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ABSTRACT. The stability theory of first order theories was initiated by
Saharon Shelah in 1969. The classification of abstract elementary classes
was initiated by Shelah, too. In several papers, he introduced non-
forking relations. Later, in [Sh:h].II, he introduced the good non-forking
frame, an axiomatization of the non-forking notion.

We improve results of Shelah on good non-forking frames, mainly
by weakening the stability hypothesis in several important theorems,
replacing it by the almost A-stability hypothesis: The number of types
over a model of cardinality X is at most A*.

We present conditions on K, that imply the existence of a model in
K, +n for all n. We do this by providing sufficiently strong conditions on
K, that they are inherited by a properly chosen subclass of K,+. What
are these conditions? We assume that there is a ‘non-forking’ relation
which satisfies the properties of the non-forking relation on superstable
first order theories. Note that here we deal with models of a fixed
cardinality, A.

While in [Sh:h]|.IT we assume stability in A, so we can use brimmed
(=limit) models, here we assume almost stability only, but we add an
assumption: The conjugation property.

In the context of elementary classes, the superstability assumption
gives the existence of types with well-defined dimension and the w-
stability assumption gives the existence and uniqueness of models prime
over sets. In our context, the local character assumption is an analog
to superstability and the density of the class of uniqueness triples with
respect to the relation =<, is the analog to w-stability.

INTRODUCTION

The book [Sh:c], on elementary classes, i.e., classes of first order theories,
presents properties of theories, which are so called ‘dividing lines’ and in-
vestigates them. When such a property is satisfied, the theory is low, i.e.,
we can prove structure theorems, such as:

(1) The fundamental theorem of finitely generated Abelian groups.

(2) ArtinWedderburn Theorem on semi-simple rings.

(3) If V is a vector space, then it has a basis B, and V' is the direct sum
of the subspaces span{b} where b € B.

(We do not assert that these results follow from the model theoretic analysis,

but they merely illustrate the meaning of ‘structure’.) But when such a

property is not satisfied, we have non-structure, namely, there is a witness
1
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that the theory is complicated, and there are no structure theorems. This
witness can be the existence of many models in the same power.

There has been much work on classification of elementary classes, and
some work on other classes of models.

The main topic in the recently published book, ([Sh:h]), is abstract ele-
mentary classes (in short AEC). There are two additional books which deal
with AEC’s ([Ba] and [Gr]).

From the viewpoint of the algebraist, model theory of first order theo-
ries is somewhat close to universal algebra. But he prefers focusing on the
structures, rather than on sentences and formulas. Our context, abstract
elementary classes, is closer to universal algebra, as our definitions do not
mention sentences or formulas.

As superstability is one of the better dividing lines for first order theories,
it is natural to generalize this notion to AEC’s. A reasonable generalization
is that of the existence of a good A-frame, (see Definition 2.1.1), introduced
in [Sh:h].II. In [Sh:h].IT we assume existence of a good A-frame and either
get a non-structure property (in AT, at least where 2N < M < 2)‘++) or
derive a good AT-frame from it.

The main tool in studying superstability is the independence relation, so
called ‘non-forking’. So let us discuss the issue of independence.

“In the 1930’s, van der Waerden [van der Waerden 1949] and Whitney
[Whitney 1935] abstracted the following properties of linear independence in
vector spaces and algebraic independence in fields and used them to define
the general notion of an independence relation” [Bal 88]. Let us describe
van der Waerden’s notion in terms of an element a depending on a set X:

(1) (Reflexivity) a depends on {a}.

(2) (Monotonicity) If @ depends on X and X C Y then a depends on Y.

(3) (Transitivity) If a depends on X and each x € X depends on Y then
a depends on Y.

(4) (Exchange axiom) If a depends on X (J{b} but a does not depend
on X then b depends on X | J{a}.

(5) (Finite character) If a depends on X then a depends on a finite
subset of X.

The notion of forking (in the context of first order theories) also special-
izes to linear independence and algebraic independence. It is not, strictly
speaking, a generalization of the usual notion, since it is stronger in some
respects, weaker in others. However, it retains the most important conse-
quence of the theory, the ability to assign a dimension to each member of
certain classes of models (see [JrSi3)).

In stability theory of first order theories we deal with a ternary relation,
‘non-forking’, which intuitively means ‘A is free from B relative to C’. Bald-
win [Bal 88] presents three differences between this notion and the standard
one:
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(1) In stability theory of first order theories the transitivity of dependence
fails, but we have transitivity of independence: If ‘A is free from B relative
to C” and ‘A J B is free from D relative to B’, then ‘A is free from D relative
to C".

(2) The element a is replaced by a set A. Since a singleton is a set, in
this sense we generalize the independence relation.

(3) In stability theory we define a is independent from X over A instead
of only over empty set and study what happens when A changes.

Here we deal with a much more general case: Abstract elementary classes
(in short AEC’s). If we consider the study of first order theory T as the
study of the class of models {M : M |= T}, then the context of abstract
elementary classes is a generalization of that of first order theories. There
are well-known theorems on first order theories, that are wrong or very hard
to prove in the context of AEC’s. The main reason is that the Compactness
Theorem fails. Concerning AEC’s see Section 1.

Shelah defines in [Sh:h].IT a set of axioms, which a non-forking relation
should satisfy, in the context of AEC. An AEC with a non-forking relation
that satisfies this set of axioms is called ‘a good frame’. This non-forking
relation deals essentially with an element and a model. [Actually it is a
relation on quadruples (My, M1, a, M3) which intuitively means ‘a is free
from M relative to My’ (M3 is an ambient model, which is needed in the
AEC context, because we cannot use a monster model as in the stability
theory for first order theories).]

Until this point we have spoken about the following independence notions:

(1) The standard: between an element and a set.

(2) Non-forking in the context of first order theories: essentially between
sets.

(3) Axioms for a non-forking relation on AEC’s: essentially between an
element and a model.

The current work is a generalization of [Sh:h]|.II. We replace the stability
assumption by the almost stability assumption, categoricity in A and the
conjugation property. We define a semi-good A-frame as a good A-frame
minus stability in A with almost stability in .

A note about the hypotheses: When we write a hypothesis, we assume
it until we write another hypothesis, but usually we recall the hypothesis
at the beginning of the following section. Sometimes we write ‘but we do
not use local character’. It is important to write this because we want to
apply theorems we prove here, in papers, in which local character is not
assumed (for example [JrSh 940]). For the same reason, in Hypothesis 3.0.9
we assume weak assumptions.

Notations: We use the letters k,l,m,n for natural numbers or integer
numbers, «, 3,7,1, j, ¢, ( for ordinal numbers, ¢ for a limit ordinal number,
K, A\, p for cardinal numbers. We use p, ¢ for types and P for a set of types.
We use K for a class of models ,=, < for relations on K, <} for a relation
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on models of cardinality A, while we use jf\VJrF , 4;, j% for relations on
models of cardinality AT. C denotes the relation of being submodel. We use
NF ,UJ,]VF’ for relations on quadruples of models. We use z for an invariant
(an element or a symbol of the meta-language), R, P, E for relations or for
predicates and f, g, h for functions or for function symbols. So sometimes
we use P for a set of types and sometimes for a relation or a predicate.
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1. INTRODUCTION

We prove two main theorems. We present them now, but the technical
terms will be defined as the paper progresses (most of them in the first
4 sections, but the hypothesis of the second theorem will be explained in
Section 11). In the first theorem we provide conditions mainly on K, that
imply the existence of a model in K+, Ky+2, K +s.

Theorem 1.0.1. Suppose:
(1) s = (K,=,5%,|) is a semi-good \-frame with conjugation.
(2) K3%“ is dense with respect to <ps.
(3) A2, K) < 227,

Then

X

(1) There is a good A"-frame s = ((K®ot, VI Ksatyw s+ |])),
such that K% C Kyt and the relation jivf[ K% s included in
the relation <| K3,

(2) sT satisfies the conjugation property.

(3) There is a model in K of cardinality \T2.

(4) There is a model in K of cardinality \T3.

In the second theorem we provide conditions mainly on K, that imply
the existence of a model in Ky+» for all n. We do this by providing suffi-
ciently strong conditions on K, that they are inherited by a properly chosen
subclass of K+.

Theorem 1.0.2. Suppose:
(1) s = (K, =,5% ) is a semi-good \-frame with conjugation.
(2) m < w = TATETM) K) < pr p(ATEEm) 9ATEF™y
(3) 22" < 22X and for every m < w, WDmId(AT™) is not satu-
rated in \T(2T™).
(4) Conjecture 11.1.4.

Then there is a model in K™ of cardinality \™ for every n < w.

The main idea is that a class of models is posited to have ‘good’ properties
on models of size A. By induction, a decreasing sequence of abstract ele-
mentary classes (K", <") are defined such that (K", <") satisfies the ‘good’
properties on models of size AT™ (where A*™ is the n-th successor of \).
Condition 2 (of Theorem 1.0.2) is a precise way of saying there are fewer
than the maximal number of models in each A™ to carry out an essential
part of the inductive step, provided a rather weak set theoretic hypotheses.
Rather, the main part of the argument given here moves through several
approximations to transfer a dependence relation which behaves abstractly
like first-order superstability on the models of K of cardinality A to a similar
relation on a subclass of K of cardinality A™.

Definition 1.0.3 (Abstract Elementary Classes).
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(1) Let K be any class of models for a fixed vocabulary and let < be a
2-place relation on K. The pair (K, <) is an AEC if the following
axioms are satisfied:

(a) K, = are closed under isomorphisms. In other words, if M7 € K,
My = My and f : M7 — N;p is an isomorphism, then N, € K
and f[Mo] = f[M1] = Ni.

(b) < is a partial order on K and it is included in the inclusion
relation.

(c) If (M, : oo < 0) is a =<-increasing continuous sequence, then

My x| My < b} e K.

(d) Smoothness: If (M, : a < d) is a =-increasing continuous se-
quence, and for every a < §, M, =< N, then

J{Ma:a <} 2 N.

(e) If My C My C My and My = My A My < Ms, then My < M;.
(f) There is a Lowenheim Skolem Tarski number, LST (K, <), which
is the first cardinal A, such that for every model N € K and a
subset A of it, there is a model M € K such that AC M < N
and the cardinality of M is < A+ |A].
(2) (K,=)is an AEC in X if: The cardinality of every model in K is A,
and it satisfies Axioms a,b,d,e, and for sequences (M, : o < §) with
J < AT it satisfies Axiom c too.

Remark 1.0.4. Considering a natural Class of models, usually we can
check if it is an AEC, by the following rules:

(1) If K is any class of models for a fixed vocabulary, then (K, C) satisfies
Axioms b,d,e of AEC (Definition 1.0.3.1).

(2) Suppose (K, =) is an AEC. If (K, C) satisfies Axiom 1.0.3.1.c, then
(K,C) is an AEC.

(3) If (K, =) is an AEC and K’ C K then (K’, X[ K') satisfies Axioms
b,d,e of AEC (Definition 1.0.3.1).

We give some simple examples of AEC’s. One can see more examples in
[Gr 21].

Example 1.0.5. Let T be a first order theory. Denote K =: {M : M = T}.
Define M < N if M is an elementary submodel of N. (K, <) is an AEC.

Example 1.0.6. Let T be a first order theory with Il axioms, namely, ax-
ioms of the form Vx3Iyp(z,y) [it is allowed to use dummy variables]. Denote
K= {M: M ET}. Then (K,C) is an AEC.

Example 1.0.7. The class of locally-finite groups (the subgroup generated
by every finite subset of the group is finite) with the relation C is an AEC.

Example 1.0.8. Let K be the class of groups. Let <=: {(M,N) : M, N
are groups, and M is a pure subgroup of N} (M is a pure subgroup of N if



NON-FORKING FRAMES IN ABSTRACT ELEMENTARY CLASSES 7

and only if N = (3y)ry = m implies M = (Jy)ry = m for every integer r
and every m € M). (K, =) is an AEC.

Example 1.0.9. The class of models that are isomorphic to (N, <) with
the relation C is not an AEC, because it does not satisfy Axiom 1.0.3.1.c:
U{{-n,—n+1,—n+2.0,1,2...} : 0 < n} is isomorphic to (Z, <) although
for every n {—n,—n+1,—n +2..0,1,2...} is isomorphic to (N, <).

But the class of models that are isomorphic to (N, 0, <) with the relation
C is an AEC, (the relation C in this case is actually the equality, and this
AEC has just one model).

Example 1.0.10. Let K be the class of well-ordered sets. Let < be the
relation of being an edge extension (M, <) < (N, <) if M C N and for each
a€Mandbe N—-M N | a<b). Then the pair (K, <) satisfies Axioms
a,b,c,d,e of Definition 1.0.3.1, but (K, <) does not satisfy Axiom f.

Example 1.0.11. The class of Banach spaces with the relation C is not an
AEC, because it does not satisfy Axiom 1.0.3.1.c.

Example 1.0.12. The class of sets (i.e. models without relations or func-
tions) of cardinality less than k, where Xy < x and the relation is C, is not
an AEC, because it does not satisfy Axiom 1.0.3.1.c.

The class of sets with the relation <= {(M,N) : M C N and ||N — M]|| >
k} where Ry < k, is not an AEC, because it does not satisfy smoothness
(Axiom 1.0.3.1.d).

Definition 1.0.13. K, =: {M € K : ||M|| = A}, Koy = {M € K :
[|M|] < A}, etc.

Definition 1.0.14. We say M < N when M < N and M # N.

Definition 1.0.15. Let K be a class of models which is closed under iso-
morphisms and let A be a cardinal. I(\, K) is the number of models in K
up to isomorphism.

Definition 1.0.16. (K, <)"? := (K"P, <"P) where we define:

(1) K"P is the class of models with the vocabulary of K, such that there
are a directed order I, and a set of models {M; : s € I} such that:
M={Ms;:sel}and s<jt= Mg =< M,.

(2) For M,N € K", M =<"P N iff there are directed orders I,J and
sets of models {M; : s € I}, {N; : t € J}, respectively, such that:
M=U{Ms:sel}, N={N::teJ}, ICJ s<;jt= Ng=
Ny, s <pt= Mg X My 2 Ny.

Proposition 1.0.17. If

(1) (K1,=1), (K2,=2) are AEC’s in A.

(2) K1 C Ko.

(3) 2ol Ky is =1.

Then Ki* C K3? and (=2)"P | Ki7 is (=1)"P.
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Proof. Easy. .

Fact 1.0.18 (Lemma 1.23 in [Sh:h].IT). Let (K, <) be an AEC in \. Then
(1) (K,=<)"P is an AEC.
(2) (K'"7)\ = K.
(3) <"P| K is <.
(4) LST(K,=<)"P = \.

Definition 1.0.19.

(1) Let M, N be models in K, f is an injection of M to N. We say
that f is a <-embedding and write f : M — N, or shortly f is an
embedding (if < is clear from the context), when f is an injection
with domain M and Im(f) < N.

(2) A function f: B — Cis over A,if AC B(1Candz € A= f(x)=

xX.

Definition 1.0.20.
(1) We say that (K, <] K) satisfies the amalgamation property when:

For every My, My, M5 in K, such that n < 3 = My =< M, there are
f1, fo, M3 such that: f,, : M,, — Ms is an embedding over Mpy, i.e.,
the diagram below commutes. In such a case, we say that (f1, fo, M3)
is an amalgamation of M7 and Ms over My or that M3 is an amalgam

of My, My over Mj.

(2) We say that K satisfies the joint embedding property when: If
My, My € K, then there are fi, fo, M3 such that for n = 1,2
fn: My — Ms is an embedding and M3 € K.

(3) M € K is <-mazimal if there is no N € K with M < N.

Now we want to define Galois-types (‘types’ in short). First we define
classes of triples. Then we define when two triples are ‘of the same type’.
Then we define a Galois-type as an equivalence class of triples (under being
‘of the same Galois-type’).

Definition 1.0.21.
(1) K 2 = {(M,N,a) : M,N € K, M = N, a € N}. When the class
(K, =) is clear from the context we omit it and write K3.
(2) K3 :={(M,N,a): M\,N € K\, M <N, a€ N}.

Now we define the equivalence relation FE, the relation of being ‘of the
same Galois-type’.

Definition 1.0.22.
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(1) Ej ~ is the following relation on K3 _: (Mo, No,ag) E*(Mi, N1, a1)
iff Ml = My and for some Ny € K;\ with N; < N, there is an
embedding f : Ng — Na over My with f(ap) = a;.

(2) Ek < is the closure of E} _ under transitivity, i.e., the closure to an
equivalence relation. -

When (K, <) is clear from the context we omit it writing E*, E.

Proposition 1.0.23.

(1) For every M, No, N1 € Ky, a € No—M andb € N1—M, (M, Ny, a)E*
(M, Ny,b) iff there is an amalgamation ( fo, f1, N) of No, N1 over M
such that fo(a) = f1(b).

(2) E* is a reflexive, symmetric relation.

(3) If (Kx, =] K\) satisfies the amalgamation property, then EY is an
equivalence relation.

Proof. Easy. .

Definition 1.0.24.

(1) For every (M, N,a) € K3 let tpx <(a, M, N), the Galois-type of a
in N over M, be the equivalence class of (M, N,a) under Ex <.
When the class (K, <) is clear from the context we omit it, writing
tp(a, M, N) (in other texts, it is called ‘ga — tp(a/M, N)’).

(2) For every M € K, S(M) := {tp(a, M,N) : (M,N,a) € K3} and
Sna(M) = {tp(a, M,N) : (M,N,a) € K3 and a € N — M}. A
Galois-type in S™*(M) is called non-algebraic Galois-type.

(3) If p = tp(a, M1,N) and My =< M, then we define p | My =
tp(a, My, N),

Definition 1.0.25. Let M,N € K, N < M. M is said to be full over
N when M realizes S(N). M is said to be saturated in A* over A\, when
M € K+ and for every model N € K with N < M, M is full over N.

Remark 1.0.26. This is the reasonable sense of saturated model we can
use in our context, since we do not want to assume anything about K_j,
especially not stability and not the amalgamation property, (so a saturated
model in At over A\ may not be full over a model N € K_,, N < M), see
the following example from [BKS].

Example 1.0.27. Let 7 contain infinitely many unary predicates P, and
one binary predicate E. Define a first order theory T such that P,11(z) =
P,(z), E is an equivalence relation with two classes, which are each rep-
resented be exactly one point in P, — P,11, for each n. Now let K be
the class of models in T, that omit the type of two inequivalent points
that satisfy all the P,,. Then a model M € K is determined up to iso-
morphism by u(M) = |{x € M : (Vn)P,(x)}|. So K is categorical in
every uncountable powers, but has ¥y countable models (none of them
is finite). Now let < be the relation of being submodel. Then (K, =)
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is an AEC with L.S.T.(K,=) = Rg. Let My, My, Ms € K be such that
w(Mo) = 0, u(My) = u(Msy) = 1 and My, My are not isomorphic over M.
Then there is no amalgamation of M7, My over My. Now if A > N then every
model M € K+ is saturated (over \). But it is not saturated over X, since
it realizes tp(ai, My, M7) if and only if it does not realize tp(aq, Moy, Ms),
(where ay, is the unique element of M,, — My of course).

Definition 1.0.28. Let M be a model in K,+. M is said to be homogenous
in AT over ) if for every N1, Ny € K with N7 < M A N; < Ns, there is a
=<-embedding f : No — M over Nj.

Definition 1.0.29. A representation of a model M is an <-increasing con-
tinuous sequence (M, : a < |[|[M]|) of models with union M, such that
[|Ma]] < ||M]| for each v and if ||M|| = AT then ||M,]|| = A for each a.

The following proposition is a version of Fodor’s Lemma (there is no math-
ematical reason to choose this version, but we think that it is comfortable).

Proposition 1.0.30. There are no (M, : a € A7), (N4 : a € A1),
(fo : € AT, S such that the following conditions are satisfied:

(1) The sequences (M, : a € A\T), (N, : a € AT) are =<-increasing

continuous sequences of models in K.

(2) For every a < A%, fo: My — Ny is a <-embedding.

(3) (fa :a € XT) is an increasing continuous sequence.

(4) S is a stationary subset of AT .

(5) For every a € S, there is a € Myy1 — My such that foy1(a) € Ng.

Proof. Suppose there are such sequences. Denote M = |J{fo[Ma] : @ € AT}
By clauses 4,5 ||[M|| = Ky+. (falMa] : @ € A7), (N, (M : a € AT) are
representations of M. So they are equal on a club of AT. Hence there is
a € S such that fo[Ms] = No (VM. Hence fo[My] € No() fat1[Ma+1]
NoNM = fu[M,] and so all are equal. Especially fo+1[Ma+1][)Na
falM,], in contradiction to condition 5.

By Lemma 1.14 in [Sh:h].II:

10N

Proposition 1.0.31 (saturativity = model homogeneity). Let (K, <) be an
AEC  such that Ky satisfies the amalgamation property, and
LST(K,=) < A\. Let M be a model in Ky+. Then M is saturated in A"
over \ iff M is a homogenous model in A\ over \.

Now we discuss the uniqueness of the saturated model, although we do
not know its existence. The proof idea for homogenous models is due to
Jonsson from 1960. It is proved as Lemma 1.14 in [Sh:h].IL.

Theorem 1.0.32 (the uniqueness of the saturated model). Suppose (K, <[
K)) satisfies the amalgamation property and LST(K, <) < A.

(1) Suppose N € Ky and forn =1,2, N < My, and M, is saturated in
At over X\. Then My, Ms are isomorphic over N.
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(2) If My, My are saturated in A\t over A and (K, =] K)) satisfies the
joint embedding property, then My, My are isomorphic.

We can prove now that if (K, <[ K)) is stable in A, then there is a
saturated model in AT over X\. But we prefer to define semi-good frames
and then to prove a stronger theorem (Theorem 2.5.8).

2. NON-FORKING FRAMES

2.1. The plan. Suppose we know something about K), especially that
there is no <-maximal model. Can we say something about Ky+.? At
least we want to prove that Ky+n» # 0. It is easy to prove that Ky+ # ()
[How? We choose M, by induction on @ < A" such that M, < M1 and if
a is limit we define M, := ([J{Mp : f < a} (by Definition 1.0.3.1.c M, € K).
At the end M+ € Ky+]. What about Ky+2? The main topic in this thesis
is semi-good frames. If there is a semi-good A-frame, then by Proposition
3.1.8.2 there is no <-maximal model in Ky+. So K,++ # (). Moreover,
Theorem 11.1.5.1 says that if s is a semi-good A-frame with some additional
assumptions and A satisfies specific set-theoretic assumptions, then there

is a good A\*-frame s = (K, j+,5b37+,LJJFJ), such that K+ C K and the
relation XT| KT is included in the relation <] Kt (so Ky+s # ().

If we want to use Theorem 11.1.5.1 w times, then we have to assume
set-theoretic assumptions on A™" for each n € w. In this way we obtain
semi-good \*"-frame for each n € w, assuming the existence of a semi-good
A-frame. In particular, we conclude that Ky+n is not empty for each n € w.

Definition 2.1.1 is an axiomatization of the non-forking relation in a su-
perstable first order theory. If we omit the local character (see Definition
2.1.1(3)(c)) from the definition of semi-good frame then we get the basic
properties of the non-forking relation in (K, <X| K)) where (K, <) is stable
in A

Sometimes we do not find a natural independence relation on all the
types. So first we extend the notion of an AEC in A by adding a new
function S% which assigns a collection of basic (because they are basic for our
construction) types to each model in K, and then we add an independence
relation () on basic types.

It is reasonable to assume categoricity in some cardinality A for some
reasons:

(1) If K is not categorical in any cardinality, then we know {\ : K is
categorical in A}, it is the empty set.

(2) If there is a superlimit model in K, then we can reduce (K, <[ K))
to the models which are isomorphic to it, and therefore obtain cat-
egoricity in A (see Section 1 in [Sh:h|.IT). However this case requires
stability.

We do not assume the amalgamation property, but we assume the amalga-
mation property in (K, <[ K}). This is a reasonable assumption because it
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is proved in [Sh:h].I that if an AEC is categorical in A and the amalgamation
property fails in A then under a plausible set theoretic assumption there are
22" models in Ky+.

Definition 2.1.1. 5 = (K, <, 5%, ||)) is a good A-frame if:

(0)

(a) (K, =) is an AEC.

(b) LST(K, =) <\
(1)

(a) (K, <] K)) satisfies the joint embedding property.
(b) (Ky,=| K,) satisfies the amalgamation property.
(¢) There is no <-maximal model in K.

(2) S% is a function with domain K, which satisfies the following axioms:

(a) S**(M) C S"*(M) = {tp(a, M,N): M <N € Ky, a € N — M}.

(b) Tt respects isomorphisms: If tp(a, M, N) € S**(M) and f : N — N’ is
an isomorphism, then tp(f(a), f[M], N') € S*(f[M)).

(c) Density of the basic types: If M, N € K, and M < N, then there is
a € N — M such that tp(a, M, N) € S*(M).

(d) Basic stability: For every M € K, the cardinality of S**(M) is < .

(3) the relation (|) satisfies the following axioms:

(a) |l is a set of quadruples (My, Mi,a, Ms) where My, M1, M3 € Kj,
a € M3 — My and for n = 0,1 tp(a, M, M3) € S*(M,) and it re-
spects isomorphisms: If (|J(Mo, Mi,a,Ms) and f : My — Mj is an
isomorphism, then (|J(f[Mo], f[Mi], f(a), M5).

(b) Monotonicity: If My < Mj < My = M; < Mz <= M3, M{U{a} C
M3* < M3, then [J(Mo, M, a, M3z) = (M, My, a, M5*). From now
on, ‘p € SP(N) does not fork over M’ will be interpreted as ‘for some
a, Nt we have p = tp(a, N,N*) and ||J(M,N,a, N*). See Proposi-
tion 2.1.2.

