closed 2-manifolds embedded locally flatly in the
Euclidean 4-space R* are called surface links. A surface link whose each
component is of genus zero (resp. one) is called a 2-link (resp. T2-link).
Two classical links (resp. surface links) are equivalent if one is carried to the
other by an ambient isotopy of R? (resp. R?).

It is known that if a classical link group is a free abelian group, then
its rank is at most two (cf. [I1] Theorem 6.3.1). It is also known that a
p-component 2-link group for g > 1 is not a free abelian group (cf. [7]
Corollary 2 of Chapter 3).

In this paper in Section 2 we give examples of surface links whose link
groups are free abelian groups of rank three (Theorem [2]) or four (Theorem
22). These examples are link groups of torus-covering T?-links, which are
T?-links in R* which can be described in braid forms over the standard torus
(see Definition [I.4)).

In Section Bl we study the torus-covering-links S, of Theorem 2.1 i.e.
the torus-covering T2-links whose link groups are free abelian groups of
rank three, where n are integers. Computing quandle cocycle invariants, we
show that S, is not equivalent to Sy, if n # m (Theorem B.1]). Using the
quandle cocycle invariant together with a BW orientation for the singularity
set of a surface diagram, we can moreover determine the triple point number
of Sy of Theorem 211 In fact, the triple point number of Sy is four, and its
associated torus-covering-chart I'r o realizes the surface diagram with triple
points whose number is the triple point number (Theorem [B.2]).
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1 Definitions and Preliminaries

As preliminaries, we give the definitions of braided surfaces, charts and
torus-covering-links (Definition [[L4) (cf. [12]). We can compute the link
groups of torus-covering T2-links (Lemma [[8). Throughout this paper, let
01,09,...,0m—1 be the standard generators of the braid group of degree m.

Definition 1.1. A compact and oriented 2-manifold Sp embedded properly
and locally flatly in D? x D? is called a braided surface of degree m if Sp
satisfies the following conditions:

(i) prylsy : Sp — D3 is a branched covering map of degree m,

(ii) 0Sp is a closed m-braid in D? x dD3, where D?, D3 are 2-disks, and
pry : D? x D2 — D2 is the projection to the second factor.

A braided surface Sp is called simple if every singular index is two.
Two braided surfaces of the same degree are equivalent if there is a fiber-
preserving ambient isotopy of D? x D2 rel D? x D3 which carries one to
the other.

There is a chart which represents a simple surface braid.

Definition 1.2. Let m be a positive integer, and I' be a graph on a 2-disk D3.
Then I is called a surface link chart of degree m if it satisfies the following
conditions:

(i) T NoD2 = 0.
) Every edge is oriented and labeled, and the label is in {1,..., m —1}.
(iii) Every vertex has degree 1, 4, or 6.
)

At each vertex of degree 6, there are six edges adhering to which,
three consecutive arcs oriented inward and the other three outward,
and those six edges are labeled i and i 4+ 1 alternately for some 1.

(v) At each vertex of degree 4, the diagonal edges have the same label and
are oriented coherently, and the labels ¢ and j of the diagonals satisfy

i — j| > 1 (Fig. [CI).

A vertex of degree 1 (resp. 6) is called a black vertex (resp. white vertex).
A black vertex (resp. white vertex) in a chart corresponds to a branch point
(resp. triple point) in the surface diagram of the associated simple surface
braid by the projection pr,.

A chart with a boundary represents a simple braided surface.

There is a notion of C-mowve equivalence between two charts of the same
degree. The following theorem is well-known.
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Figure 1.1: Vertices in a chart

Theorem 1.3 (|9, 10]). Two charts of the same degree are C-move equiva-
lent if and only if their associated simple braided surfaces are equivalent.

Now we will give the definition of torus-covering-links (cf. [12]).

Definition 1.4. Let D? be a 2-disk, and S* a circle. First, embed D?x S x S*
into R* naturally, and identify D? x S x S' with D? x I3 x I/ ~, where
(2,0,v) ~ (z,1,v) and (x, u, 0) ~ (x, u, 1) for x € D? w € I3 = [0, 1]
and v € Iy =0, 1].

Let us consider a surface link S embedded in D? x S' x S! such that
SN (D? x I3 x I4) is a simple braided surface. We call S a torus-covering-
link (Fig. [2)). In particular, if each component of a torus-covering-link is
of genus one, then we call it a torus-covering T?-link.

