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Abstract

In this concluding part of the series I first consider the bivector derivative for four-vector and
four-tensor fields in the case of arbitrary Riemannian geometry. I then define this derivative
for five-vector and five-tensor fields, examine the bivector analogs of the Riemann tensor, and
introduce the notion of the commutator for the fields of five-vector bivectors. After that I
examine a more general case of five-vector affine connection, introduce the five-vector analog
of the curvature tensor, discuss the canonical stress-energy and angular momentum tensors
corresponding to the five-vector covariant derivative, and consider a possible five-vector
generalization of the Einstein and Kibble-Sciama equations. In conclusion, I introduce the
notion of the bivector derivative for the fields of nonspacetime vectors and tensors, consider
the corresponding gauge fields and their properties, and derive a possible generalization of

Maxwell’s equation.

A. Bivector derivative in curved space-time

In part IIT I have introduced the bivector derivative
for scalar, four-vector and four-tensor fields in flat
space-time. Now I would like to define this derivative
in the general case. As one can see from the for-
mulae obtained in section D of part III, in the case
of flat space-time the bivector derivative of the in-
dicated fields is determined only by the metric, and
since with respect to its metric properties any suffi-
ciently smooth space-time manifold is locally flat, the
bivector derivative in the general case can be defined
by postulating that in local Lorentz coordinates it
has the same form at any space-time geometry. For
scalar fields this means that the bivector derivative
of an arbitrary function f is given by formula (32) of
part ITI, where e4 can be any active regular basis at
the considered point. For four-vector fields the above
assertion means that the bivector derivative of the
basis fields E, corresponding to any system of local
Lorentz coordinates at the considered point is given
by formula (33) of part III, where e 4 is now the active
regular five-vector basis associated with E,. Further-
more, one should assume that in the general case, too,
the bivector derivative has the properties expressed
by equations (37) of part III, which will enable one to
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define the derivative D4 W for any four-vector field
W and any five-vector bivector A, and that the bivec-
tor derivative of the contraction and tensor product
obeys the Leibniz rule, which will enable one to de-
fine the action of operator D on all other four-tensor
fields.

As in the case of flat space-time, for any set of
four-vector basis fields E, and any set of five-vector
basis fields e 4 one can define the bivector connection
coefficients according to formula (40) of part IIL. In
the particular case where E, is a basis that corre-
sponds to some system of local Lorentz coordinates
at the considered point and e4 is the associated ac-
tive regular five-vector basis, the bivector connection
coefficients ' , » at that point are given by formulae
(41) of part III

The bivector derivative for the considered type of
fields in the general case can also be defined without
referring to local Lorentz coordinates. Instead, one
can postulate that as in the case of flat space-time,
it is expressed according to formulae (38) and (39)
of part III for scalar fields in terms of the directional
derivative and for four-vector fields in terms of the
torsion-free g-conserving ordinary covariant deriva-
tive V, which is uniquely determined by space-time
metric, and of the local operator ﬁ, whose argument



is a four-vector bivector, on which M depends lin-
early. Let us recall that in an arbitrary four-vector
basis E,,, operator M has the following components:

(1)

The bivector derivative of scalar, four-vector and
four-tensor fields defined above possesses one impor-
tant property: at any five-vector affine connection O
with respect to which the metric tensor g is covari-
antly constant, the five-vector covariant derivative of
any of these fields is expressed linearly in terms of
its bivector derivatives. More precisely this property
can be formulated as follows: at any given five-vector
affine connection that conserves the metric tensor, at
each space-time point there exists such a linear map o
from the tangent space of five-vectors to the tangent
space of five-vector bivectors that for any five-vector
u at that point

(ﬁEa/\Eg)lf/ = 6% Gov — 6%4 gBV = (Maﬁ)lf/

0.6 = Da’(u) g (2)
for any field G from the considered class of fields. Let
us now prove this statement.

Consider an arbitrary point @ and introduce in
its vicinity some system of local Lorentz coordinates
with the origin at Q. Let E, be the four-vector ba-
sis corresponding to these coordinates and e 4 be the
associated active regular five-vector basis. Let T,
denote the connection coefficients for the basis E,:

(3)

where, as usual, D4 = Og,. It is evident that the
upper and the first lower indices of T, are four-
vector, and its second lower index is five-vector.

The supposed covariant constancy of g imposes cer-
tain constraints on the coefficients T ;. Indeed, ow-
ing to the property of O expressed by relation (18) of
part V, from the fact that g is covariantly constant
as a five-tensor follows that it is covariantly constant
as a four-tensor, which in its turn means that

O,E, = EgY”

where ¢ is considered a four-tensor. Writing down
this equation in components relative to the basis E,
and considering that the latter is associated with a
system of local Lorentz coordinates, one obtains that

at @
(4)

Jow T34 + gup T4 = 0.

Let us now introduce the quantities

5P = —gPere .

(5)

From equation (4) it follows that S are antisym-
metric with respect to their upper indices. Further-
more, it is easy to check that with transition to any
other system of local Lorentz coordinates with the
origin at the same point, the quantities SO‘Z trans-
form as components of a five-vector 1-form whose
values are four-vector bivectors. Consequently, the
1-form constructed according to the formula

S=5" B, AE; @67,

where 64 is the basis of five-vector 1-forms dual to the
basis e 4, will be the same at any choice of the local
Lorentz coordinates. From definition (5) it follows
that

Tha = —grpS % = —059:557 % = (Mor)% S

Consequently, by virtue of equations (1) and (3), at
@ one has

O4E, = E3 (M,,)?, 8177} = Mz

S(eA)EO“

(6)
where S(es) denotes the four-vector bivector ob-
tained by contracting the 1-form S with the basis
five-vector e4.

Since the basis E, is associated with a system of
local Lorentz coordinates at ), at that point one has

VAE, = 0,

and consequently, equation (6) can be rewritten as

(7)

Due to the linear dependence of operators O, V, and
M on their arguments, from the latter formula it fol-
lows that

DAE, = VAE, + Mg, Eq.

(ea)

O.E, = Vy,E, + Mg(u)Ea
for any five-vector u. Furthermore, owing to the
properties of the derivative V expressed by equations
(2b) and (2c) of part V; to similar properties of the
operator O expressed by equations (11b) and (11c) of

part V; and to the linearity and locality of M, from
the latter equation one obtains that

(8)

for any four-vector field W. Finally, by making use
of the relation between the bivector derivative and
operators V and M, expressed by equations (39) of
part III, one can present equation (8) as

O, W = V, W + Mg oW

(

O, W = D_A(U)W (9)



where A(u) denotes the five-vector bivector whose &-
component corresponds to the four-vector that corre-
sponds to u, and whose Z-component corresponds to
the four-vector bivector S(u). Owing to the linearity
of the latter two correspondences, the bivector A(u)
can be presented as a contraction of u with some five-
vector 1-form s whose values are five-vector bivectors.
It is easy to see that in an arbitrary active regular ba-
sis this 1-form has the following components:

59, = —s°*, = 6% and saﬁA = Sai, (10)
where S®7 are the components of the 1-form S in
the associated four-vector basis. By using s one can
rewrite equation (9) as

OuW = D<§u>w’

which, if one puts o(u) = < S,u >, coincides with
equation (2) for four-vector fields. From formula (15)
of part V and formula (38) of part III it follows that
at such o(u) equation (2) will also hold for arbitrary
scalar fields. Finally, since the action of both O and
D on the contraction and tensor product obeys the
Leibniz rule, equation (2) with o(u) selected this way
will hold for all other four-tensor fields as well.

In the particular case where the fifth component
of the five-vector covariant derivative for four-vector
fields is zero, one can establish a simple relation be-
tween the 1-form S and the four-vector torsion ten-
sor. Since the latter is a four-tensor, it is more con-
venient to consider the covariant derivative a linear
function of a four-vector rather than of a five-vector,
which is possible since in this case O is equivalent
to an ordinary covariant derivative. Furthermore, to
present the formulae involving torsion in a more fa-
miliar form, instead of O I will write V. Instead of

“s.4 one will then have ordinary four-vector connec-
tion coefficients I'}y ., and instead of formula (5),

5% = — g1,

(11)

SO So‘ﬁ will now be the components of a four-vector
1-form rather than of a five-vector one.

Let us now recall the definition of four-vector tor-
sion:

VuV -VyU-[U,V]=-2T(U,V), (12)
where U and V are any two four-vector fields and the
factor —2 is introduced for convenience. Since V de-
pends on its argument linearly, the quantity T(U, V),
which is a certain four-vector field, will depend lin-
early on U and V, and consequently can be presented
as a contraction of some four-vector 2-form, T, whose

values are four-vectors, with the bivector UAV. Usu-
ally, the components of T are defined as follows:

T =1, Es®O0"A O, (13)
where O* is the basis of four-vector 1-forms dual to
the basis E,, and it is a simple matter to show that in
any coordinate basis they can be expressed in terms
of the corresponding connection coeflicients in the fol-
lowing familiar way:

T, =T9

2% [w]

(14)

Comparing this formula for the case where E,, is as-
sociated with a system of local Lorentz coordinates,
with formula (11), one finds that

T, = (15)

(67

T b
where S, = g, 5. Since both S and T are ten-
sors, the latter equation will hold in any four-vector
basis. Making use of the antisymmetry of S with re-
spect to its first two indices, in the usual way one can
derive the formula opposite to formula (15), which
expresses the components of S in terms of those of
T:

Saﬁ = gaogﬁr (TUT,u - TT,LLU - T,um-),

where T5ry = 1, gwu. Therefore, the four-vector-
valued 2-form T and the bivector-valued 1-form S
contain exactly the same information. Later on we
will see that a similar relation exists between the five-
vector 1-form s introduced above and the five-vector
torsion tensor.

In conclusion, let me note that the four-vector 2-
form S actually coincides with the so-called contor-
sion tensor, K, which can be defined as an operator
whose action on an arbitrary four-vector field W is
given by the formula

KuW = (Vy — Vu)W.

For practical reasons, the components of K relative
to some four-vector basis E, are defined as follows:

Kg,E, = K,/ Eg.

Comparing the latter two definitions with formula (8)
adapted to the case we are now considering, one finds
that

Kﬂf = Jaw Sﬂ‘:ia

so S differs from K only in the arrangement of its
indices.



B. Bivector derivative of five-vector
and five-tensor fields

In this section I wish to define the bivector deriva-
tive for five-vector fields and for the fields of all other
five-tensors. As before, let us begin by considering
flat space-time and after that generalize the formulae
obtained to the case of arbitrary Riemannian geom-
etry by following the same recipe that has been used
in the previous section to define the bivector deriva-
tive of scalar, four-vector and four-tensor fields in the
general case.

As in all the cases considered earlier, the bivector
derivative of five-vector and five-tensor fields in flat
space-time can be defined according to formula (26)
of part III, where G can now be an arbitrary five-
vector or five-tensor field and II,{G} denotes the im-
age of G relative to active Poincare transformations
from some one-parameter family, H, that includes the
identity transformation (the latter corresponding to
the value of the family parameter s = 0). From for-
mula (31) of part I one then obtains that for an arbi-
trary O-basis e,

De,nes€a =0 and De,ne, €4 = €5 (MW)]Z, (16)

where (MKL)"}B = (5‘21 gKB—é‘?( gr - For an arbitrary
P-basis pa one will have

DprapPa =Ps (Mk1)5,.

Though such a definition of the bivector derivative
for five-vector fields is quite permissible, it is not dif-
ficult to see that in that case the relation between O
and D expressed by equation (2) cannot exist. Indeed,
the five-vector covariant derivative of an arbitrary
field from JFz has in general a nonzero £-component,
whereas the bivector derivative of any such field de-
fined as described above will always be a field from
Fz, as is readily seen from formulae (16). Since in
the further analysis the mentioned relation between
O and D will play an essential role, let us try to de-
fine the bivector derivative for five-vector fields in a
different way: so that relation (2) could hold in this
case as well.