(c) Local character: For every limit ordinal § < A* if (M, : a < J+1) is an
increasing continuous sequence of models in K, and tp(a, Ms, Msi1) €
S (Ms), then there is o < & such that tp(a, Ms, Ms, 1) does not fork
over M,.

(d) Uniqueness of the non-forking extension: If M, N € Ky, M < N, p,q €
S (N) do not fork over M, and p [ M = q | M, then p = q.

(e) Symmetry: If My, My, Mg € Ky, My =< My < M3, a1 € M-, tp(al,Mo,
M3) € SY(My), and tp(az, My, Ms3) does not fork over My, then there
are My, M3 € K such that ag € Mo, My X My < M3, M3z = M3, and
tp(a1, M2, M3) does not fork over M.

(f) Existence of non-forking extension: If M,N € K, p € S*(M) and
M < N, then there is a type ¢ € S**(N) such that ¢ does not fork over
M and q | M = p.
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(g) Continuity: Let 6 < AT and (M, : a < §) an increasing continuous
sequence of models in K and let p € S(Mjs). If for every a € §, p | M,
does not fork over My, then p € S**(Mjs) and does not fork over M.

Proposition 2.1.2. If |[J(Mo, M1, a, Ms) and tp(b, My, M3) = tp(a, M,
Ms), then by Definition 2.1.1.3.b (the monotonicity axiom) \|J(Mo, My, b, M3).

Proof. By Definition 1.0.24, there is an amalgamation (ida,, f, M3*) of M3
and M3 over M; with f(b) = a. By Definition 2.1.1.3.b, ([J(Mo, M1, a, M3™*).
Using again Definition 2.1.1.3.b, we get (|J(Mo, M, a, f[M3]). Hence, since
f(b) = a, we have (Mo, My, f(b), f[M3]). Therefore by Definition 2.1.1.3.a
W(Mo, My, b, M). -

While in [Sh:h].IT we study good frames, so basic stability is assumed;
here we assume basic almost stability so the following definition is central:

5
Definition 2.1.3. 5 = (K% =% 8%* ||)) = (K,=,5%,) is a semi-good
M-frame, if s satisfies the axioms of a good A-frame except that instead of
assuming basic stability, we assume that s satisfies basic almost stability,
namely, for every M € K, S%(M) is of cardinality at most A¥.
s is said to be a semi-good frame if it is a semi-good A-frame for some A.

Remark 2.1.4. If for each M € K, S*(M) = S"*(M), then the continuity
axiom is an easy consequence of the local character.

Can we define in our context independence, orthogonality and more things
like in superstable theories? The answer is: See [Sh:h].III (mainly Sections
5,6) and [JrSi3].

2.2. Examples. We give examples of good frames and examples of semi-
good frames . The propositions and definitions that appear in this subsection
are important for this subsection only.

Example 2.2.1. Let T be a superstable first order theory and let A be a
cardinal > |T'| + 8y such that T is stable in A. Let K7 ) be the class of
models of T" of cardinality at least A. Let =< denote the relation of being an
elementary submodel. Let S**(M) be S"*(M). Let (|J be as usual. Then
by Claim 3.1 on page 283 in [Sh:h].II (or see [Sh 91]) (K71, <, 5%, () is a
good A-frame.

Definition 2.2.2. Let (K, <) be an AEC. We say that 5 := (K, <, % ||)) is
the trivial A-frame of (K,=) if S% is S"@ and the relation || is
{(Mo, My, a, M3) : Mo, My, M3 € Ky, a € M3 — M }.

Proposition 2.2.3. Suppose:
(1) (K,=) is an AEC.
(2) LST(K, =) < A.
(3) (K, 2| K)) satisfies the joint embedding property, the amalgama-
tion property and has no mazximal model.
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(4) For each M € K\ 1 < |S(M)] < AT.
(5) For each M,N € Ky with M < N and each p € S" (M), there is
exactly one type q € S"(N) with p C q.
Then the trivial A-frame of (K, <) satisfies the azioms of a semi-good A-
frame except maybe the symmetry aziom.

Proof. Check the axioms. -

Example 2.2.4. Let \ be a cardinal. Let P a family of AT subsets of \.
Let 7 := {Ry : @ < A} where each R, is an unary predicate. Let K be
the class of models M for 7 such that for each a € M {a € A : M |
R,(a)} € P. Let = be the inclusion relation on K. Then (K, C) is an AEC,
LST(K,C) = Xg and (K, C] K)) satisfies the joint embedding property,
the amalgamation property and has no maximal model. Moreover, for every
M,Ny,Ny € Ky with M C Ny AM C Ny and every a; € N; — M and
as € No—M tp(al,M, Nl) = tp(ag,M, NQ) iff{a eXN: NV ': Ra[al]} = {a €
A No E Rylas]}. So by Proposition 2.2.3, the trivial A-frame of (K, Q)
satisfies the axioms of a semi-good A-frame except maybe the symmetry
axiom (Definition 2.1.1.3.¢). But it satisfies the symmetry axiom, too. On
the other hand, it is not a good A-frame.

The following proposition presents a simple way to create a semi-good
frame from a class of models.

But first we have to present a way to create an AEC from a class of
models. Roughly, if K is a class of models, then we define a class K’ by:
each model M € K’ is a disjoint union of models of K (up to isomorphism)
enriched by an equivalence relation, whose classes are the models in K. The
partial order <’ is defined naturally.

Definition 2.2.5. Let 7 be a relational vocabulary and let A be a cardinal.
Let K be a class of AT (up to isomorphism) 7-models each of cardinality at
most A. Let E be a binary predicate not in 7.

Then (K’, <) is defined as follows:

K’ be the class of models M for 7| J{E} such that:

(1) EM is an equivalence relation.

(2) For every a € M aEM is isomorphic to some model in K.

(3) For every predicate R € 7 if R™(aj...a,), then the elements a...a,,
are in the same class under EFM.

=<’ is the relation on K’ which is defined by: M <’ N if M C N and for
every a € N — M and b € M —aENb.

Proposition 2.2.6. Let 7 be a relational vocabulary and let X be a cardinal.
Let K be a class of At (up to isomorphism) T-models each of cardinality
exactly . Let E be a binary predicate not in 7.

Then (K',=<') is an AEC and the trivial frame of it is a semi-good A-
frame which is not a good-frame. Moreover, (K, =) satisfies the following
properties:
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(1) (K, =) is A-tame (see Definition 1.11 on page 8 in [GrVa 24]).
(2) (K, =) is stable in all cardinalities greater than .
(8) I(p, K) = p for each p with > .

Proof. Tt is easy to prove that it is an AEC. For example, we prove that it
has a LST-number and actually its LST-number is X\. Let N € K’ and let
A C N. Let M be the sub-model of N with universe {b € N : aEVb for
some a € A}. Now |[M| =|A| x A and M <’ N.

We have to prove that the trivial frame of (K’, <’) is a semi-good A-frame.
So we have to check conditions 3-5 of Proposition 2.2.3 and the symmetry
axiom (Definition 2.1.1.3.e).

3. Easy.

4. Let M,Ni,No € K} with M =/ Ny and M =/ N, and let a; €
Ny, ag € Ny. Then tp(ai, M, N1) = tp(ag, M, Ny) iff there is an isomorphism
f a1 ENY — aa EN? with f(a1) = ag. But for every (M, N,a) € S(M), aEN
is isomorphic to some model in K and |K/ = | = AT. So AT < |S(M)| <
A X AT =T,

5. Easy.

By Proposition 2.2.3 it is enough to prove the symmetry axiom. We leave
it to the reader.

It remains to prove that the trivial frame is not a good frame, namely,
that for some model in M € K’ we have |S(M)| = A" (so = A"). Take
an M € K’ of cardinality A. For each model N € K, we define a model
My € K’ such that its universe is a disjoint union of M and N, EM~N .=
EM | J{(a,b) : a,b € N}, for each predicate R € 7 RMN(ag,ay,...a,) iff
RM(ag, a1, ...a,) or RN (ag, a1, ...ap).

Let N1, N2 € K and let a1 € Mp,,a2 € My,. If (M, Mpn,,a),(M,My,,b)
realize the same galois type, then the embedding witnessing it must map
the equivalence class of a onto the equivalence class of b and so N1 must be
isomorphic to Ns.

_|

Example 2.2.7. Let A be a cardinal. Let K be the class of well orderings
of cardinality A at most. So |K/ 2| = A*. Let (K’, <’) be as in Proposition
2.2.6. Then the trivial frame of (K’,<’) is a semi-good A-frame, but is not
a good A-frame.

2.3. A family of examples. The following assertions of Shelah yield ex-
amples of semi-good frames, which in general do not have to be stable; un-
derstanding the argument requires a careful examination of the first chapter
of [Sh:h].

In [Sh:h].II, Shelah presents a way to derive a good-frame, using results
from [Sh:h].I. Here, Proposition 2.3.4 presents a way to derive a semi-good
Ro-frame, using [Sh:h].IT and [Sh:h].I.

First we give some definitions.
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Definition 2.3.1. Let (K, <) be an AEC and let M € Ky,. We define
Ky = {N eK:N =Loow M} and <= {(Nl,Ng) : Ny, Ny € Kpy, N1 =X
NQ, and N1 jLoo,w NQ}

Definition 2.3.2. (K, <) is said to be PCy, when: K is the class of reduc-
tions to a smaller language, of some countable elementary class, which omit
a countable set of types, and the relation = is defined similarly.

Let (K,=) be an AEC, M;, Ms be models in K and A a subset of
M;i () Ms. Shelah defines (Definitions 5.5,5.7 of [Sh:h].I) when tp(a, M;, Ma)
is definable over A. We should note, that while in [Sh:h].I, we deal with
the syntactic types that are materialized (see 4.3 of [Sh:h].I), in [Sh:h].II,
the types are galois. Shelah discusses this issue in the proof of Theorem 3.4
of [Sh:h].IT and shows that in the context of Theorem 3.4 galois types are,
actually, those types which are materialized.

Definition 2.3.3. Let (K, <) be an AEC. The finitely definable A-frame of
(K, R)is (K, =%,5™, ||)) where we define ||) := {(Mo, M1, a, Mz) : My, My, M, €
K, HM()H = ||M1|| =\, My X M; < My and ga—tp(a, Ml,MQ) is definable
(in the sense of Definitions 5.5,5.7 of [Sh:h]|.I) over some finite subset A of
My}.
Proposition 2.3.4. Let (K,=) be an AEC with a countable vocabulary,
LST(K,=) = Ng, (K, =) is POy, 0 < I(Ry, K) < 2% and 2% < 281,

Then:

(1) There is a model M in Ky, such that (Kyr)y, # 0,

(2) the finitely definable Ro-frame of (Kpr, <nr) s a semi-good Ng-frame.
Proof. (1) By Proposition 2.3.5,

(2) by Proposition 2.3.10.

_|

Proposition 2.3.5. Let (K,=) be an AEC with a countable vocabulary,
LST(K, =) =Ny, (K, =) is PCy, (0 < I(Xy, K) < 2%t and 280 < 2%, Then
there is a model M € Ky, such that (Kar)x, # 0.

In order to prove Proposition 2.3.5, we use theorems from [BLS].

Definition 2.3.6. Let L* be a fragment of L, ,. A model is L*-small if it
realizes only countably many L*(7)-types over ().

The following fundamental result is du to Keisler (see [Ke] or Theorem
2.4 of [BLS] or Theorem 5.2.5 of [Bal).

Theorem 2.3.7 (Keisler). If a PCs over Ly, ., class K has an uncountable
model but less than 2“' models of power Ry then for any countable fragment
L* of Ly, ., every member M of K is L*-small. That is, each M € K realizes
only countably many L*-types over ().

The following theorem is a translation of Theorem 2.7 from [BLS] (this
theorem was certainly known to Shelah when Sh88 was proved).
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Theorem 2.3.8. If the class K is PCy, and every model of cardinality X1 is
L*-small for every countable fragment L* of L., ., then K has a Ly, ,,-small
models M' of cardinality N;.

Now we can prove Proposition 2.3.5:

Proof. By Theorem 2.3.7, the assumptions of Theorem 2.3.8 are satisfied.
So by Theorem 2.3.8, K has a L, «-small model of cardinality X;. Now it
is enough to prove Proposition 2.3.9. -

The following proposition is a version of the Lowenheim-Skolem-Tarski
downward Theorem. It combines the logic L, ., with the concept of AEC.

Proposition 2.3.9. Let (K, =) be an AEC with LST (K, <) = Xg and let M
be a Ly, .,-small model of K of cardinality X1. Then we can find a countable
submodel N of M such that:

(1) N € K.

(2) N <M.

(3) N <, M.

w1 ,w

Proof. If we can choose an increasing sequence of countable submodels of
M, (N, : n < w) such that No, <= M and Nap41 2L, M for each
n < w, then the union of this sequence satisfies the needed conditions. Since
LST(K,=) = Yy, we can choose N,, for an even number. Since M is Ly, ,-
small, by a Lowenheim-Skolem-Tarski argument, we can choose N,, for an
odd number. -

Proposition 2.3.10. Let (K, =) be an AEC with a countable vocabulary,
LST(K, =) = N, (K, =) is PCy,, 0 < I(R1, K) < 2™ and 2% < 2™, Let
M be a model in Ky, with (Kpr)g, # 0. Then the finitely definable Ro-frame
of (K, <nr) s a semi-good Ro-frame.

Proof. By the proof of Theorem 3.4 on page 285 in [Sh:h].II: We assumed
here assumptions («), (/3), () of Theorem 3.4. So by Theorem 3.4.1 for some
M € Ky, we have (07), (¢) too. So if (0) (namely stability) holds then by
Theorem 3.4.2, s is a good Ng-frame.

We have two problems concerning (§): the first problem is that we know
(67) (namely almost stability) only. But at the beginning of the proof of
item 2 (the last line on page 287), it is written ‘we assume (0~) instead of
(o).

The second problem is that the proof of almost stability uses [Sh:h].I,
where the types are not galois. But shelah shows (in the proof of Theorem
3.4) that galois types are in this case a certain kind of syntactic type, those
which are materialized.

By the continuation of the proof, we see that s is a semi-good Ng-frame

2.4. Specific Examples. Example 2.4.6 is a specific semi-good frame. Note
that Example 2.4.6 is not of the same kind as the family in Subsection 2.3,
because in 2.4.6 there are 2% models of cardinality X.
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Definition 2.4.1. A transitive linear order is a linear order, M, such that
for every two elements a,b € M there is an automorphism f of M with

f(a) =b.
The following lemma is implied by Corollary 8.6(2) on page 123 in [Rosenstein]

Lemma 2.4.2. Let K be the class of transitive linear orders. Then I(Ro, K) =
Ny.

Definition 2.4.3. A transitive partial order is a partial order, M, such
that for each element a € M, the connectedness component of a, namely,
{be M :b<aVa<b}isa transitive linear order.

The following AEC can be called ‘The AEC of transitive partial orders
with countable connectedness components’. But we prefer a shorter name.

Definition 2.4.4. The AEC of transitive partial  orders,
(K, =X) is defined by: K is the class of transitive partial orders, whose each
connectedness component is countable. M < N means M C N and for each
a € M and b€ N — M, neither a <V b nor b <" a (new elements belong to
new connectedness components).

Proposition 2.4.5. The AEC of transitive partial orders is an AEC which
is PCy, and it has LST-number Ng.

Proof. We prove that K is PCy, only. Define a vocabulary 77 := {<} U{/» :
n < w}, where < is a binary relation, and f, is a unary function for each n.
Define 7 := {<}. Let ¢ be the sentence ‘< is a partial order’ and let ¢,, be
the sentence ‘f;, is a 7-automorphism’. Let T be the theory {¢p} U {p, :n <
w}. We define a type p(x,y) :== {fn(x) # y:n < w}. Now K is the class of
reductions to 7 of 7t-models of T which omit p(z,y). -

Example 2.4.6. Let (K, =) be the AEC of transitive partial orders. Let
S be S"?. Let (|J be the trivial non-forking relation (‘always’ the type does
not fork).

Remark 2.4.7. Let M(), Ml, My € K)\, M() = Ml, My and let a1 € My —M()
and az € My — My. Then ga — tp(ay, My, M1) = ga — tp(as, My, Ms) if and
only if there is an isomorphism f : a1 EM — aa EM2 with f(ay) = ag).

Claim 2.4.8. (K, =, 5% (|)) is a semi-good Ro-frame.

Proof. It is easy to prove the existence and uniqueness of the non-forking
extension, using Remark 2.4.7. In order to prove almost stability, we have
to use Lemma 2.4.2. It is easy to prove the remain axioms. -

2.5. Additional properties of a frame. The following definition appears
in [Sh E46].

Definition 2.5.1. Let pg € S(My),p1 € S(M1). We say that pg,p; are
conjugate if for some ay, MJ ,at, Mf“ , f, the following hold:
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) For n =0,1, tp(an, My, M;7) = pp,.
: Mt — M is an isomorphism.
0 1
) f | My: My — M is an isomorphism.

Proposition 2.5.2. Assume that pg,p1 are conjugate and the types pi,ps
are conjugate. Then the types po,p2 are conjugate.

Proof. Compose the isomorphisms. —

Definition 2.5.3. Let p = tp(a, M, N). Let f be a bijection with domain
M. Define f(p) := tp(f(a), f[M], fT[N]), where f* is an extension of f (and
the relations and functions on f[N] are defined such that f*: N — fT[N]
is an isomorphism).

Remark 2.5.4. The definition of f(p) in Definition 2.5.3 does not depend
on the representative (M, N,a) € p.

Definition 2.5.5. Let s be a semi-good A-frame. We say that s satisfies the
conjugation property when: K is categorical and if My, My € Ky, My = My
and py € S%(M>) is the non-forking extension of p; € S%(My), then the
types p1, p2 are conjugate.

By Claim 2.18 in [Sh:h].II:

Proposition 2.5.6 (The transitivity proposition). Suppose s is a semi-good
A-frame. Then: If My < My < My, p € S**(My) does not fork over My and
p | My does not fork over My, then p does not fork over M.

By Claim 2.16 in [Sh:h].II:
Proposition 2.5.7. Suppose

(1) s satisfies the azioms of a semi-good \-frame.

(2) n<3= My=<M,.

(8) Forn=1,2, a, € M,, — My and tp(an, Mo, M,,) € Sb(My).
Then there is an amalgamation (f1, fa, M3) of My, My over My such that
forn =1,2 tp(fn(an), f3—n[Ms_y], M3) does not fork over M.

Theorem 2.5.8. Suppose s satisfies conditions 1 and 2 of a semi-good -
frame (so actually the relation ||) is irrelevant).
(1) Suppose:
(a) (Mg : o < \T) is an increasing continuous sequence of models
mn K.
(b) There is a stationary set S C AT such that for every a € S
and every model N, with M, < N, there is a type p € S*(M,)
which is realized in My+ and in N.
Then My+ is full over My and is saturated in \™ over \.
(2) Suppose:
(a) (M, : o < A1) is an increasing continuous sequence of models
mn K.
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(b) For every a € A\t and every p € S*(M,,), there is 8 € (o, AT)
such that p is realized in Mg.
Then My+ is full over My and My is saturated in AT over .
(3) There is a model in K+ which is saturated in \™ over \.
(4) M € Ky = |S(M)| < X\t (we know that |S**(M)| < A\*, but the
point is that |S(M)| < AT).

Proof. We will show 1 implies the rest and then prove 1. Obviously 1 = 2.

3 = 4: Let M € K, and let M+t € A" be a saturated model in AT
over \. Since LST(K,=<) < X we can find M; € K, with M; < MT.
Since (K, =X| K)) satisfies the joint embedding property, we can find a
joint embedding (f1,idnr,, M2) of M and M;. By Proposition 1.0.31 (the
saturativity = model homogeneity Proposition) we can find an embedding
fo: My — M™T over M. Now |S(M)| = |S(feo fri[M])] < ||[MT|| = \T.

To show 2 = 3, we construct a chain satisfying the hypotheses of 2. Let
cd be an injection from AT x AT onto A*. Define by induction on o < A\
M, and (pap : 8 < A1) such that:

(1) (M, : « < A") is an increasing continuous sequence of models in
K.
(2) {Pas: B < AT} =S"(M,).
(3) Mq4 realizes p, g, where we denote: A, := {cd(y,5) : v < o, pyg
is not realized in M, }, e = Min(4,) and (v, ) = cd~!(c,).
We argue that My+ := [J{M, : a < AT} is saturated in AT over A. By 2 it
is sufficient to prove that for every a@ € A* and every p € S%(M,,) there is
B € (a,\") such that p is realized in Mpg. Towards a contradiction, choose
o so that p € S%(M,+) is not realized in My+. There is 8 < AT such
that p = po+ 3. Denote ¢ := cd(a*, B). For every a > o* € € Ay, so Aq is
nonempty and ¢, is defined. But ¢, # ¢, (because otherwise p is realized in
My+11), 50 €4 < €. The function f : [a*,AT) — &, f(a) = &, is an injection
which is impossible.
It remains to prove item 1. Fix N, with My < N. It is sufficient to prove
that there is an embedding of N to M+ over My. We choose (a., N, f:)
by induction on € < AT such that:

id id

N Ng N6+1

S

(1) (@ : € < AT) is an increasing continuous sequence of ordinals in A*.
(2) The sequence (N : € < AT) is increasing and continuous.

(3) (f- :e < AT) is increasing continuous.

(4) No:= N, ap :=0 and fo = idpy,.

(5) fe: My, — N. is an embedding.

(6)

For every a € S there is a € M,_,, — M, such that f.yi(a) € Ne.

e+1
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By Proposition 1.0.30 we cannot carry out this construction. Where will we
get stuck? For € = 0 or limit, we will not get stuck. Suppose we have defined
(ae, Ney fe) for ¢ < e. If fo[M,.] = Ne, then f=! | N is an embedding of
N into M+ over My, hence we are finished. So, without loss of generality,
fe[My.] # Ne. If e ¢ S, then we define ac41 := a. + 1 and use the
amalgamation property in (K, <[ K)) to find Nci1, fo11 as needed.

Suppose a. € S. By the theorem’s assumption, there is a type p €
S(M,.) such that p is realized in M)+ and f.(p) is realized in N,. Define
eq1 = Min{a € AT : p is realized in M, }. Take a € M,,_,, such that
tp(a, Mo, , M,..,) = p and take b € N, such that tp(b, f-(Ma,), N:) = f-(p).
Then f.(tp(a, My, My+)) = tp(b, My, N¢). By the definition of type (Defi-
nition 1.0.24.1), there are N.y1, foy1 with No < Ne41, fo41 is an embedding
of Ma5+1 into N5+1, fg - f5_|_1 and f5+1((1) =b.

Since the hypotheses of 5 applies to any cofinal segment of the sequence
(M, : @ < AT) and any submodel of size A lies in some M,, we conclude
that M,+ is saturated in AT over \. =

2.6. Non-forking with larger models. Now we extend our non-forking
notion to include models of cardinality greater than .

>\
Definition 2.6.1. [|J is the class of quadruples (My, a, My, Ms) such that:
(1) A < ||M;]|| for each i < 3.
(2) My =X My X M5 and a € My — M.
(3) For some model Ny € K, with Ny =< M for each model N € K,
Ny U{CL} CN=M = LU(N(),CL, N, Mz)

Definition 2.6.2. Let My, M; be models in K>\ with My <X M; and
p € S(M;). We say that p does not fork over My, when for some triple

<A
(My, Ms, a) € p we have |J (Mo, a, My, Ms).

Remark 2.6.3. We can replace the quantification ‘for some’ (M7, M, a) in
Definition 2.6.2 by ‘for each’.

Definition 2.6.4. Let M € K-, p € S(M). p is said to be basic when
there is N € K such that N < M and p does not fork over N. For
every M € K+, SQSA(M ) is the set of basic types over M. Sometimes we
write S% (M), meaning S (M) or 5% (M) (the unique difference is the
cardinality of M).

Now we present a weak version of local character which is needed for a
later paper.

Definition 2.6.5. Let s be a semi-good A-frame except local character. s
is said to satisfy weak local character for <}-increasing sequences when: If
of < AT and (M, : @ < @* +1) is an <} —increasing continuous sequence
of models, then for some element a € My+11 — My+ and ordinal a < o,
tp(a, Mo+, My+41) does not fork over M,,.
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Definition 2.6.6. Let s be a semi-good A-frame except local character. s is
said to satisfy weak local character when for some relation <3 the following
hold:

(1) <3 is a relation on K.

(2) If My -<§\ My then My < M; (SO My # Ml)

(3) If My -<§ My <X My € K then M, -<§\ M.

(4) s satisfies weak local character for <3-increasing sequences.

(5) If My € Kx, My < My € Ky+, then there is a model M; € K such
that: My -<; My < M.

Remark 2.6.7. If s is a semi-good A-frame (i.e. satisfies local character)
and <3 is a relation on K such that M <} N = M =< N, then s satisfies
weak local character for <3-increasing sequences.

The following theorem asserts that a non-forking relation in (K, <[ K))
can be lifted to K>, with many properties preserved. Assuming local char-
acter, we can prove that density, monotonicity, transitivity, local character
and continuity are preserved. Without assuming local character, we can
prove that monotonicity, transitivity and continuity are preserved.

Theorem 2.6.8. Let s be a semi-good \-frame, except local character.

(1) Density: If s satisfies weak local character and M < N, M € K>y,
then there is a € N — M such that tp(a, M, N) € S%, (M).

(2) Monotonicity: Suppose My < My < Ma, n < 3 = M, € K>y, ||Ma||
>\ Ifpe SZSA(MQ) does not fork over My, then

(a) p does not fork over Mj.
(b) p | My does not fork over M.

(8) Transitivity: Suppose My, My, My € K>y and My < My <X My. If
pE Sgs/\(MQ) does not fork over My, and p [ M1 does not fork over
My, then p does not fork over M.