A torus-covering-link is associated with a chart on the standard torus,
i.e. achart I'r in I3 x Iy such that I'r N (I3 x {0}) = TN (I3 x {1}) and T'rN
({0} x Iy) =T'rN ({1} x I4). Denote the classical braids represented by I'rN
(I3x{0}) and I'rN ({0} x I4) by a and b respectively. We will call I'r a torus-
covering-chart with boundary braids a and b. In particular, a torus-covering
T?-link is associated with a torus-covering-chart without black vertices, and
the torus-covering T%-link is determined from the boundary braids a and b,
which are commutative. In this case we will call 't a torus-covering-chart
without black vertices and with boundary braids a and b.

We can compute link groups of torus-covering T2-links (Lemma[L.8]). Be-
fore stating Lemma [[.8, we will give the definition of Artin’s automorphism
(Definition [L7, cf. [10]). Let D? be a 2-disk, 8 an m-braid in a cylinder
D? x [0,1], Q the starting point set of 3.

Definition 1.5. An isotopy of D? associated with 3 is an ambient isotopy
{@t}iefo,1) of D? such that

(i) étlop2 = id,

(i) ¢1(Qm) = pri(BNpryt(t)) for t € [0,1], where pr; : D? x [0,1] — D?
(resp. pry : D% x [0,1] — [0,1]) is the projection to the first (resp.
second) factor.

Definition 1.6. A homeomorphism of D? associated with (3 is the terminal
map ¢ = ¢ : D? — D? of an isotopy {bt}ejo of D? associated with 3.
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Figure 1.2: A torus-covering-link

Let go be a point of D2, Identify the fundamental group m(D? —
Qm, qo) with the free group F,,, generated by the standard generator system

Of ﬂ-l(D2 - Qm7QO)-

Definition 1.7. Artin’s automorphism of F,, associated with (3 is the auto-
morphism of F},, induced by a homeomorphism of D? associated with 3. We
denote it by Artin(f3).

We can obtain Artin’s automorphism (of the free group Fj, associ-
ated with an m-braid) algebraically by the following rules. Let F,, =
(1,29, Tp)-

1. Artin(8132) = Artin(f2) o Artin(3;) for m-braids 51 and (3, and
2.

% TETRERS
Artin(oy)(x;) = Q wwiz; ' if j =1,
Zj if j=1i41,
and
zj i j £, 041,
Artin(o; M) (25) = { zigq if j =1,

.’E;Jrllxi.%'i+1 ifj =141,
wherei=1,2,....m—1and j=1,2,...,m.
We can compute link groups of torus-covering 7'>-links.

Lemma 1.8 ([I12] Lemma 3.4). Let I'r be a torus-covering-chart of degree m
without black vertices and with boundary braids a and b. Let S be the torus-
covering T?-link associated with T'r. Then the link group of S is obtained
as follows:

m(R*=S) = (x1,..., oy | z; = Artin(a)(z;) = Artin(b)(z;), i =1, 2,..., m),
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where Artin(a) : F,, — Fy, (resp. Artin(b)) is Artin’s automorphism of the
free group Fp, = (x1,..., Ty, ) associated with the m-braid a (resp. b).

2 Surface links whose link groups are free abelian

There are torus-covering T2-links whose link groups are free abelian groups
of rank three (Theorem 2.1]) or four (Theorem [2.2]).

Theorem 2.1. Let I'r, , be the torus-covering-chart of degree 3 without
black vertices and with boundary braids 0%05” and A?, where A = 10901
(Garside’s A) and n is an integer. Then the torus-covering T>-link S,

associated with T'r ,, has the link group m (R* — S,) =Z @ Z & Z.

Theorem 2.2. Let I'r be the torus-covering-chart of degree 4 without black
vertices and with boundary braids a%agag and A?, where A = 010203010207
(Garside’s A). Then the torus-covering T?-link S associated with T'r has

the link group m(R* - S) =Z @ Z DL D Z.

Proof of TheoremZIl  Let us compute the link group G, = 71 (R*—S,,)

by Lemma [[.8 Let x1, 29 and x3 be the generators. Then the relations

concerning the boundary braid o?¢3" are

T1T2 = T2T1, (2.1)

(z2m3)" = (wgma)l".

The other relations concerning the other boundary braid A? are

T = (961962903)961(361962963)_1,
T2 = (961962903)962(361962963)_1,
r3 = (v12273)73(T12973) ),
which are
T1Tox3 = T2T3X1, (2.3)
ro(x1mo23) = (T12273)%2, (24
r3x1xy — IT1X2X3. (2.5

By 1), 23) is deformed to zozi23 = xoxsx;. Thus we have

r1T3 = T32x1. (2,6)
Similarly, by ([24]) and (21I), we have
ToI3 = T3X2. (2,7)



We can see that all the relations are generated by the three relations ([2.1I),

[26) and (27). Thus we have

Gn = (1, x2, x3|T 122 = a1, ToT3 = T3T2, T3T] = T1X3 )
= ZPLDZL.

