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Abstract

Complex dynamics (CDYN) is present across many fields of human activity, from physics, so-
cial sciences, political and financial affairs, to biology, geophysics, internet traffic, social media
and weather forecasting. It exhibits robust large-scale regularities despite operating in a di-
versity of contexts. This paper unveils a unified framework for describing CDYN, based on
non-equilibrium statistical physics. Emphasis is placed on the role of continuous and scale-
dependent dimensions, anomalous transport, generalized entropies, and Renormalization Group
(RG) flows in organizing macroscopic behavior. We argue that complexity is not an emergent
accident but the natural outcome of systems operating near critical manifolds in phase space,
often maintained through self-organized criticality (SOC). The paper introduces a lexicon of
foundational concepts to standardize language across disciplines and prepare the ground for a
systematic theory of CDYN applicable primarily to field theory and cosmology.
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1 Introduction

Complex Dynamics (CDYN) studies the behavior of systems comprising many interacting degrees
of freedom, whose collective behavior cannot be inferred from either linear superposition or equi-
librium conditions. Hallmarks of such systems include scale invariance, long-range correlations,
memory effects, intermittent fluctuations, anomalous transport, and sensitivity to initial conditions.
Traditional theoretical frameworks—based on integer-dimensional geometry, local interactions, and
Gaussian statistics—are often inadequate to describe these complex phenomena. In our view, it
is for this reason that both contemporary cosmology and the Standard Model of particle physics
(SM) continue to be challenged by many outstanding puzzles.

Over the past several decades, multiple lines of inquiry have converged toward a new paradigm.
For example, fractional calculus has revealed that nonlocality in time and space provides a natural
language for memory effects and anomalous diffusion. Multifractal analysis has shown that fluctu-
ations are often organized on hierarchies of interwoven singularities rather than homogeneous sets.
Self-organized criticality (SOC) has proven that systems far from equilibrium can dynamically tune
themselves to critical states without external fine-tuning. Renormalization Group (RG) methods
have clarified how the onset of macroscopic universality emerges from microscopic complexity.

More recently, the notion of dimensional flow, the scale or time dependence of effective dimen-
sionality, has emerged as a unifying concept. In this picture, space, phase space, or configuration
space need not possess a fixed integer dimension. Instead, the operational dimension associated



with physical processes evolves with scale, energy, or cosmic time. This insight has profound im-
plications for field theory, particle physics, condensed matter phenomena, pattern formation, and
cosmology.

The goal of this paper is twofold. First, articulate the operational principles underlying CDYN,
emphasizing mechanisms rather than specific models. Second, establish a common lexicon that
bridges disciplines and clarifies how concepts such as fractional dynamics, SOC, anomalous diffusion,
and generalized entropies interlock within a single theoretical framework. This lexicon is not
intended as a glossary of “buzzwords”, but as a transparent set of definitions based on dynamic
and statistical principles.

2 Lexicon of Core Concepts

2.1 Critical Behavior in Continuous Dimension

Critical behavior in continuous dimension refers to phase transitions or scale-invariant regimes
occurring in systems whose effective spatial, spectral, or phase-space dimension is non-integer and
scale-dependent. Unlike classical criticality defined at fixed integer dimensions, critical exponents
and universality classes here vary continuously, reflecting the underlying fractal or multifractal
geometry of the system.

2.2 Fractional Dynamics and Fractional Field Theory

Fractional dynamics generalizes classical equations of motion by replacing integer-order derivatives
with fractional (non-integer) derivatives in time and/or space. Fractional field theory extends
this idea to fields, incorporating nonlocal operators that encode memory, long-range interactions,
and anomalous scaling. These frameworks naturally arise in disordered media, turbulence, and
spacetime with fractal structure.

2.3 Self-Organized Criticality (SOC)

Self-organized criticality describes the spontaneous evolution of driven, dissipative systems toward a
critical state characterized by scale invariance and power-law statistics. Unlike equilibrium critical
phenomena, SOC does not require fine-tuning of control parameters; instead, feedback between
slow driving and fast relaxation maintains the system near a critical manifold.