(4) About local character: Let & be a limit ordinal. Suppose s satisfies
local character or A\t < cf(0). If (My : a < &) is an increasing
continuous sequence of models in K<y, and p € Sgs/\(M(;) then there
is a < & such that p does not fork over M,,.

(5) Continuity: Suppose (M, : o« < § + 1) is an increasing continuous
sequence of models in K>y. Let ¢ € Msy; — Ms. Denote po, =
tp(e, My, Msi1). If for every o < 0, po does not fork over My, then
ps does not fork over My.

Proof. (1) Density: Suppose M < N.

Case 1: ||M|| = A. Choose a € N — M. LST(K,=) < X and so there is
N* < N such that: |[[N*|| = XA and M |J{a} € N*. By Axiom e of AEC
M <X N*Buta € N*—M and so M < N*. By the existence axiom in s, there
is ¢ € N* — M such that tp(c, M, N*) is basic. So tp(c, M, N) € S*(M).
Case 2: ||M|| > X\. We choose M,,, N,, by induction on n < w such that:
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id id id

ce N, Ny, N, N
id idT idT idT
M, id My, id Mot id N, i _ar

(a) (N, :n <w) is an < —increasing continuous sequence of models in K.
) (M, : n < w) is an <3 —increasing continuous sequence of models in

For every ¢ € N,, M, . C M,+1 where we choose M, . € K) such
that: If tp(c, M,,, N,,) € S**(M,,) but does fork over M, then M, is a
witness for this, namely, M,, < M, . < M and tp(c, My, ., N) forks over
M,,. Otherwise M, . = M,.
The construction is, of course, possible.
Now we define M, := (J{M,, : n < w} and N, := |J{N,, : n < w}. By
Definition 1.0.3.1.d (smoothness), M, =< N,. By local character for <3-
increasing sequences, for some element ¢ € N, — M, and there is n < w
such that tp(c, M, N,,) € §%(M,,) does not fork over M,,. By monotonicity
without loss of generality ¢ € N,,. We will prove that tp(c, M, N) does not
fork over M,. Take M* with M, < M* < M. By way of contradiction
suppose tp(c, M*, N) forks over M,. By the monotonicity in s (Axiom b),
tp(c, M*, N) forks over M,. So by the definition of M, ., tp(c, My ., N)
forks over M,,. Hence by Axiom b (monotonicity) tp(c, M, N) forks over
M, a contradiction.
(2) Monotonicity: We use the same witness.
(3) Transitivity:

N _id ppes _id M,
R
Ny il N*
2
id
No id Mo

Suppose My < My < Mo, p € S¥(M>) does not fork over My and p | M,
does not fork over My. We can find Ny < My such that Ny witnesses that
p | M does not fork over My. We will prove that Ny witnesses that p
does not fork over My. Let N € K, be such that Ny < N < M>. We
have to prove that p [ N does not fork over Ny. First we find a model N;
that witnesses that p does not fork over M;. As LST(K,=) < A, there
is N* € K such that Ng|JN; € N* < M; and there is N** € K such
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that N*JN C N** < M. As N; witnesses that p does not fork over M,
p [ N** does not fork over Nj. By the Definition 2.1.1.3.b (monotonicity),
p [ N** does not fork over N*. Ny witnesses that p [ M; does not fork
over My, so p [ N* does not fork over Ny. By the transitivity proposition
(Proposition 2.5.6), p [ N** does not fork over Ny. So by Definition 2.1.1.3.b
(monotonicity), p | N does not fork over Ny.

(4) About local character: Let (M, : @ < J) be an increasing continuous
sequence of models in K~ ). Let p € Sgs/\(M(;) and N* be a witness for this,
i.e., p does not fork over N* € K. Let (a(e) : € < ¢f(d)) be an increasing
continuous sequence of ordinals with a(cf(d)) = 0.

Case a: At < cf(d). By cardinality considerations, there is ¢ < cf(9)
such that: N* C M. By Definition 1.0.3.1.e N* =X M,(). As N* wit-
nesses that the type p is basic, by Definition 2.6.1, N* witnesses that p does
not fork over M)

Case b: s satisfies local character and cf(d) < A\. Using LST(K, <) < A
and smoothness, we can choose N,(¢) by induction on € < ¢f(d) such that:
id

N* id

Ns Ms D

J

id
Na(z—:) - Ma(z—:)
(a) Na(s) € K.
b) (Ng(e) : € < cf(0)) is an increasing continuous sequence.
(¢) Moy TN™ C Nyey = Mye)-

By Definition 1.0.3.1.e, N* < Ns < Mjs. Since p does not fork over N*,
by monotonicity (Theorem 2.6.8.2) p does not fork over Ns. By local char-
acter, for some € < cf(d), p [ Ns does not fork over N,(.). By transitivity
(Theorem 2.6.8.3), p does not fork over Ny (). By monotonicity (Theorem
2.6.8.2), p does not fork over M.

(5) Continuity: For every o € ¢ denote p, := p | M,. p7 does not fork
over My. So for some Ny € Ky, Ng = My and py does not fork over Nj.
By monotonicity (Theorem 2.6.8.2) and transitivity (Theorem 2.6.8.2) for
every a < 0§, p, does not fork over Ny. We will prove that p does not fork
over Ny. Take N* € K, with Ng <= N* <X Ms. We have to prove that p | N*
does not fork over Ny. Let (a(e) : ¢ < ¢f(d)) be an increasing continuous
sequence of ordinals with a(cf(d)) = 9.

Case a: A\t < ¢f(d). By cardinality considerations, there is ¢ < c¢f(9)
such that N* C M. But M, =< Ms and N* <X Ms, so by Axiom
1.0.3.1.e N* = M. Since p,(e) does not fork over No, by monotonicity
(Theorem 2.6.8.2) p [ N* does not fork over Nj.

Case b: cf(d) < AT, We choose Ny (. by induction on € € (0, cf(d)] such
that:

(a) The sequence (N : € < cf(d)) is increasing continuous.

—
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(b) €< Cf((S) = N* ﬂMa(e) C Na(a) = Ma(a)'
(¢) Nug) € K.

For every ¢ < cf(d), pa(e) does not fork over Ny, so p [ Ny() does not
fork over Ny. So by Definition 2.1.1.3.g (continuity) (in s), p | N5 does not
fork over Nyg. N* C Ny, hence by Axiom 1.0.3.1.e N* < N;s. Therefore by
Definition 2.1.1.3.b (monotonicity), p [ N* does not fork over Ny. -

3. THE DECOMPOSITION AND AMALGAMATION METHOD

In this section, there is no reason to assume any version of stability or
local character.

Hypothesis 3.0.9. s is a semi-good A-frame, except basic almost stability and
local character.

Discussion. In Section 2 (Definition 2.6.2) we defined an extension of the
non-forking notion to cardinals bigger than A. But we did not prove all
the good frame axioms (we proved only Theorem 2.6.8). The purpose from
here until the end of the paper is to construct a good A"-frame, which is
derived from the semi-good A-frame. In a sense, the main problem is that the
amalgamation property in (K, <[ K)) may not imply the amalgamation
property in (Ky+, <[ K,+). The solution is to define a special notion of a
submodel, jf\vf (see Definition 6.1.4).

Suppose for n < 3 M,, € K+, My = M, and we want to amalgamate
My, My over My. We take representations of My, M1, My as unions of models
of size \. We want to amalgamate M7, My by amalgamating their represen-
tations. For this goal, we will find in Section 5, a relation of ‘a non-forking
amalgamation’. Sections 3,4 are preparations for Section 5. If the reader
wants to know the plan of the other sections now, he may see the discussion
at the beginning of Section 10.

The decomposition and amalgamation method. Suppose for n = 1,2, My =<
M,, and we want to prove that there is an amalgamation of My, Ms over M
which satisfies specific properties (for example disjointness or uniqueness, see
below). We will define various subclasses of K2 and study them in general
under the name K3*. We will decompose a model into a chain such that
each extension is in K3* and draw conclusions from such a decomposition.

Theorem 3.2.3 says, under some assumptions, that we can decompose an
extension of M; over My by triples in K3*. By Proposition 3.1.8.2 we can
amalgamate My with the decomposition we have obtained.

Applications of the decomposition and amalgamation method.

(1) By Proposition 3.1.8(2) there is no <-maximal model in Ky+.

(2) By Proposition 3.3.4 the reduced triples are dense with respect to
=ps (see Definition 3.1.1.2). It enables to prove Theorem 3.3.5 (the
disjoint amalgamation existence), by the decomposition and disjoint
method.
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(3) By Hypothesis 5.1.1, the uniqueness triples are dense with respect
to <ps. The density enables to prove Theorem 5.3.7 (the existence
theorem for NF).

(4) Using again Hypothesis 5.1.1, we prove Proposition 5.4.6. But for
this, we have to prove Proposition 3.1.10, a generalization of 3.1.8,
which says that we can amalgamate two sequences of models, not
just a model and a sequence.

3.1. (Kb <) and amalgamations. We define K3 as the class of those
triples which represent basic types. The reader may feel that this definition
is not new, because we have defined basic types. But while we studied
triples modulo an equivalence relation, now we want to study the triples
themselves. We define a partial ordering, <5 on K305,

Definition 3.1.1.
(1) K3 =: {(M,N,a) : M\,N € K,, a € N — M and tp(a, M,N) €
SH(M)}.
(2) =ps is the relation on K3 defined by: (M, N,a) =<ps (M*, N*,a*)
ifft M < M*, N <X N* a" =a and tp(a, M*, N*) does not fork over
M. In particular, tp(a, M*, N*) extends tp(a, M, N).

The pair (K3, <) satisfies most of the axioms of AEC. The compari-
son between the properties of (K3, <;,) and the axioms of AEC helps to
remember the properties of (K>, <;,). For this comparison we have to
define a new vocabulary.

Definition 3.1.2. Let (K, <) be an AEC with vocabulary 7. The vocabulary
of triples means 7| J{P,c}, where P is an unary predicate not in 7, ¢ is a
O-ary function not in 7, and we interpret (M, N, a) by: N is a 7-model, M
is the interpretation of P and a the interpretation of c.

(K3 <) should not be an AEC. If (K3, <) is an AEC, then for
each (M(), Ny, a), (Ml, Ny, a) S K3’bs, (]\407 No, CL) =bs (Ml, Ny, CL) implies
(Mo, No,a) C (My,Ny,a) and it implies M; () No = My. But why does it
imply that M; (| No = Mo? If (Mo, No,a) is reduced (see Definition 3.3.2),
then it implies that M; (| Ng = M.

We can replace the relation <4 by the following relation:

Definition 3.1.3. jgisj ot ig the binary relation on K 3 defined by:
(M07 NOv CL) jIC)l;SJOlnt (Mlv Nla a) iff (M(Ja NO? CL) jbs (Mlv N17 CL) and NO ﬂ Ml -
My.

The unique use of the Definition 3.1.3 is in the following remark. This
remark is not used later.

Remark 3.1.4. (K3, jl‘fﬁwnt) is an AEC in A (for the vocabulary of
triples). See also Remark 3.3.3.

Proof. Easy, using Proposition 3.1.6. o
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As we said above, the relation =g should not be included in the sub-
model relation. So in order to compare the properties of (K35, <) with
the axioms of AEC, we have to define the notion of increasing continuous
sequence in this context.

Definition 3.1.5. The sequence ((My, Ny, a) : a < 0) is said to be =<ps-
increasing continuous if a < 6 = (My, No, a) <ps (Mat1, Not1,a) and the
sequences (M, : a < 0), (N, : o < 0) are continuous (and increasing).

Proposition 3.1.6. (K% <,,) satisfies the azioms of AEC in \ except
one: the relation <ps should not be included in the submodel relation.

Proof. First we note that K3 is not the empty set [there is M € K, and
as K, has no =<-maximal model, there is N € K, with M < N. Now by
Definition 2.1.1.3.f, there is a € N — M such that tp(M, N,a) € S**(M). So
(M, N,a) € K*]. Now we check the axioms of Definition 1.0.3.1.

a. Trivial.

b. =ps is transitive by Proposition 2.5.6. It should not be included in the
submodel relation.

c. Suppose § < AT and ((My, Ny, a) : a < §) is increasing and continuous.
Denote M = |J{My : o < 6}, N =J{Ny : a < d}. By Axiom c of AEC,
M,N € Ky and for each @« < § M, = M, N, < N. By the definition of
=ps for every a < 9, tp(a, My, N,) does not fork over My. So by Definition
2.1.1.3.g (continuity), tp(a, M, N) is basic and does not fork over M. By
smoothness, M < N. By Axiom c¢ of AEC My < M and Ny < N. So
(Mo,NQ,CL) =bs (M, N, a) e K3bs,

d. Why is smoothness satisfied? Suppose ((Mq, Ng,a) : o < §+ 1) is
continuous and for every «,f with a < g < § + 1, we have a # § =
(Mg, Noya) =ps (Mg, Ng,a). We should prove that (Ms, N5, a) <ps (Msy1,
Nst1,a). 0 #a < < d+1= M, = Mg. But by the continuity of
the sequence (Mg, Ny,a) @ o < § + 1), we have Ms = J{M, : o < 6}
So by smoothness of (K,=), Ms < Msi 1. In a similar way Ny =< N, 1.
(Mo, No,a) <ps (Ms41, Nsi1,a), so by the definition, tp(a, Msi1, Ns11) does
not fork over Mj. Therefore by Definition 2.1.1.3.b (monotonicity), tp(a,
Mgy 1, Ns11) does not fork over M.

€. Suppose (MOaN07a) - (Mlavaa‘) = (M27N27a)7 (M07N07a') =bs
(M3, No,a). By the definition of <ps, we have My C My =< My and M <
M>. Hence by Axiom 1.0.3.1.e we have My < Mj. In a similar way Ny < Nj.
By the definition of <, tp(a, My, No) does not fork over My. By 2.1.1.3.b
(monotonicity), tp(a, My, N1) does not fork over My. So (Mg, No,a) =ps
(Ml, Nl, (1). —

Proposition 3.1.7. K3 has no <us-mazimal model.

Proof. Let (Mg, Ng,a) € K**. In K, there is no <-maximal element,
and so there is M| € K, with My < M{. By Proposition 2.5.7 there
is N € K, with Np < N; and there is an embedding f : M{ — N
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such that tp(a, My, N1) does not fork over My where My := f[M{]. Hence
(MO,NO,(I) jbs (Ml,Nl,(l). -

Roughly, the following proposition says that we can amalgamate the union
of increasing continuous sequence of models (M, : @ < #) and a model N
extending My over My such that many types do not fork.

Proposition 3.1.8.

id id id id id

No Ny Na Ng Nat1 Ny
idT z‘dT idT z‘dT z‘dT z‘dT
M id M, id M, id M, id Moy id M,

Let (M, : o < 0) be an increasing continuous sequence of models in
Ky,. Let N € Ky, with My < N, and for a < 0, let a, € May41 —
My, (M, Myi1,as) € K3 and b € N — My, (Mg, N,b) € K>, Then
there are f,(Ny : o < 0) such that:

(1) f is an isomorphism of N to Ny over M.

(2) (Ny : a < 0) is an increasing continuous sequence.
(3) My < N,.

(4) tp(ag, Noy Noy1) does not fork over M.

(5) tp(f(b), Mu, No) does not fork over M.

Note that Ny is an amalgam of My and N over M.

Proof. First note that the argument uses the symmetry axiom. Now we
explain the idea of the proof. If we ‘fix’ the models in the sequence (M, :
a < 6), then we will ‘change’ N € times. So in limit steps, we will encounter
a problem. The solution is to fix IV, and ‘change’ the sequence (M, : a < 0).
At the end of the proof, we ‘return the sequence to its place’.
The proof itself: We choose (N2, fo) by induction on « such that (),
holds where (%), is:
(i) <80 = N} e K,.
(i) (N(Tv fo) = (I, iday)-
(iii) The sequence (NZ : a < #) is increasing and continuous.
(iv) For every a < 6, the function f, is an embedding of M, to N}.
(v) The sequence (f, : @ < #) is increasing and continuous.
(vi) For every a < 0 tp(fay1(aa), N3, Ni 1) does not fork over fu[My].
(vii) For every a < @ tp(b, fo[Ma], NZ) does not fork over Mj.
Note that in limit steps we do not choose any element and by smoothness,
fa[Ma] < N;.
Now fg : My — Ny is an embedding. Extend f, ! to a function with
domain N and define f := g [ N. Define N, := g[N}].
_|

Proposition 3.1.9.
(1) Ky+ # 0, and it has no <-mazimal model.
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(2) There is a model in K of cardinality \T2.

Proof. (1) Ky+ # (), as we can choose an increasing continuous sequence of
models in Ky, (M, : o < A1), and so its union is a model in Ky+. [As there
is no <-maximal model in K, and in limit step, use Axiom 1.0.3.1.c.]

Why is there no maximal model in K,+? Let M € Ky+. Let (M, : a <
AT) be a representation of M. By the Definition 2.1.1.3.f (existence), for
every a € AT there is an element a, € My11 — M, (we do not use a, but
as we have written it in 1, for shortness, we have to write it here). As in
K, there is no maximal model, there is a model N such that My < N € K
and, without loss of generality, N (| M = My. By Definition 2.1.1.2.c (the
density of basic types), there is b € N — My such that tp(b, My, N) is basic.
Now by Proposition 3.1.8.1, there is an increasing continuous sequence (N, :
a < A7) and f such that f : N — Ny is an isomorphism over M and for
a € AT we have M, < N, and tp(f(b), My, N,) does not fork over Mp. So
by Definition 2.1.1, f(b) does not belong to M, for « € A*. So f(b) does not
belong to M. But it belongs to Ny+, so M # N+, and for this we defined
b. But it is easy to see that M C N+ and Ny+ € K,+. By smoothness (i.e.
Definition 1.0.3.1.d) M < Ny+. So M is not a maximal model.

(2) We construct a strictly increasing continuous sequence of models in
Ky+, (M, : o < A*2). So its union is a model in K,+2. As by 2 there is no
maximal model in K+, there is no problem to choose this sequence. —

The following proposition will be used in the proof of Proposition 5.4.6.

Proposition 3.1.10 (a rectangle which amalgamates two sequences). For
x=a,blet (Mo :a <60%) be an increasing continuous sequence of models
in Ky such that M, o = Mpo and let (dy o : o < 6%) be a sequence such that
dpa € Myat1 — My.o, and the type tp(dy o, My o, My a+1) is basic. Denote
af = 0% B* = 6. Then there are a “rectangle of models” {Myp :a <
a*, B < B*} and a sequence (fg: B < B*) such that:
(1) (a < a*NB < P*) = Mypg € K.
(2) fz: Myg — Myp is an isomorphism.
(3) Ma,O = Ma,a'
(4) fo is the identity on Mo = M.
(5) (fs: B < B*) is increasing and continuous.
(6) For every «, 3 which satisfies a +1 < o and B < (*, the type
tp(da,a, Ma,g, Mat1,38) does not fork over My .
(7) For every «, 3 which satisfies a < o* and 5+ 1 < p*, the type
tp(dp.g, Mg, Mo pi1) does not fork over My g.
(8) I ULIm(Fs) 5 < BN UM ¢ @ < '} = UlMys © 5 <
B YN U Mo : a < a*} = My, then (VB € 8*)fz =1id | My p.
(9) For all a(1) < a* the sequence (Myn)g: B < %) is increasing and
continuous.
(10) For all 3(1) < B* the sequence (M, g(1) : @ < ) is increasing and
continuous.
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id

da,a € Ma+1,0 = Ma,a—i—l Ma+1,ﬁ Ma+1,ﬁ+l

i

Ma,O = Ma,a Ma,ﬁ Ma,ﬁ-{—l

J ) ]

id id
Moo = Mao = Myg —— Moy g = f3[Mps] —= Mo g1 = fa1[Mp 1]

Proof. We define by induction on g < B* fg,{Myp : o < o*} such that
the conditions 1-6 and 8,9 are satisfied. For § = 0 see 3,4. For  a limit
ordinal, we define fz3 = U{fy : v < B}, Map = U{ Mo : v < B}. Why
does 6 satisfy, i.e., why for every «, does tp(dq o, Ma g, Mat1,8) not fork
over My 0? By the induction hypothesis, 6 is satisfied for every v < j,
ie., tp(da,a, Moy, Mayi,y) = tp(da,a, Moy, Ma1,,) does not fork over My .
By Definition 2.1.1.3.b (monotonicity) and Definition 2.1.1.3.g (continuity),
tp(da,a, Ma,g, Mat1,8) does not fork over M, . So condition 6 is satisfied.
For 8 = v+ 1 use Proposition 3.1.8.1. So we can carry out the induction.
Now, without loss of generality, condition 7 is satisfied, too. —

3.2. Decomposition. When we speak about tp(a, M, N), the N is rather
peripheral; any larger model will do. Now we consider classes K3* of triples
(M, N,a) where the role of N is very important. For example, N is the
algebraic closure of M |J{a}, where (K, <) is the class of fields with the
partial order of being sub-field.

Definition 3.2.1. Let K3* C K3 such that K>* is closed under isomor-
phisms (i.e., if (M, N,a) € K>* and f : N — N* is an isomorphism, then
(f[M], FIN], f(a)) € K>*).
(1) K3* is dense with respect to =<y if for every (M, N,a) € K3, there
is (M*, N*,a*) € K* such that (M, N,a) <ps (M*, N*,a*).
(2) K3* satisfies the existence property if for every (M, N, a) € K3,
there are N*, a* such that tp(a*, M, N*) = tp(a, M, N) and (M, N*,
a*) € K>*. In other words, if p € S%(M) then p() K3* # 0.

Definition 3.2.2. Let K3* C K35 K3* be closed under isomorphisms.
Let M* € K. We say that M* is decomposable by K>* over M, if there is
a sequence (dg, N : € < a*) 7 (Ny+) with Ny« = [J{N: : € < a} such that:

(1) a* < A" and for each € < a* N € K.

(2) (N :e < a*) is increasing and continuous.

(3) No =M.

(4) (Ne, Ney1,de) € K3,
In such a case, we say that the sequence (d.,N: : ¢ < a*)"(Ny+) is a
decomposition of M* over M by K3*.
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Theorem 3.2.3 (the extensions decomposition theorem). Let K3* C K3
be closed under isomorphisms.

(1) Suppose s satisfies the conjugation property. If K3* is dense with
respect to =ps, then it satisfies the existence property.

(2) Suppose K>* satisfies the existence property. If N € Ky and p =
tp(a, M, N) € S% (M), then there are N*, N* such that (M, N*,a) €
K3*Np, NXN*, N* <N+,

(3) Suppose K3* satisfies the existence property, M, N € Ky and M <
N. Then there is M* € Ky such that M* = N and M* is decompos-
able over M by K3*. Moreover, letting a € N — M, tp(a, M, N) is
basic, we can choose dy = a, where dy is the element which appears
in Definition 3.2.2.

Proof. (1) Suppose p = tp(M,N,a) € S*(M). As K3* is dense with
respect to <ps, there are M* N* b with (M, N,a) =ps (M*,N*,b). As s
satisfies the conjugation property, p* =: tp(M*, N*,b) and p are conjugate.
K3* is closed under isomorphisms and so p () K3* # (.

(2) K3* satisfies the existence property and so there are b, N* such that:
tp(b, M, N*) = p, (M, N*,b) € K>*. By the definition of a type (i.e., the
definition of equivalence between triples in a type), there are a model N T,
N < N7 and an embedding f : N* — N over M such that f(b) = a.
Denote N** = f[N*]. Now as K** respects isomorphisms, (M, N** a) €
K3*. M < N* < N*.

(3) Assume toward a contradiction that M < N and there is no M* as
required. We try to construct My, aq, N, by induction on o € A" such that
(see the diagram below):
a) ]\40:]\4'7 N():N

) (Mo, May1,da) € K3,
(¢) My = N,.

) For every a € AT, dy € Myi1 () Na — M.
(e)
(1)

(
(
(
The sequence (M, : a < AT) is increasing and continuous.

The sequence (N, : @ < AT) is increasing and continuous.

id id

No M Na
idT idT idT
My i M i M, i Muot1 3 aq

We cannot succeed because otherwise substituting the sequences (M, :
a €AY, (Ny:aeh), (idy, : @« € AT) in Proposition 1.0.30, we get a
contradiction. So where will we get stuck? For a = 0 there is no problem.
For « limit take unions. 3 is satisfied by (smoothness) (Definition 1.0.3.1.d).
What will we do for a + 1, (assuming we have defined (M, No,do)? If
N, = M,, then N, is decomposable over M by K®* and the proof is
complete. Otherwise by the existence of the basic types (2.1.1), there is
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dy € N, — M, such that (M, Ny, dy) € K3 (and for the “moreover” take
dy = a if « = 0). By assumption, K3* satisfies the existence property, so
there are d, M, such that: (Mo, M7, ,,d}) € K>, tp(d}, Mo, M%) =
tp(de, My, N,). By the definition of a type, there are Ny41, Ny =< Nyy1 and
an embedding f : M}, ; — Nqy1 over M, such that f(d},) = do. Denote
Ma+1 = Im(f) We have Na = Na+17 Ma+1 = Noz+1 and (Ma, Ma+1, da) €
K3*. So 2,3,4 are guaranteed. —

The following proposition will be used twice: once in the proof of Theorem
5.4.7 and once in the proof of Proposition 5.5.3.

Proposition 3.2.4 (existence of decomposition over two models). If My,
Mi,N € Ky andn < 2 = M, =X N, then there is M* € K, such that:
N X M* and M* is decomposable over My and over M.

Proof. Choose an increasing continuous sequence (M, : 2 < n < w) such
that:

(1) N < M.

(2) For every n € w, M, 12 is decomposable over M,.