O

Proof of Theorem Similarly to the proof of Theorem 211 for
generators x1, T2, 3 and x4, we have the following relations:

TiTiy1 = Tiqp174, (2.8)
where ¢ = 1, 2, 3, and
z; = (2129734 )1i (21 20034) ', (2.9)

where i = 1, 2, 3, 4. Using x129 = zox1 and z3xy = x4x3 of (2.8]), the latter
four relations (Z9]) are deformed as follows:

T1T3T4 = T3T4T71, (2.10)
ToXT3Ty = T3T4T9, (2.11)
T3T1Ty = T1T2X3, (2.12)
TAT1T2 = T1ToT4. (2.13)

By xoxs = x3xo of (2.8]), (211)) is deformed to xsxozy = w3xgz9. Thus we
have
ToT4 = TaZo. (2.14)

Similarly, by zoz3 = x372 of (2.8)) and (2.12)), we have

Ir3T1 = 13, (215)
and by (2.14]) and ([ZI3]), we have
XqT1 = X124. (2.16)

We can see that all the relations are generated by the relations (2.8)), (2.14]),
(2I5) and ([2I6). Thus the link group G is isomorphic to Z®ZSZOZ. O

3 The surface links of Theorem [2.7]

As surface links which can be made from classical links, there are spun T2-
links, turned spun T?-links, and symmetry-spun T?-links. Consider R?* as
obtained by rotating ]Ri’_ around the boundary R%. Then a spun T?-link



is obtained by rotating a classical link (cf. [2]), a turned spun T?-link by
turning a classical link once while rotating it (cf. [2]), and a symmetry-spun
T?-link by turning a classical link with periodicity rationally while rotating
(cf. [15]). By definition, torus-covering-links include symmetry-spun 77
links. Indeed, a symmetry-spun T2-link is represented by a torus-covering-
chart with no (black nor white) vertices.

It is well-known that if a classical link group is isomorphic to Z® Z, then
it is a Hoph link. On the other hand, by definition, the torus-covering 772-
link associated with a torus-covering-chart of degree 2 is a symmetry-spun
T?-link. Here it is known that a symmetry-spun 72-link is either the spun
T2-link or the turned spun T2-link of a classical link, say L, and the link
group of the spun (or turned spun) T2-link of L is isomorphic to the classical
link group of L (cf. [I5]). Hence we can see that if a torus-covering 72-link
has the link group Z @7 and moreover it is associated with a torus-covering-
chart of degree 2, then it is either the spun or the turned spun 72-link of a
Hoph link. Thus for the torus-covering 7?-links with the link group Z @ Z
which are associated with torus-covering-charts of degree 2, there are just a
finite number of equivalence classes.

Then what about the torus-covering 72-links of Theorem [ZII? Are the
number of the equivalence classes of them finite? The answer is no.

Theorem 3.1. For the torus-covering T?-links of Theorem 2.1}, S,, and S,
are not equivalent for n % m, where n and m are integers.

Before the proof, we give the definition of the quandle cocycle invariants.
(cf. [3L 4, 5]). Let F be an oriented surface link.

Let 7 : R* — R3 be a generic projection. In the surface diagram
D = n(F), there are two intersecting sheets along each double point curve,
one of which is higher than the other with respect to w. They are called the
over sheet and the under sheet along the double point curve, respectively. In
order to indicate crossing information of the surface diagram, we break the
under sheet into two pieces missing the over sheet. This can be extended
around a triple point. Around a triple point, the sheets are called the top
sheet, the middle sheet, and the bottom sheet from the higher one. Then the
surface diagram is presented by a disjoint union of compact surfaces which
are called broken sheets. We denote by B(D) the set of broken sheets of D.

A set X with a binary operation * : X x X — X is called a quandle if
it satisfies the following conditions:

(i) for any a € X, axa = a,
(ii) for any a, b € X, there exists a unique ¢ € X such that a = ¢ x b, and
(iii) for any a, b, c € X, (axb)xc= (a*c)* (bxc) (cf. []]).

A finite quandle is a quandle consisting of a finite number of elements. A
trivial quandle is a set X with the binary operation a*b = a for any a, b € X.



A coloring for a surface diagram D by a quandle X isamap C' : B(D) —
X such that C'(H;) *x C(Hz2) = C(H{) along each double point curve of D,
where Hj is the over sheet and Hy (resp. Hjp) is the under sheet such that
the normal vector of Hy points from (resp. toward) it. The image by C' is
called the color.