To understand how this should be done, let us de-
fine for an arbitrary set of five-vector basis fields e 4
in flat space-time the bivector connection coefficients
according to the formula similar to equation (40) of
part III:

(a7)

Since we wish that equation (2) hold and since the
derivative O has property (18) of part V, one should
require that

B
DKLeA = eBG AKL-

v =w (mod R) = D4v =D 4w (mod R) (18)

for any bivector field A, and that the derivative D 4 W
of any four-vector field W be the equivalence class of
all the derivatives of the form D 4w with w € W.
From these requirements it follows that in any stan-
dard basis

OEKL =0 (19)

and
@ _ P
BKL =1 BKL>

where "%k, are the bivector connection coefficients
corresponding to the associated four-vector basis.
Thus, according to formulae (41) of part III, for an
O-basis one has
Bus =0 and G%,, = (M,)%- (20)
Of the yet undetermined bivector connection coef-
ficients for five-vector fields, the quantities G° 45 can
be found by considering a particular case where the
five-vector affine connection is such that there exists
a local symmetry similar to the one which has been
discussed in section 3 of part II for V (see section D of
this paper). In that case, for any Lorentz four-vector
basis the connection coefficients T, introduced in
the previous section are identically zero, and from
formulae (5) and (10) one finds that
0,G=D,6G (21)
for any scalar, four-vector or four-tensor field G. Re-
quiring that this relation between the covariant and
bivector derivatives hold in the case of five-vector
fields as well, for an arbitrary O-basis one obtains
5 5
Gﬂ”’5 = _gﬂu and G 5ub = O. (22)
Finally, let me observe that the latter two equa-
tions, the first equation in (20), and equation (19)
for (KL) = (u5) can be combined into a single for-
mula:

GAB,LL5 == (M# )AB

Likewise, the second equation in (20) and formula
(19) for (KL) = (uv) can be combined into

B = (M) -

If one now supposes that for an O-basis the con-

nection coeflicients G5BW are also proportional to

(M,,,,)%, one will have

=G°

5
G Buv

B =0. (23)
A more serious argument in favour of the latter equa-
tions is the following. It is reasonable to think that

as in the case of four-vector and four-tensor fields,



the bivector derivative of five-vector fields is deter-
mined only by the metric, and since with respect to its
metric properties flat space-time is homogeneous and
isotropic, the bivector connection coefficients G,
should have the same form in any Lorentz coordinate
system. Reasoning as in section 3 of part I, one can
find the following general form of the bivector con-
nection coefficients for an arbitrary O-basis, which
satisfy condition (18):

GAB,uS X (M#5)AB and GAB,LU/ = (M#V)AB

Fixing the proportionality factor in the first relation
from equation (21), one finally gets

= (M#V)ABa

which coincides with formulae (19), (20), (22), and
(23). One should observe that the sign in the right-
hand side of the first equation in (24) will not change
if in all the formulae one replaces e; with —es, for
such a replacement will change the sign of G5ﬂ and
the sign in the right-hand side of equation (21), but
will not change the sign of G% ;.

Let me also note that the obtained connection co-
efficients G“}B k1, for an O-basis, regarded as matrices
with respect to the indices A and B, satisfy the com-
mutation relations for the generators of the Poincare
group, which in the matrix form can be expressed as

G'pus = — (Mys)p and G

Buv (24)

[Gkr,Gun] = 9xmGLN — 9rmMGrnN
— 9xkNnGry + 9onGrwms

where (Gkr)% = G'4rp- The same commutation
relations are satisfied by the bivector connection coef-
ficients corresponding to derivative (16), only in that
case the matrices G5 that correspond to the gener-
ators of translations are all zero.

Formulae (17) and (24) determine the bivector
derivative for sets of five-vector fields that make up an
O-basis. To define the derivative D 4w for any five-
vector field w and any field of five-vector bivectors A,
one should take that in the case of five-vector fields,
too, the operator D has the properties expressed by
equations (37) of part III, in which the four-vector
fields should now be replaced with the five-vector
ones. Furthermore, to define the bivector derivative
for the fields of all other five-tensors, one should sup-
pose that the action of the operator D on the con-
traction and tensor product obeys the Leibniz rule.
One should observe that in this case properties (37) of
part III and the Leibniz rule are postulated, whereas
in the case of four-vector fields these properties of D
follow from definition (26) of part III.

For the bivector derivative of five-vector fields there
exists a representation similar to formula (39) of part

III. Namely, from equations (17) and (24) it follows
that the operator D4 can be presented as a sum of
two operators: (i) the operator V of the ordinary co-
variant derivative that corresponds to the connection
considered in section 3 of part II, whose argument
will be the five-vector from Z that corresponds to
the &-component of A, and (i7) the local linear oper-
ator M, whose components in an arbitrary standard
five-vector basis equal (Mg )% and whose argument
will be the Z-component of A. Thus, for an arbitrary
five-vector field u one has

Dgu = Vau+ ﬁAz u, (25)

where a denotes the five-vector from Z that corre-
sponds to A,

By using the formulae obtained above, it is not dif-
ficult to define the bivector derivative for five-vector
and five-tensor fields in the case of arbitrary Rieman-
nian geometry of space-time. As in the case of four-
vector fields, it is sufficient to postulate that formulae
(17) and (24) are valid in any system of local Lorentz
coordinates at a given point and that the bivector
derivative of five-vector fields in the general case has
the properties similar to those expressed by equations
(37) of part III. Alternatively, one can postulate equa-
tion (25), which expresses D in terms of V and M.
By using either of these definitions, it is not difficult
to calculate the bivector connection coefficients for an
arbitrary set of basis five-vector fields e that make
up an active regular basis at every point. For such
a set of fields, formulae (19), (22), and (23) will be
valid without any changes, while instead of formula
(20) one will have

Bbus = Gy and G, = (M)

where Goz, are the connection coefficients for the ba-
sis e4, associated with the derivative V.

(26)

C. Bivector analogs of the Riemann tensor
and the commutator of bivector fields

As one can see from the material presented in the pre-
vious sections of this paper and in section D of part
IIT, in many respects the bivector derivative is similar
to the covariant derivative and usually can be han-
dled in very much the same way. Let us now develop
the analogy between these two derivatives further and
consider the bivector analog of the Riemann tensor.
It seems reasonable to suppose that the components
of the latter in any regular basis associated with some
system of local Lorentz coordinates at a given point
can be obtained by considering the operator

Ricrmn = DrrDyn — DanDicr (27)



acting on four-vector fields. It is a simple matter to
show that R an is a local operator, so if E,, is the
associated four-vector basis, one can write

RiryunEa = Eg Rﬁa KLMN* (28)

By definition, the coefficients R% 7 5,y have the fol-
lowing symmetry properties:

R kv = —RBrxmn = — ROE, KLNM

and

Rafa KLMN — — Rafa MNKL>
and it is evident that with transition to another sys-
tem of local Lorentz coordinates with the origin at
the same point, they transform as components of a
four-tensor with respect to the indices o and 8 and

as components of a five-tensor with respect to the
indices K, L, M, and N. Consequently, the quantity

R=1E,®0°RY xpn (65 A6")2(6MAGY) (29)

will be the same at any choice of the local Lorentz
coordinates, and it would seem that it is it that one
should take to be the analog of the Riemann tensor
for the bivector derivative.

By using definitions (27) and (28), one can express
the components of R in terms of the bivector connec-
tion coefficients:

Rafa KLMN — DKLFOBMN - DMNFOBKL (30)
+ Ok mn — TN Sk L
From this formula it follows that in an active regular
basis associated with some system of local Lorentz
coordinates at the considered point

ROZI KBuS 6N1—‘023,LL5 - aﬂl—‘oz‘h%
+ P%K5PMBM5 - F%ySFUZERS
= 8,.;1"0‘@ — 8,11"0‘6N
+ Tl = TUul 50
where Fofa . are the four-vector connection coefficients
associated with the derivative V, so

O,én5u5 = R%ﬁu’ (31)

where R%, , are the components of the Riemann ten-
sor in the associated four-vector basis. In a similar
manner one finds that

QBRSHV = Ra,é HUKS 0 (32)
and
aBﬁ)\uV = (MK)\)OL‘:J(M#V)U,)B - (M#V)O(,CU(MR)\)MB
= g,W(MA,,)OZ; - gAH(MW)O,Zi (33)

- gm/(M)\u)OZ} + gku(Mﬁu)oz-iu

and it is obvious that formulae (31)—(33) will be valid
in any active regular basis.

Let us now try to define R without explicitly refer-
ring to coordinates. To this end, let us consider the
operator

[Da,Dp] =DuDp — DD, (34)
where A and B are two arbitrary fields of five-vector
bivectors. In an active regular basis associated with
some system of local Lorentz coordinates x® at the
considered point one has

[Da,Dp] = AKLBMNI[Dyp Dy ]
+ (DA4BEE — DALY Dk

The first term in the right-hand side is simply the
contraction of R with the values of the fields A and
B, and the second term is a bivector derivative oper-
ator whose argument is the value of a bivector field
constructed from the fields A and B in such a way
that its structure resembles that of the commutator
of two four-vector fields. As we will see below, the
quantity

(D_AB|KL| — D3A|KL|) ex Neg, (35)
where e, is the considered five-vector basis, does
not depend on the choice of the corresponding lo-
cal Lorentz coordinates, so if one takes it to be the
commutator of the fields A and B and denotes it as
[A,B], one can give R the following coordinate-free
definition:

<R,A®B>=D4Dp—DpD4s— D45}, (36)

provided one can give a coordinate-free definition to
[A,B].

Before we turn to this latter problem, let us find
the expression for the commutator of A and B in
an active regular basis associated with an arbitrary
coordinate system, x’®. Straightforward calculations
give

[A,B] = (DB KL DA 1KLY & nelp + A" (37)
and

A = A/ 058/;“- _ B/U5A/,u7'
( % (Lfl)v (8/Lw)).e/ /\e/ (38)

w\Yo~ T “w v
where 8] = 0/02'7 and L% = 92*/02'P. From these
expressions we see that the suggested definition of
the commutator is indeed invariant in the sense that
quantity (35) is the same at any choice of the local
Lorentz coordinates at the considered point. At the



same time, the above formulae show that in contrast
to the case of four-vector and five-vector fields, the
expression for the commutator of bivector fields in
an arbitrary coordinate system acquires an additional
term proportional to the derivatives 922 /0x'*dx' .
To understand the origin of this term and to obtain
a coordinate-free expression for the commutator of
bivector fields, let us again consider operator (34) and
evaluate it using formulae (39) of part III, which ex-

press D in terms of V and M. One will have
[D4,D5] = [Var +Mar, Vo + Mg ]

= [Va/, Vo] + [ Var, Mp/]
— [VB/7MA”] —|— [MA”7MB”]

(39)

where A’ and B’ are the four-vector fields that cor-
respond to the £-components of A and B and A"
and B’ are the four-vector bivector fields that cor-
respond to their Z-components. By adding and sub-
tracting the derivative V[ o/ g/}, one can present the
right-hand side of the latter formula as a sum of three
terms:

[Da,Ds] = (Va'VB — VB'VA' — V]A/B/])
+ (Ma»Mpr — MprMan)
+ (Va Mgy — Mp/Var)
— (V'Mar — ManVa) + Viar B/-

(40)

The first term is apparently the value of the Riemann
tensor (corresponding to derivative V) on the bivector
A’ A B, and by virtue of equation (31), it equals
< R, Af @ B >. Likewise, the second term can be
shown to equal < R, A% @ B® >. So, considering
that according to equations (32), < R, A® ® B® > =
<R, A% @ B > = 0, we see that the sum of the first
two terms in (40) is exactly the contraction of R with
A and B.

The sum of all other terms in the right-hand side of
formula (40) should therefore be considered as arising
from the commutator of A and B. Simple calculations
show that it equals

V[A’,B’] + M(WA/B”—VB/A”)' (41)

Thus, the commutator of A and B should be such a
bivector field that its £-component would correspond
to the four-vector field [ A’, B’] and its Z-component
would correspond to the field of four-vector bivec-
tors (Va/B” — Vg/A”). In an active regular basis
associated with an arbitrary coordinate system one
therefore has

([A,B])® = A759,Br5 — B759, A1

= A%OD, 5B — BO5D 5 AN
= DaB" —DpAs

and

([A,B])" = A7>(0,B + T4 BT + I, BT)
— BT (9, AP 4 TH ATV + T A7)
— (D4B™ — DpA™)
+ (AUSB(.UT _ BU5AUJT) (PU Ot —TH 61/),

TO "W TO "W

where I'".  are the corresponding four-vector con-
nection coefficients associated with the derivative V.

Hence,
[A,B] = (DB — Dy AEE e Nep + A, (42)
where

A = (A7°BFT — B AFTY . TY e, Ney. (43)
Now, if the selected coordinate system is a local
Lorentz one, the connection coefficients I'V_ . at the
considered point are all zero, and formula (42) ac-
quires the form of formula (35). For an arbitrary
coordinate system, the above connection coefficients
can be expressed in terms of the elements of the trans-
formation matrix that relates this coordinate system
to a local Lorentz one. According to the standard
formula for tranformation of connection coefficients,
one has
FIUTO’ = (L_l)lzorw BL?'L'?J'

(e

+ (L7008 LLG = (L7, (05L%),

where 9; = 0/02"? and L = 0z /dx' P, so formulae
(42) and (43) with primes coincide with formulae (37)
and (38).

As one can see from expression (41) or from for-
mulae (42) and (43), in contrast to the commuta-
tors of four-vector and five-vector fields, which are
determined only by the differential structure of the
manifold, for determining the commutators of bivec-
tor fields one also needs to know the Riemannian ge-
ometry of space-time. This dependece on the metric
manifests itself in several ways, one of which has to do
with the existence of a set of basis bivector fields for
which all the commutators are identically zero within
a given region of space-time. It turns out that such a
set exists if and only if within this region space-time
is flat. Let us prove this statement.

If space-time is flat within a given region of space-
time, then in the latter one can introduce a sys-
tem of global Lorentz coordinates, and from formu-
lae (42) and (43) it follows that for any regular basis
e, associated with these coordinates one will have
[ea Nep,ec ANep] =0.