2.4 Dimensional Flow

Dimensional flow is the scale-, energy-, or time-dependence of the effective dimension governing
physical processes. It may involve the Hausdorff dimension, spectral dimension, or information
dimension. Dimensional flow provides a unifying description of scale-dependent transport, field
propagation, and entropy production in complex and quantum-gravitational systems.

2.5 Multifractal Analysis

Multifractal analysis characterizes systems whose measures are distributed over a hierarchy of
intertwined fractal subsets, each with its own scaling exponent. Instead of a single dimension, a
spectrum of generalized dimensions governs the statistics of fluctuations, intermittency, and singular
structures, particularly in turbulence, deterministic chaos and critical phenomena.



2.6 Rényi and Tsallis Entropies

Rényi and Tsallis entropies generalize the Boltzmann—Gibbs entropy to systems with long-range
correlations, multifractality, or non-ergodic dynamics. Rényi entropy provides a moment-based
characterization of probability distributions, while Tsallis entropy introduces a nonadditive param-
eter that quantifies deviations from extensivity and underlies g-statistics.

2.7 Bifurcations and Pattern Formation

Bifurcations are qualitative changes in system behavior induced by smooth variations of control
parameters. Pattern formation arises when instabilities amplify specific modes, leading to spatial
or temporal structures. In complex systems, bifurcations often occur on fractal sets in parameter
space and are strongly influenced by nonlocal interactions.

2.8 Complex Ginzburg-Landau Equation

The Complex Ginzburg-Landau Equation (CGLE) is a universal amplitude equation describing the
evolution of slowly varying modes near instability thresholds. It unifies pattern formation, nonlinear
waves, spatiotemporal chaos, and synchronization, and serves as a bridge between microscopic
dynamics and macroscopic order.

2.9 Chaos and Hamiltonian Chaos

Chaos refers to deterministic dynamics exhibiting exponential sensitivity to initial conditions and
long-term unpredictability. Hamiltonian chaos arises in conservative systems and is characterized
by mixed phase space, resonances, and transport via stochastic layers. In many-body systems,
chaos underpins thermalization and entropy production.

2.10 Renormalization Group (RG)

The RG formalism studies how system descriptions change under scale transformations. RG identi-
fies fixed points, critical manifolds, and flow trajectories that govern universality and scaling laws.
In complex dynamics, RG extends beyond equilibrium to non-equilibrium, fractional, and systems
endowed with evolving dimensions.

2.11 Non-Equilibrium Dynamical Systems

Non-equilibrium dynamical systems operate far from thermodynamic equilibrium and lack detailed
balance. They exhibit sustained fluxes, entropy production, and time-dependent structures. Many
complex systems, including biological, ecological, and cosmological systems, belong intrinsically to
this class.

2.12 Anomalous Diffusion

Anomalous diffusion describes transport processes in which the mean squared displacement scales
nonlinearly with time. It reflects the presence of long-range correlations, trapping, or fractal ge-
ometry and is naturally modeled using fractional diffusion equations and continuous-time random

walks (CTRW).



2.13 Lévy Flights/Transport

Lévy flights and Lévy transport are stochastic processes characterized by step-length distributions
with heavy power-law tails, leading to rare but dominant large jumps. They underlie super-diffusive
transport and are common in turbulent flows, financial systems, and foraging dynamics.

2.14 Fractional Statistics (g-Statistics)

Fractional or g-statistics generalize classical statistical mechanics to systems with long-range in-
teractions, memory, or multifractal phase space. Governed by a deformation parameter g, these
statistics interpolate between Gaussian and heavy-tailed distributions and provide a thermody-
namic framework for complex systems.

3 Operational Axioms of Complex Dynamics

In what follows, we formulate CDYN in terms of a minimal set of operational axioms. These axioms
do not specify the underlying microscopic behavior of complex systems but constrain the class of
admissible dynamics capable of producing complexity.