The construction is possible by Theorem 3.2.3. Now by the following propo-
sition, M, is decomposable over My and M. —

Proposition 3.2.5 (the decomposable extensions transitivity). Let (M. :
e < a*) be an increasing continuous sequence of models, such that for every
€ < o Mcy1 is decomposable over M.. Then My~ is decomposable over
M.

Proof. Easy. -

3.3. A disjoint amalgamation. The next goal is to prove the existence
of a disjoint amalgamation. For this we are going to prove the density of
the reduced triples. (M, N,a) is reduced means that a dominates N in a
weak way. We will use the decomposition method where the class of reduced
triples stands for K3*.

Definition 3.3.1. The amalgamation f1, fo, M3 of M7, My over My is said
to be disjoint when fi[Mi] () fo[Ma2] = M.

Definition 3.3.2. The triple (M, N,a) € Ki’bs is reduced if (M, N,a) <ps
(M*,N*,a) = M*(N = M. We define

K3 .= {(M,N,a) € K** : (M, N,a) is reduced}.
Remark 3.3.3. (K37, C) is an AEC in A (see Proposition 3.1.6).

Proposition 3.3.4. The reduced triples are dense with respect to <ps: For
every (M, N,a) € K:\Q”bs, there is a reduced triple (M*, N*, a) which is =<ps-
bigger than it.
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Proof. Suppose towards contradiction that over (M, N,a) there is no re-
duced triple. We will construct models M,, N, by induction on o < A"
such that:

(1) (Mo, N(), a) = (M, ]V7 a).
(ii) For every a € AT, (Mg, Nu,a) =ps (Mot1, Not1,a).
(iii) For every o € A, My y1() N # M,.
(iv) The sequence ((My, Ny,a) : a < A1) is continuous, (see Definition

3.1.1).

Why can we carry out the construction? For a = 0 see clause (i) of
the construction. For limit o see clause (iv). Suppose we have defined
(Mg,Ng,a) : B < a). By Proposition 3.1.6 (K% <) is closed un-
der increasing union. So by clauses (i),(ii),(iv) (M, N,a) <ps (Mq, No, a).
So by the assumption (Mg, Ny, a) is not a reduced triple, i.e., there are
Ma+1, Noy1 which satisfies clauses (ii),(ili). Hence we can carry out this
construction.

Now we have:

(1) The sequences (M, : a < AT), (N4 : @ < A1) are increasing (by
clause (ii) and the definition of <;).
(2) These sequences are continuous (by clause (iv)).
(3) For a € AT, M, C N, (by the definition of K3).
(4) For every a € A, Myi1 () No # M, (by clause (iii)).
We got a contradiction to Proposition 1.0.30. —

The existence of non-forking extension implies that if M; and Ms are
extensions of My then we can find an amalgamation (f1, fo, M3) of M; and
M> over My such that fi[Mi] # fa[Ms], namely, there is a € My — My with
fila) ¢ fa[Ms]. By the following theorem, we can find an amalgamation
(f1, f2, M3) of My and Mj over My such that for each a € My — M fi1(a) ¢

Ja[M].

Theorem 3.3.5 (The disjoint amalgamation existence theorem). Assume
that s satisfies the conjugation property. Let My, M1, My be models in K
such that My < My and My =< Ms.

Then there are Ms, f such that f : My — Ms is an embedding over
My, My = Ms, and f[Ms](\My = My. Moreover, if a € My — My and
tp(a, Mo, My) € S%(My), then we can add that tp(a, f[Ms], M3) does not
fork over M.

Proof. If My = My then the theorem is trivial. Otherwise by the density
of basic types (see Definition 2.1.1), there is an element a € My — M such
that tp(a, Mo, M) € S*(Mp). So it is sufficient to prove the “moreover”.
By Proposition 3.3.4 the reduced triples are dense with respect to <ps. So
by Theorem 3.2.3 (the extensions decomposition theorem), as s satisfies the
conjugation property, there is a model M| such that M; < M{ and M7 is de-
composable over M7 by reduced triples, i.e., there is an increasing continuous
sequence (Np o : a < 6) of models in K such that: Noog = My, Mys = M;
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and there is a sequence (d,, : o < J) such that (No o, Noa+1,da) is a reduced
triple and dy = a. By Proposition 3.1.8.1, there is an isomorphism f of M,
over My and there is an increasing continuous sequence (Nj , : @ < d) such
that: Noo =< Nia, f[Mz2] = Nio and tp(da, N1,a, N1,a+1) does not fork
over Noo. So for a < §, (NoasNoa+ti,da) =bs (N1, N1,a+1,da). But
the triple (No,a, No,a+1,da) is reduced, so Nio()Noat+1 = Noo. Hence
Nl,OﬂNO,é = N(],O [Why? let z € NL[)ﬂNO’g. Let « be the first ordinal
such that x € Ny . « cannot be a limit ordinal as the sequence is contin-
uous. If o = B+ 1 then x € Noo()Nig = Nog, in contradiction to the
definition of a as the first such an ordinal. So we must have a = 0, i.e.,
T € NO,O]' Hence My m f[MQ] = Noy[) = Ny. Denote M3 = No’(;. =

4. UNIQUENESS TRIPLES

4.1. Introduction. In Section 7 we amalgamate models in K+ by amalga-
mating their approximations in K. In Sections 4,5 we study amalgamations
of models in K. Now we define equivalence relation on amalgamations in
K.

Hypothesis 4.1.1. s is a semi-good A-frame.

Definition 4.1.2. Suppose

(1) Mo, My, My € Ky, My < My A My = Mo.

(2) For x = a,b, (f, f§, M7) is an amalgamation of M;, My over M.
(fe, 8, M), (fP, fo, M%) are said to be equivalent over My if there are
12, f% M$® such that f@: M$ — M, fo: MY — MGb, fPo fP = foo fp
and f?o f¥ = f%o f4, namely, the following diagram commutes:

b ab
M3 3

N

M, £ Mg
id
|
My ——— M>
id

We denote the relation ‘to be equivalent over My’ between amalgamations
over My, by Ey,.

Proposition 4.1.3. The relation Eyy, is an equivalence relation.

PTOOf' Assume (fflv fg? M??)EMo(ffa f%) Mil’))) and (ffa fé)a Mg)EMo(ffv f2c7 M3c)
We have to prove that (f{, f$, M§)En, (ff, f§, MS). Take witnesses g1, g2,
Mg’b for (f&, f9, M$)Eng, (2, £5, M%), and witnesses 93,94,M§’C for (f2, £3,
M) Eng, (£5, f5, M5). Amalgamate M3 and M2 over MY. =
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Example 4.1.4. Let K be the class of graphs, namely, K := {G = (|G|, EY) :
Eg is a binary relation on |G| and for every x1, 29 € |G|, 1 E%xy implies
19E%z;. The pair (K, C) (C is the relation of being subgraph), is an AEC.
Define three graphs by: Go := {0}, E¢° := 0, Gy := {0,1}, E¢" = ),
G2 = {0,2},EG2 = @ Now GO - G1 and Go - GQ.
Up to Eg, (equivalence over My, see Definition 4.1.2) there are exactly
three non—equivalent amalgamations of Gy, G over Gy:

(1) (ff, f$,G%) is the non-disjoint amalgamation of G and Gy over
Go, namely: G§ = GY, fi : Gi1 — G%, (Vz € Gy)fi(x) = =,
f5 G2 — G5, f3(0) =0, f5(2) = 1.

(2) (f{’zfé’, G%) is a disjoint amalgamation, where |G| := {0, 1, 2},
E% =0, f5:G1 — G (Vz € Go) f8(x) = .

(3) (ff, f5,GS) is a disjoint amalgamation, where |GS|, f¢, f§ are |GY|,
ff, fé’, respectively, but in contrast to the previous amalgamation
E% = {(1,2),(2,1)}.

We use the equivalence relation E); to define a class of triples (M, N, a)
such that the element a represents the extension N over M:

Definition 4.1.5. K3 = K37 is the class of triples (M, N,a) € K33
such that if M < M; € K, then up to E}; there is a unique amalgamation
(f1, f2, N1) of N and M, over M such that tp(fi(a), fo[M1], N1) does not
fork over M. A uniqueness triple is a triple in K34,

Along the paper we use uniqueness implicitly, via the weak uniqueness of
NF (see Theorem 5.4.7).

We define a variant of domination in order to compare it with the notion
of a uniqueness triple. The main difference between our definition and the
definition in the context of stable first order theories (as defined in Definition
3.2 on page 153 in [Bal 88]), is that in our variant, a s b is replaced by
‘tp(a, My, N1) does not fork over M for some models M;, Ny with M <
My = Ny, b € My, tp(b,M,M;) € S**(M) and N < N;’. By symmetry,
we can replace the assumption ‘tp(a, M7, N1) does not fork over M’ by ‘for
some Ny with M < Na < N; and a € Ny, the (Galois) type tp(b, N2, N1)
does not fork over M’, so it is more similar to the first order case.
Definition 4.1.6. Let M, N be models in K with M < N and let a be an
element in N — M. We say that a dominates N over M when: For every
models My, Ny € Ky with M < My 2 N; and N < N; and every element
b € My with tp(b, M, My) € S*(M), if tp(a, My, N1) does not fork M, then
tp(b, N, N1) does not fork over M.

Proposition 4.1.7. If (M, N,a) is a uniqueness triple, then a dominates
N over M.

Proof. See in Section 6 of [JrSi3]. =

Since the definition of K3%I is confusing, we clarify it by the following
proposition:
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Proposition 4.1.8. (M, N,a) € K% iff the following holds: If for n =
1,2 (M,N,a) =ps (M}, N} a) and f : M{ — M3 is an isomorphism over

M\ J{a}, then for some fi, fo, N* the following hold: f, : N} — N* is an
embedding over N, and fi1 | M| = fa | M5 o f.

Proof. =: Suppose (M, N,a) € K3% and for n = 1,2 (M, N,a) =, (M},
N},a)and f: My — M is an isomorphism over M over M (J{a}. We have
to prove that for some f1, fo, N* the following hold: f, : N — N* is an em-
bedding over N, and f1 [ M{ = fo | M3 o f. (idps,idn, NY), (f,idN, N3)
are two amalgamations of M| and N over M. By the definition of the
relation <3, (Definition 3.1.1.2), tp(a, M7, Ny) does not fork over M and
tp(f(a), f[M], N5) = tp(a, M5, N5) does not fork over M. Hence by Defi-
nition 4.1.5 (idnsy, idn, NY)En (f,idn, N3). So by Definition 4.1.2 there are
f1, fo, N* as needed.

«: We leave to the reader. —

We give an example of a trivial frame such that it is very easy to compute
K3,

Example 4.1.9. Let 7 := (F, P) where FE is a binary predicate and P is
an unary predicate. Let K be the class of 7-models (G, E, P) such that:
(1) (|G|, E) is a graph.
(2) For each a,b € G, aEb = [P(a) N\ P(b)].
(K,C) is an AEC with LST-number Xy. Let A be a cardinal. The trivial
A-frame (see Definition 2.2.2) of (K, C) is of course not a semi-good A-
frame. But if we ignore this fact, and define K>%¢ as in Definition 4.1.5
then K34 = {(M,N,a): (Vx € N — M)-P(x)}.

We will not use the following proposition later.

Proposition 4.1.10. If for every M, N € Ky with M < N and for every
a € N — M, the type tp(a, M,N) is basic then every uniqueness triple is
reduced.

Proof. Let (M, N,a) be a uniqueness triple. By Proposition 4.1.7, a dom-
inates a N over M. Suppose (M, N,a) <ps (M', N’ a). We have to prove
that M'(YN = M. Take b € M’ — M. We have to prove that b ¢ N. Now
by assumption, tp(b, M, M') is basic. By the definition of <5, tp(a, M', N')
does not fork over M. So since a dominates N over M, tp(b, N, N') does
not fork over M. Hence b ¢ N. =

Since we do not want to assume that every type is basic, Item 2 of the
following proposition is important.

Proposition 4.1.11.
(1) If po,p1 are conjugate types and in py there is a uniqueness triple,
then also in py there is such a triple.
(2) If s satisfies the conjugation property, then every uniqueness triple
is reduced.
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Proof.

(1) Suppose py = tp(a, M, N), (M,N,a) € K>". Let f be an isomor-
phism with domain M, such that f(pg) = p1. K, < are closed under
isomorphisms, so it is easy to prove that (f[M], fT[N], f*(a)) €
K3% where f C f*, dom(f*) = N. But (f[M], fT[N], fT(a)) €
p1.

(2) First note that we do not use item 1. Suppose (My, No,a) € K3
and (Mo, No,a) =ps (M1, Ni,a). Since s satisfies the conjugation
property, by Theorem 3.3.5 (the existence of a disjoint amalgama-
tion), there are f, Ny such that f : M; — Ny is an embedding over
My, No = Na, fIMi](\No = My and tp(a, f[M1], N2) does not
fork over My. By Definition 4.1.5, there are fi, fo, N* such that:
fn : Np — N* and embedding over Ny and f; [ M} = fyo f. For
the sake of contradiction assume that x € My [Ny — My. On one
hand, since x € Ny, we have fi(z) € f2[No]. But on the other hand,
since x € My — My we have fi(z) ¢ f2[No] [f(z) ¢ No because
FIM \No = Mo. So fo(f(2)) & lNol- But fi(z) = fo(f(2))]. A

contradiction .

_|

Proposition 4.1.12.

(1) If K39 is dense with respect to <y, and s satisfies the conjugation
property then K3"4 satisfies the existence property.
(2) Suppose that K39 satisfies the existence property. If p = tp(a, M, N) €
S (M), then there is a model N* such that (M, N*,a) € K> p.
Proof.

(1) Substitute K3* := K344 in Theorem 3.2.3.1.
(2) By Theorem 3.2.3(2).

5. NON-FORKING AMALGAMATION

5.1. The hypotheses.

Hypothesis 5.1.1.

(1) s is a semi-good A-frame.
(2) s satisfies the conjugation property.
(3) K34 satisfies the existence property.

Remark 5.1.2. Actually we do not use the local character in this section
(we assume it implicitly, see Definition 2.1.1.3.c). So in [JrSh 940] we can
use the results in this section, although we do not have local character.

5.2. The axioms of non-forking amalgamation.
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Introduction: We want to find a relation of a non-forking amalgamation (see
the discussion at the beginning of Section 3). In Definition 5.2.1 we define
the properties this relation has to satisfy.

Definition 5.2.1. Let R C 4(K)) be a relation. We say & when the fol-
lOWng axioms are satisfied (Where Mo, Ml, MQ, Mg, No, Nl, NQ, Ng, Ma,ia Mb,i
are models of cardinality \):

(a) If R(My, My, Ma, Ms), then n € {1,2} = My < M,, < M3 and M; N
My = M,.

(b) Monotonicity: If R(My, My, M2, M3) and Ny = My,n < 3 = N, =
M,ANy = N, = N3, (HN*)[MP, < N*AN3 =< N*], then R(No,Nl, NQ,Ng).
[Proposition 5.2.2 clarifies this axiom]

(c) Existence: For every Ny, Ni,No € K if [ € {1,2} = Ny <= N; and
N1 () N2 = Ny, then there is N3 such that R(Np, N1, Na, N3).

(d) Weak uniqueness: Suppose for z = a,b R(Ny, N1, N2, N§). Then there is
a joint embedding of V¥, Né’ over N1 J Na. In other words, if R(Np, Ny,
Ny, N3) then NpJ Ny is an amalgamation base.

(e) Symmetry: R(NU, Nl, NQ, Ng) 4 R(No, NQ, Nl, Ng)

(f) Long transitivity: For x = a,b let (M, ; : i < o*) an increasing continu-
ous sequence of models in K. Suppose i < a* = R(Mg;, My it1, My,
Mb,i+1)~ Then R(Ma,ﬂa Ma,a*, Mb,O) Mb,a*)'

Proposition 5.2.2. We can replace item b from Definition 5.2.1 by the
congunction of the following two assumptions:
(1) If R(Mo, My, Mo, M3) and My = Ny < My, then R(My, Ny, Mo, M3).
(2) If M1UM2 - N3 = Mg, then R(Mo,Ml,MQ,M3) 4 R(Mo,Ml,
M27N3)‘

Proof. Suppose @ p-
(1) If R(My, My, My, M3) and My < N1 < Mj, then by Definition 5.2.1.b

(Where N* .= Mg, N3 = M3 and N2 = MQ) R(Mo,Nl,Mg,Mg).

(2) Easy, too.

Conversely, suppose R satisfies items a,c,d,e,f from Definition 5.2.1 and
items 1,2 from our proposition. By item 1, without loss or generality, N =
M;. Using again item 1, by Definition 5.2.1.e (symmetry) without loss of
generality No = Ms. By item 2, R(My, M7, My, N*). Using again item 2,
we get R(Mo, Ml, MQ, Ng), namely, R(No, Nl, NQ, Ng) -
Example 5.2.3. Let K be the class of graphs. Let < be the relation on K of
being subgraph. Let A be any cardinal. Define Ry := {(My, My, My, M3) €
4Ky : My = My =< M3, My =< My < M3, My My = My and for every
a1 € My — My and a9 € My — M, ﬂ(alEM3a2). Define Ry like R; but at
the end: (a1EM3as). Now @p, and Q. .

We give another version of weak uniqueness:

Proposition 5.2.4. Suppose

(1) Qp-
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(2) R(Mo, My, My, Ms) and R(Mo, M, M, Mz).
(8) For n = 1,2 there is an isomorphism fy : My — M over M.

Then there are M, f such that:

(1) Forn<3 f| M, = f,.
(2) My <M.
(3) fIMs] = M.

Proof. My () Mz = My, so there is a function g with domain M3 such that
f1Uf2 - g. So g[Ml] = Ml* and g[Mg] = MQ* Hence R(M(),Mf,Mék,
g[Ms]) and R(Moy, My, M5, M3). Therefore we can use the weak uniqueness
from Definition 5.2.1.d. o

Roughly, the following proposition says that finding a relation R that
satisfies clauses a,c,d of Definition 5.2.1 is equivalent to assigning to each
triple (Mo,Ml,MQ) e D = {(Mg,Ml,Mg) : Mo, M1, My € Ky, My =<
My, My < My} a disjoint amalgamation (see Definition 3.3.1) (f1, f2, M3) of
M, My over My up to Ejy, (see Definition 4.1.2).

Proposition 5.2.5. Let R be a relation that satisfies clauses a,c,d of Def-
inition 5.2.1. Denote D := {(My, My, Ms) : My, My, Ms are models in K
and M() j Ml,M() j Mg}. Then:

(1) There is a function G with domain D which assigns to each triple
(Mo, My, My) an amalgamation (f1, fo, M3) of My, My over My, such
that R(My, fi[Mi], f2[Ms], M3) (in proving this item we do not use
clause d).

(2) If G1, G2 are two functions as in item 1 (with respect to R), then for
every (Mo, My, My) € D, G1((Mo, My, M2))Ep, Go((Mo, My, My)).

(3) If G is a function with domain D which assigns to each triple (M,
My, M) a disjoint amalgamation, then the relation R = {(Mp,
Ml,MQ,Mg) : MlnMQ = My, G((Mo,Ml,MQ))EMO(idMl,idM2,
M3)} satisfies clauses a,c,d of Definition 5.2.1.

Proof. We leave to the reader. —

Definition 5.2.6. Suppose @ . R is said to respect the frame s when: if
R(My, My, Mo, M3) and tp(a, My, M) € S%(My), then tp(a, Ms, M3) does
not fork over M.

5.3. The relation NF'. First we define a relation N F* and then we define
a relation NF' as its monotonicity closure, see Definition 5.3.2. Theorem
5.5.4 asserts that the relation NF' is the unique relation R which satisfies
&R and respects the frame s.
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Definition 5.3.1. Define a relation NF* = NFy on 4(K)) by: NF*(N,
Ni, No, N3) if there is a* < AT and for 1=1,2 there are an increasing contin-
uous sequence (N;; : i < a*) and a sequence (d; : i < o) such that:

id id

id
No No i1 N o+ = N3

N

No = Nip u Ny i N1 u Nior =N
(a) n<3= Ng =N, <X Njs.

(b) N1o = No, N1,o+ = N1, Nojg = Na, Na o+ = N3

(C) 1< a* = Nl,i =< No,;

(d) di € N1it1 — Ny

() (N1, Nuiit1,d;) € K34,

(f) tp(di, N2,i, N2 i+1) does not fork over Ny ;.

In this case, (N14,d; 1 i < o*) " (Njq+) is said to be the first witness for
NF*(Ny, N1, Na, N3), d; is said to be the i-th element in the first wit-
ness for NF* and (Na; : ¢ < o) is said to be the second witness for
NF*(No, N1, Na, N3).

Definition 5.3.2. NF = NF) is the class of quadruples (Mg, My, M2, M3)
of models in K such that My < M; < M3, My < My < M3 and there
are models Ny, N1, No, N3 such that: Ny = My,l < 4 = M; <X N; and
NF*(N07N17N27N3)‘

Proposition 5.3.3. The relations NF*, NF are closed under isomorphisms.
Proof. Trivial. -

Proposition 5.3.4. Suppose for x = a,b (fz1, fo2, Mz 3) is an amalgama-

tion of My, My over Mo. If (fa1, fa.2, Ma3)Eny (fo,1, fo2, My 3), then
NF(Mo, fap[Mi], fa2[Ma], Mq3) < NF (Mo, fo,1[M], fp2[Ma], My3)

Proof. Easy. -

Recall that by Definition 3.3.2 a triple (M, N,a) € Ky is reduced if
(M, N,a) <ps (M*,N*,a) = M*(\N = M.

Proposition 5.3.5. Every triple in K>"4 is reduced.

Proof. Suppose (No, N1,d) =ps (N2, N3,d), (No, N1,d) € K344, By Hypoth-
esis 5.1.1 and Proposition 3.3.5, there is a disjoint amalgamation of N1, Ny
over Ny, such that the type of d does not fork over Ny, so by the definition of
uniqueness triple (Definition 4.1.5), N3 is a disjoint amalgamation of Ny, No
over Ny. =

Proposition 5.3.6.
(1) IfNF*(No,Nl,NQ,Ng) then N1 mNQ = N().
(2) If NF(NQ,Nl,NQ,N:J,) then N1 nNQ = No.
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Proof. (1) Let € Ny () N2. We will prove that x € Ny. Let (N1,,da
a < a*) " (Nia+), (Noo @ a < o) be witnesses for NF*(Ny, N1, N2, N3).
Let o be the first ordinal such that x € Ni,. o« is not a limit ordinal,
because a first witness for NF™ is especially a continuous sequence. We
prove that a is not a successor ordinal, so we conclude that o = 0. Suppose
a = B+ 1. By Definition 5.3.1.e (N1 g, N1 g41,ds) € K>, By Defini-
tion 5.3.1.f tp(dg, N1,g, N1,s+1) does not fork over Ny g. So by Proposition
5.3.5 Nlﬁ_,_lﬂNQﬁ = Nlﬂ. But =z € N176+1ﬂN2 - Nlﬁ_,_lﬂNQ”g, SO
x € Ny g in contradiction to the assumption that « is the minimal ordinal
with z € Ny 4.

(2) By item 1. o

Theorem 5.3.7 (the existence theorem for NF'). Suppose that forn = 1,2

No j Nn and N1 ﬂNQ = No.

(a) For some model N3 € Ky, NF(Ny, N1, No, N3).

(b) If Ny is decomposable over Ny by K>%“, then for some N3 € Kj,
NF*(No, N1, N2, N3).

(c) If N1 is decomposable over Ng by K% and a € N1 — Ny, then for some
N3 € Ky, NF*(Ny, N1, N2, N3). Moreover, we can choose a as the first
element in the first witness for NF*.

Proof.

(a) By Theorem 3.2.3.3 (the extensions decomposition theorem), (and as-
sumption 5.1.1), there is a model Ni with N7 < Ny which is decom-
posable over Ny, i.e., there is a sequence (Nj o,dq : o0 < &) (N qx),
such that: Ny = N1, (N1,a, Niat1,da) € K3 Ny = Nyg« = Nj.
Therefore we can use item b.

(b) Let (N1,q,do : @ < a®) 7 (Nyo+) be an increasing continuous sequence
with N1p = Np and Ny = N;. By Proposition 3.1.8.1 there is a
sequence (Na o : o < o) which is a corresponding second witness for
NF*(No, N1 o+, Na, Na. o+ ).

(c) By the ‘moreover’ in Theorem 3.2.3.3 (the decomposition extensions
theorem).

_|

The following theorem is a preparatory version for N F* of Theorem 5.5.1,
i.e., the long transitivity theorem for N F.

Proposition 5.3.8 (long transitivity theorem for NF*). For z = a,b let
(Mg : a < o) be an increasing continuous sequence of models. Suppose
a<a*= NF* (Ma,aa Ma,a+17 Mb,on Mb,a+1)- Then NF*(Ma,Oa Ma,a*aMb,Oa
My o+).

Proof. Concatenate all the sequences together. o

Proposition 5.3.9 (the monotonicity theorem).
(1) If .Z\[f‘”((]\fo7 Nl, NQ, Ns) and No j M2 j Ng, then NF*(N(_), Nl, MQ,
N3).
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(2) If NF(My, My, Mo, Ms), then we can find N1, N3 such that N F* (M,
Ny, M3, N3) and My < N1 = N3 A M3z = N3.
(3) NF*(Mo, My, My, Ms) A Mz < Mg = NF(Mo, My, My, M),
(4) The relation NF satisfies monotonicity (in the sense of Definition 5.2.1.b).

Proof.

(1) Let (N1,a,do : o« < @), (N : a0 < @*) be witnesses for NF*(Ny, Ny,
N3, N3). Then (Ny4 : o < a*), (Ma)" (N2 : 0 < a < o) are witnesses
for NF*(Ny, N1, N2, N3) (notice that by Definition 2.1.1.3.b (monotonicity)
tp(do, M2, No 1) does not fork over Np).