Let us now suppose that in some finite region of
space-time there exists a set of ten basis bivector
fields, A1, As, ..., A1, such that everywhere in this



region [A;, A;j] = 0 at all ¢ and j. The latter equa-
tions are apparently equivalent to the equations

[A;,A;] =0 and VA;A;-I — VAIJ_A;/ =0,

where A denotes the four-vector field that corre-
sponds to A and A7 denotes the field of four-vector
bivectors that corresponds to AZ.

It is evident that from the set Aj, AL, ..., Al one
can always select four fields that make up a four-
vector basis. Without any loss in generality one can
take that these are the first four fields of the set.
Let us now recall one useful theorem about four-
vector fields: if the fields V; (i = 1,2,3,4) make
up a basis and are such that everywhere within a
certain region of space-time [V;,V,;] = 0 for all
i and j, then any field U such that [U,V;] = 0
for all ¢ within the considered region is a linear
combination of the fields V; with constant coeffi-
cients.  Applying this theorem to the considered
set of fields, one obtains that each of the fields

..., Al is a linear combination with constant co-
efficients of the fields Af,...,Al, and consequently
the £-components of the fields As, ..., Ao are lin-
ear combinations with constant coefficients of the &-
components of Ay, ..., A4. This fact enables one to
construct a new set of commuting fields: B; = A; for
1= 1,2,3,4 and Bi = .Al - Cil.Al — .. Ci4.A4 for
i = 5,...,10, where the coefficients Cj; are selected
in such a way that the £-components of Bs, ..., Big
be zero. Since all C;j; are constants, everywhere
within the considered region of space-time one will
have [B;,B;] = 0 at any ¢ and j. It is evident that
for 1 <i<4and 5 < j < 10 the latter equation is
equivalent to the following four-tensor equation:

VB{B;-/ =0,

where B} and B/ are related to B; the same way as A
and A/ are related to A;. This latter equation means
that in the considered region of space-time there ex-
ist six linearly independent and covariantly constant
fields of four-vector bivectors, which is only possible
if everywhere in this region space-time is flat.

Let us now obtain an expression for the commuta-
tor of bivector fields that would not involve coordi-
nates. To this end let us observe that since the deriva-
tive V is torsion-free, one has [A’,B’'] = Va/B’ —
Ve A’. Consequently, the bivector field [.A, B] cor-
responds to the following pair of four-tensor fields:

(VaB' — Vg A, VA B" — Vg/A" ),

and by using formula (25) of the previous section one
can easily obtain that

[A,B] = (D 4eB° — Dge A%)

+ (D4eB® — Dge A%)Z. (44)

The expression in the right-hand side is obviously a
part of the quantity D4B — Dg.A, and compared to
the latter it lacks the following three terms:

(DA&‘BZ - DB&‘AZ)g, (DAZBE - DBZ.Ag) ;
and (D_AZBZ - DBZ.AZ) .

Writing out explicitly the expressions for these terms
in components, one finds that the sum of the first two
terms is identically zero, so instead of (44) one can
write

[A,B] = (DAB° — Dp.A®) + (D 4eB* — Dge A®)
[A,B] = (DAB—DpA)— (D4=B" —Dy=A%). (45)

Looking at the latter formula, one may think
that in the above analysis we did something wrong
and that the “right” expression for the commutator
should be

[A,B] =D4B—DpA. (46)

To see if this is possible, let us analyze more closely
how we have arrived at formula (45).

It is evident that our definition of the bivector com-
mutator is a consequence of our definition of the ten-
sor R and of the assumption that the two quantities
are related by equation (36). It is also evident that
our definition of R implicitly includes the assumption
that the commutators of basis bivector fields corre-
sponding to a regular five-vector basis associated with
a system of local Lorentz coordinates are all zero at
the origin of the latter. Since this latter assump-
tion is based solely on the analogy with the case of
four-vector fields, which may very well be wrong, one
should regard it as merely a reasonable initial hy-
pothesis the correctness of which is to be confirmed
or disproved by further analysis. We now see that
judging by the formulae obtained above, it may seem
more natural to define the commutator of two bivec-
tor fields according to formula (46) rather than to
formula (45). Compared to the former, the latter
lacks the term

(DazB? —DpzA?) = M_=B% — My=A?
= (29ap AO‘“BB”) e, Ney,
which is simply a contraction of A and B with a
Lorentz-invariant five-tensor, so its addition to the
commutator will not change anything in essence.
Such a redefinition of the commutator implies that

from the left-hand side of formula (36) one should
now subtract the term

D(DAZBZ,DBZ_AZ) == 2(MA2MBZ — MBZM_AZ),



which is also a contraction of A and B with a Lorentz-
invariant five-tensor, so it will not lead to any essen-
tial changes in R either. If one does define the com-
mutator for bivector fields this way, then instead of
formula (27) one will have

Rxran = DrrDay —DanDir — Dixr,mn) (47)

where Digr, vN) = Diexner,ennen]s Put definitions
(28) and (29) will be the same. Since for any active
regular basis associated with a system of local Lorentz
coordinates, at the origin of the latter one still has

[ex Nes,e, Nes) =[esANes, e, Ne, ] =0, (48)
formulae (31) and (32) for the components of R will
still be valid. However, since for the same basis one
will now have

[ex Nex, e, Ney]
=2{gsuerxNe, — e e,
_gnuek/\eu"’g)\uen/\eu}a

(49)

the expression for the components R%, , will ac-
quire an additional term equal to

-2 { gnu(M)\V)OZ; - g)\u(Mm/)Oz;
- gnV(Mku)Of@ + g)\V(Mnu)Of@ }7

so the right-hand side of formula (33) will simply
change its sign.

The latter formula suggests still another way of
choosing the commutator for bivector fields, namely,

[A,B] = (DuB—-DpA)—1(D4zB%—DgzA%). (50)

Compared to the right-hand side of equation (46) the
right-hand side of the latter equation lacks the term
Gop A B e, A e,. Definitions (28), (29), and (47)
will still be valid, and so will formulae (31), (32) and
(48). However, instead of equation (49) one will now
have

[ex Nex, e, Ney]

=guperNe, —grpec e, (51)
—grvex/Ney+ g es ey,
so instead of formula (33) one will simply have
023/{)\;“/ =0. (52)

In the rest of this paper it will be assumed that the
commutator for bivector fields is defined according to
formula (50).

It is evident that R is not the only analog of the
Riemann tensor that one can think of. There are at

least two more analogs of the latter that may be of
interest. Both of them can be obtained by considering
operator (47), but now one should let the latter act,
in the one case, on five-vector fields and, in the other
case, on the fields of five-vector bivectors. As before,
it is easy to prove that on both types of fields Rk ran
acts as a local operator. This enables one to define
two sets of quantities similar to R% kv and then
construct out of them two five-tensors, which I will
denote as R® and R, Accordingly, the tensor R
itself can now be denoted as R® and the notation R
reserved for those cases where one needs to write a
formula valid for all three tensors.

Let us now calculate the components of R®) and
R1O . For simplicity, in the following formulae I will
omit the lables ) and (19 since the upper indices
of the components will unambiguously indicate which
tensor they belong to. Let us again consider an arbi-
trary active regular basis associated with some sys-
tem of local Lorentz coordinates. By virtue of equa-
tions (48) and (51), one has

Dirs,u5] = Dixs,uv] = Diea,us) = 0

and

D[fc)\”uv] = gnuD)\u - g)\anu

53
- gnvD)\,u + g)\an,u- ( )

Consequently,

= 6NGAB;L5 - 6MGABK5

+ G%K5G%#5 - G%;ﬁG%rﬁ
(9,€G‘L}3# — (9HG‘L}3K

+ G%KG%,LL - G%uG%m

A
RB wsus

where G“}B ., are the five-vector connection coefficients
associated with the derivative V. By using formulae
(47), (48), and (50) of part II, one finds that

R% K5u5 R55 wsps = 0 and R% K5u5 ROZ;,W, (54)

where R%, L are the components of the Riemann ten-
sor in the associated four-vector basis. In a similar
manner, since the derivative V is torsion-free, one
finds that

R5ﬁ w5us — 9B — 9Bk + 98w (GL"}W _ Gu;m)

=2g5,0%,, =0.

(55)

By using formulae (24), for the “mixed” components
one obtains

RAB Kbuy a"QGABHV + GACN5G%HV - GAC;UJG%RS
= (9,.;(MH,,)“}3 - (MRS)%(MW)C]B

+ (M#V)AC(MK5)C]V3’



and since the selected basis is associated with a local
Lorentz coordinate system, one has

RAB KBy [MN57 Muu]%
= g’w(M5u)AB + Grv (M5,LL)AB
= 5{5‘ (gn,ugyB - glivg,uB)-
Hence,
R55 K5 RS KBuv = RaB K5V 0

RSﬁ KSuY = 9kp9vB — Grv9ups-

Finally, using formulae (24) again and considering
(53), one obtains that

5 I oo’ _ RS _ R« —
RSI{)\;LU_R5n)\yu_Rﬁn)\,uv_RBn)\,uu_O'

(10)

The components of the tensor R are defined ac-

cording to the formula

~ AB
Rxrmn (ec ANep) =eaANep R CI‘D KLMN>

and can be easily calculated by noting that for any
two five-vector fields u and v,

ﬁKLMN (u/\v) = (ﬁKLMN 11) AV+uA (ﬁKLMN V),

so in any five-vector basis,
AB _ SARB B RA
RYep kemn = 0cRD kemun —0eRD kiun (

56)
— 0DRE krun + ODRE kv

Tensors R(4), R(5), and R have two important
properties, one of which is algebraic and follows from
the fact that Poincare transformations conserve the
scalar product g, and the other is differential and is
of the kind possessed by all analogs of the Riemann
tensor.

The first property can be derived either by using
the expressions for the components of these tensors
and recalling that the Riemann tensor is antisymmet-
ric in its first two indices, or directly—by writing out
the equation that expresses the fact that Poincare
transformations conserve the scalar product g and
differentiating it twice. Either way, for the compo-
nents of R one obtains the equation

gawR%KLMN'i_ngRu&KLMN:O, (57)

and similar equations for the components of R® and
R(lO) .

Before we turn to the second property, let us see if
the commutator of bivector fields satisfies the Jacobi
identity. To this end let us consider the sum

[A,[B,C]| +[B,[C, A]] + [C,[A,B]],
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where A, B, and C are arbitrary fields of five-vector
bivectors. By using definition (50), one can easily
find that it equals

KL
ex Ner R popEr

x (AABIBICPICIEF 1 cyclic permutations ).

Direct calculation shows that the only term not iden-

tically zero in the latter expression is
exNex- R o (AleBlBracys

+ B\aﬁ\c,uSAVS +C\a6\A,u53v5)

. R'ZW . (Aa63u56u5

4 Baﬁcu5Au5 +C°‘5A“5BV5).

(58)
= eg/\eg

Denoting this quantity as —A(A,B,C), one obtains
the following equation that replaces the Jacobi iden-
tity in the case of commutators of bivectors fields:

[A,[B.C]]+[B,[C, A]]

(59)
+ [C,[A,B]]+ A(A,B,C) = 0.

The last term in the left-hand side of this equation
is identically zero only if space-time is flat, so this
is another example of how the properties of bivector
commutators depend on the Riemannian geometry of
space-time.

Let us finally discuss the analog of the Bianchi iden-
tity for tensors R. Let us first derive this identity in
a general form applicable to any derivative that de-
pends linearly on its argument. The latter can be a
vector or a tensor of any kind provided that for the
fields of such vectors or tensors one can define the
notion of a commutator. In the following derivation
I will denote this derivative as D and the vectors or
tensors that can be its argument as A, B, and C. By
virtue of the Jacobi identity for ordinary commuta-
tors of operators D, one has

0 [Da,[Dg, Dc]] + cyclic permutations

[Da, (DgDc — DcDg — Digc))]

+ [Da, Digc)] + cyclic permutations
[Da,(DgDc — DcDg — Digc)]

+ (DaDig.c) — Dig,c1Da — Dia,[B,c]) )
+ Dia,[B,q) + cyclic permutations.

Introducing the notation R(A, B) = DaDg — DgDa —
Dia g, one can rewrite the latter equation as
+ Dia,,c)) + cyclic permutations .

In a standard way one can show that $(A,B) is a lo-
cal operator and therefore can be regarded as a tensor



of rank (1, 1) over the space of the vectors or tensors
upon which act the operators D. One can then show
that [ Da, R(B,C)] = DaR(B, C), where in the right-
hand side the operator Da acts on R(B,C) as on a
tensor. Finally, since (A, B) is a linear function of
its arguments and is antisymmetric in them, one can
present it as a contraction of a certain tensor R inde-
pendent of A and B with the antisymmetrized tensor
product of A and B. Denoting this latter product as
AAB and substituting all this into equation (60), one
obtains the identity

Dpa<R,BAC>+Dg<R,CANA>

+ Dc<R,AAB>—-<R,[AB]AC>
—<R,[B,C]AA>—-<R,[CCA]AB >
+ D(ia [BCll +[B,[CA] + [, [AB]) = 0.