Axiom I: Scale Dependence of Observables

Physical observables depend explicitly on the resolution scale at which they are probed. Effective
laws are therefore not invariant under scale transformations but evolve continuously with scale. This
implies that parameters, dimensions, and couplings are running quantities rather than constants.

Axiom II: Nonlocality in Time and/or Space

Complex systems exhibit memory and long-range interactions. Operationally, this requires
the use of nonlocal operators—most naturally expressed through fractional derivatives or integral
kernels. Local differential equations emerge only as limiting cases.

Axiom III: Breakdown of Extensivity

The additivity of entropy and energy fails in the presence of long-range correlations or multifrac-
tal phase space. Statistical descriptions must therefore be generalized beyond Boltzmann—Gibbs
thermodynamics.

Axiom IV: Dynamical Access to Critical Manifolds

Complex systems evolve toward extended critical regions in phase space rather than isolated
critical points. These regions act as attractors organizing large-scale behavior.

Axiom V: Emergent Dimensionality

The effective dimension governing dynamics is not fixed a priori. Instead, it emerges dynami-
cally and may vary with scale, time, or energy. Integer-dimensional behavior is recovered only in
restricted regimes.

Axiom VI: Universality Through Coarse-Graining

Despite microscopic diversity, macroscopic behavior falls into universality classes determined
by symmetry, conservation laws, and effective dimensionality. Renormalization Group (RG) flows
formalize this principle.

4 Dimensional Flow, RG Evolution, and Self-Organized Critical-
ity (SOC)

This section establishes the structural equivalence between dimensional flow, RG evolution, and

SOC.



4.1 Dimensional Flow as Order Parameter

Let D(¢) denote a generic effective dimension measured at the scale ¢. In complex systems, D (/)
is not constant but flows between asymptotic values:

DUV — D(f) — DIR-

This flow governs transport, spectral properties, and entropy production.

4.2 RG Interpretation

RG transformations act by coarse-graining degrees of freedom. In systems with evolving geometry
or multifractal structure, RG flow induces dimensional renormalization:

dD
dln/

= fBp(D),

where Bp encodes the coupling between geometry and dynamics. Fixed points of this flow corre-
spond to scale-invariant regimes, also referred to equilibrium states.
4.3 SOC as Fixed Manifold of the RG Flow

SOC corresponds not to a fine-tuned RG fixed point but to a self-sustained fixed manifold. Slow
driving pushes the system away from criticality, while fast relaxation restores it. This feedback
mechanism dynamically locks the system onto a critical RG trajectory.

By definition, SOC implies:

e no external tuning of control parameters,
e persistent dimensional flow,

e scale-free avalanches and transport.

4.4 Unified Picture

Dimensional flow provides the geometric foundation, RG provides the coarse-graining dynamics,
and SOC supplies the feedback mechanism. Together, they define a closed operational framework
for complexity.

5 Applications

We briefly illustrate how operational principles of CD manifest across various sectors of physics
phenomena.

5.1 Turbulence and Intermittency

Turbulent flows exhibit multifractal energy dissipation, anomalous scaling of structure functions,
and Lévy-like transport. Turbulent flows are similar to fractional dynamics, which capture non-
local energy transfer, and to dimensional flows, which encode the transition from smooth flow to
intermittent cascades.



5.2 Pattern Formation and Spatiotemporal Chaos

Near instability thresholds, the Complex Ginzburg-Landau Equation (CGLE) governs amplitude
dynamics. Fractional generalizations of CGLE account for nonlocal coupling and fractal media,
producing complex spatiotemporal patterns and chaotic attractors.

5.3 Transport in Disordered and Biological Media

Anomalous diffusion and Lévy flights dominate transport in porous media, cellular environments,
and ecological systems.

5.4 Many-Body Chaos and Thermalization

Hamiltonian chaos underlies entropy growth and equilibration in isolated many-body systems.
When phase space is fractal or weakly ergodic, generalized entropies and g-statistics replace con-
ventional equilibrium thermodynamics.