(2) By the definition of NF' (Definition 5.3.2) and item 1.

(3)
a € M; d My
idT z’dT
My g, i M
J
My —— M,

Take p € S (M), and take M7, a such that (My, My, a) € p() K>%. By
Definition 2.1.1.1.3.f, there is an amalgamation (f, idMg,Mg‘*) of M, M3
over M, such that tp(a, f[M3], M3*) does not fork over My. So NF*(M;,
FIM;], M;, M;*). Hence by item 1, NF*(My, f[M}], Ms, M3*). Now by
Proposition 5.3.8 NF*(My, My, Ma, M5*). So the definition of NF' (Defini-
tion 5.3.2), NF(M(),M1,M2,M§).

(4) Suppose M = My, 0 <n <3 = Mj < M} < M5, M < M,, Mi=
M3, Ms < M3*, NF(My, My, My, Ms).

/ d
Ny Y N3

id
M, M;
id
« _id *
id id
id * id

By item 2, for some Nl,Ng, NF*(Mo,Nl,MQ,Ng), M1 = N1 = N3 and
Ms; < N3. Take an amalgamation (f,idn,, M3**) of M3* and N3 over Ms
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(so over M |JMs3). By item 3, NF(My, Ny, Mz, M5**). So by the definition
of NF (Definition 5.3.2), NF (Mo, M, M5, f[M3]). But the relation NF is
closed under isomorphisms, so NF (Mo, M, M5, M3). .

5.4. Weak Uniqueness. We want to show that N F satisfies weak unique-
ness and long transitivity. Proposition 5.4.4 is a key point. To emphasize
the exact hypotheses involved in the proof, we focus on a small set of con-
sequences ) p.

Item (3) of the following definition follows from ®pr by existence and long
transitivity.
Definition 5.4.1. Let R C 4(K)) be a relation. We say @7 when:

(1) If R(MO,Ml,MQ,Mg) then n € {1,2} = My 2 M, <X Ms.

(2) Weak Uniqueness: Suppose for x = a,b (f{, f3, N5 ) is an amalga-
mation of Ny and Ny over Ny and R(No, f{[N1], f5[N2], N§). Then
(ff’fgaNg)ENo(f{)’fng??)'

(3) If R(My, My, My, M3) and f : My — My is an embedding, then
there is an amalgamation (g, idpz,, Ms) of M3, My over My such that
R(f[Mo], g[Mi], My, Ms).

g

Mo —4> My —L= M,

Definition 5.4.2. NF"4 := {(My, My, My, M3):there is a € M; — My such
that (Mo, My, a) € K3% and tp(a, M, M3) does not fork over M}.

Proposition 5.4.3.

(1) @npua-

(2) For every relation R, Qp = Qx-
Proof.

(1) By the definition of K344 (Definition 4.1.5), Definition 2.1.1.3.f and
Definition 2.1.1.1.d (to get Ms).
(2) By Axioms d,f in Definition 5.2.1 and by Proposition 2.5.6.

We show that weak transitivity is preserved by unions of chains.

Proposition 5.4.4 (the transitivity of weak uniqueness). Suppose
(1) Qr-
(2) a* < AT,
(3) For every a < a*, Nl,a,Nga,anga € K.
(4) (Nia @ < a%), (N§, :a<a*), (Ng’a s a < oF) are increasing
continuous sequences.
(5) N5y = N3,
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(6) For every oo < o*, f2: Nyo — N§, and f3: Nio — NJ .
(7) (a <a* Az € {a,b}) = R(fS[N1,als fo11[N1at1)s NS oy N5 g 1)

Then (f«,idng ), N8 o) Eny o (& idng,, NJ ).

Proof. We choose N2, ga,as9bo by induction on o < «a*, such that for
x =a,b and o < o* the following hold:

(1) gz,a : N, — Nog is an embedding such that gqa © f§ = gba © foa-
(ii) Noop = N3, gz0 = identity.

(ili) (Naq @ o < a*) is an increasing continuous sequence.

(iv) (ga.a @ @ < @*) is an increasing continuous sequence.

If we can construct this, then the following diagram commutes:

Ja,a*
él,a* N2,a*
e
Nio it Nga*

[By clause (i) ga,a* © f&% = gba* © fo, and by clauses (ii), (iv) gra* 2 gz0 =
idN, o]

Therefore (ga,a*; gb,axs No,ax) witnesses that (f«,idn, o, Vg 4+ ) ENy (fb.,
idNy g, NS o)

Why can we construct this? For o = 0, only clause (ii) is relevant. For «
limit ordinal, take unions, and by smoothness, g o is <-embedding. What
will we do for a + 1?7 By clause 7 for x = a,b R(f5[N1,al, f5:1[Nt,at1],
N§a7N§,a+1)~ By clause (i), gLa[Né’;a] =< Ny, and by clause 1, @ 5. So by
Definition 5.4.1.3, we can find g,, N* such that the following hold:

(1) gz : N5 o1 — N7 is an embedding.

(2) Gz, C G-
(3) R(gx o fg[Nl,a]a gz © §+1[N1,a+1], N2,ou Nx)
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h(l
N —— Naat1

/ d

a b
N2 a+1 N

i
: b id
Nia+1 et NJ o1
gal
id Nia i No o
f& 9b,c
2 b
Nl,a NQ a

Hence by Definition 5.4.1.2 (g, | fa+1[N1,a+1],ing’aaNa)Efg[lea}(gb i

0%

f3+1[N1,a+1],idN2’a,Nb). So there is a joint embedding (ha,hb,Ng,aH) of

N¢, N® such that for z = a,b idy,,, € h® and h®ogao fo,; = hbogyo fb .
Now we define g, 41 := h* 0 g,. =

The following proposition asserts that we have weak uniqueness over the
first witness for N F™*.

Proposition 5.4.5. If for x = a,b NF*(Ny, N1, Na, N§) and they have the
same first witness, then there is a joint embedding of Ng, N§ over Ny |J Na.

Proof. By Proposition 5.4.3.1, &)y puq- Hence it follows by Proposition 5.4.4.
_|

The following proposition is similar to weak uniqueness for N F'*, but note
the order of N1, Ny in the two quadruples.

Proposition 5.4.6 (the opposite uniqueness proposition). Suppose
NF*(Ny, N1, Na, N§¢) and NF*(Ng, Na, N1, N%). Then there is a joint em-
bedding of N§ and N& over Ny|J Na.

Proof. Suppose that (N2, d% : a < a*)™ (NS.) is a first witness for N F™* (N, IVy,

[e % iate

Ny, N§) and (N}, d% : 8 < *)7(NB.) is a first witness for NF*(No, Na, N1,
N2). By Proposition 3.1.10, there is a rectangle {M, 5 : o < a*, 3 < B*}
such that:

(1) Mao = N&.
2) Myp = N}
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N =

id

id id id
No = My —— N,g’ = Mo — N,g’+1 ——>Ng = ZANCE

By clauses 1,3, (d%, N¢ : o < a®) is a first witness for NF*(Ny, N1, N,
M~ g<). But by definition this is also a first witness for NF™(Ng, Ny,
N3, N§). So by Proposition 5.4.5, there is a joint embedding (idas,. 4., %,
N3"*) of Mys g+, N$ over Ny |J Ny. Similarly by clauses 2,4, there is a joint
embedding (idMa*ﬁ*,fb,Ng’*) of Ma*ﬁ*,Ng over Ny |JNa. Since (Ky,=|
K,) satisfies the amalgamation property, there is an amalgamation (g%, ¢°, N3)
of Ng’*,Ng’* over My« g«. N3 is an amalgam of N, N§’ over N |J No. —

Theorem 5.4.7 (weak uniqueness for NF'). Suppose for x = a,b NF(My,
My, My, M®). Then there is a joint embedding of M®, M® over My | M.

Proof. First note that since M; (| My = M), the conclusion of the theorem
is equivalent to (idyz, , idar,, M®)Eg, (ida, , idag,, MP).

Case a: NF*(My, My, Mo, M*) and My is decomposable over M. In this
case, by Theorem 5.3.7.b (the existence theorem for N F') there is M€ such
that NF*(My, My, My, M€). By Proposition 5.4.6 for z = a,b (idpy, ,idas,,
M?®)E, (iday, ,idar,, M€). But the relation Eyy, is an equivalence relation,
so it is transitive.

The general case: Since NF(My, My, My, M*) by Proposition 5.3.9.5,
there are N{, N%~ such that NF*(My, N{, My, N>~) and M; < N{ =<
N®»~AM® < N%~. Similarly there are N{’, N®~ such that N F*(My, N{’, Mo,
Né’) and M < N{’ < Nb= A MY < N%~. By Theorem 3.2.3 (the extensions
decomposition theorem), there is a model ]\42Jr > M, which is decompos-
able over My. Without loss of generality for z = a,b, ]\45r (N*~ = Mo.
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So by Theorem 3.2.3.3 (the extensions decomposition theorem), there is
N?® = N%~ such that NF*(My, N¥, My, N®).

Not
97
i b
N1 ya N 7+
b [
d
NY f& N? q°
N{’ id Nb
id
id/  pfa id id
/ id
M, id MP
id
id
M, M

By Proposition 3.2.4 there is an amalgamation (f{, f2, N1) of Nf, N?
over M; such that Nj is decomposable over N{ and over N?. Hence for
x = a,b there is an amalgamation (g7, g*, N**) of N1, N* over N{ such
that NF*(g] o ff[NY], g7 [N1], g*[N*], N**). So for z = a,b by Propo-
sition 5.3.9.8 (a private case of transitivity), since NF*(Mo, N¥, My, N?)
and NF*(N¥, N® Ny, N®*) it follows that N F*(My, N1, M, , N®*). So by
case a (g%, 9% | Myf, N* ) En, (g3, ° | My, N®*. Therefore (g¢ | My, g% |
MQ,NG’+)EMO(QI1; [Ml,gb [MQ,Nb’+). —

Proposition 5.4.8. @5

Proof. We have to check clauses 1,2,3 of Definition 5.4.1.

1. Trivial.

2. By Theorem 5.4.7.

3. Suppose N F (Mg, M1, My, M3) and f : My — My is an embedding. We
have to find a model M5 and an embedding g : M3 — Mj5 over My such that
NF(f[My],g[Mi], My, Ms). By Theorem 5.3.9.2, we can find Ny, N3 such
that NF*(Ml,Nl,Mz,Ng,) and M; X N; 2 N3 A M3 < N3. By Theorem
5.3.7.b (the existence theorem for NF', we can find a model M5 with My <
M5 and an embedding h : N3 — Mj such that N F*(My, My, Ny, M5). Hence
NF(My, My, My, Ms). Now we define g := h [ Ms. -
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Theorem 5.4.9 (the symmetry theorem). NF(Ny, N1, N2, N3) < NF(Ny,
N27 N17N3)'

Proof. By monotonicity of NF, i.e., Proposition 5.3.9.3, it is sufficient to
prove NF*(N(), Nl, NQ, N3> = NF(N(), Ng, Nl, Ng) Suppose NF*<N0, Nl,
N3, N3). By Theorem 3.2.3 (the extensions decomposition theorem), there
is NQJr > Ny which is decomposable over Ny. By Theorem 5.3.7.b, there is
an amalgamation (idy,, f, N37) of Ny, Ny over Na such that NF*(Np, Ny,
fINST,N5). So N1 fINS] = No. Hence by Theorem 5.3.7.b, there is a
model N* such that NF*(Ny, f[N5], N1, N*). By Proposition 5.4.6 (the
opposite uniqueness proposition) there is a joint embedding id N 9> N** of

N; and N* over Ny |J f[N5]. Since NF* is closed under isomorphisms,
NF*(Ny, f[N5], N1,9[N*]). Now we have to use the monotonicity of NF
twice. Since Ny < Ny = f[Nj], it follows that NF*(Ng, N2, Ny, g[N*]).
Since N3 < N <= N** and g[N*] < N**, it follows that N F'(Ny, Na, N1, N3).

4

Theorem 5.4.10. NF' respects s (see Definition 5.2.6).

Proof. Suppose N F(My, My, My, M3), tp(a, My, My) € S (Mjp). We must
prove that tp(a, Ma, M3) does not fork over My. Without loss of general-
ity, NF*(My, My, Ma, M3) [Why? see Definition 2.1.1.3.b (monotonicity)].
By the definition of N F*, M is decomposable over My. By Theorem 5.3.7.c
(the existence theorem for N F'), there is M3 such that N F*(Mo, My, My, M5)
and the first element in the first witness is a.

Mg
%
a € My :
.dT y
i
My Ay

By the definition of a first witness, tp(a, M2, M3) does not fork over M.
By the weak uniqueness theorem (Theorem 5.4.7), there are f, M3* such
that Mz < M3*, and f : M; — MJ3* is an embedding over M;|JMo.
So tp(a, Ma, M3) = tp(a, M, f[M3]) = tp(a, Mz, M5) does not fork over
M. =

5.5. Long transitivity. Now we prove the long transitivity for NF. We
are going to use decompositions of models of cardinality A™ in the definition
of a new relation, jf\vf on K,+. Long transitivity is applied on beginnings
of the decompositions, (az. : € < a*),(by. : € < a*). In particular, long
transitivity is used in the proofs of the properties of the relations NF (see
Proposition 6.1.3) and <" (see Proposition 6.1.6) and in the proofs of
Propositions ,7.1.7,8.1.4.
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Theorem 5.5.1 (long transitivity for NF'). Forx = a,b, let (M. : e < o)
be a <-increasing continuous sequence of models in Ky. Suppose € < a* =
NF(MCL,€7 Ma,€+1a Mb,.e, Mb,a—H) . Then NF(Ma,Oa Ma,a* ) Mb,Oa Mb,a*)-

Similarly to the proof of Proposition 2.5.6 (the transitivity proposition),
we use the existence and weak uniqueness theorems to prove the long tran-
sitivity. But here the proof is more complicated, and it is divided into four
cases, each one is based on its predecessor and generalizes it.

Proof. Case a: ¢ < a* = NF*(Mg e, Mgcy1, My, My -+1). Concatenate all
the sequences together.
In the other cases we are going to use the following claim:

Claim 5.5.2. It is enough to find (Ny., f) for e < o such that:

(1) Myo = Npp.

(2) (Npe : € < a¥) is an increasing continuous sequence of models in
K.

(3) f- is an embedding of M, to Np..

(4) fO = Z.dMa,O'

(5) (fe : e < a*) is an increasing continuous sequence.

(6) Fore < a*7 NF(fE[Ma,E]7 f5+1[Ma,5+1]a Nb,Ev Nb,e+1)-

(7) NF(Ma,Oa fa* [Ma,a*]a Nb,Oy Nb,a*)'

Proof. Suppose we found (N, fc) for ¢ < a* such that clauses 1-7 are satis-
fied. By Proposition 5.4.8, & . Therefore by Proposition 5.4.4 (the tran-
sitivity of the uniqueness), (idMaya*,ide’O,Mb’a*)EMa,o(fg*,z'de’O,Nba*)
[Substitute (Mg : e < a*), (Mpe:e < a¥), (Npe:e <a¥), (idy,, e <
a*), (fe 1€ <a*)inplace of (N4 : v <), (N§,:a<a’), <N§7a ta <
o), (f&:a<a*), (ff:a<a*)]. Byclause 7, NF(Mqy0, Mg o, Noo, Noor)-
So by Proposition 5.3.4 NF (M0, Ma,ax, Mpo, Mp o). -

Case b: For every €, M, .11 is decomposable over M, .. In this case, we
choose (Ny ., f-) such that clauses 1-6 of Claim 5.5.2 are satisfied: For ¢ = 0,
we define NV, g := M. In the successor step, we use Theorem 5.3.7.a. For
e limit, we define Ny := (J{Np¢ : ( < e}, fe:=U{fc:( <e}. Now clause
7 is satisfied by case a of the proof.
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Case c: o < w. In this case we apply Claim 5.5.2 with f. = idyy, ..

Ny i Ny i Ny i Nb,ai>Nb,a+1L>Nb7a*
id

My id id id id id

id

Mo —%5 Nuy —45 Nyo —%5 Npo — Npoy1 =25 Nyor
id id id id id id
Mo —%5 Moy —45 Mo —% My —% My —%> My

By Proposition 5.5.3.a (see below), there is an increasing continuous se-
quence
(Nge e < o) such that: Ny o= Mgo, Mge < Ngg, Ngey1 is decomposable
over Ng. and over My .11 and € < o = NF(Mge, Myei1, Nae, Nagt1)-
Since a* < w, by Proposition 5.5.3.b (see below), there is an increasing con-
tinuous sequence (N, : ¢ < a*) such that Ny = My, for e < a* Ny, is
decomposable over N, . and NF*(Ng e, Ngcy1, Noey Npet1)-

Now it is enough to prove that ((Nyc,idn, ) : € < o) satisfies clauses
1-7 of Claim 5.5.2. Clauses 1-5 are satisfied trivially. We check clauses 6,7.

6. First assume € > 0. As NF(Mye, Myct1,Nae, Naet1), NF(Ngpe,
Naet1, Noey Npet1), Noe is decomposable over M, ., and Ny, is decom-
posable over N, ., by case b (for o* = 2), NF(Mye, Myci1, Npoy Npei1).
Secondly assume € = 0. As NF(Nq0,Na1; N0, No1)s Nao = Mo and
M, 1 = Ng,, by the monotonicity of NF, NF(Mg0, Ma1, Npo, Np1)

7. By case b, we have NF(Ngo, Nga*, Npo, Npo+). By smoothness
Mg o+ = Ng,o+. So by the monotonicity of NF, NF (Mg, Mg o+, Npo, Npax)-

The general case: By the proof of case c. We have only one problem: For
¢ limit, it is not clear why does NF (M, My c41, Npey Npet1), where we
know NF(MG/7€7 Ma,e—f—l; Naﬁ, Na75+1) A NF(NG75, Na75+1, Nb,57 Nb’€+1). Here
we cannot use case b, because we do not know if V. is decomposable
over N, and N, . is decomposable over M, .. But we can use case ¢ with
o = 2. =

Proposition 5.5.3. Let o* < A*. Let (M. : ¢ < o*) be a <-increasing

continuous sequence of models in K such that for each e < o, ife < AT then

M. is of cardinality X (but if * = AT then the last model is of cardinality

A1)

(a) There is a <-increasing continuous sequence of models in K (N : € <
o*) such that: Ng = My, M. = No, NF(Mz, M.11, Ney, Net1) and Neyq
is decomposable over N, and over M. 1.

(b) Suppose M* € Ky, M* = My and M*(\ My = My. Then there is a <-
increasing continuous sequence of models in K (N : e < a*) such that:
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M* < No, M. X N, NF(Mc,M.11,Nc,No11), No is decomposable
over My and Ney1 is decomposable over N, and over M., 1.

Proof.
(

) We choose a pair (Ng, f) by induction on £ < o* such that:

(a

1) (N::e < a*) is an increasing continuous sequence of models in K.
(2) fo: M. — N. is an embedding.

(3) fo = idng-

(4) The sequence (f: : € < a*) is increasing and continuous.

(5) For e < o, NF(fe[Mc], Ne, fer1[Met1], Net1)-

(6) For ¢ < a*, N.11 is decomposable over N, and over fo1[Mc11].
Why can we carry out this construction? For ¢ = 0 or limit there is no prob-
lem. Suppose we chose (N, f.), how will we choose (N¢41, fe+1)? By Theo-
rem 5.3.7.a we can find N__; and f.y1 such that NF(f:[M.], Ne, feq1[Mc11],
NE__H). Now by Proposition 3.2.4, we can find N.y; such that N(;r1 =< Nt
and N.41 is decomposable over N, and over f.i1[M.41]. Therefore we can
carry out this construction.

Now, as in the proof of Proposition 3.1.8, without loss of generality, f. =
idys. for every e < a* (because we can extend fo}l to a bijection g of Ny»
and take the sequence (g[INV¢] : ¢ < o)).

(b) It demands a tiny change in the proof: In the construction, M* < Ny
and it is decomposable over Mj. —

Theorem 5.5.4. NF = NF) is the unique relation which satisfies Q np
and respects s.

Proof. NF satisfies @ p: Clause a is clear. Clause b (the monotonicity)
by Theorem 5.3.9.4. Clause ¢ (the existence) by Theorem 5.3.7.a. Clause d
(weak uniqueness) by Theorem 5.4.7. Clause e (symmetry) by Theorem
5.4.9. Clause f (long transitivity) by Theorem 5.5.1. By Theorem 5.4.10
NF respects s.

Suppose the relation R satisfies Q) and respects s. First we prove
NF(Mo, My, Mz, M3) = R(My, My, Ma, Ms3).

Case a: There is a € My — My with (My, M1,a) € K>%. Since NF
respects s, tp(a, My, M3) does not fork over My. So since R respects s, by
the definition of unique triples (see Definition 4.1.5), R(My, My, My, Ms3).

Case b: NF*(My, My, M, M3). Since R satisfies long transitivity, and
by Case a, R(My, My, Mo, Ms).

The general case: Since R satisfies monotonicity, by Case b,
R(My, My, Ms, M3). So we have proved that the relation NF is included in
the relation R.

Conversely: Suppose R(My, M1, Ma, M3). We have to prove that N F' (M,
My, My, M3). Since Qp, R satisfies disjointness. So My (M = My. By
QN for some model My NF(My, My, My, My). But by the first direction
of the pI‘OOf, NF(M(), Ml, MQ, M4) = R(Mo, Ml, MQ, M4), SO R(MQ, Ml, MQ,
My). Since @ g, R satisfies weak uniqueness, R(Mo, M1, M, M3) and R(Mo,
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My, Ms, My), it follows that (idM1 L td gy, Mg)EMO (idMl ,td g, s My). There-
fore by Proposition 5.3.4 N F(My, M1, Ma, My) implies N F/(My, M1, Ma, M3),
so NF(My, My, My, Ms), as required. -

6. A RELATION ON K+ THAT IS BASED ON THE RELATION NF

6.1. Introduction. Recall that we want to derive from s a good AT-frame.
So first we have to define an AEC in AT with amalgamation. Definition
6.1.4 presents the strong submodel relation on models of this AEC in AT,

Hypothesis 6.1.1. s is a semi-good A-frame with conjugation and K39 sat-
isfies the existence property.

We will now define a notion for: a model of size A is independent from a
model of size AT over a model of size A in a model of size A\T.

Definition 6.1.2. Define a 4-place relation NF on K by ﬁ(No, Ny, My,
M) iff the following hold:
(1) n<2= N, € K, MREK)\+.
(2) There is a pair of increasing continuous sequences (Np, @ o <
ATY, (N1q @@ < AT) such that for every a, NF(No o, N1a, Noa+1,
Niq+1) and for n < 2, Nop = Ny, My, = U{Npo:a < AT}

Theorem 6.1.3 (the ﬁ—properties).

(a) Disjointness: If ﬁ(No, N1, My, My) then N1 () My = Np.

(b) Monotonicity: Suppose ﬁ(No,Nl,MO,Ml), No = Ny = N1, Ny My
C M; = My and M; € Ky+. Then W(NO,NT,MO,M{‘).

(c) Existence: Suppose n < 2 = N, € K), My € Ky+, Ng = N1, Ny =<
My, N1(N My = Ny. Then there is a model My such that ]VI\?(NO,Nl,
My, My). -

(d) Weak Uniqueness: If n < 2 = NF(Ny, N1, My, Mi,), then there are
M, fo, f1 such that f, is an embedding of M ,, into M over Ny |J Mj.

(e) Respecting the frame: Suppose ﬁ(No, Ny, My, My), tp(a, No, M) € S
(No). Then tp(a, N1, M) does not fork over Ny.

Proof. (a) Disjointness: Let (Np. : € < AT), (N1, : e < AT) be witnesses for
NF(No, Ny, My, My). Especially ¢ < At = NF(Noz, Ni o, Noes1, Nict1)-
So by Proposition 5.3.6.1 £ < AT = Ny (| Noet1 = Noe. So by the end
of the proof of Theorem 3.3.5, Ny (| My = Ny. Let x € N1 () Mp. So there
is € < A" such that z € Np.. Denote ¢ := Min{e < AT : z € No.}. €
cannot be a limit ordinal as the sequence (Np. : € < AT) is continuous. If
e=(+1, then x € N07C+1 ﬂNl c NO,C+1 ﬂNLC = NO,Ca in contradiction to
the minimality of €. So € must be equal to 0. Hence x € No o = Np.

(b) Monotonicity: Let (Nos : € < AT), (N1 : ¢ < AT) be witnesses
for ﬁ(No,Nl,Mo,Ml). Let E be a club of AT such that 0 ¢ E and
e € E= Ni[\M; < Ny [Why do we have such a club? Let E be a
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club of AT such that 0 ¢ E and ¢ € E = Ny (| M; < M;. By the as-
sumption, M} < M;. Soe € E = Ni.(\M; = M;. Now as Ny, < M,
by Axiom 1.0.3.1.e, e € E = N (M = Ni.]. We will prove that the
sequences (No) (Noe : € € E), (N7)" (N1 M; : € € E) witness that
ﬁ(NO,N{‘,MO,Mf). First, they are increasing [Why ¢ < ¢ A {e,(} C
E = N1\ M{ 2 Nic(\M;? By the properties of E, Ny M{ =< Nyg.
But N. = N¢. So Nio(VM; = Ni¢. On the other hand, again by the
properties of E, Ni.(\ My C Nic(\M{ = Ni¢. So by Axiom 1.0.3.1.e
NieM; =2 Nic(\M{]. Secondly, we will prove that if e < ¢, {e,(} C
E, then NF(Noe, N1\ M, No¢, Ni¢(VM7). Fix such ¢,{. By Theo-
rem 5.5.1, (the long transitivity theorem), NF(Noe, N1g, No¢, Ni¢). By
the properties of £ and Axiom 1.0.3.1.e, No. = Ni.[\M{ = Ni., Noc
UWNieYM7) € Nic (VM7 2 Nig¢. Now by Theorem 5.3.9.5 (the mono-
tonicity of NF), we have NF(No., N1 (M, No¢, Nic(\ MY).