(61)

When D is an ordinary covariant derivative, R
is the Riemann tensor. The last term in the left-
hand side of equation (61) is then identically zero,
since the commutators of four-vector fields satisfy
the Jacobi identity, and on comparing the remain-
ing terms with the right-hand side of equation (45b)
of part V, which defines the exterior derivative of
nonscalar-valued four-vector 2-forms, one obtains the
usual Bianchi identity: dR = 0.

When D is a bivector derivative, R is one of the
tensors R, and identity (61) acquires the form

Ds<R,BAC>+Dg<R,CANA>

+De <R, AAB>— <R, [AB]AC >

- <R/[BC|NA>—-<R,[C,A]AB>
= Dawuso)-

(62)

Since both sides of this equation are linear and anti-
symmetric in A, B, and C, each of them can be pre-
sented as a contraction of a certain five-tensor with
the antisymmetrized tensor product of these three
bivector fields. Considering that the left-hand side
of equation (62) in its structure resembles the left-
hand of equation (45b) of part V, one may suppose
that the tensor corresponding to it is the analog of
the exterior derivative for R, and one may denote it
as d(P)R. The right-hand side of equation (62) equals

NI o aT 50v5
M., - R, (A°7Br5C

63
+ Bm-c,u5Av5 _,’_CaTA;L5Bu5 ), ( )

and one may denote the tensor corresponding to it as
MAa. Since A, B, and C are arbitrary bivector fields,

one obtains the equation
d®R =Ma, (64)

which should be regarded as the analog of the Bianchi
identity for tensors R.
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D. A more general case of five-vector
affine connection

So far I have considered only one particular case of the
connection for five-vector fields, which corresponds
to an ordinary covariant derivative and where there
exists a local symmetry described in section 3 of part
II. Let us now see what the requirement of the same
local symmetry will give in the case of the five-vector
covariant derivative.

Repeating the reasoning presented in the cited sec-
tion of part II, one finds that in any regular basis
associated with a system of local Lorentz coordinates
at the considered point, the only connection coeffi-
cients that do not have to be zero are H%s, H%#,
and H%; and that one should have

G5 X 0%, H%H o gg, and H%y = const. (65)
Requiring also that with respect to this connection
the metric tensor be covariantly constant, one finds
that the quantities H,gs = gOMH“é5 should be anti-
symmetric in « and (3, which is compatible with the
first relation in (65) only if H%; = 0. Selecting the
length of the fifth basis five-vector so that the pro-
portionality factor between H % , and gg, be minus
unity, one finally obtains that

H%#:—gﬁ# and H555:w, (66)
where w is a constant of dimension (interval)=2,
and all other connection coefficients at the considered
point for such a basis are zero.

Let us now reformulate the results obtained in
terms of parallel transport. By virtue of condition
(18) of part V, for the connection coefficients corre-
sponding to the four-vector basis associated with the
same coordinate system one should have
(67)

a  _ pya
BA — BA>

which is the analog of equation (48) of part II. From
the results we have just obtained it then follows that
at the considered point all TO‘B 4 are zero, which means
that for four-vector fields the derivative O coincides
with derivative V, and the parallel transport of four-
vectors corresponding to O (defined in accordance
with the interpretation of O discussed in section B of
part V) coincides with their transport defined by the
metric. This result can be obtained more directly by
observing that according to what has been said after
equations (66), the Z-components of the transported
five-vectors in the considered case are the same as in
the case of the connection examined in part II. Let
us now see what happens with the £-components.



It is evident that at w = 0 the derivative O co-
incides with the derivative V for five-vector fields as
well. Consequently, in this case a five-vector from &
is transported into a five-vector from &£ of the same
length (relative to 1), and the change in the fifth com-
ponent of any five-vector u in an active regular basis
at each infinitesimal step of the transport equals the
scalar product g of u with the infinitesimal tangent
five-vector that characterizes the element of the trans-
port path covered at that step. At w # 0 the length
of the five-vectors from & is not conserved when the
transport is made along timelike or spacelike curves.
Consequently, the change in the £-component of any
five-vector u at each infinitesimal step of the trans-
port will in general be a sum of a quantity propor-
tional to the mentioned scalar product of u with the
infinitesimal tangent vector and of a quantity equal
to the change in the initial £-component of u at that
step.

Since at any w the derivative O for four-vector fields
coincides with the derivative V, for such a connection
four-vector torsion is identically zero. In view of this,
one may wish to examine some other case of five-
vector affine connection, where the constraints on the
connection coefficients would not be so stringent and
four-vector torsion could be nonvanishing.

As it has been shown in section A, at any five-
vector connection with respect to which the met-
ric tensor is covariantly constant there exists a re-
lation between the derivatives O and D of any scalar,
four-vector or four-tensor field, expressed by equa-
tion (2), where o(u) is a contraction of u with a cer-
tain bivector-valued five-vector 1-form s whose com-
ponents s* , in any regular basis are fixed and com-
ponents 5P 4 are uniquely determined by four-vector
torsion. The inverse theorem is also valid: if for a
given five-vector connection O there exists such a lin-
ear map o : F — F A F that equation (2) holds
for any scalar, four-vector or four-tensor field, then
relative to this connection the metric tensor is co-
variantly constant. Consequently, requiring g to be
covariantly constant is equivalent to requiring equa-
tion (2) to hold at some o for all four-vector fields,
since, as it has been shown in section A, the latter
condition is sufficient for equation (2) to hold for all
scalar and all four-tensor fields as well.

Since derivatives O and D both preserve the cor-
respondence between four- and five-vectors, from the
validity of equation (2) for four-vector fields it follows
that for any five-vector field w

[Ouw]? = [Dgu) w]* (68)

at the same ¢. Considering this, it seems natural to
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examine the case where for any w

Du W = Dg(u) W. (69)
Since equation (68) holds without any additional as-
sumptions, requirement (69) imposes constraints only
on those five-vector connection coefficients that de-
termine the £-component of the covariant derivative.
From equation (69) it follows that in any five-vector
basis .

A A KL

Hpo=GBgrs ¢

and by using formulae (19), (22), (23), and (26) of
section B, for the five-vector connection coefficients
in an arbitrary active regular basis one finds that

HABM = GABH + (MUT)AB S‘G’T‘M (70)
H%5 = (MUT)AB S|UT|5 J

where G“}g# are ordinary connection coefficients for
the considered basis, associated with the derivative V.
Writing out the latter formulae in detail, one obtains

B =GC%u = B H5,=0 (71)
HYs = —8%5 H%5 =0
and
H%u:_gﬂw H5£35:H%u:H%5:07 (72)

where s%o = ggws™. Thus, all the connection co-
efficients except for H %o In this case are the same as
in the case of the locally symmetric connection con-
sidered earlier, at w = 0.

From the formulae obtained it follows that four-
vectors transported along a given curve according to
the transport rules associated with O can turn (all
together) arbitrarily with respect to the same four-
vectors but transported according to the rules fixed
by the metric. Furthermore, one can see that com-
pared to ordinary parallel transport, four-vectors can
experience an additional rotation that does not de-
pend on the direction of the transport and whose
magnitude at each infinitesimal step of the latter is
proportinal to |ds|, where ds is the infinitesimal in-
terval covered at that step. Finally, from the for-
mulae obtained it follows that the length of the five-
vectors from &£ does not change during the transport
and that at each infinitesimal step of the latter the
fifth component of a transported five-vector acquires
an increment equal to its scalar product g with the in-
finitesimal tangent five-vector that characterizes the
element of the transport path covered at that step.

To understand more clearly how general is the
case we have just considered, let us compare it with
the case where the parallel transport of five-vectors



is constrained only by the following three require-
ments: (i) it should preserve the correspondence be-
tween four- and five-vectors; (i¢) it should conserve
the scalar product g; and (éé) it should conserve the
length of the five-vectors from €. (The latter require-
ment seems quite reasonable if one considers that by
virtue of the first condition, the five-vectors from &
are transported into five-vectors from &, and that for
the latter there exists a natural measure determined
only by the differential structure of the manifold. In
addition, as it has been shown in section G of part IV,
the conservation of the length of five-vectors from &£
is a necessary condition of the five-vector Levi-Civita
tensor being covariantly constant.)

Let us consider an arbitrary point @), introduce in
its neighbourhood a system of local Lorentz coordi-
nates, and construct the corresponding active regu-
lar basis e 4. As it has been shown earlier, the above
three conditions on five-vector parallel transport lead
to the following constraints on the five-vector connec-
tion coeflicients corresponding to the basis e:

50(Q) = H30(Q) =0

and
gawHUBC(Q) + gusH%c(Q) = 0.

A comparison of these relations with equations (6)
and (7) of part III, which determine the components
of the five-tensor & introduced in that paper, makes
it apparent that under the considered constraints the
connection coefficients at @ can be presented as

Hiyo = (Mor) 7'+ (Msr) 57, (73)
where TA% = —g¢PHA .. If, as in the case of the
tensor R considered in part III, one puts

Toc5c — T5an

the quantities rAg will become antisymmetric in A

and B, and one will be able to rewrite formula (73)

as
A |KL|

H%c = (Mkr)pr ok (74)

which is similar to equation (13) of part IIL. It is
apparent that the quantities rAg are analogs of the
quantities SO‘% introduced in section A, and one can
easily prove that the five-vector 1-form constructed
according to the formula

=~ — .AB]

r=r"".,

ey Nep ® 0%

will be the same at any choice of the local Lorentz
coordinates.

The fact that with respect to the indices A and B
the connection coefficients H’% for the considered
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basis have the same form as the parameters of an
infinitesimal Poincare transformation is certainly not
a coincidence. Indeed, at such a choice of the five-
vector basis fields, the first four basis five-vectors at
the point @’ with coordinates 2*(Q’) = z*(Q) + dx®
are orthonomal to the second order in dz®, so under
the considered constraints one will have

[eA(Q/)]transportcd to Q@ _ eB(Q)Cgu

where C% = 1, 0% = 0, and C% € SO(3,1) to the
second order in dz®. Consequently, for such a basis
the connection coefficients H%~(Q) should have the
same form with respect to the indices A and B as the
components of the tensor § constructed from param-
eters of an infinitesimal Poincare transformation.

It is evident that in any regular basis ro‘ﬁc = So‘ﬁc,
where S O‘% are the components of the 1-form S in the
associated four-vector basis, so these components of T
determine how the Z-components of transported five-
vectors turn relative to the Z-components of the same
five-vectors but transported according to the rules
fixed by the metric. The components °%, = —r®%,
determine the change in the £-component of a trans-
ported five-vector, and since they can be arbitrary,
this component can change arbitrarily, and its varia-
tion in general will not be correlated in any way with
the Riemannian geometry of space-time.

Let us now determine how the 1-form T is related
to five-vector torsion. The latter can be defined ac-
cording to a formula similar to formula (12). Namely,
for any five-vector fields u and v one puts

O,v —0yu — [u,v] = —2t(u,v). (75)

As in the case of the ordinary covariant derivative,
it is a simple matter to prove that t(u,v) is a linear
function of u and v and therefore can be presented
as a contraction of u A v with a certain five-vector 2-
form t, which I will call the five-vector torsion tensor.
Defining the components of the latter according to
the formula

t =t/ ea®o" Ao,
one can show that in any five-vector basis for which
all the commutators are zero one has

tKLA = H?KL]v

which is the analog of formula (14). Substituting ex-
pression (74) into the latter equation, one obtains

A A
txkr = —TkL)

which is the analog of equation (15). In detail, the

latter means that

A A A
by = =T and ¢, =



A comparison of the first of these equations at A =
a with equation (15) makes it apparent that in any
regular basis

ao , BT

Tai =9 g (tUT,u - t‘r,ucr - t,ucm-),

where {57 = t,,*guwu, 50 the components of the five-
vector torsion tensor determine all the components of
the 1-form T except for the symmetric part of r5,,,.

By comparing formulae (70) for an active regular
basis associated with some system of local Lorentz co-
ordinates at the considered point with formula (74),
one finds that in the case of the five-vector affine con-
nection satisfying requirement (69) one has

B

¢ and 7“5'8025'6 =—s5'gc,

aff _ «
ro=Ss
SO

m
ab

t t

— — 5 _

aﬁu - Slfa,@]’ ta5u - _% § aC 0. (76)
Therefore, in this paricular case the components ¢ ,
can be arbitrary and the components ¢, are iden-

tically zero.

E. Five-vector curvature tensor

In this section I will consider the five-vector analog
of the curvature tensor for the derivative O and will
discuss some of its basic properties and one important
physical application. This tensor can be defined in
exactly the same way as in section E of part V I have
defined the five-vector analogs of the field strength
tensor: as a five-vector 2-form, R, whose values are
tensors of rank (1,1) over V5 and which is such that
for any five-vector field w regarded as a five-vector-
valued 0-form
ddw = R(w),

where the notation R(w) means that the value of R
acts on the value of w as a linear operator. By using
the analog of formula (45a) of part V for five-vector
forms and derivative O, one can find that
<R,uAv>= I:luljv_DvDu_D[u,v]a (77)
where the expression in the left-hand side is simply
the value of the 2-form R on the bivector uAv. From
this formula one can easily obtain a familiar expres-
sion for the components of R in a five-vector basis for
which all the commutators are zero, in terms of the
corresponding five-vector connection coeflicients:

R%CD = aClL]%D - aDH%C

A A
+ HycH%p — HyxpHSo.
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If the basis is a standard one, then by virtue of equa-
tions (20) of part V and (67) one will have

R%cp =0cHSp —O0pHSGo + HY, o HY
+ HYoHyp — HY pHYSe — HYpH% = 0
and

R%ep = dcH%p — dpHS%
+ HcHGp — HpH e

= 0% — I T%e
+Y%c Y% — TUp T %,

which means that at any five-vector connection that
satisfies requirement (18) of part V, in any standard
basis the components R% ., are identically zero and
the components R%q , are completely determined by
the connection coefficients for four-vector fields.