At a triple point of D, there exist broken sheets Ji, Ja, J3 € B(D)
uniquely such that J; is the bottom sheet, Jo is the middle sheet, J3 is the
top sheet and the normal vector of Jy (resp. J3) points from J; (resp. Ja).
The color of the triple point is the triplet (C(J1), C(J2), C(J3)) € X x X x X.
The sign of the triple point is positive or +1 (resp. negative or —1) if the
triplet of the normal vectors of Jy, Jo, J3 is right-handed (resp. left-handed).

If D has a corresponding chart, this corresponds to the following (cf. [6]
Proposition 4.43 (3)). The color of the white vertex representing o;0;0; —
o005 (li —j| =1) is (a, b, ¢), where a, b and c are the colors of the broken
sheets of D connected with the starting points of the ¢'-th, (i + 1)-th, and
(i + 2)-th strings of ¢;0;0;, where i = min{é, j}. The white vertex is
positive (resp. negative) if j > i (resp. i > j), i.e. if there is exactly one
edge with the larger (resp. smaller) label oriented toward the white vertex.

Take amap 6 : X x X x X — A, where X is a finite quandle and A
is an abelian group in which the sum is written multiplicatively. Take a
coloring C' for the surface diagram D by the quandle X. Let 71,79,..., 75
be all the triple points of D with the sign ¢; € {+1, —1} and the color
(ai, b, Ci) € X x X x X for each ;. Put W@(TZ‘; C) = (9(0,2‘, b; , Cz‘)ei cA
for each 7;, and Wy(C) = [[;_, Wy(r;; C) € A for the coloring C. We call
Wy(7; ; C) the Boltzman weight of 7;, and Wy(C') the Boltzman weight. Since
X is a finite quandle and the set of broken sheets of D is finite, so is the set
of colorings for D by X. Let C1,C5, ..., C, be all the colorings, and define
®y(D) by ®p(D) = >_7_; Wy(Cj) € Z[A]. If the map 0 satisfies the following
conditions (A1) and (02), then ®y(D) does not depend on the choice of the
surface diagram D of the surface link F. Then we call ®y(D) the quandle
cocycle invariant of F' associated with the 3-cocycle 6, and use the notation
®y(F). The conditions are as follows, where z,y,z,w € X.

(01) O(x,y, 2) =1x forz =y or y = z,

(02) 0(x, z, w)-0(x, y, w)_l-G(x, Y, z2) = 0(xxy, z, w)-O(xxz, yxz, w)_l-
O(xxw, y*w, z*xw).

Proof.  Consider a trivial quandle of three elements, T3, such that the
associated set is {0, 1, 2}, and take a map 6 : T3 x T3 x T3 — Z = (t) such
that

0(z, y, z) = tEVW=2)G—0)z, (3.1)

This map € satisfies the conditions (61) and (62). Let us compute the
quandle cocycle invariant of .S, associated with 6 by coloring the associated
torus-covering-chart I’T7 n-
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Figure 3.1: The coloring for o?03", if n > 0
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Figure 3.2: The coloring for (o10201)? and the colors

First let us consider the case when n is a non-negative integer. Color
the surface diagram associated with I'r by T5. Then the coloring for the
diagrams of the vertical boundary braid ¢7¢2" and the horizontal boundary
braid (o10901)? is as in Fig.s Bl and B2, where a, b, ¢ € {0, 1, 2}, which
are all the colorings. Denote the coloring by C'. We can draw the part of the
torus-covering-chart without black vertices and with boundary braids o7 and
(010901)? such that it has two white vertices as in Fig. B3l Denote them
by 7;1 and 7;0 from left to right as in Fig. B3, where ¢ = 1,2. The colors
C(111) and C(7m12) of the first two white vertices 711 and 712 are obtained
from reading the colors along the dotted paths in Fig. B.2l Since there is
exactly one edge with the larger (resp. smaller) label, i.e. the label 2 (resp.
the label 1) oriented toward 711 (resp. T12), we see that the sign of 711 (resp.
T12) is positive (resp. negative). Thus the signs and colors are +(b, a, ¢) for
711 and —(e, b, a) for T12. Similarly, the color of T51 (resp. 792) is obtained
from that of 711 (resp. 712) by exchanging a and b, and the sign of 791 (resp.
Tog) is the same with that of 71 (resp. 72). Thus we can see that the signs
and colors are +(a, b, ¢) for 791 and —(c, a, b) for To9.