(c) Existence: By Proposition 5.5.3.b.

(d) Weak Uniqueness: Since ), holds, it follows by Proposition 5.4.3.2
and Proposition 5.4.4. But we give another proof using Section 7: By Propo-
sition 7.1.12.f, there is a model Mfrn such that M, 4; M1+n By Theo-

rem 7.1.13.c, there is an isomorphism f : Mf:l — Ml":z over My|JNi. So
Mfo, idnn o, f 1 My is a witness, as required.

(e) Let (No. : e < AT, (Ny.: e < AT) be a witness for NF(No, Ny, My, My ).
There is € such that a € Ny.. By Definition 6.1.2 (the definition of ﬁ),

we have NF(Ng, N1, Noe, N1c). So the proposition is satisfied by Theo-
rem 5.4.10 (the relation NF' respects the frame). =

Now we define a relation jivf on K+, that is based on the relation NF:

Definition 6.1.4. Suppose My, My € K+, My = M;. Then M, jiVJrF M,
when: there are Ny, N1 € K such that ﬁ(Ng,Nl,Mo,Ml).

Remark 6.1.5. If My <3/f M; then My < M.

Proposition 6.1.6. (K-, jivf) satisfies the following properties:

(a) Suppose My < My, n<2= M, € Ky+. Forn <2, let (N, :e < AT)
be a representation of M,,. Then My ji\ff M iff there is a club E C \T
such that (6 < C/\ {5, C} - E) = NF(N07€’ N07<, N].,Ea NLC)'

(b) 23 is a partial order.

(C) IfM() j M1 j M2 and M() jﬁ\v_f M2 then M() jf\v_,_F Ml.

(d) (Ky+,=23F) satisfies Aziom ¢ of AEC in AT, i.e.: If § € ANt is a limit
ordinal and (M, : o < 0) is a jf\vf—increasmg continuous sequence, then
Mo =3F U{Ma : o < 6} and obviously it is € Ky+.

(e) Ky+ has no jf\vf—maximal model.

(f) If (Ky+,=23F) satisfies smoothness (Definition 1.0.3.1.d), then it is an
AEC in XT, (see Definition 1.0.3).
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(9) LST for <3F: If My <N My, n < 2 = (A, C My A|An] <)),
then there are models Ny, N1 € Ky such that: NF(Ny, N1, My, M1) and
n<2=A4A, CN,.

Proof. (a) One direction: Let E be such a club. So (No.: ¢ € E), (N, :

e € E) witness that My <3F M; (Trace the definition of NF (Definition
6.1.2) through the definition of NF' (Definition 5.3.2) and NF™* (Definition
5.3.1) to see where the witnesses appear).

Conversely: Let (Moo : o < A1), (M1, : @ < AT) be witnesses for
n jﬁ\vf M;. Let E be a club such that (n < 2Ae € E) = My, o = Npqo.
Suppose € < ( A {e,(} € E. We will prove NF(No., N1, No¢, Nig¢), ie.,
NF(Mog, My e, Moy, M ). The sequences (Moo : e < o < (), (M :
e < a < () are increasing and continuous. So by Theorem 5.5.1, (the long
transitivity theorem) NF'(Mo., My, Mo, My ).

(b) The reflexivity is obvious. The antisymmetry is satisfied by the anti-
symmetry of the inclusion relation. The transitivity is satisfied by item a,
Theorem 5.5.1 and the evidence that the intersection of two clubs is a club.

(c) For n < 3, let (M, o : @ < A*) be a representation of M, such
that « < AT = NF(Mo,a, Mo,at+1, Moo, Maot1). Let E be a club of AT
such that « € E = My, X Mi o = Ma,. By the monotonicity of NF,
a € E = NF(Mya, Moat1, Mo, Miat1). The representations (My, :
a€E), (M, :ac E) witness that My jivf M.

(d) Without loss of generality, cf(d) = 6, so § < AT. Denote My :=
U{M, : @ < §}. For a < 0, let (M, : € < A") be a representation of
M,,. By item a for every a, there is a club E,o C AT such that (e <
¢ A {8, C} - Ea70) = NF(Ma,£7Ma,C,Ma+1,57Ma+1,C)' Let o be a limit
ordinal. (J{Mae : e < AT} = My = U{Mp : 8 < a} = U{U{Mp. :
e <A} <al =U{U{Ms: : 8 <a}:e < AT} Every edge of this
equivalences’s sequence is a limit of a C-increasing continuous sequence of
subsets of cardinality less than A, and it is equal to M, [Why is the sequence
in the right edge, ((J{Mp.: B < a} : e < AT) continuous? Let £ < AT be a
limit ordinal. Suppose x € (J{Mp, : B < a}. Then there are ¢, 5 such that
z € Mg Sox e |J{Mp¢: < a}] Sothere is a club E, 1 € AT such that
€€ Eq1= My =U{Ms, : B <a}. Foralimit, define E, := Eqao() Ea,1,
and for a not limit define E, := E, o.

Case a: § < A*. Define F := (\{Ey : a < §}. If ¢ € E then for
a < 6, € E, 80 NF(Mae, Mo pin(E—(e+1))> Mat+1.e, Mas1 Min(E—(c+1)))-
So by Theorem 5.5.1 (the long transitivity theorem), ¢ € E = NF (M.,
Mo Min(E—(e+1))> Ms.e, My Min(E—(e+1)))- Hence Mo =3F M.

Case b: 6 = \T. Let E:={e € E : ¢ is a limit ordinal, « < & = ¢ € E,}.
Denote N := [ J{Mq, : o < e}.
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id id id
Mo, —— Moy M N¢
id id ldT
id id
MO,E — Ma,a — N
id id
id
MO,a — Ny
id
Moo

Claim 6.1.7. For every € € E, the sequence (My e : a < )" (N;) is in-
creasing and continuous (especially N € K ).

Proof. If ¢ € E is limit, then o < ¢ = ¢ € E, 1, so the sequence (M, :
a < €) is continuous. So it is sufficient to prove that o < ¢ = M, =<

Myect1. Suppose o < €. € € E, s0 ¢ € Eyg. Hence NF(Mqe, Mot1,e,
Ma,Min(Ef(s+1))7 Ma+1,Min(E7(5+l)))7 and especially Ma,e = Moz-l—l,e- -

Claim 6.1.8. The sequence (N : € € E) is =-increasing.

Proof. Suppose ¢ < ¢, {e,¢(} € E. By (*), the sequences (M, : a <
€) " (Ne), (Mo : a < €) are increasing and continuous. For every a € ¢,
the sequence (M, g : 8 < AT) is a representation of M,, and especially it is
=-increasing. So (Va € €)My = My . Hence by smoothness N. < M, ..
But by (*), ME,C = Nc, SO Ne = Nc]

_|

Claim 6.1.9. The sequence (N, : € € E) is continuous.

Proof. Suppose ¢ = sup(FE () ¢). Let € N.. By the definition of N., there
is o < € such that x € M, .. ¢ is limit and the sequence (M, g : f < ¢) is
continuous. So there is § < € such that z € M, g. € = sup(E[)¢), so there
is (e (B,e)NE. © € My but by (*), My C Ne, so x € Nel. =

Claim 6.1.10. | J{N:: e € E} = M;.

Proof. Clearly |J{N: : ¢ € E} C M;s. The other inclusion: Let z € Mj;.
Then there is o < § such that x € M,. So (Jo, f)z € Mypg. So since
sup(FE) =6, there is ¢ € (8,0)(VE. So & € M, ¢ which by (*) is € N¢. So
S NC]‘ —

Claim 6.1.11. Ife < ¢, {&,¢} C E then NF(My., N, Mo ¢, N¢)
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Proof. By the definition of E, (Vo € €){e,(} C E,. So (Vo € e)NF(M,,
Motie, Mo, Mai1¢). By (%), the sequences (Mo : oo <€)7 (Ne), (May :
a < g) are increasing and continuous. So by Theorem 5.5.1 (the long transi-
tivity theorem), NF (Mo, Ney, Mo ¢, Mc ). But by Claim 6.1.7, M. < N¢,
SO NF(M075,N5,M07<,N<)}. =

Now we return to the proof of Proposition 6.1.6. By Claims 6.1.8, 6.1.9,
6.1.10, the sequence (N; : ¢ < ¢) is a representation of Ms. The sequence
(Mpe : e < A1) is a representation of My. Hence, by Claim 6.1.11 and item
a, they witness that M jivf Msy.

(e) By Proposition 6.1.3.c. Derived also by the existence proposition of
the <7, -extension, (Proposition 7.1.12.f), which we will prove later.

(f) We have actually proved it, (for example: Axiom 1.0.3.1.e by item c
here and Axiom 1.0.3.1.c., by item d here).

(g) Let (Noe :e < AT), (N1 :e < AT) be witnesses for My =3/F" M;.
By cardinality considerations, there is € € AT such that for n < 2 we have
A, C Ny.. But for every e < A, NF(No., Ni.o, Mo, My). 4

A summary: We defined a relation jﬁ\vf on K+, that is included in the
relation <X K, +. The restriction to the relation ji\ff enables to get the
amalgamation property (see Theorem 7.1.18.c below). But it gives rise to a
new problem: Does (Ky+, jﬁ\vf ) satisfies smoothness? We have proved that
if (Ky+, 2Y[) satisfies smoothness, then it is an AEC in A™. The main aim
of Sections 7,8,9 is to get smoothness. But for this we restrict ourselves to
the saturated models in AT over \.

7. <}, AND SATURATED MODELS

7.1. Introduction. Now we restrict ourselves to K** (see Definition 7.1.2)
in order to get smoothness. So we study the class (K, VE| Ksat) (<F
is defined in Definition 6.1.4). We want to prove, under some model theoretic
assumptions, that (K* jé\vf[ K*%) is an AEC in AT and that it satisfies
the amalgamation property.

Hypothesis 7.1.1. s is a semi-good A-frame with conjugation and K3% sat-
isfies the existence property.

Definition 7.1.2. K*% is the class of saturated models in AT over \.

Note that in the following theorem there is no set-theoretic hypothesis
beyond ZFC.

Theorem 7.1.3. If (5 is a semi-good \-frame with conjugation, K" satis-
fies the existence property and) (K**, ji\ff[ K*%) does not satisfy smooth-
ness (see Definition 1.0.3.1.d), then there are A" pairwise non-isomorphic
models in Ky+2.
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How can we prove this theorem? First we find a relation <; on K+ such
that:

(*) For every model My in K+, there is a model M; such that My <7,
M.
(**) If for n = 1,2 M <;L M, then M, My are isomorphic over Mj.
() If (M; ;i < a*) is an increasing continuous sequence, and i < a* =
M; <}, M, then My <}, Mq-.

In Section 7 we study the properties of 4;. Sections 8,9 are preparations
for the proof of Theorem 7.1.3. A key theorem is Theorem 9.1.7: Suppose
that there is an increasing continuous sequence (M} : oo < XA+ 1) of models
in K% such that: o < 8 < AT = M} <, Mg A M, <NE My+ 4y and
M; . ANE My, ;- Then for every S € Sﬁf := {5 : S is a stationary subset
of \*2 and (Va € S)ef(a) = A1}, there is a model M¥ in K2 such that
S(M®) = S/Dy+2. So there are 92" pairwise non-isomorphic models in
Ky+e.

Note that while <';+ is a priori defined on K+, Proposition 7.1.6 shows

that any <7, extension is saturated in AT over A, so in K*.

Definition 7.1.4. -<;\r+ is a 2-place relation on Ky+. For My, M; € K,+,
My %L M if there are increasing continuous sequences of models in Ky,
(Noo :a < A1), (N1q:a < AT), <Nf‘?a :a < AT), and there is a club F of
AT such that:

(a) For n=0,1 M,, = U{Nna: @ < AT}

(b) € E= Noo = Nio <X N,

(c) If o < B and they are in E, then NF(Noa, Ny, Nog, N1,g)-

(d) For every a € E, and every p € S*(Nj,), there is an end-segment S of
AT such that for every 8 € S () E the model N 16?5 realizes the non-forking
extension of p to Ny g.

In such a case (Noo @ @ < AT), (N1 : @ < AT), (N7, : a < AT), E are

said to be witnesses for M —<;L+ M;. Note that the N1, and the Nf‘z are
an alternating chain that both union to Mj.
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By the following proposition if My -<;+ M, then we can find witnesses
for it, with £ = \™T.
Proposition 7.1.5. If
(1) (Noo: o < A1), (N1o: a0 < A1), (Nf?a ta < A1), E are witnesses
for My <;\r+ M;.

(2) Fora € E, Mo otpan ) = Noas Miotpan ) = Nias Mi 0 5) =
NE..

Then (Mog: B < At), (Myg: B <AT), <M16?5 (B < AT), AT are witnesses
for My <; M.

Proof. Easy, so we prove Definition 7.1.4.c only. Suppose v < 7. We
have to prove that NF(MQNO,Mle?,YO,MOm,M1m). There is a unique or-
dinal o € E with otp(a(E) = 7. So My, = Noa A Mf?% = Nla?a.
Similarly there is a unique § € E such that Mo,, = Nog A M1,, = Nig.
Now by clause b in the assumption, NF(Ngya,Nle?a,Noﬁ,Nlﬂ), namely,

NF(MOWWMIG?V()?NOWNva’Yl)' B

Proposition 7.1.6. If (Npq : o < AT), (N14:a < A1), <N1€?a ta < AT,
E are witnesses for My -<1'+ M and E~ is a club of \T with E~ C E, then
(Noo : a0 < A1), (N1o 1 0 < AT, <N16?a ca < AT, E7 are witnesses for
My <3, M.

Proof. Trivial. -

Proposition 7.1.7. Suppose:
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((1) Forn = 1, 2 NF(MQ’(),MOJ, Mn,g, Mn,l)-
(b) Myo = No, Mag = Np.
(¢) No(\ Mo = Moy.

Then for some model Ny with NF (Moo, Mo, No, N1), we can assign to
each n € {1,2} an embedding f, : Mp1 — Ny over Moy |JMpo such that
NF (Mo, fa[Mn,z1], No, N1).

id

N() Nl
id

’ f2
Mg e Ms 1 f1
, id ]
id M o ict Mia

v ~

id

Moo : Mo 1

Proof. For each n € {1,2} by Theorem 5.3.7 (the existence theorem for NF'),
we can find an amalgamation (idy,, gn, Nn,1) of No, M, 1 over M, with
NF (M0, No, gn[Mn 1], Nu1). But NF(Moo, My, Mo,1, Myp,1). So by The-
orem 5.5.1 (the long transitivity theorem), NF (Mo o, No, gn[Mo,1], Nn,1). By
Assumption ¢, No () Mo,1 = Mpo. So by Theorem 5.4.7 (the weak unique-
ness theorem), we can find hq, ha, N1 such that the following hold:

(1) hy : Ny — Nj is an embedding.

(2) hy | No = idp,.

(3) hiogi | Moy =hioge | Mo = idg,, -
Now we define for n = 1,2 f,, := hy 0 g,. Why is f,, over Mo 1My 0?
By clause 3, x € My1 = fn(x) = x. Let x € M, . Then g,(z) = z. By
Assumption b, M, o C Ny, so z € Ny. So by clause 2 hy,(z) = x. Hence
fn(@) = hn(gn (7)) = hn(z) = =
Claim 7.1.8. NF(Mn,Oa fn [Mn,l]y N(), Nl)

Proof. NF(Mpy0, No, gn[My1], Npa). So by clauses 1,2 NF(My, No, fn
[Mn,l]a hn[Nn,l]) But hn[Nn,l} j Nl, SO NF(MH,O, No, fn[Mn,l]y Nl) =

Claim 7.1.9. NF(MO’O,MOJ,N(),Nl).

Proof. Since NF(M o, M; 1, No, N1), by Theorem 5.5.1 (the long transitiv-
ity theorem), it is enough to prove that N F (Moo, Mo 1, Mo, f1[M1,1]). But
fn is over My 1 |J M. Hence it follows by assumption a. -

This completes the proof of Proposition 7.1.7 o
Proposition 7.1.10.
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(a) If My <, My then My <Y M.

(b) If My <3, My then M, € K.

(c) If Mo =53 My <7, My then My <, M.
(d) If My <, My <, My then My <1, M.

Proof.

(@) If (Noo : @ < A7), (N1o : a < A7), (Nog : @ < AT), E witness
that M) <; M, then (Noo : @ € E), (N1 : a € E) witness that
ﬁ(NO,O,Nl,OaMUaM1)~ SO Mo jé\VJrF Ml.

(b) By Theorem 2.5.8.2.

(c) Easy.

(d) By items a,c.

_|

Definition 7.1.11. The -<;r+ -game is a game between two players. It lasts
AT moves. In any move, the players choose models in K with the following
rules:

The 0 move: Player 1 chooses models Ng o, N1o € Ky with Nog =< N1
and player 2 does not do anything.

The o move where « is limit: Player 1 must choose No o := (J{Nos : 8 <
a} and Player 2 must choose N1, :=J{Ni1s: 6 < a}.

The a+ 1 move: Player 1 chooses a model Ny 441 such that the following
hold:

(1) Noo = Noa+1-
(2) NO,a+1 le,oz = NO,a-
After player one chooses Ny o+1, player 2 has to choose Ny 441 such that

the following hold:
(1) Nia 2 Niat1

(2) NF(No,a» N1,a, Noa+1, N1at1)-

At the end of the game, player 2 wins the game if [ J{No o : & < AT} <7
UH{NVia:a< At}

A strategy for player 2 is a function F' that assigns a model Ny 441 to
each triple (o, (Nog: 8 < a+1),(Nig: [ < «a)) that satisfies the following
conditions:

(1) a < AT,
(2) (Nog : B < a+1), (N1g: < a) are increasing continuous se-
quences of models in K.
(3) NF(No,a; N1,a, Noat1, N1as1) for g < a.
(4) No,a+1[\Ni,a = Noa-
A winning strategy for player 2 is a strategy for player 2, such that if player
2 acts by it, then he wins the game, no matter what player 1 does.

Proposition 7.1.12.
(a) For every My € K+, there is My with M <;\r+ M;.
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(b) If Mg € K+, n<2= N, € K, Ng < My, Ny < Ny, NlﬂMo = Ny,
then there is My such that My 4; My and N F(Ny, Ny, Moy, My).
(c) Player 2 has a winning strategy in the <; -game.

Proof. (a) By c.

(b) By c.
(c) We describe a strategy: For o = 0 player 2 has nothing to do, but
he takes a paper and writes for himself: I define Nfi;n P .= Niy. For a

limit, player 2 chooses Nio := [J{N1s : B < o} and writes for himself
N fe;n P:= N1 4. In the a+1 move, he writes for himself the following things:

(i) A model NP, with NF(No.o, N1, No,at1, Niaty). By Theorem 5.3.7.a,
it is possible.
(ii) A sequence of types (pn 3 : 3 < AT) that includes SbS(Nfi;np).
Now player 2 chooses a model Nj o41 such that the following hold:
(1) N0 = Nia1.
(2) For each type in p, g with v < o, 8 < a, Ny q41 realizes the non-
. . temp
forking extension of p, g over Ny 7.

Why will player 2 win the game? By Definition 7.1.4, where the sequences
(Noo : a0 < AT, <fo;np ca < AT), (N1 @ @ < AT) which appear here
stand for the sequences (Noo : @ < AT), (Nio:a <AT), (N7, 1 a0 < AY)
and AT stands for E. =

Roughly, the following theorem says that:
(a) The <, -extension is unique.
(b) Tameness: Every type over a model in K+ is determined by its restric-
tions to submodels in K.
(c) A preparation for symmetry.

Theorem 7.1.13. Suppose for n =1,2 M <§+ M,,, then:

(a) My, My are isomorphic over M.

(b) For every ay € My, ags € Ma, if for each N € Ky with N < M
tp(ar, N, My) = tp(az, N, Ms), then there is an isomorphism f : My —
My over My with f(ay) = as.

(c) Let N* € Ky, Ny = N*. If for n = 1,2 NF(Ny, N*, My, M,), then
there is an isomorphism f : My — My over My|J N*.

The plan of the proof: We prove the three items simultaneously. The proof
is similar to that of the uniqueness of the saturated model in AT over \.
Suppose (Noe : & < A1), (Nio :e < AF), (Nf, : e < AF), AT wit-
ness that My —<; M. So (Noe : € < A\T) is a representation of My and
(N1,0, Nf‘?o, Niq, Nle?l, N1, Nle?w...) is a representation of Mj. Suppose in
addition that (Noe : & < A*), (Npe i e < A1), (N3, :e < At), AT wit-
ness that M -<;\r+ Ms. We amalgamate Mj, Ms over My in AT steps. In
each step, we amalgamate the corresponding models in the representations
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of My, M over the corresponding model in the representation of My. Now
if (f1, f2, M3) is an amalgamation of My, My over My and fi, fo are onto
M3, then f;l o f1 is an isomorphism of M; into My over My, as required. In
odd steps, we choose the amalgamations such that at the end fi, fo will be
onto M3, see requirement 8 below. In even steps we choose amalgamations
with NF, see requirement 4 below.

Proof. Roughly, the following claim says that one representation of My can
serve as a part of the witness to both M %L My and M <; M.

Claim 7.1.14. There are sequences (Noe : e < AT), (N1c:e <AT), (N, :
e < AT), (Noe:e < AT), <N§?€ e < AT) such that form =1,2, (Ny.: e <
M), (Npe e <AT), E=XY, (N7, : e < AT) witnesses that My -<1'+ M,
(so U{Noe : € < AT} = My and for n = 1,2, [ J{Nne :e < AT} = U{Ny. :
e< AT} =M,).

Proof. For n = 1,2, we take witnesses (Néii?f ce < M), (NETP e <
MY, (N2 o e < AT), E, for My <}, M,. Take a club E of A* such
that £ C Ej(\E2 and ¢ € E = Néf{n’ep = Négnﬁp. By Proposition 7.1.6
for n = 1,2, (NI . 2 < XF), (NI o < \F), (N2L™ . o < 1), E

0,n,e
are witnesses for My <¥, M. Define Ny openp) = NI For n = 1,2

0,1,¢)
and ¢ € E, define N, 1p(- 1) = Nae¥. By Proposition 7.1.5 for n = 1,2,

(Noe : € < AT), (Npe e < AT), E = X", (N, : ¢ < AT) witness that
My <3, M,. s

Let (Noe :e < AT), (Nig:e < AT), (Nf, 1 e < AF), (Nge 1 e <
AT, <N26?5 : € < AT) be as in Claim 7.1.14. For item b, we require, in
addition, that for n = 1,2 a, € N, o [Why can we do it? Take o < AT with
ap € Npo for n = 1,2 and replace Ny by N, o4c in each one of the five
sequences. Now rename the sequences|. For item c, we require in addition
that for n = 1,2, NF(Ny, N*, No.o, Nn,O)-

Define by induction on ¢ < A a triple (N, fi, f2,c) such that:

(1) (N:: e < A1) is an increasing continuous sequence of models in K
and for every € < AT Na. (VMo = Noei1 [\ Mo = Noe.

(2) For item ¢ we add: f,, 0 [ N* is the identity.

(3) For item b we add: fio(a1) = f2,0(az).

(4) e < AT = NF(Noe, Nocy1, Noet1, Nocya).

(5) For n = 1,2, the sequence (f, . : e < A\T) is increasing and continu-
ous.

(6) For e < A*, fn2: is an embedding of N,, . to Na. and fy, 2.41 is an
embedding of NP, to Nocy 1.

(7) fn72€ [ N075 = fn,25+1 [ No,g and it is the identity on N075.

(8) For every e < A, if for some n € {1,2} (%), holds, then for some
m € {1,2} (*%), holds, where:
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(*)n,e There is p € SbS(Nn,E) such that p is realized in Nfﬁe and
Jn2¢(p) is realized in Na..
(**)m,sa fm,2£+1[N7§2’6] ﬂNgE 7& fm,QE[Nm,s]-

Note that requirement 4 is essentially a property of Na.io and (%), is
essentially a property of fi, 2c41.

f1,2¢43

S5}

Niep Noets

id

f1,2e42

N1,€+1 N2€+2

f2,2¢+3

id . f2,2e42
1
id
id id ®
Noet1 ” Nyet1 Nyt
f1,2e+1
@ »

Ny, Noc i1

id

id id | f1,2¢ id
Nl,e N2s
f2,2e+1
id f2,2£
id id @
No e Na e Ny,

Why can we carry out the construction? For € = 0, let (fi0, f2,0, No)
be an amalgamation of Ny, Nag over Npg, such that No(\ My = Noo
(i.e., we choose new elements for Ny — Ny o). In the proof of item b, by the
definition of the equality between types, without loss of generality fio(a1) =
f2.0(az2), so 3 is satisfied. In the proof of item ¢, by Theorem 5.4.7 (the
weak uniqueness theorem of NF), there is a joint embedding f10, f2,0, No
of NLO?NZO over N(],O UN* So 2 is satisfied.

For limit €, define N, = U{N¢ : ( < €}, fone = U{fac: ¢ <e}. bis
satisfied. 1 is satisfied by Axiom 1.0.3.1.c. 6 is satisfied by the continuity
of the sequence (N, : £ < A1), and by smoothness (Definition 1.0.3.1.d).
Clearly 7 is satisfied. 4,8 are irrelevant in the limit case.