Let us now calculate the components of R for the
connection that satisfies condition (69). By using for-
mulae (71) and (72) one finds that in any active reg-
ular basis

o . » 151 _ e}
5CD — R5CD - 07 RB;LV

RSﬁCD = —298ws"cp) = 2tcpg,
R% —{0us%s + HS, 8% + s HG, b

_ p™Ma
=R Buv?

(78)

ub =

where R®™“ . are the components of the Rie-
mann tensor corresponding to the ordinary covariant
derivative V related to D according to equation (12)
of part V, in the associated four-vector basis. From

the fact that g is covariantly constant it follows that

JowR3cp + 980 RGcp =0,

and comparing this equation and the first double
equation in (78) with equations (6) and (7) of part
ITI, we see that one can associate with R, in the way
now familiar to us, a certain five-vector 2-form, K,
whose values are five-vector bivectors and whose com-
ponents are related to those of R as

A A A
K 'BCD =-K’ cp =9 R'ucp,
where g#¢ is the inverse of the 4 x 4 matrix gpw- From
formulae (78) one finds that in any active regular ba-

S1S

K% p=—K>cp =25%0p = —2tcp®,
K0 o= —{0,s"% + HS, s’ + H ,s°¢ ), (79)

«
wpr*

Kaﬁ,, = gPv“R™

Since in the rest of this section I will no longer deal
with the components of the five-tensor R itself, in
the following I will omit the superscript ¥ in the
notations for the components of the Riemann tensor



corresponding to V and of all other four-tensors con-
structed out of it.

Let us now try to construct the five-vector analog
of the Einstein tensor. Since the latter is related to
the four-vector Riemann tensor as

Ho_ 1 pw  OTAU
Ga—zfaprR or € s

let us first consider the tensor

ESTXAB'

VAR = 1signé-ecpxro K™% (80)

By using the formulae presented in section G of part
IV one can easily find that

ud . W  LOTAUD
Y a5_%S1gn§'€a5>\prpgT€ H

— o _ 1 AR KOT — RH _ 15K — G
_Kaa §6O¢K o"r_Ra §5aR_Ga7

(81)

where R is the scalar curvature and R* and G*, are
the components of the Ricci tensor and Einstein ten-
sor in the associated four-tensor basis, all correspond-
ing to the derivative V. In a similar manner one finds
that

7] oTAUD
Y of

18igné - €aprps K2 €
15 10 7 gedd) 5]
— K"+ 04K, — LK%
1% o H o
2{t,g +ts," —d5tas
1 o H o
2{T, 4+ 0h Ty — 84 T,7 1,

(82)

where T, ﬁ“ are the components of the four-vector tor-
sion tensor defined by equations (12) and (13), and
the combination in the curly brackets in the right-
hand side is known as the modified torsion tensor.

Formulae (81) and (82) have an interesting bearing
on physics. In accordance with what has been said in
part V, the five-vector connection O can be regarded
as a composite structure consisting of the ordinary
affine connection V and of another structure, which
in the case we are now considering is fixed by a field of
four-vector bivectors whose components in any four-
vector basis coincide with the components s*” 5 of the
1-form § in the associated active regular five-vector
basis. Now, if one supposes that despite the fact that
V is not necessarily torsion-free, the four-vector Ein-
stein tensor corresponding to it is still related to the
canonical stress—energy tensor by the Einstein equa-
tion, one will have

Y =G = kOH = —kM",, (83)

where k is Newton’s gravitational constant times
8mc™* and M is the stress-enegry-angular momen-
tum tensor introduced in part I. For the moment let
us pay no attention to the fact that the four-vector in-
dex p in the right-hand side of the latter equation cor-
responds to the antisymmetrized pair of five-vector
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indices p5 in its left-hand side, and let us just con-
centrate on the lower indices. If one supposes that the
same relation as above exists between the quantities
Yy# Z 5 and M" o at all other values of the indices A
and B, in addition to (83) one will have the equation

5

_ W
af

m
Y 0B

—kM (84)
and considering that in any regular basis M 5 Co-
incide with the components of the spin angular mo-

mentum, one can rewrite equation (84) as

m

n _
T,7=— T

Taﬁﬂ + 6& Tﬁcrg - 56 ao %kz (85)
which is exactly the Kibble-Sciama equation that re-
lates four-vector torsion to spin.!

To understand how one can eliminate the discrep-
ancy between the upper indices in the left- and right-
hand sides of equations (83) and (84), one should
examine more closely the tensor M, or rather, its
analog in the case where the Lagrangian density de-
pends on the five-vector covariant derivatives of the

fields.

F. Stress—energy—angular momentum five-tensor

Let us consider a situation where one has n matter
fields, U,, whose values can be vectors or tensors of
any nature (the index ¢ runs 1 through n and lables
the fields, not their components) and where the La-
grangian density £ that describes these fields is a
function of the values of the fields themselves and of
their five-vector covariant derivatives. For our pur-
poses it will be sufficient to examine a simplified sit-
uation where there are no gauge fields. As in ordi-
nary theory, from the requirement of local isotropy
and homogeneity of space-time one can derive cer-
tain relations, from which, by using the equations of
motion for the considered fields, one can then de-
rive equations that can be interpreted as a conserva-
tion law for a certain tensor quantity whose compo-
nents in the limit of flat space-time coincide with the
five-vector analogs of the Noether currents associated

ISome authors hide the factor —1 by defining the four-
vector torsion tensor with a different sign and by choosing a dif-
ferent normalization for the spin angular momentum. The sim-
plest way to compare the definitions of these quantities adopted
in a particular paper with ours is to evaluate the proportional-
ity factor between ZF;B;# - 2TMw‘*’Z’;5 and g[gM@’g — g(m@‘;
(in our case it is unity) and the proportionality factor between
Tag and 'Y N (in our case the latter is unity, too, provided
the definition of the four-vector connection coefficients is the
same as ours). The sign and normalization of the stress-energy
tensor is fixed by the condition that @% be the energy density
of matter.



with the symmetry under global Poincare transfor-
mations. The formulation of the local isotropy and
homogeneity requirement is quite apparent and I will
not present it. The relations that follow from it are

OL . OL .
0 = Z{ HVUé T 5o 8(|:\U£) DHV(DUZ)} (86)
and
OL .
= Z { a—_, D,U.5Ul
e o (87)
+ O poeyy - 2R
(DT, M g

where the quantities OG,, when differentiated, are re-
garded as (nonscalar-valued) five-vector 1-forms and
D in this case, and this is quite essential, is the bivec-
tor derivative whose action on five-vector fields is de-
fined according to equation (16) and not as it has
been described in the rest of section B. It is evident
that equations (86) and (87) can be presented as a
single equation:

0=DapL— Z{ DABUé + Dap(DUy) },

oL
o(0T,)
the right-hand side of which is nothing but the bivec-
tor derivative of the Lagrangian L regarded as a
scalar field whose value at each point is a function
of the values of n fields U, and n fields OU,.

The equations of motion for the fields T, in this
case have the form

(88)

where e denotes the square root of minus the de-
terminant of the metric tensor and the hat over
A means that when one evaluates the derivative of
0(eL)/0(04T,), this index should be treated as an
external one. By using these equations of motion,
from equation (86) one obtains that

(O + €' D) MY,

,Za

_Méu wA MA Hw

(89)

gav - ga,uDu) 627

where
=2 5.

It is apparent that the latter quantities are direct
analogs of the components of the total spin angular

Dy Ue. (90)
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momentum. The right-hand side of equation (89) can
be presented as

{o0L — Za

#Ug} H

o oL
_{6UL_;8(D = VUZ} Huou
whence it is seen that if one takes
OL
A _ A -
Moy =—-M4, = 5HL_ZWD#UE, (91)
)
from equation (89) one will get
0 = (0o + e 'Dae) M3,
- M, HE , — M HE
A HE ) MA (92)
= M,uu;A + (H K) M
= Mﬁu;A 2tAK MA = (DAM)WN

where the semicolon denotes the covariant differen-
*k

tiation associated with O and the operator Oy
is the direct generalization of the cor-

responding four-vector operator %a = V,—-2T,°.
By analogy with the usual terminology, the expres-
sion in the right-hand side of (92) will be called the
modified divergence.

Definition (91) may seem somewhat surprizing. In-
deed, considering definition (90), one would expect
that

MA (93)

us — ,U.5 Uy

A
= 64L — Z 30
In this connection let me observe that owing to the
invariance of the £-Z decomposition for five-vector 2-
forms, the components Mﬁu and ./\/1‘25 are absolutely
independent from each other. In particular, one can
equally well take the latter to be given by formula
(91) or by formula (93). However, depending on how
the components ./\/lﬁ5 are selected, the ZN—component
of the modified divergence of M will have different
values, and equation (89) tells us that Mﬁt—) can be

chosen in such a way that this ZN—component would
be zero.

The expression for the £-component of the men-
tioned divergence can be found from relation (87) by
using once more the equations of motion (88). Simple
calculations give

(DaM)%s

MA KIUTIA + 2MG.5S VAR (94)

which, by using formulae (79), can be cast into the
following form:

(DA M)A = M KIS (95)



Let us now observe that in the latter equation and
in formula (91) the five-vector index u in the right-
hand side corresponds to the pair of antisymmetrized
indices pb in the left-hand side. To eliminate this
discrepancy let us first introduce the quantities 5§C
defined as

5A

us =

—64, =67 and &5, =—0,, =0,  (96)
where the symbol 6;;‘ with only one lower index is de-
fined in the usual way. It is easy to see that the quan-
tities 64, are components of the Lorentz-invariant
five-tensor which when acting on five-vector bivectors
as an operator, transforms each of them into the five-
vector from Z that corresponds to the £-component
of this bivector.

Secondly, let us define a new type of bivector

derivative, whose operator will be denoted as D. By
definition, let us take that in any active regular basis

D,, =D, but D,s=0,. (97)

The same can also be expressed as follows:
D A =Va+ M AZ,

where a, as in formula (25), denotes the five-vector
from Z that corresponds to the £-component of A.
It is evident that at zero torsion the derivatives D
and D coincide. To distinguish these two kinds of
bivector derivative one from the other, one can call
the first of them metric and the second one affine.
Let me also mention that the connection coefficients
for D, which I will denote as G 5 and which can
be defined according to a formula similar to equation
(17), are related to the connection coefficients for the
derivatives O and D in the following way:

4 A Yok A
GBH5 :HBH a.nd GB;,LU :GB;,LU'

By using the new notations one can present formu-
lae (90) and (91) as a single equation:

Mé‘D = 6éDL_Z oL
[

DcpUy,

9(04Ty)

where now there is complete correspondence between
the five-vector indices in the right- and left-hand sides
of the equation. To achieve the same in equation (95),
to the expression in the right-hand side of the latter
one should assign an additional index 5, doing this
in such a way that the expression as a whole would
be antisymmetric with respect to the transposition
5 <> p. It is evident that this additional index should
be assigned to K :CL 4, and consequently equation (95)
will acquire the form

(98)

A

_ |ST|
ud T

(BAM)ps = Mr K™ s 4, (99)
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where one should put

T —
nHA —

T

K — K%, =K% ,. (100)

If in addition to this, one should wish that the equa-

tion (D4 M)ﬁy = 0 could be presented in a similar
form, one should require also that

K5, 4=0. (101)

It turns out that the tensor with such components
can be defined in a manner similar to how one defines
the curvature tensor, only instead of corresponding to
the commutator of two identical derivatives, it will
correspond to the commutator of the derivatives Oy
and D4, acting on four-vector fields. In order to ob-
tain an operator that depends linearly on u and A,
from the mentioned commutator one should subtract
a certain nontrivial combination of the derivatives D
and D, whose purpose is similar to that of the last
term in the right-hand side of formula (77) and which
is selected in such a way that the components of the
resulting analog of the curvature tensor have the de-
sired form. Omitting the details, let me only present
the final formula:

[DmBA] - B(DuA) + V(BAu)

_ APCLERIT By,
where the quantities in the right- and left-hand sides
are regarded as operators acting on four-vector fields.

By using the components of this new tensor, one
can present equation (99) and the similar conserva-
tion law for the ZN-component of M as a single equa-

tion: .
A A ST
(BaM)pe = MSTK‘ ‘BCA :
Furthermore, this tensor enables one to eliminate the
discrepancy between the upper indices in equations
(83) and (84). Indeed, for that one should take the

analog of the Einstein tensor to be

(102)

Vi = tsigné-epoxpo K % e5TXA (103)
By using formulae (100) and (101), one easily finds

that

[e3

_ e’ a (mod) @
@ =—G% and Y, = —2T [0,

where T (5°V < are the components of the modified
torsion tensor mentioned in section E:

(mod) @ — « oY o « o
T, =T, +5#TW —51,Tlm .