5.5 Cosmology and Multifractal Spacetime

At cosmic scales, evolving dimensionality offers a natural explanation for scale-dependent clustering,
anomalous growth of matter structures, and deviations from standard Gaussian statistics. From
this standpoint, Cantor Dust thus becomes a fundamental ingredient of spacetime itself.

6 Outlook

The framework outlined so far suggests that complexity is not a special feature of select systems
but a generic outcome of dynamics on evolving, non-integer dimensional structures emerging in
far-from-equilibrium conditions. Hence, fractional dynamics, dimensional flow, and self-organized
criticality are not auxiliary tools but foundational elements of a unified theory of complex systems.

7 Fractional RG and Evolving Dimensions

7.1 Fractional Coarse-Graining

Let a system be described by a field ¢(x,t) living in an effective space with scale-dependent di-
mension D(¢). Assuming that variational principles are still applicable in mild non-equilibrium
conditions, the dynamics is controlled by a fractional action

5= [ara® O [o° (0 n(-8)") 6+ 2] o]

where a € (0,2] determines spatial nonlocality and ¢ encodes nonlinear coupling in multifractal
phase space. Under the scale transformation

T — b, t — b°t,
the fractional Laplacian scales as
(_A)oz/Q N b—oz(_A)oz/Q’

yielding the fractional dynamic exponent



7.2 Dimensional RG Flow

We define the effective spectral dimension dg(¢) = D({) as,
_dlnP({)
dlnt ~’

where P({) is the return probability of a diffusion process occurring on the underlying geometry.
The dimensional RG flow equation takes the generic form

dD
dln/

D(t) =

- IBD (D7 «, q)7
with fixed points satisfying
Bp(Dx) = 0.

These fixed points correspond to scale-invariant cosmological regimes, while the slow drift between
these regimes is a manifestation of dimensional flow.

7.3 Fixed Manifolds of RG Flows

Unlike equilibrium systems, complex dynamics generically exhibits fixed manifolds rather than
isolated points:

Mcrit — {(D,Oé,q) | 52 = O}
Self-organized (SOC) systems dynamically evolve toward this manifold through continuous feedback

between driving (cosmic expansion) and dissipation (formation of galactic structures), which ensures
stability against perturbations.

8 Generalized Entropy Production and Scaling Laws

8.1 Entropy Growth in Multifractal Phase Space

For a probability measure {p;} distributed on multifractal support, the generalized entropy of order

q reads
1 q

The rate of entropy production can be presented as
as,
229 g () 00
o ~ o0

with exponent
n(f) = D(6)(1—q)

where o(¢) is the scale-dependent entropy flux.

8.2 Scaling of Correlations

Two-point correlation functions scale as

C(r) = (p(0)(r)) ~ r~ P20
with anomalous dimension
n=n(D,a,q).
In SOC systems, n varies continuously with the observation scale, reflecting criticality in continuous
dimension.



9 SOC and Cosmology

This section tailors the CDYN framework specifically to cosmological dynamics, viewed as a self-
organizing, far-from-equilibrium system.

9.1 Cosmology as Non-Equilibrium Critical System

As previously stated, the Universe is continuously driven by expansion and dissipates through
cosmic structure formation. These ingredients satisfy the defining conditions of SOC, namely,

e slow driving: cosmic expansion,
e fast relaxation: gravitational clustering,
e scale-free response reflected on the onset of power-law correlations.

In this interpretation, the large-scale structure of the Universe naturally evolves toward a cosmo-
logical critical manifold.

9.2 Dimensional Flow in Cosmic Structure Formation

Let the effective spatial dimension governing clustering be D(z), evolving with redshift z. The
growth of matter perturbations § obeys

6+ 2H6 = 4rGps = 6(k,z) ~ kP73,
As the Universe evolves toward late times,
D(z) =3 —¢€(z), e(z) >0,
leading to:
e suppressed small-scale power,
e reduced clustering amplitude,
e scale-dependent growth rates.

This behavior is the cosmological analogue of SOC saturation.