Let us denote H?Zl H§:1 Wy (7i5; C) by Wy(I'1;C), where Wy(75; C) is
the Boltzman weight of 7;; for the coloring C. Then Wy(I'1; C) is as follows:

Wy(T'1;C) = 60(b,a,c)-0(c,b,a)"-0(a,b,c) 0(c a, b)~"
(a=b)(b—c)(c—a)(a—b) (3.2)

Hence we have

t=2 if (a, b, ¢) = (0, 1, 2),(1, 0, 2), (1, 2, 0), (2, 1, 0)
Wo(T1;C) =< t*  if (a, b, ¢) = (0,2, 1),(2,0,1)
1 if {a, b, ¢} = {0}, {1}, {21, {0, 1}, {0, 2, {1, 2}.



Figure 3.4: White vertices 7;1 and 72 (i = 3,4,...,2n+2),if n > 0

Similarly, We can draw the part of the torus-covering-chart without black
vertices and with boundary braids o9 and (010201)2 such that it has two
white vertices as in Fig. B4l Denote these by 71 and 740 for ¢ = 3,4, ..., 2n+
2 as in Fig. B4l Then the signs and the colors are —(a, b, ¢) for 7(g_11,
+(b, ¢, a) for Top_1)2, —(a, ¢, b) for T(9py1, and +(c, b, a) for 7(gz)9, where
k=23,....,n+ 1. Fig. shows the colors of T(o;_1)1 and Tox_1)2, and
the color of T(g1y1 (resp. T(ax)2) is obtained from 7op_1); (resp. T(ax—1)2) by
exchanging b and c. Let us denote H?i%_l H§:1 Wy (7355 C) by Wy(I'y; C),
where £k =2,3,...,n+ 1. Then we have

WG(Fka C) = 0((1, b, C)il ’ e(ba ¢, CL) ’ 9(0” Gy b)il ’ 9(0’ b, CL)
t(afb)(bfc)(cfa)(bfc)

)

and

t=2 if (a, b, ¢) = (0, 1, 2),(0, 2, 1), (2, 0, 1), (2, 1, 0)
Wo(Ty; C) =< t* if (a, b, ¢) = (1, 0, 2),(1, 2, 0)
1 if {a, b, ¢} = {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}.

Since 7;; for i = 1,2,...,2n+ 2 and j = 1,2 are all the white vertices of
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Figure 3.5: White vertices 7/; and 7/ (i = 3,4,...,2n+2),ifn <0
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Figure 3.6: The colors of 7'(’%71)1 and T{2k71)2

7., the Boltzman weight Wy (C) is [[21 Wp(T'y; C), which is as follows:

t=272" if (a, b, c) = (0, 1, 2),(2, 1, 0)
t4=2nif (a, b, ¢) = (0, 2, 1),(2, 0, 1)
t=24n if (a, b, ¢) = (1, 0, 2), (1, 2, 0)
1 if {a, b, ¢} = {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}.

Hence the quandle cocycle invariant ®y(S,,) of S,, associated with 6 is

Wy(C) =

D(Sy) = 21 4 2672720 4 opd=2n 4 o= 2Fdn (3.3)

for n > 0.

Similarly, if n < 0, then we can draw the part of the torus-covering-chart
without black vertices and with boundary braids o, 1 and (010201)2 such
that it has two white vertices as in Fig. Denote these by 7/, and 7/, for
i=3,4,...,2|n| +2 as in Fig Then the signs and colors are +(a, b, ¢)
for 7'(’%71)1, —(¢, b, a) for T(% 12 +(a, c, b) for 7'(%)1, and —(b, ¢, a) for

(’%)2, where £ = 2,3,...,|n| + 1. Fig. shows the colors of 7'(’2]671)1
and T(% 1)2, where the braid surrounded by the dotted square is the braid
(010201)%. The color of 7'(’%)1 (resp. 7'(/%)2) is obtained from T(IQkil)l (resp.
T(12k71)2) by exchanging b and c¢. Hence we can see that the equation (B.3)
holds for n < 0, too. Thus we see that ®y(S,,) # Py(Sy,) for n # m. O
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The triple point number of a surface link F' is the minimum number of
triple points in a surface diagram of F’, for all the surface diagrams. We can
moreover determine the triple point number of Sy.

Theorem 3.2. The triple point number of Sy of Theorem[21] is four, and its
associated torus-covering-chart I'r o realizes the surface diagram with triple
points whose number is the triple point number.

Let T3(a, b, ¢) be a a trivial quandle of three elements such that the
associated set is {a, b, c}. First let us introduce a property of a BW orien-
tation for the singularity set 3 of a surface diagram D, and define E(C;X)
and E(X) for a BW orientation for ¥ and a coloring C of D by T3(a, b, c).