The successor case: How can we construct Nocy1, f1,.2:41, f2,2:41 and
Nocy2, f1,2e42, [2,2:+2, assuming we have constructed Nog, f1 2¢, f2,2:7

The construction of Noci1, f1,2¢41, f2,2e+1: Without loss of generality for
some n € 1,2, we have (), [Otherwise requirement 8 is irrelevant and
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we can use the existence of an amalgamation in (K, =<).] Fix n* with
(¥)n= e We are going to find Noci1, fn* 241, f3—n* 2e4+1 With (%)« -, namely,
frr2e41[Nys 6] (N Noe # fnr2:[Np+¢]. Let p be a witness for (%), ., so for
some a,b tp(a, Nps o, N& &) = D, tp(b, frr 2e[Nn=c]; Nac) = far2:(p). So
tp(frr 26(a)s fr 26 [Np= ] o 26[N$,5]) tp(b, fr+ 2¢[Np= e], Noc). Hence by

emp ftemp

the definition of equality of types, for some Né w2641, the following

hold: .
old:
t
(1) ]\125 = NQST{) .
(2) nirggﬂ NT _ — Nyt is an embedding.
t
(3) fn* 2¢ © f iﬂ;€+1-
£t
(4) fa5e (@) =b.
f37n*,2£+1
N?fe—n*,a Noci1
anl‘/
id
4 t
id € Ny’ o i Nl
id Fox 2e+1
/ 1 i
fa_ * 2e
N3fn*,€ S”d : Noc 50
P e
id
NO,E - Nn*,e
Claim 7.1.15. ft?fg’;_,’_l[ ] M No: # ftinge)[ v el
Proof. b € No.. p is a basic type so it is a non-algebraic one. So a €
t t t
N® — Np+e. Hence b = fnenégﬂ(a) € f€72§+1[N® e — fnig€+1[Nn*,a]~
Therefore be fti@ﬁfﬂ[ it E} () Noe — ﬁi@g[l\fn el- -

As (K, =) satisfies amalgamation, there are Noc41, f3_n* 2.41 such that
N;Tf Nocy1 and f3_px 2641 : N;?_n*ﬁ — No.y1 is an embedding that
includes f3_p+ 2:. Now we define f= 2041 : fo*,s — Nocp1 by for2e41(z) =

fﬁi@fgﬂ( ). By Claim 7.1.15, (**),+ holds, so requirement 8 is satisfied.
As for m = 1,2, the embedding f,, 2-4+1 includes f, 2c, requirement 7 is
satisfied. Without loss of generality, requirement 1 is satisfied. Requirement
4 is irrelevant in this case. Requirements 5,6 are satisfied.

The construction of Noci2, fn2:42: By Proposition 7.1.7, there are No. o,
f12e42, f22:42 such that: NF(fy2e41[Nye]s fr2er2[Noer1], Noct1, Nocya),

and the restriction of f,, 2.41 to Ny is the identity [Let f:erH be an injec-
tion of Ny ct1, fnoe+1 C fIQEH, and the restriction of fn+,25+1 to Noet1 is
the identity. Substitute the models Noys,Noygﬂ,fn,25+1[fo€],N2€+1,f;;rl
[Nn.e4+1]; Noct2 which appear here, for the models My o, Mo 1, My 0, No, Mp 1,
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N1 which appear in Proposition 7.1.7, respectively. Assumption a of Propo-
sition 7.1.7 (i'e'a NF(NO,Ea NO,EJrla fn,25+1[N7?5]7 n+’25+1[Nn,€+1]))7 is satisfied
by Definition 7.1.4.a (recall that fTJLf 9e41 18 an isomorphism over No.11 and
NF respects isomorphisms). Assumption b of Proposition 7.1.7 is satisfied
by requirement 6 of the induction hypothesis. Assumption ¢ of Proposi-
tion 7.1.7 is satisfied by requirement 4 of the induction hypothesis.] Hence
we can carry out the construction.

Why is it sufficient? By clause 7, for n = 1,2, f, x+ : M, — Ny+ is an
embedding over M.

Clalm 7.1.16. f17)\+ [Ml] = f2’>\+ [MQ] = N)\+.

Proof. Toward a contradiction, suppose thereisn € {1, 2} such that f,, \+[M,]
# Ny+. By Density (Theorem 2.6.8.1), there is an element b such that
tp(b, froa+[Mn], Nx+) is basic. (fn2:[Nne] : € < AT) is a representation of
fu+[My], so by Definition 2.6.1 there is e < A" such that for every ¢ €
(e, AT) the type g¢ := tp(b, fn2c[Nncl, Ny+) does not fork over fy, 2:[Ny ]
We choose this € such that b € No., (recall: b € Ny+ = J{N: : ¢ < AT}).
So q¢ is basic. Define p; := n_éc(qQ). So p. € SY(N,.). For every
¢ € (g,AT), qc is the non-forking extension of ¢., so p¢ is the non-forking
extension of p.. Hence by Definition 7.1.4, there is an end segment S* C A\
such that for ¢ € S*, p¢ is realized in Ng‘z. But g¢ = tp(b, fn2¢[Nncls Nac).
So for every ¢ € S*, we have (), ¢ (p¢ is a witness for this). So by clause 8,
there are m € {1,2} and a stationary set S** C S* such that for every
¢ € 8™ we have (%%),,¢, (there are no two non-stationary subsets which
their union is an end segment of A™). The sequences (No¢ : ¢ € S™), (N, ¢
¢ €85%), (fmac : ¢ € 8*) are increasing and continuous. But by (*%),, ¢,
we have fi o041 [N o ] No¢ # fm2c[Nmc], in contradiction to Proposi-

m7C+1
tion 1.0.30. =

By Claim 7.1.16 f;iJr o fix+ is an embedding of M; onto M3 over My. In
the proof of item b, we have to note that f;§+ofl7)\+ (a1) = fi&ofm (a1) = as
(by clause 3). In the proof of item c, We7 have to note that f;){Jr o fia+ |
N* = f34 0 fio | N* and by clause 3, it is the identity. .

Corollary 7.1.17.

(a) (Ky+, jivf[ K\+) satisfies the amalgamation property. So (K, jivff
K*%) satisfies the amalgamation property.

(b) Tameness: Let My, M1, Ma be models in K+, such that My < My, My <
Ms. Suppose that for every N € Ky, [N = My = tp(a1, N, M)
= tp(az, N, M3). Then tp(a1, Mo, M1) = tp(az, Mo, M2).

(c) Suppose there is Ng € Ky such that forn = 1,2 tp(ay, Mo, My,) does not
fork over Ny and tp(ai, No, My) = tp(ag, No, Ms). Thentp(ay, My, M) =
tp(ag, Mo, Ma)].

Proof.
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(a) We could prove the amalgamation property without mentioning the re-
lation -<;+. But we give a shorter proof, using Theorem 7.1.13. Suppose
forn = 1,2 My <YF" M,. By Proposition 7.1.12.a, there is M} such that
M, <, M. By Proposition 7.1.10.c, My <}, M, . So by Theorem
7.1.13.c (the uniqueness of the <7, -extension), there is an isomorphism
[ M — M over My. Hence (f | My,idas,, M;) is an amalgamation
of My, My over My. The ‘so’ is by Proposition 7.1.10.a.

(b) Tameness: By Proposition 7.1.12.a, for n = 1,2, there is M, such that
M, <¥, M,f. By Theorem 7.1.13.b, there is an isomorphism f : M;" —
M over My, such that f(a1) = az. So (f | My,idag,, M;) witnesses
that tp(a1, Mo, M1) = tp(az, Mo, M>).

(c) By item b. Note that if N, Ny € Ky, N < Ny and tp(ai, No, My) =
tp(ag, Ny, Ms), then tp(ay, N, My) = tp(az, N, M>)

Theorem 7.1.18.

(a) (Ksat,ji\ff[ K39 satisfies Aziom c of AEC in AT (see Definition
1.0.3.2.0).

(b) If (Koot NE | K99t} satisfies smoothness, then it is an AEC in AT,

(c) (K3 ji\ff[ K$%) satisfies the amalgamation property.

Proof. (a) Let j < AT and (M; : i < j) be a <{/-increasing continuous
of models in K**. Let M; be the union of this sequence. We prove that
M; € K** by induction on j. Let N be a model in K}, such that N < M;.

Case a: A < cf(j). In this case, for some i < j, N < M;. Since M, is full
over N, of course so is M;. Therefore M; € K.

Case b: cf(j) < A. Without loss of generality, cf(j) = j. So |j| =
J = cf(j) < A Let (N;o : @ € A1) be a representation of M;. For
every i < j, let E; be a club of AT such that for o € E;;, NF(N; o, Nit1.a,
Nia+1, Nit1,a+1) and if ¢ is a limit ordinal, then N; o = (J{Nzo : € < i}.
So E := (\{E; : i < j} is a club set of AT (because |j| < A). Define
Njo = U{Nia 1 i < j}. (Nja:a <A")is a representation of M;. Take
a* € E such that N C Nj,«. By Axiom 1.0.3.1.e, N =< Nj 4+, so it is
sufficient to prove that M; is saturated over Njo+. Let ¢ € S (Nj o). We
will prove that g is realized in M;. By the definition of E, the sequence
(Nio- : 1 < j) is increasing and continuous, so by Definition 2.1.1.3.c (the
local character) there is an ordinal ¢ < j such that ¢ does not fork over N .
M, is saturated in AT over A, so there is a € M; such that tp(a, Nj o+, M;) =
q¢ | Njqo+. By Definition 6.1.2, we have ﬁ(]\fm*,Nj,a*,Mi,Mj). So by
Theorem 6.1.3.e, (ﬁ respects s) tp(a, Njqx, M;) does not fork over N; o«.
Hence by Definition 2.1.1.3.d (the uniqueness of the non-forking extension)
tp(a, Njor, Mj) = q.

(b) The first part of Axiom ¢ of AEC in A" is item a here. Axioms b,e
and the second part of Axiom c follow by Proposition 6.1.6.f.
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(c¢) By Corollary 7.1.17.a. =

8. RELATIVE SATURATION

8.1. Discussion: This section is, like the previous, a preparation for the
proof of Theorem 7.1.3. We study the relation j%, a kind of relative sat-
uration. This relation is similar to ‘closure of jﬁ\vf under smoothness’ (see
Proposition 8.1.3.b). Theorem 9.1.13 says that non-equality between the re-
lations ji\ff , j% is equivalent to non-smoothness and also to a strengthened
version of non-smoothness.

Hypothesis 8.1.1. s is a semi-good A-frame with conjugation and K39 sat-
isfies the existence property.

Definition 8.1.2. <, := {(Mo, M) : Mo, My € K% My < M, and for
every No, N1 € Ky, if Ng < My, Ny = N1 < M; and p € S*(N;) does not
fork over Ny, then for some element d € M tp(d, N1, M1) = p}.

Proposition 8.1.3.

(a) If My € K% and My jiVJrF My, then My j?Jr M.
(b) If (M. : € < &) is a 23 -increasing continuous sequence of models in
K*% and for every e € 6, M, jiVJrF M;siq, then Ms j% Msyq.

Proof. (a) Suppose My jivf M and My € K%, Let Ny, N1 be models K
with Ng < Mg and Ng < N; < M; and let p be a type S**(N7) that does not
fork over Ny. We have to find an element d € My with ¢p(d, N1, M) = p.
By Proposition 6.1.6.g (LST for jf\vf), for some NJ,NI+ € Ky Ng < N(;“,
Ny < Nj* and NF(N{, N7, My, My). By Axiom 1.0.3.1.e, Ng < N; and
Ny = N1+. Let ¢ be the non-forking extension of p to N1+. Since My € K54
for some d € My, tp(d, Ny, Mo) =q | NJ. By Proposition 2.5.6 ¢ does not
fork over Ny, so by Definition 2.1.1.3.b (monotonicity) ¢ does not fork over
N . By Theorem 6.1.3, NF respects s, so tp(d, N;~, My) does not fork over
Ni". So by Definition 2.1.1.3.b (uniqueness), tp(d, N;*, M1) = q. Therefore
tp(d, Nl, Ml) =DpP.

(b) Suppose Ny, Ny € Ky, Ny < N5, Ny < Ny = Ms, and p € S*(N)
does not fork over Ny. We have to find an element d € My that realizes
p. For every a < § + 1, there is a representation (Ny. : € < A1) of M,.
Without loss of generality, cf(d) = 4.

Case a: § = \*. So for some o < §, Nyg C M, and we can use item a.

Case b: § < AT. For each o € §, let E, be a club of AT such that for each
€ € Eot NF(Nae,Natie, Naet1s Nati1,e+1) and if o is limit then N, =
U{Nﬁ,s B8 < a}. Let E5 .= {Oz e\t N575 - Ng.,_ljs, N575 = U{Na,g o<
0}}. Denote E := (({E, : @ < §}. By cardinality considerations there is
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€ € E such that for n <2 N,, C N5y, so by Axiom 1.0.3.1.e N, = Nsyp ..

de My 2> My —~ Msy,
z’dT idT idT
id id
Na@ . N&,s - N6+1,s q
z‘dT z‘dT
id
No ———— N D

Let ¢ € S*(Nsy1.) be the non-forking extension of p. By Proposition
2.5.6 (the transitivity proposition), ¢ does not fork over Ny. By Definition
2.1.1.3.b (monotonicity), ¢ does not fork over Nj., so ¢ [ Ns. is basic. As
e € E, the sequence (N, : o < ) is increasing and continuous. So by
Definition 2.1.1.3.c (local character), there is & < § such that ¢ [ Ns. does
not fork over N, .. So by Proposition 2.5.6, ¢ does not fork over IV, .. Since
M, jf\vf Msi1 by item a for some d € My, tp(d, Nsi1.6, Ms11) = q. So
tp(d, N1, Msi1) = p. -

The following proposition is similar to the saturativity = model homo-
geneity lemma.

Proposition 8.1.4. Suppose
(1) MO j§+ Ml'
(2) Forn <3 N, € K.
(3) No =< Mj.
(4) NO j NQ and N() j N1 j Ml.
Then for some Ny € Ky and an embedding f : No — My the following
hold:
(a) f [ No = idNO'
(b) NF(N0>f[N2]7N17Nik)
(C) Nik = Ml.

Mo M

i

FINg] > Ny

o

No L>—N1

Proof. We try to choose No., N1, Nog, fo by induction on ¢ < AT such
that:

(1) For n < 3 (N : € < AT) is an increasing continuous of models in K.
(2) Forn <3 Nn,O = Np, fo= idNO.
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(3) For € < /\+, NO,E = My /\Nl,s = M.

(4) (fe: e < AT) is increasing and continuous.

(5) fe: Noe — Na. is an embedding over Ny.

(6) For every € € AT there is a. such that (Noe, Noe11,a:) is a uniqueness
triple, fey1(as) € Nao. and tp(as, N1, Nicy1) does not fork over Ny..

(7) Noe = Ny (actually follows by 6).

id
My —=— M,
id id
fet1 id
Noey1 <=— Noey1 — Nieq1
idT id id
fe id
NQ,g NO,& Nl,a
K
id
No — Ny

By clauses 1,4,5 and particularly 6 and Proposition 1.0.30, we cannot
succeed. Where will we get stuck? For € = 0 or limit, we will not get stuck.
Suppose we have defined No ., N1, No., fo. By clause 5, f-[No] < No..

Case a: f:[Noe] # Nac. In this case we can find Nocy1, N1et1, N2 ct1,
fet1 such that clauses 1-7 above hold [By the existence of the basic types,
there is b € No . — f:[No.| such that p := tp(b, f-[No.], N2 ) is basic. Let
q € S**(N1,) be the non-forking extension of f7*(p). As My <, MiA(n <
2= Ny =X M) ANy = N1 € Ky, there is a € My which realizes ¢. So
tp(a, Noe, Mo) = f=1(p). As K3% satisfies the existence property, we can
find No ¢41 such that (No ¢, Noct1,a) € K3v4. As My is saturated in AT over
A, by Lemma 1.0.31 (the saturation = model homogeneity lemma), without
loss of generality, No .41 = Mp. Denote a as a.. Choose Nj .11 < M; such
that N075+1 UN17€ - Nl,é?—i-l' By Axiom 1.0.3.1.e, N07€+1 = N17€+1 VAN Nl,s =
Nieq1. Now fo(tp(ac, Nog, Noet1) = p. So there are No .41, fe41 such that:
Nog = Nocy1, fepi(ac) =0, fo C fog1 : Nogg1 = Nogyr ]

Case b: f:[No:] = Na.. Hence Ny, f=! | Ny witness that our proposi-
tion is true [By 6, Definition 5.3.2 and Definition 5.3.1, ( < e = NF(No,
No,c+1,N1,¢, Ni,¢c41). So by Theorem 5.5.1 (the long transitivity theorem),
NF(No,Noe,N1,Nic). So by the monotonicity of NF, we have NF(No,
f=Y[Na], N1, N1 2). So clause b in the proposition is satisfied. Clauses a,c
are satisfied by 5,3, respectively].

Let € + 1 be the first ordinal, in which, we will get stuck. In other
words, suppose we have defined Ny ¢, N1, No., f- and we cannot find models
Noe+1, N1,e41, N2 c11, fe41 such that clauses 1-7 above hold. So case b holds
and the proposition is proved. —
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Proposition 8.1.5. If My < My, n < 2 = (||M,]|) = At A A, C M, A
|An| < A), then there are models Ny, Ny € Ky such that: n < 2 = A, C
N, = M,, and N1\ My = Ny (so of course N9 = Np).

Proof. Standard. -

My j% M3 does not imply M7 jf\vf M3, but we are able to construct
useful approximations to the M.

Proposition 8.1.6. If MY j% M3, then there is an increasing continuous
sequence of models in K% (M. :e < AT + 1) such that:

(a) My+ = My, My+yq = Ms.

(b) e <At = M. <, Mcyy.

(c) e <At = M. <V M;.

Proof. By Proposition 7.1.12.c, there is a winning strategy for player 2 in
the -<;\r+—game. Let F' be such a winning strategy. Enumerate MJ by {a. :
e < AT} We construct (No. : € < a), N, by induction on « such that the
following hold:

(1) For each e < o, N, € Ky and N, < M.

(2)

(3) (N4 : o < AT) is an increasing continuous sequence of models in K.

(4) No,a = No = M3,

(5) If @ + 1 is odd, then for each ¢ < a, Ng41c41 is isomorphic to
F((Nge:e+1 < B < a+1), (Ngep1 : e+1 < B < a)) over

Na,a-i—l UNOH-L&'
(6) If « +1is odd, then NF(Nq.a, Na), Nat+1,a+1; Na+t1)
(7) 0o € Nogyo.
(8) NQa li* c NQa,Za-
(9) If « + 1 is odd then Not1,041 = Nati,a-
(10) If « + 1 is odd then Na+170 ﬂNa = Nmo, Na+170 #* Na70.
(11) If o + 1 is even then for each € < @ Noj1 = Nag.

id

M. M4 My —2 My = My — My = M3
id z’dT z’dT id
Na,a —ld> Na,a-i—l i Na,a i Na
id idT id
Na—i—l@ Hﬁd' e+1l,e+1 i Ne—i—l
id id
N = N.

)
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[Explanation: N, o, N, are approximations for M, MJ, respectively.
N is an approximation for M.. When a + 1 is even, we increase the ap-
proximations of M, M5, such that at the end we will have M5 C [ J{N, :
a < AT} M = U{Nao : @« < AT} by 7,8, respectively. When a + 1 is
odd, we increase the approximations of M. (mainly by clause 10). Clause 11
says that in even steps the approximations to M. do not increase. Clause 5
insures, that at the end, we will have M, -<;\r+ M. Clause 6 insures, that
at the end requirement c¢ will be satisfied. The point of the proof is, that we
could not demand 6 for every a, (as otherwise we prove M7 <VF" Mj, which
might be wrong). But we succeed to prove that NF(Ng. e, No, Not1.6, Nat1)
so M. <VF M3].

Why can we carry out the construction? We construct by induction on
«. For limit «, by clauses 2,3 there is no freedom. Clauses 1,4 are satisfied
by smoothness, clauses 5,6,7,9,10,11 are irrelevant and clause 8 is satisfied.
For av = 0 we choose Ny, Ng o by Proposition 8.1.5. Suppose we have defined
(Nae 1€ <), No. What will we do in step o + 17
Case a: a+11is even. For ¢ < o define No41,¢ := No. By Proposition 8.1.5
there are No41, Naot1,0+1 as required, especially clauses 7,8 are satisfied.

Case b: o+ 1 is odd. Define Nfﬂ’; by induction on £ < « such that:

¢ . . . .
(1) (N,2"F e < a) is an =-increasing continuous sequence.

a+l.e
(2) Notiy = F(Neie+1< 8 <a) (NE), (Nperr:e+1<
B <a)).

Now by Proposition 8.1.4, there are N,4+1 and an embedding ¢ : Ngffa —

M over N, o such that we have NF (N o, Na,g[Ntemp ], Not1). For every

a+1,a
e < a, define Nyy1.c := g[Ngﬂ{’a]. Now define Not1.0+1 := Nat1,4. So we

can carry out the construction.

Why is it sufficient? For e < At define M, := [J{Nae : ¢ < a < AT}
Define My+ := [J{M: : e < AT}, My+,1 := U{Na: o < AT}. We will prove
that the sequence (M. : 0 < e < At + 1) satisfies requirements a,b,c:

(a) By 3,4,7 M+, = My. Why is My+ = M{? By 1 M+ C M;. Let
x € M{. Then x € My = M,+,,. So by the definition of My+,; and 3,
there is a such that x € Na,. So by 8 x € Na, 2. But by the definitions of
M67M)\+a N2a,2a C My, C M)\Jr-

(b) By 2,10 |[Mp| = A™. By 2 and smoothness, the sequence (M, : € < A1)
is <-increasing and continuous. So |M.| = AT. Does ¢ < AT = M. € K97
Not exactly, but we can prove by induction on ¢ that 0 < ¢ < AT = (M, €
K3t A M, —<;\r+ Mc41): For e =0 by 10. For limit ¢ by Theorem 7.1.18.a.
For € successor by 5 and Proposition 7.1.10.b. So requirement b is satisfied.

(c) The sequences (Noe : e < a < AT), (N, : e < a < A1) are rep-
resentations of M., M,+,,, respectively. Let a € AT. We will prove
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NF(Noge, Noy Noyi1,e, Nag1). If @ + 1 is even, this is satisfied by clause
11. So let o+ 1 be odd. By 6 we have: (*) NF(Na,a, Nas Na+1,a+1, Na+1)-
By 5 and Theorem 5.5.1 (the transitivity of NF), NF(Nqe, Na,ar Nat1,e,
No+1,a) [Why? By 5 (and Proposition 7.1.12.c), V¢ € [e, &) NF(Ny ¢, Noc+1,
Nao+1,¢, Nat1,¢+1)- The sequences (No¢ @ ¢ € [g,)), (Nat1¢: ¢ € [£,0))
are increasing and continuous. So by Theorem 5.5.1 (the long transitiv-
ity theorem), NF(Nqe, Na.a, Nat+1,6: Nati1,a). So by the monotonicity of
NF, we have: (**) NF(Nqc, No,as Na+t1,e: Nat1,a+1)]. Now by (*),(**) and
Theorem 5.5.1 NF(Nqe, Not1,6, Nay Not1). Note that we use here freely
Theorem 5.4.9 (the symmetry theorem of NF). =

9. NON-SMOOTHNESS IMPLIES NON-STRUCTURE
9.1. Introduction.

Hypothesis 9.1.1. s is a semi-good A-frame with conjugation and K39 sat-
isfies the existence property.

Definition 9.1.2. Let M = (M, : a < *) be an increasing sequence of
models in K,+. We say that M is jf\VJrF -increasing in the successor ordinals
if B < Y <o = Mﬁ+1 jiV+F M,y+1.

Definition 9.1.3. Let a < A™ and let M = (M, : @ < A™2) be an <37~
increasing in the successor ordinals and continuous sequence with union M.
Define T(M) =: {§ € A™? : 3a € (6, \T2) Ms AV M,}. Define T(M) =:
T(M)/Dy+2 where Dy42 is the club filter on A*2. (By Proposition 9.1.5,

T(M) does not depend on the representation M ).

Proposition 9.1.4. Let M = (Mg : a < A*2) be a <! -increasing in the
successor ordinals and continuous sequence. Then:

(a) For each o < A2, My =N M1 & [(VB € (a, \T2)) My 23F Mg).
(b)) T(M) = {6 € A\T2:Va € (§,\T2) Mz AN M, }.
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Proof.

(a) Easy (by Proposition 6.1.6.c).
(b) By item a.

Proposition 9.1.5. Suppose:
(1) The sequences M' := (My1 : o < AT2), M? := (My1 : o < A\T2)
are j]AVJrF -increasing in the successor ordinals and continuous.
(2) My =U{Ma1:a <A} and My = J{Maz2: a < AT2}.
(8) My, My are isomorphic.
Then T(M"Y)/Dyy2 = T(M?)/Dy+2.

Proof. Let f : M; — Ms be an isomorphism. Define F := {a € A2 :
fIMio] = Mao}t. So T((Ma1 @ o € E)) = T((f[Ma] : @ € E)) =
T({My>2 : a € E)). By Proposition 9.1.4b T((Mu1: a € E)) =T(MY)NE
and T((My2 : a € E)) = T(M?) E. Hence T(MYYNE=T(M?*»)NE. A
Proposition 9.1.6. Assume that we can assign to each S € Sﬁiz ={S: S
is a stationary subset of \*2 and (Yo € S)ef(a) = AT}, a model M € Ko
with T(M?®) = S/Dy12 (especially it is defined).
Then there are 2\ non-isomorphic models in K,+2.

Proof. Since |S§f| = 22" it follows by Proposition 9.1.5. o

The following theorem says that there is a kind of a witness for non—jﬁ\vf -

smoothness, such that if it holds, then there are PI non-isomorphic models
in K)\+2 .