Consequently, the Einstein and Kibble-Sciama equa-
tions can be presented as follows:

Yio = kM . (104)



B

5 and

Since neither G, nor T (3*¥* depend on s*
since

Y5 = Y3, =0, (105)
from these equations one can say nothing about the
components of five-vecor torsion corresponding to Og.
What case equations (104) and (105) correspond to

will be said in the next section.

G. Five-vector generalization of the Einstein
and Kibble-Sciama equations

As is known, the Einstein and Kibble-Sciama equa-
tions can be obtained from the action principle if the
Lagrangian describing the geometry of space-time is
taken (in our notations) to be (—1/2k)R, where R
is the curvature scalar constructed out of the four-
vector curvature tensor, and the varied parameters
are the components g, of the metric tensor and the
components Taﬁ“ of the four-vector torsion tensor.
Let us suppose that the graviational equations in the
case of five-vector affine connection can be obtained

in a similar way. By virtue of equations (79) and

B

owing to the antisymmetry of the quantities s*5 in

their upper indices, one has

K485 2K 5 + Kaﬂaﬁ

450&5 + gﬁwRawaB = gﬁwaﬁ = Ra

and since the

s 5, to obtain a full system of equations from the

action principle in the case of five-vector affine con-
nection, to the Lagrangian (—1/2k)R one should add
some additional term, which I will denote as L,qq-
Thus,

components R% v A€ independent of

Lgeom = (—1/2/€)R + Laaq -
As varied parameters let us choose g, and t Zf =

T,4', and also the six quantities 58 5. By direct cal-

culation one finds that
271 §(eLgeom)
= bgu - { kLG — kfl(émeod))uwv
_ k—l(%wT(mod))un 4 " Laqd
+2 (0Laga/0guv) }
_ 5TW0¢ . {Qkflgaw (T<mod> Wy __ 7 (mod) vwit
+ T o i@y — 2(6Laaa/0T,,") }
+ 855 - {2 (0Laaa/85™%) ¥,

where G*¥ = GH ¢g°",

*
and the derivative V,, acts on T ®™°? as on a four-
tensor. Varying with respect to the same parame-
ters the part of the Lagrangian density that describes

(mod) pwv __ o WT (mod) V
T meh oV = gho g7 T 0%

3
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matter, one obtains

2e~ ! 6(6Lmatter) = - 5g;uz : {G{MU} + %(Vw E) pev
+ %(Vw E) VWi + 9075#05-/\/1”7-5}

_ 5Tu1/a . {gaw (Euwu _ EV"-’H
+XHe) } =05 { Mgt

(03
oT)?

where M = Mk g7 B = ghog'T M
MHYE = ghog'T M5 and V,, acts on ¥ as on a four-
tensor. Requiring the variation of the total action to

vanish, one obtains

*

G{HV} _ (%w T (mod))MwU _ (Vw T (mod))l/w;,b
+ kgijadd + 2k(5Ladd/5guu)

RO kg, s Ag ) (106)
+ Sk(VLE) ey 4 k(T T ) ver,
then
(T (mod) pAV _ 7P (mod) YA | 7] (mod) WA)
— kg™ (0Laaa/0T,")  (107)
- %k(zy)\v 2V +EWA)7
and finally
0Lada /0% = s M3, (108)

One should notice that none of the components
M 35 act as a source. Moreover, none of them have
any effect on the conservation law for M, since in the
right-hand side of equation (102) they appear only in
the term

5 od _ 5 o _ 5 .o
MG.5K N5_2M‘758[M51_MU58H5’

and in the left-hand side, only in the term
Mu55;5+ (H s _157[ i) Mis
- MU5HUM5 =M 05315 .

Consequently, their contributions cancel out. In view
of this, in addition to the “canonical” tensor M,
whose components are given by formula (98), one can
introduce the “dynamical” tensor M, which will dif-
fer from the former only in that its M 35 components
will be identically zero.

Let us now try to select Laqq in such a way that
the field equations resulting from equations (106)—
(108) in which the role of the source is played by M
and M, would differ as little as possible from the
Einstein and Kibble-Sciama equations, respectively.
In the latter case this can be achieved quite easily:



one has only to require that L,qq be independent of
T, Equation (107) will then give

T (mod) By %kzaﬁu7
which is equivalent to equation (85). Substituting
this value of T'™°% into equation (106), one obtains

G{uu} + ]{,‘gMULadd —+ 2k(5Ladd/5gMV)

v o viTh (109)
= kO — kg, s M,

It is impossible in general to get rid of the second term
in the left-hand side of this equation, and as one will
see below, there is no need to. One can, however, try
to select L,qq in such a way that the last term in the
left-hand side would calcel out with the last term in
the right-hand side. This requirement gives one the
second condition on Lagq:

5Ladd/5g,uv = - %QUTSU{%M V}T57 (110)

and equation (109) then acquires the form
G{'uy} + kg‘uULadd = k@{,ul/}

As one can see, the symmetric parts of G*” and
kO™ are no longer equal to each other. However,
one can try to choose L,qq in such a way that the
antisymmetric parts of these tensors would coincide:

Gl = el (111)

If one succeeds, then after adding the latter two equa-
tions one will obtain

G 4 kg" Laqq = kOM. (112)

To derive from requirement (111) a constraint on
Laaq, let us recall the differential identity that relates
the modified four-dimensional divergence of 7" % to
the antisymmetric part of the Einstein tensor:

(va T (mod))z‘y = G[p,l/] .

Combining this identity with equation (111) and us-
ing (85) and (102), one finds that

0= (va E)ﬁy =+ 2("‘)[#,/] = (601 + e_laae) M?“,
- M?uul—‘wua - Miwl—‘wua + Jpa M%u — Grva
— (Do + € '00e) M2,
« w [ w e} 5 [eY 5
_M:JUH;LQ_M;W}HUQ_ 51/H,ua_M,u5Hua
= (DAM)ﬁu + M5, HE 5 + MEKHI;B
=-M E;usw,u5 - M >

w
,uws v5>

«
Sp

whence it follows that

MH s o — st M5 =0, (113)

meaning that the quantities s” 5 and M*,® regarded
as matrices with respect to the indices 1 and v should
commute with each other. Together with equation
(108), the latter relation gives us one more constraint
on Ladd-

Let us finally recall that in the case of arbitrary
four-vector torsion the Einstein tensor satisfies the
differential identity

(VoG = R7 TG0 =2T,7 G5

Combining the latter with equations (85) and (112)
and using (94), one has

0 = Va(OF—89Laaa) + BT, - 459,
+ 2TH0¢U (@g‘ — 53Ladd)
= (8a + 6_18a6) %# — %wf“jm — a,uLadd
+ R MS, +2T,7 M2,
— (e71de — e, +2 T#w“’) Ladq
— (Ba M) + R M,
+ 2 SU[MO[]M?% — 8HLadd
= KT MY =2, M
+ R0 MS, + 259, M5 — 3 Liaaa
= — OyLaqa — K77 M5

©w oT?

from which, using formulae (79), one obtains the last
condition on L,qq:

a,uLadd =3 {8#807:5 + HZMSWE

T ow 114
+Hw,u5 5}M5UT' ( )

The simplest way to satisfy requirement (113) is to
take s,.5 proportional to M3 _. As one can see from
equation (108), for that one should choose

af or

Laga =a- ga0967h555 55 5, (115)

where a is a certain constant and the factor h°° has
been introduced so that the latter would not depend

on the normalization of the fifth basis vector. Ac-
cordingly, one has
20 h55,,5 = L M>_. (116)

It is a simple matter to check that at such L,qq con-
ditions (114) and (110) are also satisfied. Indeed,
by differentiating (115) and using the covariant con-
stancy of g, one obtains that

Ouliaaa = 2a h5%85r5 - 8% "
— oT o wT T ow 5
- %{8#5 5—|—ku5 5—|—ku$ 5}MO'T'

Similarly, by varying (115) with respect to g,, and
using (116), one obtains

vT

0Laga = 6.9”1/ : 2@907—]7,558“%8 5
= 59#1/ {3 gm.s“% MVTE 1,
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whence follows (110).

The dimension of the constant a can be easily es-
tablished from formula (115). Since in the normalized
regular basis h°° is dimensionless and the components
so‘g have the same dimension as so‘i, the expression
following a in formula (115) should have the same di-
mension as R, so a~! should have the same dimension
as k. In view of this, let us put a = (—1/2k) o, where
0 is some unknown dimensionless constant, whose
value should be found experimentally. One will then
have

5 aff oT

Lgcom - (_1/2k) (R+ 0" gaa'gﬁ‘rh5 S 58 5)5 (117)

and the gravitational equations in the four-tensor no-
tations will acquire the following form:

G — Guv 36X X7 = kO,
T, +069T, 7 82T, = —1k%,  (118)
X = —1e'kEL,

where I have denoted X* = s" . |p|V/2 ) E,, =

MB,, - [h*°|7Y/2 and e = gsignh®®. Turning back
to the five-tensor notations and using the tensor Yé“c
introduced in the previous section, one obtains

loT]

,uog + 5% 0S8 5 SO'T5 kM(fﬁ
Yo, = kMo, (119)
5 _ 5
—20s,° = kM,
where 5,,° = s,,5h°°. We thus see that from our

point of view equations (104) and (105) correspond
to the particular case where ./\/li”, = sW‘r’ = 0. To
present equations (119) as a single five-tensor equa-
tion, one should introduce still another five-tensor,

whose components are

5

oT )

5 5 5
Z% =657 s, 5, 20, =23 =0, 75, = —2s,,°.
By using the latter, one can present equations (119)
as

Yo+ 0Zhc = kMpe,

where it is assumed that M“, are the components
of the “dynamical” tensor M.

H. Bivector derivative for the fields
of nonspacetime vectors and tensors

In section C of part V I have defined the five-vector
covariant derivative for the fields whose values are
nonspacetime vectors or tensors, thereby obtaining
a certain five-vector generalization of the traditional
gauge field theory framework. It turns out that one
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can do the same with the bivector derivative and ob-
tain a more particular generalization where the five-
vector gauge fields introduced in part V are viewed
as composite quantities constructed from more ele-
mentary connection coefficients—from those associ-
ated with the bivector derivative. This latter gener-
alization is obtained by postulating that for the fields
of nonspacetime vectors and tensors there exists a
derivative whose argument is a five-vector bivector
and that for all such fields this derivative is related
to their five-vector covariant derivative according to
equation (2), where o(u) is the same as it is for four-
vector fields.

Let us first discuss the formal side of the matter.
As in section C of part V, let us consider a set V of
all sufficiently smooth fields whose values are some
n-dimensional nonspacetime vectors, which I will de-
note as U, V, W, etc. Defining the bivector derivative
for such fields is equivalent to specifying a map

D: FAF XV —=V.

The latter should satisfy the usual requirements: for
any scalar functions f and g, any bivector fields A
and B, and any fields G and ¥ from V,

D(fAJrgB)I_j =f-DaG+g-Dg0l (120a)
D_A(G—F\?) = DU + D4V (120b)
Da(fU) =Daf U+ f-Dual, (120¢c)

where the bivector derivative of the scalar field f is
defined as in section A. To define in a natural way
the bivector derivative for all other tensor fields over
V, let us postulate that the action of D on the con-
traction and tensor product obeys the Leibniz rule.

If E; (i =1,...,n) is some set of basis fields from
VY, one can define for it the connection coefficients
associated with the derivative D according to the for-
mula ‘

DagE; = E;CVj 4, (121)

where, as usual, Dap = De,ney and ey is the se-
lected five-vector basis. I will call these connection
coefficients the bivector gauge fields. Using them, one
can obtain the following expression for the compo-
nents of the bivector derivative of an arbitrary field
U= Ui}g‘:i:

(DABU)Z =Dypu* + OleBUJ = UZ:AB.
Therefore, in any active regular basis

%

o i i j i _ i J
U'ys = 0aU" + C%507 and U',5 = C",507.

Under the transformation e/, = eBL]?4 of the five-
vector basis the bivector gauge fields transform sim-
ply as
) ' s
/;'AB = CZjSTL ALTB'



Under the transformation E/ = Ein of the basis in
V these gauge fields transform as

(Ail)ikcl?ABAlj + (A% DABA]}

/1 _
jAB —

so in any active regular basis one has
(A1) Clas Ay + (A71)70a A
(A_l)zkcliaﬁAlj'

11
jab

i
Jap

(122)

Thus, in such a basis the quantities C'ija5 transform
as ordinary gauge fields, while the quantities Cijaﬁ
transform as components of a tensor and cannot be
nullified at a given space-time point by an appropriate
choice of the basis in V.