Let D be a surface diagram of an oriented surface link. Let ¥ be the
singularity set of D. A triple point (resp. branch point) of D corresponds
to a vertex of degree 6 (resp. degree one) of ¥. An edge of ¥ around
a triple point is called a b/m-edge, b/t-edge or m/t-edge if it is a double
point curve which is the intersection of the bottom sheet and the middle
sheet, the bottom sheet and the top sheet, or the middle sheet and the
top sheet respectively. The singularity set 3 admits a BW orientation (cf.
[13]). Let us consider an edge of ¥ connected with a triple point. Let us
say the edge is positive (resp. negative) with respect to the triple point if
it is oriented outward from (resp. toward) the triple point. Then a BW
orientation orients each edge of 3 such that around each triple point, say T,
the BW orientation of the six edges around 7 satisfy one of the conditions
as follows: the four edges consisting of the b/m-edges and m/t-edges are
positive (resp. negative), and the other two edges consisting of the b/t-
edges are negative (resp. positive) with respect to 7.

Let us give a coloring C for D by T3(a, b, ¢), and moreover give a BW
orientation to X. Then the color of the six edges of 3 around a triple point
7 is one of the following. Let 7(C') be the color of the triple point:

) (z, ), (z, y) (v, 2), (y, 2) f 7(C) = (2, y, 2),

) (z, ), (z, y) ) ), (y, @), (y, @) if 7(C) = (2, y, @),
(ili) (z, z), (z, z), (z, y), (2, y), (x,y), (@, y) if 7(C) = (z, , y),

) (y, @), (y, @)

) ( (z, z)

) (y7 .%'), Y, .%'), (1‘, JJ), (1‘, JJ) if T(C) - (yv Z, .%'),

where the first and the second colors are those of b/m-edges, the third and
the fourth colors are those of b/t-edges, and the fifth and the sixth colors
are those of m/t-edges, and {z, vy, z} = {a, b, c}.

Let 71,72,...,7, be all the triple points of D, and let the color of 7;
be (aj, bj, ¢j), where aj,b;j,¢; € {a, b, ¢} and j =1,2,...,v. Let ¢ = +1
(resp. —1) if the BW orientation of the six edges of ¥ around 7; are as
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follows, where j = 1,2,...,v: the b/m-edges and m/t-edges are positive
(resp. negative) and the b/t-edges are negative (resp. positive) with respect
to 7. Then let us define

E(C;15) = {¢j(ay, b)), —€j(ay, ¢), €(b, )} (3.4)

where j =1,2,...,v, and E(C;X) = U/_ E(C;7)).

Let us say the color of an edge of ¥ is degenerate (resp. non-degenerate)
if the color is (x, ) (resp. (z, y)), where x,y € {a, b, ¢} with z # y. Any
edge of ¥ connected with a branch point has a degenerate color. Hence
we can see that if an edge, say e, of ¥ connected with a triple point, say
7, has a non-degenerate color, then the other end of e is connected with a
triple point, say 7’ (i.e. not a branch point). Moreover we see that the BW
orientation of the edge e is positive with respect to 7, and negative with
respect to 7. Hence we can see that

E(C;¥) = AUB, (3.5)

where A is a set consisting of pairs in the form of {+(z, y), —(z, y)}, and B
is a set consisting of elements in the form of e(x, x), where z, y € {a, b, ¢}
with z # y and € € {+1, —1}. Moreover for the above €, z and y, let f be a
map which maps an element of E(C;X) to an integer such that f(e(z,z)) =0
and f(e(x,y)) = e. Then let

E(1;) = f(ej(ay, bj)) + f(—€5az, ;) + fle;(bs, ¢5)), (3.6)
where j =1,2,...,v (cf. B4)), and E(X) = > 7_; E(7;). Then we have

ej if 7; is of type (i),
E(;) = { 2¢; if 75 is of type (ii),

0 otherwise.

By ([3.5), we can see that
E(®) =0. (3.7)

Note that if E(7;) is positive (resp. negative), then €; = +1 (resp. —1).

Let us say a triple point is non-degenerate if its color is of type (i) or
(ii), and degenerate otherwise. By definition, if 7 is a non-degenerate triple
point, then E(7) = € (resp. 2¢) if 7 is of type (i) (resp. type (ii)), where
e € {+1, —1}, and if 7 is a degenerate triple point (i.e. of type (iii), (iv), or
(v)), then E(1) = 0.