9.3 SOC Interpretation of Large-Scale Anomalies

Within this framework:
e Power-law clustering arises from criticality,
e Deviations from standard growth are a consequence of dimensional flow,

The Universe does not sit at a fixed point of dimensional flow but self-organizes along a critical
trajectory in parameter space.



9.4 Fractional Transport and Cosmic Diffusion
Effective transport of matter and information follows from an anomalous diffusion process,
(r (1) ~ 7/,

with @ < 2 at late cosmic times (low redshift z) due to the onset of multifractal geometry. This
setting changes clustering statistics and entropy growth without violating the principles of local
dynamics.

10 Unified Picture: Complexity as an Organizing Principle

Complex dynamics emerges when:
1. geometry becomes scale-dependent,
2. dynamics becomes nonlocal,
3. Entropy becomes nonadditive,
4. systems self-tune to criticality.

In this picture of CDYN, SOC, fractional dynamics, and dimensional flow are therefore not distinct
dynamic mechanisms but complementary aspects of a single operational framework.

11 CDYN and Particle Physics

We put forward several contributions bridging the gap between CDYN and particle physics which
has provided new insights into the foundational structure of the Standard Model (SM). Below is a
concise overview of these contributions.

11.1 Bifurcations and the SM Composition

The bifurcation model of SM posits that the entire gauge and flavor makeup of particle physics
emerge from sequential bifurcations induced by the self-interaction term of the Higgs potential. In
this framework, classical fields develop through self-similar cascade of period doubling bifurcations.

11.2 Bifurcations and Feynman Diagrams

We draw a connection between the universal bifurcation scenario and Feynman diagrams. In this
picture, self-similarity and scaling properties of bifurcation phenomena relate to the amplitudes of
particle interactions described by Feynman diagrams.

11.3 Three Generations of Fermions

Triplication of fermion generations in the Standard Model follows from the onset of bifurcations in
the neutrino sector of the bifurcation branching process.

11.4 The Origin of C and CP Violations

Both C (charge) and CP (charge-parity) violation in the electroweak sector appear to be direct
consequences of the bifurcation dynamics.



11.5 The Square of Masses Relationship

We deploy the tools of multifractal analysis to derive a fundamental relationship between the square
of particle masses and the square of the electroweak scale set by the vacuum expectation value of
the Higgs boson, namely v = 246 GeV.

11.6 Ratios of Particle Masses and the Feigenbaum Constant

Using the RG flow driven by dimensional deviation from four spacetime dimensions, we link the
ratios of particle masses to the Feigenbaum constant, which characterizes the scaling behavior of
chaotic maps.

11.7 Higgs Mechanism and Fermion Mixing Angles

Our research also reveals that that the Higgs mechanism and the generation of fermion mixing
angles can be linked to dynamic onset of the Hopf bifurcation and the formation of limit cycles.

11.8 Ultraviolet Turbulence in Quantum Chromodynamics (QCD)

We point out that the asymptotically free model of QCD fails in the deep ultraviolet sector (UV);
instead, the coupling exhibits intermittent behavior, stemming from the multiplicative noise induced
by dimensional fluctuations. We find that this turbulent regime leads naturally to a multifractal
attractor, consistent with a Cantor-Dust description of ultraviolet physics.

12 Conclusions

We have outlined a unified theory of CDYN based on operational principles rather than model-
specific assumptions. By combining fractional field theory, RG methods, generalized entropies,
and dimensional flow, we have pointed out how complexity arises naturally in systems evolving in
out-of-equilibrium conditions.

When applied to cosmology, this framework suggests that large-scale structure formation is
governed by SOC on evolving, multifractal geometries. The Universe operates near—but not exactly
at—criticality, with dimensional flow encoding its long-term behavior. By the same token, when
applied to particle phenomena, CDYN generates unexpected outcomes consistent with experimental
observations and fit to explain some of the outstanding open questions facing SM.

This perspective opens a path toward a genuinely non-equilibrium, scale-adaptive theory of
cosmological evolution and particle phenomenology. The diagram below is a condensed account of
our paper.
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