Let us now write down explicitly the relation be-
tween the derivatives O and D for the considered type
of fields. As it has been said above, for any field T

from VY one should have

—

DVG = DU(V)U (123)

at any v. For U = E; and v = e4 one has

= 7 _ = =
EszA = DAEJ = DU(eA)EJ
KL|

A

|KL|

| - .
=S DKLEjZ EiCleLS A

Consequently,

[KL|

A (124)

i i
B A= C VKLS
so in any active regular basis one has

i glmvl

Cljoz5 + C]HV

i [uv|
C%ws s

i

B,
i

B

(e

(125)

The latter formulae elucidate the meaning of the
bivector gauge fields. Within the traditional gauge
field theory scheme, the parallel transport of non-
spacetime vectors is independent of torsion in the
sense that there is no direct relation between the lat-
ter and the corresponding gauge fields associated with
the covariant derivative. According to the scheme
we are now discussing, the parallel transport of non-
spacetime vectors is torsion-dependent, which man-
ifests itself in an additional rotation of transported
vectors compared to the case where torsion is zero.
Let me also note that the scheme with ordinary gauge
fields can be viewed as a particular case of the one
we are now considering, which corresponds to the sit-
uation where the bivector gauge fields CijW in any
regular five-vector basis are all identically zero.

As in the case of four-vector and five-vector fields,
the bivector derivative operator for the fields of non-
spacetime vectors can be split into two parts:

DA =Dye +Dy=. (126)
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The first operator in the right-hand side can be re-
garded as a function of the four-vector A that cor-
responds to the £-component of the bivector A (or
as a function of the corresponding five-vector from
Z), and it is a simple matter to show that when re-
garded this way, it has all the properties of an ordi-
nary covariant derivative, which permits one to de-
note this operator as Va. It is easy to see that in
any four-vector basis the connection coeflicients as-
sociated with V, defined according to formula (37) of
part V, equal C’ij 5 provided that the latter are eval-
uated for the corresponding active regular five-vector
basis.

In a similar manner, the second operator in the
right-hand side of formula (126) can be viewed as
a function of the four-vector bivector B that corre-
sponds to A%, and by analogy with the case of four-
and five-vectors, I will denote it as /1\7113. Naturally,
in the case of nonspacetime vectors the components
of M will no longer equal (My)% or (M,)%;, but
instead, in any four-vector basis one will have

(Maﬁ)zg‘ =C

i

jaB>

where the bivector gauge fields in the right-hand side
are to be evaluated in the corresponding regular five-
vector basis. The latter fact reflects the fundamental
difference between the case of four- and five-vectors
and the case of nonspacetime vectors in relation to the
bivector derivative: whereas for the former the oper-
ator M is fixed and its components are constructed
from the Lorentz-invariant quantities g.g and 5%, for

the latter the operator M can be as arbitrary as is al-
lowed by the constraints imposed on D and its compo-
nents represent an independent element of the geome-
try associated with the considered type of nonspace-
time vectors, just as within the traditional scheme
this is done by ordinary gauge fields. Such a state
of affairs has a certain logic to it. Since the com-
ponents of the operator M for four-vector fields are
fixed, the additional rotation of such vectors in the
process of their parallel transport compared to the
case where torsion is zero but the Riemannian geom-
etry is the same, is determined only by the quantities
s", and having found the latter this way, one can
then make a similar comparison for the transport of
considered nonspacetime vectors and determine the

i s from which, knowing the

combinations C%,,, s"" 4,

torsion, one can find the quantities Cij v themselves.
Thus, in the case of nonspacetime vectors, too,

the bivector derivative can be presented as in for-

mula (25), only now both V and M are independent

of metric. Let me also stress that the derivative V

should not be mixed up with the “differential part”

S



of the operator O, which earlier I have denoted as V
and which is related to O according to formula (12)
of part V. That these two derivatives are different is
already seen from the fact that the connection coef-
ficients for V equal BY;, = C%,5 + C’ijws‘”yla, and
not €5 as they do for V.

Let us now consider the analog of the field strength
tensor. From everything that has been said in section
C it is apparent that the latter can be defined by the
equation

<F,A®B>=DADB—DBDA—D[A73], (127)

where the operators on both sides act on the fields of
the considered nonspacetime vectors. Consequently,
the components of F have the following symmetry
properties:

i _ i _ i
Fikoun = —Fjoemny = —Fixoivm

; ; (128)
F JKLMN — — F JMNKL>
and one can easily derive for them the following ex-

pression in terms of the corresponding bivector gauge
fields:

FinLMN = DKLCZ}MN - DMNCinL
+ C k1. C%un — CounCoik1
- OijSTQISTILL MN >
where Qsﬂ 1 MmN are the commutation constants for

basis bivector fields, which are defined in the follow-
ing evident way:

(129)

ST
[ex Nep,enm Nen] :es/\eTQ‘ I‘(LMN'

By using definition (50) one can easily prove that for
any active regular coordinate basis one has Q% us =
0, Q75 =0, and Q77 =67G",, — 067G, —

> x K5 pv e N5UHV ;
67, G% + 67,G,, where G, are the connection co-

efficients for five-vector fields, associated with the
derivative V, so in this basis one has

F'sus = 0:C% s — 0uC 5 (130)
+ Clsn5CSjuS - Cls,uSCsj:%
and
sz Kbuv aﬁczjuu + Czsn5 Sjuu (131)
- Cls,uv Sjn5 - CljquU:Ln - Czjuw Gu]zj’i

Likewise, one can prove that for the indicated ba-
sis the commutation constants SE/\ v re given by
equation (51), so one has

F =t s

7 ’ _ Ci s
J RAuv SKAY juv spr~ jrA

- gnucij)\y + ngij,\M (132)

+ gkucijmj - g)\ucijnu .
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As in the case of bivector analogs of the Rie-
mann tensor, one can express the components of F
in terms of the corresponding four-vector quantities.
For that one should first introduce the ordinary gauge
fields, Aija, associated with the derivative V defined
above. Denoting the components of the four-vector
field strength tensor constructed out of them as F' ija 8
one can rewrire equation (130) as
=F

Jrp

F (133)

i
JKOubd
which is the analog of formula (31). One can then in-
troduce a four-vector 2-form whose values are tensors
of rank (1,1) over V and whose components in any
four-vector basis coincide with the quantities Cijw
evaluated for the corresponding regular five-vector
basis. Denoting the components of this 2-form as

£, one can rewrite equation (131) as
Fij K5y T a’fEijW + AiSﬁEst - EiSWASj” (134)
- Eijwurﬂn - Eijuwl—‘“l)/l-c = Eijul/;ﬁ ’

where the semicolon denotes the covariant differen-
tiation corresponding to V. Finally, equation (132)
will acquire the form

_ 7 s 7 s
F - ESN)\EjHV - Es,uu JRA

- grmEij)\V + g,ﬂ,EijM

Zj KApY
(135)
+ g)\#Eijnv - gAVEijl-c,u .

It is evident that formulae (133)—(135) will hold in
any active regular basis.

As R, F satisfies a differential identity, which can
be easily obtained from the general identity (61) and
which has the same form as equation (62):

Da<F,BAC>—-—<F,[AB]AC>

. . (136)
+ cyclic permutations = Da(a,8,c) s
where F is regarded as a tensor. It is interesting to see
how from this latter identity one can derive identity
(53) of part V for the five-vector field strength tensor
F. To this end let us first rewrite equation (136) for
the case where F is regarded as an operator:

[Da,<F,BAC>]—<F,[AB]AC>
+ Dpa,s,¢) + cyclic permutations = 0,

where I have also written out explicitly the quantity
A(A,B,C). By making simple transformations one
can cast the latter equation into the form

[DA,(< F,B/\C>+D[37C])]

+ cyclic permutations = 0. (137)



By using the definitions of the tensors F and F, it
is not difficult to prove that for any two five-vector
fields v and w,

<F,o(v) Aa(w) >+ Diov), 0w
=<F,vAw>+ D[vﬁw],

where o is the same as in equation (123). Substitut-
ing this expression into the left-hand side of equation
(137) at A = o(u), B = o(v), and C = o(w), one
finds that

[Ou, (<F,vAW>+D0 )] + cyclic perm.
[Ou,<F,vAw>]+<FuA[v,w]>

+ Oy, [v,w])] *+ cyclic perm.

O(fu, (v, wil+[v. [w, ull+[w, [u,v]])
+ <dF,uAvAWwW>= 0,

and since the commutators of five-vector fields satisfy
the Jacobi identity, from the latter equation it follows
that dF = 0.

To give the reader an idea of the consequences
the considered generalization of the traditional gauge
field theory framework leads to, let us see how the
formalism developed above applies to classical elec-
trodynamics. In this case the fields A, and E,, will
apparently lose their idices 7 and j, and formulae
(133)—(135) will acquire the following simpler form:
F

Fu5a5 = lpa, Fu5a6 = _Fa,@u5 = auEa,Ba

F,uuaﬁ = — gyaEuﬁ + ngﬂﬁ (138)

+ gu,@Eua - guBEua-

From the point of view of brother physicist, who typ-
ically does not care much for the fancy mathematics
that underlies a new concept or theory and is inter-
ested only in the result, the discussed generalization
comes to that in addition to the usual electromagnetic
interaction one introduces a new interaction mediated
by an antisymmetric tensor field. This is by no means
a new idea in physics, and the Lagrangian density for
the pair of fields A, and E,, at an appropriate nor-
malization of the latter is usually taken to be

—1FogFP 4+ 10,E,5 "E“® — (0"E,0)%  (139)
see e.g. ref.[1]. If one does keep in mind the under-
lying mathematical concept, one would expect that
the Lagrangian density in formula (139) can be ex-
pressed in terms of the components of the five-tensor
F as some bilinear combination of the latter. It is
not difficult to check that from the quantities Fapcp
one can construct only two independent true scalars,
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. ABCD A BD
for instance, FABCPF 4gep and F CADF zo- Con-

sequently, the Lagrangian density can be expressed
in the following form:

a- FABCDFABCD +5b- FACAD FBDBC.

Substituting into this expression the values of the
components given by formulae (138) and considering
that in an active regular basis h°® = k=2, one finds
that the above sum equals
(4a —b) - k=4 - (F*PF,p5)
+4da-k72- (OMEP)(0,Fap) — 2b- k72 (M ELq)?
+4b- k2 (F*PEup) + (8a — 4b) - (E“P E,p).
Requiring that the coefficient in front of the combi-
nation F*°F, 5 equal —1/4, one obtains
—1FPFop + (=452 + bs72) - (9" E*7)(0u Eap)
—20k72 (OFELe)? + 4bs™2 - (FYPE,p)
— (3k* +2b) - (E*PE,ap).
It is evident that the coefficient b should be of di-
mension length~%, so one can put b = x*d, where d is
simply a number, and obtain
—4FFap + (—4 +d) - 17 - (9" EP)(9Eas)
—2d - kK? (0P Eyo)? +4d - K2 - (FPE,p)
— (2 42d) - 5*- (E*PE,p).
Redefining the antisymmetric tensor field according
to the rule E,3 — (¢k) "' Eqp, where € is an unknown
nonzero number, and requiring the coefficient in the
second term to equal 1/4, one obtains
A F g + BP9, Bap — 42 + 1) (0" Eya)?
+r(e2+ 1) FPE,5 — 1k%(e2 +2) - E*PE 5.

Finally, requiring the coefficient in the third term to
be —1 one finds that €2 = 1 and obtains

—3F*Fop + 3 " BP0y Eap — (0" Eya)®

+ 2k FYPE,5 — 3k% E*PE,p. (140)

As one can see, in addition to the standard La-
grangian densities for the electromagnetic and anti-
symmetric tensor fields, one obtains an interaction
term between Fi,g and E,g and a term that has the
form of a mass term for the field £,3. Owing to the
first of these terms, Maxwell’s equation and the equa-
tion for F,g cease being independent from each other
and in vacuum acquire the following form:

8“Fa3 = 4I€aaEalg, (141)



(92Eaﬂ +2 8A(6QEBA - 85Ea,\) + 6K2Eaﬂ
(142)
=4k Fop.

The general solution of these equations can be pre-
sented as follows:

_ (2)
Fﬂfﬁ - Fa,@ + Fa,@

_ gD, g@ , g®
Eas = E() + EQ) + EC).

Here FO%)
uum and

is a solution of Maxwell’s equation in vac-

1 — 1
EY) =2r71F).

[e3

F fﬁ) is the electromagnetic field created by the source
Cp = 0°E,p that satisfies the equation

9*Cp +10k*C = 0.

The field Fézﬁ) has a nonzero longitudinal component
and nonzero mass mpn = V' 10k, and one has
E) = 1w D).

af T 4 «
ES’ﬁ) is a solution of the Kaluza-Klein equation
2 1+(3) 2 (3 _
0 E 5 +6r"E;; =0

and such that 8°‘Ei3ﬁ) = 0. It is not accompanied by
an electromagnetic field.

In the presence of matter the field equations ac-
quire the following form:

0Fop =4k 0“Enp + jg, (143)

(92Ea,3 +2 8A(6QE3A - 85Ea,\) + 6K2Eaﬂ

144
=4k Fop + £ jag, (144)

where j, and j,s can be obtained by varying the
part of the action that describes the interaction of
matter with bivector gauge fields with respect to A,
and E,g. The construction of a consistent model that
would describe the interaction of a classical charged
point particle with the field E, s is discussed in ref.[2].