Proof of Theorem The quandle cocycle invariant ®y(Sy) of Sp
associated with the trivial quandle T3 and the 3-cocycle 6 of Theorem [B.1]
is ®g(Sp) = 21 + 4t=2 + 2t* by Theorem B.Il Let Wy(C) be the Boltzman
weight associated with the 3-cocycle 8 and a coloring C'.
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Let us consider another 3-cocycle 6’ : T x T5 x T5 — Z = (t) such that
¥z, y. 2) = @), (3.8)

Let us denote by Wy/(C) the Boltzman weight associated with the 3-cocycle
0" and a coloring C'. Let Cj be the coloring C of Theorem 31l Then similarly
to Theorem BI] we can see that the Boltzman weight associated with the
3-cocycle 6" and the coloring Cj is

WG’(CO) = Hl(ba a, C) : 9/(05 ba a)_l : 9,(0’5 b’ C) ' 9,(05 a, b)_l
Hla=b)b—e)(e—a)(ab).

which is the same with Wy(Cy) = Wy(T'1,Cy) (B2) of Theorem Bl Hence
the quandle cocycle invariant ®4/(Sy) of Sy associated with 6’ is the same
with ®y(Sp), i.e.

Dy(So) = Py (Sp) = 21 + 472 4 2t4. (3.9)

Let D be a surface diagram of an oriented surface link. Let T3(a, b, ¢) be
a trivial quandle of three elements such that the associated set is {a, b, c}.
Let C(a, b, ¢) be a coloring for D by T5(a, b, ¢). Let us denote by C the set of
all the colorings by T3 described by C(a, b, ¢), i.e. C ={C(a, b, ¢)|a, b, c €
{0, 1, 2} }. By the definitions of 6 [BI)) and ¢’ ([B.8]), we can see that for
C(a, b, ¢) by Ts(a, b, ¢) and a triple point 7 of D, if 7 is not of type (i), then

Wy(1;C) = Woi (1;C) =1 (3.10)

for any C' € C. Now, suppose we can show that for each possible coloring
C(a, b, ¢) by Ts(a, b, ¢) and its associated set of colorings C, one of the
following holds:

(W1) Wp(C) =1, for each C € C,
(W2) For a coloring C € C, Wy(C') is neither 1, t=2 nor ¢4, or
(W3) EcecWy (C) = 27.

Then D is not a surface diagram of Sy by the following argument. Suppose
(W3) holds. Since the number of all the colorings for any surface diagram of
So is Py (So)|t=1 = 27, we can see that the number of all the colorings for D is
27. Since the number of the elements of C is YcecWy (C)|t=1 = 27, we have
Dy (Sp) = XeoecWy (C), which contradicts [B.9) and XoecWy (C) = 27.
Thus (W3) does not occur. By (B3], the Boltzman weight Wy(C) for a
coloring C' must be 1, =2 or t*. Hence (W?2) also does not occur. Then,
if only (W1) occurs, then the quandle cocycle invariant is an integer value,
which also contradicts (3.9]).
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Thus it follows that for a surface diagram with at most three triple
points, if all the possible colorings C(a, b, ¢) for it by T3(a, b, ¢) satisfies
(W1), (W2) or (W3), then the surface diagram does not represent Sp, i.e.
the triple point number of Sy is at least four.

Hence from now on we will show that for a surface diagram D with at
most three triple points and a set of colorings C for D, either (W1) or (W2)
or (W3) occurs. Here C is the set of all the colorings of T3 described by
C(a, b, ¢), where C(a, b, ¢) is a coloring for D by T5(a, b, ¢). Let us give a
coloring C'(a, b, ¢) by Ts(a, b, ¢) for D. Let ¥ be the singularity set of D,
and give a BW orientation to ¥. Let € € {+1, —1}. If D does not have a
triple point, then (W1) holds. Hence we can assume that D has at least one
triple point.

(Case 1) If D has one triple point, then let 7 be the triple point. If 7
is of type (i), then E(X) = +1 or —1, which contradicts E(X) = 0 (B.7)).
Hence by (3.10) we have Wy(7;C) =1 for any C € C, which is Case (W1).
Indeed it is known that we can cancel the triple point (cf. [13]), i.e. there is
another surface diagram which represents the same surface link represented
by D such that it has no triple points.

(Case 2) If D has two triple points, then considering E(X), we can see
that the triple points are both of type (i), or both of type (ii), or both
degenerate. By (B.I0)), it suffices to show in the case that the triple points
are both of type (i). Let 7 and 7’ be the triple points. If 7 and 7" are both
of type (i), then by (3.5]), we can see that 7 and 7’ have the same colors. We
can assume that the colors are both (a, b, ¢). If 7 and 7’ have the opposite
signs, then Wy(C(a, b, ¢)) = 6(a, b, ¢) - 0(a, b, ¢)=¢ = 1 for any coloring
C(a, b, ¢) € C. This is Case (W1). If 7 and 7’ have the same signs, then we
have Wy(C(a, b, ¢)) = 6(a, b, ¢)° - B(a, b, ¢)¢ = t>(@=b)b=c)(c=a)e " Then for
a coloring C(0, 1, 2) € C we have Wy(C(0, 1, 2)) = t*, which is neither 1,
t=2, nor t*. This is Case (W2).