Theorem 9.1.7. Suppose that there is an increasing continuous sequence
(M?*: o < AT +1) of models in K*% such that for each o, B with o < B < AT,
we have My <, Mg jS\ff M, but M3, ANFE M3,
Then there are 22" pairwise non-isomorphic models in Ky+2.

Proof. By Proposition 9.1.6, it is enough to assign to each S € Si‘f a model
M?® € Kyy2 with T(M®) = S/Dy12. Let S be a stationary subset of A2
such that & € S = c¢f(a) = AT. We will choose a model Mz by induction
on 3 < A2 such that:
(1) Mg e K5
(2) The sequence (Mg : 3 < AT2) is continuous.
(3) BeAT?—S = Mg <, Mg,
(4) If B € S then (Mg, Ms11) = (M, M, ).
(5) For each 8 < AT2 Mg <\ Mgy < 3¢ S.
Note that clause 5 is the crucial point and it actually follows by clauses 3,4.
[Why is it possible to choose Mg? For = 0 we choose a model M, €
K*®_ For limit ordinal 3, define Mg = [J{M, : v < 8}. What will we do
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in the 8 4+ 1 step? Clause 5 follows by clauses 3,4. So it is enough to find
Mg 1 which satisfies clauses 3,4.

case a: 3 ¢ S. In this case we choose Mg, such that Mg <; Mgy (see
Proposition 7.1.12.a).

case b: € S. Since Mg, My, are saturated in A* over A, they are
isomorphic. Hence we can find Mg satisfying clause 4].

Define M := [J{M, : a < AT2}. It remains to prove that T(M?°) =
S/Dy+2 (especially T(M?®) is defined). But if T({M,, : a < A*?)) is defined
then by clause 5, T(MS) = T({(M, : a < A*?))/Dy+2 = S/Dyt2. So it
is enough to prove that it is defined, namely, to prove that for each «,f
with o < 8 < A*? we have M, jf\vf Mg1. But it is easier to prove the
following stronger claim:

Claim 9.1.8. For every 8 < AT (x)g: For each a with ow < 8, the following
hold:

(1) Mat1 jf\vf Mgy 1.

(2) Ifﬁ ¢ S then Ma+1 <t Mﬁ'f‘l‘

Proof. (x)g is vacuous.

Why does (x)g = (*)g+1 hold? Fix a < 4+ 1. We prove that My <';+
Mgyo. By clause 3, Mgy <+ Mpis. So, if @ = 8 then May1 <, Mgy
So without loss of generality, a < 8. By (x)g Ma+1 jivf Mpg4q. But
Mgy <§+ Mpgyo. So by Proposition 7.1.10.c, May1 <;\“+ Mgio. This
establishes (¥)g41.

Assume that ¢ is a limit ordinal and (x)g holds for each g with 8 < é.
We have to prove (x)s. Let (y(e) : € < ¢f(d)) be an increasing continuous
of ordinals with limit J, such that for every e, (e 4+ 1) is a successor of a
successor ordinal. Note that for every ¢ < cf(d) 7. ¢ S, because cf(7:) <
cf(6) < A*. Consider the sequence (M, : e < cf(d)).

Claim 9.1.9. M, <" M,_,, for each e < cf(9).

Proof. Since v, ¢ S, by clause 3, M,, <; M, 1. If ve41 = 7. + 1, then
the claim is proved. Assume Yc11 > V- + 1. .41 = ( + 1 for some successor
(. ¢¢S. Soby (%)¢.2, My 41 <7y Meyy =M So M, <, My 41 <F,

Ye41°
M, . Hence by Proposition 7.1.10.d M, <}, M. .

Yet+1®
Claim 9.1.10. The sequence (M, : e < cf(6)) " (Ms) is continuous.

Proof. Take ¢' € {7 : ¢ < cf(6)} U{0} and take z € My. We have to
find ¢ < ¢f(d) such that . < ¢’ and € M, . By clause 2 the sequence
(Mg : B < A™2) is continuous, so for some 3 < § x € Mg. The ordinals
sequence (7 : € < cf(9))™ () is increasing and continuous. Hence for some
e < cf(d) with 8 <. < ¢'. Since Mg C M,_, x € M,,. .

Claim 9.1.11. M, <Y Mj for each e < cf(6).

Proof. By Proposition 6.1.6.d (and Claim 9.1.9, Claim 9.1.10 and Proposi-
tion 7.1.10.a). =
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Now we return to the proof of (x)s. Fix o < 4.

Claim 9.1.12. M4 <3F M

ey Jor some e < cf ().

Proof. Take € < c¢f(9) with a +1 < Yz41. Ye41 = ¢ + 1 for some (. So by
(¥)¢.1, Mag1 253 My =M, .

Case a: § ¢ S. In this case by clause 4, M; <; Ms1. So by Propo-
sition 7.1.10.c, it is enough to prove that M, jf\VJrF Ms. By Claim 9.1.12
Myt jﬁ\vf M, , for some €. By Claim 9.1.11, M, jﬁ\vf Ms. So by
Proposition 6.1.6.b, M,41 jﬁ\vf Ms.

Case b: 9 € S. In this case we have to prove that M, jﬁ\vf Msy1. We
choose f, by induction on a < A* such that:

e+1

(1) For every a < AT, fo : M — M, is an isomorphism.
(2) (fa : @ < AT) is an increasing continuous sequence of isomorphisms.

There is no problem to carry out this induction [Why? We can choose fj
by Theorem 1.0.32, (the uniqueness of the saturated model in AT over \).
M} <; M7 ,. By Claim 9.1.8 M,, <}, M,,,,. So by Theorem 7.1.13.a,
for every «, we can find fu4+1. For « limit take union].

Now by clause 4, (Ms, Msy1) = (M}, M3, ;). So we can find an iso-
morphism f : My+,; — My that extends fy+. For every ¢ < AT,
My =<NE My, so My, = fIMZ] =NF fIMy, ] = Msyq. So My, < My
for each ¢ < ¢f(6). Hence M, , <NF Msyy for each e < cf(6). But by
Claim 9.1.12 for some € < c¢f(8) May1 =34 M, ,. Therefore by Proposi-
tion 6.1.6.b, My 1 <N My, . -

_|

Theorem 9.1.13. The following conditions are equivalent:

(a) (K, <3E) K5*) does not satisfy smoothness.

(b) There are My, M; € K*% such that M7 <® My but M7 ANF Mj.

(¢c) There is a sequence (M. : € < A\t + 1) of models in K% such that for
each €, with e < ¢ < AT + 1, we have ¢ # \T & M. %L M, &
M. =VF M.

Proof. ¢ = a is clear. b = ¢ holds by Proposition 8.1.6. a = b holds by
Proposition 8.1.3.b. -

Now we can prove Theorem 7.1.3, but first we recall it: If (K%, jf\vf i

K*%) does not satisfy smoothness, then there are oA t? pairwise non-isomorphic
models in Ky+2.

Proof. Condition a of Theorem 9.1.13 is satisfied, so condition c is satisfied,
too. Hence by Theorem 9.1.7 we have the conclusion of the theorem. o



76 ADI JARDEN AND SAHARON SHELAH

10. A cooD AT-FRAME

10.1. Discussion. In Definitions 2.6.1, 2.6.2 and 2.6.4, we expanded the
definition of the non-forking relation and basic types to models in K~ . In
Theorem 2.6.8 we proved some axioms of a good frame for this expansions.
Here we are going to prove the other axioms. So why are Sections 3-9
needed? In other words, what are the difficulties in proving that s (defined
below) is a good AT-frame? The main problem is that amalgamation may
not hold in (K+, <[ Ky+). Now we can solve this problem by restricting the
relation < K,; to the relation jﬁ\vf . But then we lose smoothness. We solve
this problem, showing that if we restrict to the class of saturated models
in AT over A\ then non-smoothness of jivf implies many models. Now the

relation <';+ and tameness enable us to prove the remaining axioms.

Definition 10.1.1. Let s be a semi-good A-frame. We say that s is successful
when:

(1) K34 satisfies the existence property.

(2) satisfies smoothness.

Hypothesis 10.1.2. s is a successful semi-good A-frame with conjugation.

We recall that the types in this paper are classes of triples under some
equivalence relation. But this relation depends on the partial order, that
we define on the class of models, see Definition 1.0.24. For My, M; € K+,
when we write tp(a, M, N), we mean to the partial order <. But when we

want to consider the partial order jf\VJrF , we have to write it explicitly.

Definition 10.1.3. For My, M; € K** and a € My — My, we define
tp+(a, M07 Ml) = tp((Ksat)up,(jin TKsat)up)(a, ]\4’07 Ml)
(About ‘sat’ see Definition 7.1.2 and about ‘up’ see Definition 1.0.16.)

Proposition 10.1.4. For every My, My, My with My ji\[f My N My jﬁ\vf
My and every ay,as with a € My — Mg A as € Mo — My:

tp* (a1, Mo, My) = tp™ (ag, Mo, M2) < tp(ay, Mo, My) = tp(az, Mo, Ma).

Proof. The first direction: Suppose tp™* (a1, Mo, M) = tp*(az, My, Ms). By
Theorem 7.1.18.c, (K*, jf\vf | K%%) satisfies the amalgamation property.
So there are fq, fo, M3 such that: M jf\vf Ms, fn: M, — Msis a jf\vf—
embedding over My and fi(a1) = fo(az). But K*% C K, and the relation
jf\vf is included in the relation =<, so the amalgamation (f1, f2, M3) wit-
nesses that tp(ay, Mo, M) = tp(az, My, Ms).

The second direction: Suppose tp(ay, My, M) = tp(az, My, Ms). Take an
amalgamation (fi, fo, M3) of My, My over My with fi(a1) = fa(az). For
each N € K, with N =< My tp(fi(a1), N, fi[Mi]) = tp(fa(az), N, f2[Ma]).
So by Theorem 7.1.13.b, tp™ (a1, My, M1) = tp™ (ag, My, M>). -

Although we defined restriction of types in Definition 1.0.24.3, the follow-
ing definition is needed for tp™:
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Definition 10.1.5. For p = tp™(a, My, M) and N € K) with N < My, we
define p | N :=tp(a, N, My).

The following definition is based on Definition 2.6.1.

Jr
Definition 10.1.6. s := ((K*!)ur (] Koot)ur gb+ (|)), where:
(1) For each M € K*% we define S***(M) := {tp*(a, M,N): {M,N} C
Ksat, M <NE N, tp(a, M,N) € 5%}

+

(2) ) is defined by: tp™*(a, My, Ms) does not fork over My if { My, My, Ms}
C K% My ji\ff M, jf\VJrF My and tp(a, My, M3) does not fork over
My in the sense of Definition 2.6.2.

Proposition 10.1.7.

(a) S is well-defined: It does not depend on the triple (Mg, My,a) that
represents the type.

+
(b) \|J is well-defined: It does not depend on the triple (My, M1, a) that rep-
resents the type.

Proof. By Proposition 10.1.4. o

Proposition 10.1.8. Let s be a successful semi-good A-frame with conjuga-
tion.
(1) (Ksat,jivf[ K$%) satisfies Aviom c of AEC in \* (i.e., Defini-
tion 1.0.8.2.c).
(2) (K5, <NE) K5 is an AEC in AV
(3) (K*% jivf[ K*%) satisfies the amalgamation property.

Proof. By Theorem 7.1.18 and hypothesis 10.1.2. o

Theorem 10.1.9. Let s be a successful semi-good \-frame with conjugation.
Then st is a good AT -frame.

(So although in A we have almost stability only, we get good A*-frame,
so stability!)
Proof. By Proposition 10.1.8, (K*%, <VF| k%) is an AEC in A™ with amal-
gamation. So by Fact 1.0.18, ((K*@)P, (X' K*o*)uP) is an AEC with LST
number AT, By Theorem 1.0.32, K*% is categorical. So (K, <NF| Kst)
satisfies the joint embedding property. By Proposition 7.1.12.a and Propo-
sition 7.1.10.a, there is no jﬁ\vf—maximal model in K. What about the
axioms of the basic types and the non-forking relation? By Theorem 2.6.8,
the following axioms are satisfied: Density, monotonicity, local character
and continuity.

Proposition 10.1.10. s+ satisfies basic stability.

Proof. Let M € K*®. M € K,+, so it has a representation (N, : & € AT)
(each N, is of cardinality \). For p € S** (M) define (ay,q,) by: ap is



78 ADI JARDEN AND SAHARON SHELAH

the minimal ordinal in A* such that p does not fork over N,. ¢, =: p |
N,,. For every a € A" by Definition 2.1.3 (semi-good A-frame), we have
|SP(No)| < AT, s0 |(ap,qp) :p € SPT (M) < AT x AT = AT, So it is
sufficient to prove that the function p — (o, ¢p) is an injection. For every
p1,p2 € S*H(M) if ap, = ap, A gy, = Gp,. Therefore by Corollary 7.1.17.c
(tameness) p1 = pa. =

Proposition 10.1.11. 5T satisfies uniqueness in the sense of Definition 2.1.1.3.d.

Proof.
1) By the proof of Corollary 7.1.17.c (tameness).
2) Suppose n < 2 = M, € K*% My =< My, p,q € S*T (M), p| My=q |

My and p, g do not fork over My. By the definition of LTJ, there are N, Ny €
K, such that N, < My, Nq = My, p does not fork over IV, and ¢ does not
fork over N,. As LST(K, =) < A, there is a model N € K with N, |J N, C
N =< My. By Axiom 1.0.3.1.e, N, = N and N, = N. By Theorem 2.6.8(2)
(monotonicity), p, ¢ do not fork over N. By the assumption p [ My = q [ My,
sop | N =g¢q | N. Hence by item 1, p =gq. -

Proposition 10.1.12. s satisfies symmetry in the sense of Definition 2.1.1.5.e.

Proof.
id

MQ M4
v
id M3
v
MO idb ]\4’1 id
id id
id
id Ny id Ny
%
id N3
4

No
Suppose 1-5 where:
) {My, My, M3} C K2,
) Mo =NF My <V M.
)
)

ay € M.

(
E
(4) tp(ar, Mo, M3) € S*T(Mj).

1
2
3
4
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(5) ag € M3 and tp(ag, M7, M3) does not fork over M.

Step a: We choose models Ny, N1, N3 € K which satisfy 6-12 where:

6) n € {0,1,3} = N, < M, and Ny < N; < Nj.

7) tp(ag, My, M3) does not fork over Ny.

8) tp(a1, My, M3) does not fork over Ny.

9) a; € Nj.

10) ag € Ns.

11) NF(Ny, Ny, My, My).

12) NF(Ny, N3, My, M;).

(Why is it possible? By 2, there are representations (No o : @ < A1), (N1 4 :
a <A, (NF, i < AY), (N3o o < AY) of Mo, My, My, M3, respectively,
such that: o < A\t = NF(NO,Q,Nl’a,No’a+1,N1’a+1), NF(N{:O(,N&Q,
Nt o115 N3at1). Let E be a club of AT such that o € E = Nio = N,
Choose o € E big enough such that 7,8,9,10 will satisfied for Ng = N o
Nl = Nl,on N3 = NB,a)

Step b: [We use the symmetry axiom] By 6,8 we have:
(13) tp(al,No,Ng) S Sbs(No).
by 6,7 we have:
(14) tp(ag, N1, N3) does not fork over Ny.
Now by Definition 2.1.1.3.e (symmetry) there are N3, Nf € K which satisfy
15-18:
(15) No = N§ < Nj.
(16) N3 < N
(17) a2 € N5.
(18) tp(a1, N5, Nj) does not fork over Np.

Step c: [Move everything to K*%] We choose f which satisfies 19,20:
(19) f is an injection, dom(f) = Nj and f [ N3 is the identity.
(20) FIN;] () Ms = Ny.
Define Ny := f[Nj], Ny := f[N3]. By the existence proposition of the <, -
extensions (Proposition 7.1.12.b), there is My € K which satisfies 21,22:
(21) NF(Ny, Ny, My, My).
(22) Ms <;\r+ My.
By 20 (mainly) we know:
(23) N2 My = Np.
(Why? By 15 and the definitions of f, Ny, we have Ny < Na. By 6, Ny < M.
Let x € Nao(\ M. By 2,15 € Ny Ms. So by 20, x € N3. Sox € N3[)M;.
Hence by 12, x € Ni. So x € N1 My. Hence by 11, we have z € Np). So
by the existence proposition of NF (Proposition 6.1.3.c), there is My € K5
such that:
(24) NE(No, N, My, Ms).
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Without loss of generality, Ny Mz = Ny as My( N4 = Ny. By Proposi-
tion 7.1.12.b there is Mg € K*% which satisfies 25,26:

(25) Mo <, M.

(26) NF (N2, Ny, My, Mg).

Step d: We will prove 27,28:
(27) tp(a1, M2, Mg) does not fork over Njy.
(28) There is an isomorphism g : Mg — My over My Na.
Then we will conclude:
(29) tp(ai, g[Ms], My4) does not fork over M.
By 25, Proposition 7.1.10.c and 24 we have:
(30) My <¥, M.
By 24,25 and Theorem 6.1.3.b (monotonicity):
(31) NF(No, N2, Mo, M).
By 24,26,28 and the transitivity of the relation ﬁ, we have:
(32)NF(No, Na, Mo, My).
By 2,22 and Proposition 7.1.10.c:
(33) My <t, M.
By 30-33 and Theorem 7.1.13.c, we know 28. By 26, and Theorem 6.1.3.e
(respecting the frame):
(34) tp(ai, My, Mg) does not fork over No. By 18 (and 12,9,19):
(35) tp(a1, N2, Ny) does not fork over Ny. By 26 Ny < Mg, so by Theo-
rem 2.6.8(3) (the transitivity of the non-forking relation), we have:
(27) tp(ai, Ma, Mg) does not fork over Nj.

Step e: It remains to prove
(36) ag € g[M>]. By 28, g is an isomorphism over N, so it is sufficient to
prove as € Na. By 17 a2 € N5. So by 10,19 as € Na. -

By the following proposition, s* satisfies extension in the sense of Defini-
tion 2.1.1.3.f.

Proposition 10.1.13.

(1) If N = M € K*% pe S*(N), N € Ky, then there is ¢ € S*>* (M)
such that g [ N = p and q does not fork over N.

(2) If {Mo, M1} C K, My =3\F My, p € 5%7(My), then there is an
extension of p to SPST(My).

Proof.

(1) Let a, N1 be such that tp(a, N, N1) = p. By Theorem 6.1.3.c, without
loss of generality, there is a model M7 such that ]ﬁ(N, Ny, M, My).
By Theorem 6.1.3.e, ¢ := tp(a, M, M;) does not fork over N.

(2) By the definition of S***, there is a model N € K such that N <
My and p does not fork over N. By item (1), there is ¢ € S** (M)
which does not fork over N, and ¢ [ N = p [ N. g does not fork
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over My as it does not fork over N. So it is sufficient to prove that
qo := q | My = p. By Theorem 2.6.8.2 (monotonicity), go does not
fork over N. qo | N =q | N =p [ N. Hence by Corollary 7.1.17.c
(tameness) p = qo.

_|

This completes the proof of Theorem 10.1.9. —

11. CONCLUSIONS

Definition 11.0.14. Let X\ be a cardinal and let n be a natural number.
We define A" as the n-th cardinal after A\: AT0 = X and A*T(*+1) is the
successor cardinal of A\T™.

11.1. Proof of the main theorem. Now we can prove Theorem 1.0.1:

Theorem 11.1.1. Suppose:
(1) s = (K,=,5%,||) is a semi-good \-frame with conjugation.
(2) K3% is dense with respect to =<ps.
(3) INT2, K) < 22",

Then

(1) There is a good A*-frame s* = ((K** <[] Ksat)“p,5b57+,®),
such that K% C K,+ and the relation jf\vf[ K*% s included in
the relation <| K%,

(2) st satisfies the conjugation property.

(3) There is a model in K of cardinality \T2.

(4) There is a model in K of cardinality \T3.

A reader might wonder: does this really work with no assumption on the
number of models in K of cardinality A*? So how do you get amalgamation
(in K )\)7

The point is that we assume amalgamation implicitly, it is hidden in the
definition of a semi-good frame.

Proof. (1) K3"4 is dense with respect to <,. s satisfies the conjugation
property, so by Proposition 4.1.12, K34 satisfies the existence property.
By clause 3 of our assumption, I(A*2 K) < 22" Hence by Theorem
7.1.3, (K®% jf\vff K*%) satisfies smoothness, i.e., 5 is successful (Definition
10.1.1). So Hypothesis 10.1.2 is satisfied. Therefore by Theorem 10.1.9, s
is a good AT-frame. Obviously K** C K+ and ={!" is included in the
relation <X Ky+.

(2) Why does s have conjugation? Suppose M jﬁ\vf My, {My, M} C

+
K*%* and p € S (M) does not fork over My. By the definition of ||J, there
is N € K such that N < My and p does not fork over N.
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p | Mo f(p T M) =p
Mo ]‘f M,

idT
N

By Theorem 1.0.32.a (the uniqueness of the saturated model), there is an
isomorphism f : My — M; over N. By Theorem 2.6.8(2) (monotonicity),
p | My does not fork over N. So f(p | My) does not fork over N. But
also p does not fork over N and f(p | Mp) [ N =(p | Mp) | N =p |
N. [Why do we have the first equality? There are M., f,a such that
p I My = tp(a, My, My") and f C f*+, dom(f) = My. So (p | Mo) |
N = tpla, N, M}) = tp(f*(a), N, fHIMG)) = tp(FH(a), My, FHM]) |
N = f(p | Mp) | N]. By Proposition 10.1.11(1), s* satisfies uniqueness
in the sense of Definition 2.1.1.3.d. So f(p | My) = p.

(3) By Proposition 3.1.9(2).

(4) Substitute s instead of s in Proposition 3.1.9(2). =

Now we want to present a conjecture that motivates the hypothesis that
K34 is dense with respect to <ps. In order to state the conjecture, we have
to give the following definitions.

First we define the ideal of weak diamond. It was firstly defined in [DvSh].
An introduction to the weak diamond appear in Appendix C of [Bal.

Definition 11.1.2. Let A be an infinite cardinal. We define W DmId(\) :=
{A C \: for some F :<* A — 2 for every ¢ : A — 2 for some 5 : A — X the
set {§ € A: F(n|0)=c(d)} is not stationery}.

Definition 11.1.3. Let p be a cardinal, A be a regular uncountable cardinal
and I a normal ideal on A. I is said to be not saturated in p when: There is
a sequence (A; : ¢ < p) such that A; C X\, A; ¢ I fori < pand A;(A4; €l
for i # j € p.

In the last chapter of [Sh:h], Shelah almost proved the following conjecture
for good frames. The pattern of the proof for this conjecture but with
syntactic types is in [Sh 87b] and Chapter 23 of [Bal.

Conjecture 11.1.4. Let s be a semi-good \-frame. Assume that 2* < 2 <
22" and WDmId(A") is not saturated in X*. If K" is not dense with
respect to <ps, then I(AT2, K) = 22",

In the following theorem, we replace the assumption that K% is dense
with respect to =s (that appear in Theorem 11.1.1), by assumptions that
imply that K% is dense with respect to <ps. This theorem is the inductive
step for Corollary 11.1.6.
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Theorem 11.1.5. Suppose:
(1) s = (K, =,5% ) is a semi-good \-frame with conjugation.
(2) IZT2 K) < 227,
(3) 2 < 22" < 22 and WDmId(N\'"Y) is not saturated in AT2.
(4) Congecture 11.1.4.

Then

+
(1) There is a good A" -frame sT = (K, <NF) K50t S+ (|)), such
that K5 C Ky+ and the relation jé\vf[ K% s included in the
relation <| K%%.
(2) sT satisfies the conjugation property.
(3) There is a model in K of cardinality \™2.
(4) There is a model in K of cardinality \T3.

Proof. By assumptions (2),(3) and Conjecture 11.1.4, K344 is dense with
respect to <ps. Now use Theorem 11.1.1. =

Corollary 11.1.6. Suppose:
(1) n < w.
(2) s = (K,=,5%,|]) is a semi-good \-frame with conjugation.
(3) m < n = I(ATETM) K) < 2T
(4) 22" < AT for every m < n + 1 and W DmId(AT™) is not

saturated in AT for every m < n.
(5) Congecture 11.1.4.

+n
then there is a good A\*"-frame s™ =: ((K™, <"), S***7 ||)), such that:

(1) K¢y € Kyin and the relation<" is included in the relation <k K™,
(2) s™ satisfies the conjugation property.
(3) There is a model in K™ of cardinality \T*+7),

Proof. By induction on n, using Theorem 11.1.5. —

Now we prove Theorem 1.0.2:

Theorem 11.1.7. Suppose:
1) s = (K, =, 8%, 18 a semi-good A-frame with conjugation.
( g jug
(2) m < w = [(ATEm) ) < A7
< ana for every m < w, m 18 not satu-
3) 227" < 22T and W DmId(AT1+m

rated in \T(2+m),
(4) Conjecture 11.1.4.

Then there is a model in K™ of cardinality \T" for every n < w.

Proof. By Corollary 11.1.6. o
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12. COMPARISON TO [Sh:h].II

A reader who knows [Sh:h]|.Il, might ask about the main problems in
doing this work. As in [Sh:h|.II, there is a wide use of brimmed extensions
(i.e., using stability); we had to find alternatives.

First the relation N F is defined in [Sh:h].IT using brimness, so we found a
natural definition (maybe an easier one) which is equivalent to the definition
in [Sh:h].II, but not using brimness.

Another problem was proving conjugation (see Definition 2.5.5). But
in the main examples there is conjugation, so it is reasonable to assume
conjugation.

Another problem was to find a relation —<;\r+ on K*" which satisfies the
required properties (see the discussion before Definition 7.1.4). [Sh:h].II
essentially uses brimness. But as the needed relation is on models of cardi-
nality A™, we can find such a relation, using just almost stability.
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