When considering the bivector analog of the field
strength tensor and other similar quantities, it is con-
venient to introduce some new notations and termi-
nology. First of all, one may denote

esp=esNeg and o7P =354 Ad5.
One will then have

<048 ecp> = <04n08 ecnep>

= GASE _6A5E = AB

Secondly, for any two five-vector bivectors A and B
one can define

AANB=A®B-Bo A. (145)

Thus, according to these notations the wedge prod-
uct of two bivectors is constructed as if A and B were
tangent vectors, i.e. by antisymmetrizing their tensor
product, and not as it is usually done in exterior cal-
culus, where, for example,

(aAb)A(cAd)=aAbAcAd.

In a similar manner, one may take that

oM NG =647 © 6P —6“P wot”,  (146)

and postulate that
< 048 /\GCD,GKL Neyn >
=< BAB,eKL > < BCD,eMN >
- < GAB,eMN > << GCD,GKL > .

In all these formulae five-vector bivectors and five-
vector 2-forms are treated as if they were tangent vec-
tors and 1-forms. In accordance with this, one can
call quantity (145) a “bivector” and quantity (146)
a “2-form”. To distinguish such “bivectors made
of bivectors” and “2-forms made of 2-forms” from
the bivectors and 2-forms made of tangent vectors
and 1-forms one may add the adjective “bivector”
to the corresponding noun. In that case, however,
one will have such awkward combinations as “bivec-
tor bivector” and such misleading terms as “bivec-
tor 2-form”. To avoid this, instead of the adjective
“bivector” one can use the adjective “adjoint”, adopt-
ing it from group theory. Thus, a five-vector bivector
can be called an adjoint vector; a five-vector 2-form
can be called an adjoint 1-form; the wedge product
(145) will be an adjoint bivector; and tensors R and
F will be operator-valued adjoint 2-forms.

One can go even further and introduce a new type
of indices that would replace the pairs of antisym-
metrized five-vector indices that lable the compo-
nents of five-vector bivectors and five-vector 2-forms
and the corresponding basis elements. I will call
such indices adjoint and will denote them with cap-
ital Gothic letters. By definition, an adjoint index
runs through ten values, which, for example, can be
chosen to be 01, 02, 03, 05, 12, 13, 15, 23, 25, and 35.
Then, instead of

A=AKeyr, and B= B|KL|6KL
one can write

A= A"ey and B= Bpo",
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and instead of formula (29),

R = E,®0°R%.p0°@o"
= gEa®95R°‘B%(6%®6‘R—6§R®6‘J‘)
1 E, ® OPRY g5 6% A O™

Definition (127) can now be presented in the form
<F,ANB>=D4Dg —DgD4 — D[A,B]a

similar to the usual definition of the field strength
tensor. Finally, one can introduce a certain order
on the set of values of adjoint indices, for example,
01<02<03<05<12<13<15<23<25< 35,
and present the above expression for R as

R=E, ® 0°RY 450" AS%,

where, as usual, the bars around the indices mean
that summation extends only over & < .

I. Integration of adjoint forms

In conclusion of this paper let us briefly discuss one
more item that concerns the five-tensors which ac-
cording to the terminology introduced in the previ-
ous section are adjoint forms. Up to now I have dis-
cussed only the differential properties of such tensors
and have said nothing about their integration. Ob-
viously, one can take that the integral, say, of the
adjoint 2-form F over a given surface by definition
equals the integral of the corresponding four-vector 2-
form F over the same surface. In that case, however,
the contribution to the integral will be given only by
the components of the type F,5 .5, while the rest of F
will be of absolutely no account. Considering this, it
will be more correct to formulate the question about
the integration of adjoint forms in the following way:
can one define the integral of an adjoint form as a
whole? It is evident that what one has in mind is a
certain “bivector” generalization of ordinary exterior
calculus, where the objects of integration will be ad-
joint forms and where the infinitesimal elements of
integration volumes will be characterized by adjoint
vectors or by antisymmetrized tensor products of the
latter. As in the case of ordinary exterior calculus,
the starting point for developing such a formalism is
the notion of a vector (in our case, of an adjoint one)
tangent to a curve, the definition of which I will now
discuss.

It is evident that there is no distinguished way
of putting into correspondence to an ordinary
parametrized curve a five-vector bivector with a
nonzero Z-component, and therefore one has to find

25

a more specific class of curves that possess some addi-
tional structure. The simplest and the most obvious
solution are the curves endowed with a rule for trans-
porting four-vectors along them, provided that this
transport is linear and conserves the scalar product
g. By using these rules of transport, at any point @
of any such curve C one can evaluate the derivative
of any sufficiently smooth four-vector field W defined
in the vicinity of Q. By analogy with the derivative
of a scalar field along a parametrized curve, let us
denote this derivative as D¢ W|q. Making use of the
mentioned properties of the transport in question, it
is not difficult to prove that at each point of C there
exists a five-vector bivector A such that for any suf-
ficiently smooth four-vector field W
DecW = D4 W. (147)
It can be shown that the four-vector corresponding to
the £-component of A coincides with the four-vector
U tangent to the curve at that point and that the
Z-component of A is a homogeneous function of U
in the sense that when the parametrization of the
curve is changed, it changes in the same proportion
as U. Equation (147) offers one a way of putting into
correspondence to each curve endowed with a trans-
port rule for four-vectors, at each its point a certain
five-vector bivector, which I will call the bivector (or
adjoint vector) tangent to the curve at that point.
Let us now consider integrals along such curves.
Defining them similarly to the integrals along ordi-
nary parametrized curves, one obtains that any such
integral can be presented as

A Y dn o),

a

where A\, and )y are the end-point values of the curve
parameter and ¢(A) is a certain numerical function,
which may also depend on the adjoint vector tangent
to the curve at the integration point. In the following
I will be interested only in the integrals whose value
is independent of the curve parametrization (at the
same transport rule). Such integrals will be called
invariant. As in ordinary exterior calculus, one can
prove that for a given integral to be invariant it is suf-
ficient that ¢ be a homogeneous function of the tan-
gent bivector. As in part IV, let us confine ourselves
to the case of integrals whose integrand depends on
the tangent bivector linearly.

Already at this stage it is best to ask the following
question: where may the transport rules discussed
above come from in the real world? To this natural
question there exists an equally natural answer: as
rules for transporting four-vectors along any given



curve one should take the rules of parallel transport
fixed by the five-vector affine connection, which one
assumes to be defined throughout space-time. From
what has been said above it then follows that for any
parametrized curve the adjoint tangent vector will be
A = o(u), where u is the homogeneous tangent five-
vector for this curve at the considered point. As it
has already been said, the £-component of A will be
the five-vector bivector corresponding to u? and the
Z-component of A will be completely determined by
the four-vector torsion 1-form S introduced in section
A. In particular, when the latter is zero, A is zero,
too, and the considered curve becomes equivalent to
an ordinary parametrized curve.

Let us now consider m-dimensional surfaces (m =
2, 3 or 4) endowed with transport rules for four-
vectors. Let us take one such surface, introduce on it
a certain parametrization AV, ..., A\(™) and by using
the method described above, define at each its point
a set of m adjoint vectors (.A(l)7 - ,.A(m)), each of
which is tangent to the corresponding inner coordi-
nate line at that point. If, as in the case of curves, one
assumes that the rules of transport along the consid-
ered surface are determined by five-vector affine con-
nection, one will have A®) = o(u®) for all k from
1 to m, where u®) is the homogeneous tangent five-
vector to the coordinate line A(*). An integral over
such a surface will have the form

/ A A M e(AD | A, (148)

A

where A is the range of variation of inner coordinates
and ¢(A™® ..., A(™)) is some numerical function that
may also depend on the adjoint vectors tangent to co-
ordinate lines at the integration point. As in part IV,
let us confine ourselves to the case where ¢ is a linear
function of each of the tangent bivectors A® Since
each of the latter, in its turn, is a linear function of
the corresponding homogeneous tangent five-vector,
integral (148) will actually be an integral of the type
considered in section B of part IV, and therefore it
will not depend on the surface parametrization only
if its integrand is completely antisymmetric in all the
tangent bivectors and each of the latter is taken to
be o(u® #), not o(u®). Thus, the integrand of any
invariant integral of the considered type should be a
contraction of some adjoint m-form with the adjoint
multivector of rank m of the form

c(uMEYA L Ao(u™ ), (149)

In the following such integrals will be referred to as
integrals of the first kind. From what has been said
above it follows that any such integral can also be
regarded as an integral over the same surface of a
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certain five-vector m-form, which is obtained from
the adjoint m-form mentioned above by substituting
into the latter as its arguments m samples of the 1-
form s introduced in section A. This duality between
integrals of adjoint forms and integrals of ordinary
five-vector forms proves to be very useful.

Comparing the results we have just obtained with
those obtained for integrals along curves, we see that
for the latter the condition of invariance is less strin-
gent: for them it is enough that the integrand be
homogeneous in u?, whereas for the integrals over
volumes of greater dimension it is necessary that the
integrand be a linear function of the Z-components
of all the tangent five-vectors. This weaking of
the invariance condition for integrals along curves
is evidently a consequence of the latter being one-
dimensional and results in that invariant integrals
are not only those whose integrand is a contraction of
some adjoint 1-form with the bivector o(u?), but also
those whose integrand is a contraction of an adjoint
1-form with the bivector o(u), and therefore is not
linear in u®. For uniformity, only the integrals of the
former type will be considered as integrals of the first
kind, while the integrals whose integrand is propor-
tional to u® will be regarded as nonlinear integrals,
which I will not consider here.

Thus, for any m-dimensional volume (now m =
1,2,3,4) an integral of the first kind has the form

Ao(u™2)>,

(150)
where N is some adjoint m-form, which, naturally,
may depend on torsion itself. As one can see, in this
case the adjoint multivector that characterizes the
infinitesimal element of the integration volume is in-
dependent of o(n) (according to the definition of the
homogeneous tangent five-vector, one has U(U_(k) 5) =
lg(u®) u®))|1/2 . 5(n) for every k) and therefore is
determined only by that part of four-vector torsion
which corresponds to the derivative Vy = D(,z2),
and which in the following will be referred to as V-
torsion. In order to construct an integral that would
explicitly depend on o(n), let us recall the second
type of integrals of ordinary five-vector forms, where
the infinitesimal element of an m-dimensional inte-
gration volume is characterized not by the multi-
vector uMZ A ... A ul™Z but by the multivector
u AL Aul™ AL Tt is evident that for this type
of integrals of five-vector forms the corresponding in-
tegrals of adjoint forms have the following form:

/d)\(l). A< N o (0 ) A
A

S Ao(u™yAe(1)>,
(151)

/d)\(l). A< N o (uD) A

A



where N is now a certain adjoint (m + 1)-form. In-
tegrals of this type will be referred to as integrals of
the second kind. As in the case of integrals of the first
kind, one can regard integral (151) as an integral over
the same surface of an ordinary five-vector (m + 1)-

form, which can be obtained from A by substituting
into the latter as its arguments m + 1 samples of the
1-form s.

As one can see from the formulae obtained, in con-
trast to the case of ordinary five-vector forms, for
which the difference between integrals of the first and
second kind is more a formality and comes only to the
difference in the rank of the integrated form, for ad-
joint forms the difference between integrals (150) and
(151) is more significant: in the first case the adjoint
multivector that characterizes the element of the in-
tegration volume depends only on V-torsion, whereas
in the second case this multivector also explicitly de-
pends on the quantity o(1), which is the value of
some independent bivector field. Another significant
difference between integrals (150) and (151) is the
following: since for any nonzero u € Z the bivector
o(u) is never zero, multivector (149) does not van-
ish at any five-vector torsion, whereas for the adjoint
multivector in integral (151) to be nonvanishing one
must have (1) # 0. Therefore, when speaking of
integrals of the second kind one should assume the
latter condition to be obeyed everywhere within the
integration volume.

In conclusion let me say a few words about the
situation with the generalized Stokes theorem, which
in the case of ordinary forms enables one to trans-
form integrals over a closed surface into integrals over
the volume the latter encloses. Owing to the men-
tioned correspondence between integrals of adjoint
forms and integrals of ordinary five-vector forms, a
similar transformation can also be performed with in-
tegrals (150) and (151). However, since in either case
the multivector that characterizes the element of the
integration volume is torsion-dependent, the volume
integral one obtains will in general not be an integral
of an adjoint form. As an example, let us consider
an integral of the type (150) over some closed three-
dimensional surface OV that limits a four-dimensional
volume V', and let us write this integral down in com-
ponents relative to an active regular basis associated
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with some coordinate system z®. One has
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In the general case, the first integral in the right-hand
side is not zero and its integrand cannot be presented
as a contraction of some adjoint 4-form with a multi-
vector of the type (149) at m = 4. Consequently, the
sum of the two terms in the right-hand side, too, will
not be an integral of an adjoint form over V. The
latter fact, however, does not prevent one from us-
ing the generalized Stokes theorem when integrating
adjoint forms.
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