(Case 3) If D has three triple points, say 71, 7o and 73, then there are
two cases. Since E(7) = € (resp. 2¢) if 7 is a triple point of type (i) (resp.
type (ii)), and E(7) = 0 if 7 is degenerate, and E(3) must be zero (8.7,
and since by ([B.I0) we can assume that there is at least one triple point of
type (i), there are two cases as follows:

(Case 3.1) 71 and 72 are of type (i), and 73 is degenerate, or

(Case 3.2) 71 and 79 are of type (i), and 73 is of type (ii). Moreover we
can assume that F(m) = F(m) = +1 and E(13) = —2.

(Cases 3.1) Similarly to (Case 2), this case satisfies (W1) or (W2).

(Case 3.2) Since 71 is of type (i), we can assume that 71 has the color
(a, b, ¢). Since E(11) = +1, we have E(C(a, b, ¢);71) = {+(a, b), —(a, ¢),+(b, ¢)}.
Since E(13) = —2, 73 has the color (z, y, z) of type (ii) and moreover
E(C(a, b, ¢);73) = {— (@, ), +(&, ), (5, 2)}, where {z, y} = {a, b}, {a, ¢}
or {b, c}. Since E(C(a, b, ¢);73) = {—(z, y), —(y, z)} U{+(x, z)}, by B.H)

we can see that at least one element of {—(x, y), —(y, )} has the same
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color and the opposite BW orientation of an element of E(C(a, b, ¢);71) U
E(C(a, b, ¢);2). We can assume that the element is in E(C(a, b, ¢); 71).
Then we have {z, y} = {a, b} or {b, c}. If {z, y} = {a, b}, then we have

E(C(a, b, ¢); %)
{+(a, b),—(a, ¢),+(b, ¢),—(a, b), +(z, ), —(b, a)} U E(C(a, b, ¢); T2)
{—(a, ¢),+(b, ¢),—(b, a)} UE(C(a, b, c); 2) U{+(a, b),—(a, b)} U {+(z, x)},

where z = a or b. By [3.3]) we have E(C(a, b, ¢);2) = {+(a, ¢), —(b, ¢),+(b, a)}.
Hence the color of 7 must be (b, a, ¢). Hence in this case C(a, b, ¢) =
C4(a, b, ¢), where 71 has the color (a, b, ¢), and 5 has the color (b, a, ¢),
and 73 has the color (a, b, a) or (b, a, b). Similarly, if {z, y} = {b, ¢}, then
C(a, b, ¢) = Csy(a, b, ¢), where 7 has the color (a, b, ¢), and 75 has the color

(a, ¢, b), and 73 has the color (b, ¢, b) or (c, b, ¢).

In the case of C(a, b, ¢) = Ci(a, b, ¢), if 71 and 7 have the same
signs, then by BI0) Wy(Ci(a, b, ¢)) = 0(a, b, ¢)¢ - 0(b, a, ¢)¢ = 1. This
is Case (W1). If 7y and 7» have the opposite signs, then Wy(C1(a, b, ¢)) =
O(a, b, c) - O(b, a, ¢)=¢ = t2a=bb=c)c=a)e " which is 3% when (a, b, ¢) =
(0, 1, 2). This is Case (W2).

In the case of C(a, b, ¢) = Cs(a, b, ¢), if 71 and 79 have the same signs,
then Wy(Ca(a, b, ¢)) = 0(a, b, ¢)° - O(a, ¢, b)* = t~cla=b)b=c)lc=a)b=c)  Tf
€ = +1, then Wy(C2(0, 1, 2)) = 2, which is Case (W2). If e = —1, then
YoeeWo(CO) = 21+4t~2+2t*, which is the same with ®4(Sp). However, since
Wor (Ca(a, b, ¢)) = 0'(a, b, c)~t-0'(a, ¢, b)t =1, we have LoecWy (C) =
27. This is Case (W3). If 7y and 79 have the opposite signs, then Wy(Cs(a, b, ¢)) =
6(a, b, ¢)¢ - B(a, c, b)~¢ = tla=b)b=c)c=a)(b+e) " which is t% when (a, b, ¢) =
(0, 1, 2). This is Case (W2).

Thus we have shown that the triple point number of Sy is at least four.
Since the torus-covering-chart I'r ¢ has four white vertices, the triple point
number of Sy is at most four. Hence the triple point number of Sy is four,
and the associated torus-covering-chart I'r ¢ realizes the surface diagram
where the number of the triple points is the triple point number. O
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