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Abstract

We propose Lagrangian formulation for the particle with value of spin
fixed within the classical theory. The Lagrangian turns out to be invari-
ant under non-abelian group of local symmetries. As the gauge-invariant
variables for description of spin we can take either the Frenkel tensor
or the BMT vector. Fixation of spin within the classical theory implies
O(h) -corrections to the corresponding equations of motion.

1 Introduction

Classical theories of spin are widely used (see [1-4] and references
therein) in analysis of spin dynamics in various circumstances and
are known to agree with the calculations based on the Dirac the-
ory. The spin variables of the Frenkel and BMT theories obey the
first-order equations of motion. On this reason, construction of the
corresponding action functional represents rather nontrivial prob-
lem. Various sets of auxiliary variables have been suggested and
discussed in attempts to solve the problem [5-11]. The present model
is based on the recently developed construction of spin surface [12].
This represents an essentially unique SO(n) -invariant surface of 2n -
dimensional vector space which can be parameterized by generators
of SO(n)-groupl]. In [13] it has been demonstrated that SO(3) spin
surface leads to a reasonable model of non-relativistic spin. SO(2, 3)
spin surface implies the model of Dirac electron [14], and represents
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1More exactly, (2n — 3) -dimensional spin surface has natural structure of fiber bundle. Its
base can be parameterized by SO(n)-generators.



an example of pseudoclassical mechanics [I5]. Here we demonstrate
that SO(1, 3) spin surface can be used to construct variational prob-
lem for unified description of both the Frenkel and BMT theories of
relativistic spin.

In the Frenkel theory [5] we include the three-dimensional spin-

vector S¢, (S§9)? = %, into the antisymmetric tensor JW = —J"A.
This required to obey the constraint
J*u, =0, (1)

where u,, represents four-velocity of the particle. In the rest-frame,
u, = (up,0,0,0), this implies J% = 0, so only three components of
the Frenkel tensor survive, they are JY = ¢9*S*  Besides, we can
impose the covariant constraint
2
I T = % (2)
2

As in the rest frame J*J,, = 2(S5%)?, this implies the right value of
three-dimensional spin, as well as the right number of spin degrees
of freedom.

Frenkel tensor is equivalent to the four-vectoil S# = %E’WQB Uy Jog,
the latter obeys

Stu, = 0. (3)

This has been taken by Bargmann, Michel and Telegdi as the basic
quantity in their description of spin [16]. In terms of the BMT-
vector, spin can be fixed fixed by the constrain
1 3h°
(S'u)2 = —§U2J2 + (JU)2 = —TU2. (4)
Equations for the BMT-vector can be fixed [16] from the require-
ments of relativistic covariance, the right non-relativistic limit and
from the compatibility with above mentioned constraints. Using the
proper time as the evolution parameter, they read]

gt = —PC (RS 4 (SFu)u] — (aS)u”, (5)

mc?

2We use the Minkowski metric n*¥ = (—, 4+, 4, +) and the Levi-Civita symbol with ¢9123 =
+1.
3We point out that S#, being the Casimir operator of the Poincare group, has fixed value
for the Poincare IRREPs as well.
g

10ur p = 5 of BMT, and the sign of our charge e is the negative of theirs.



where p stands for the anomalous magnetic moment, mu* = f#,
and f* is four-force.

We are interested in to formulate a variational problem for the
Frenkel and BMT classical spin theories. As compare with the previ-
ous attempts [5-11], we look for the action functional which, besides
of the transversality constraints (1), (3]), implies also the value-of-
spin constraints (2)), ([@). We point out that mainly due to the ab-
sence of variational problem, canonical quantization of the Frenkel
and BMT theories is not developed to date. We hope the present
work may be a step towards this direction.

We construct the Frenkel tensor starting from angular momen-
tum

JH =2(whn” — W), (6)

of the spin ”phase” space with the coordinates w* and the conju-
gate momenta 7. To achieve this, we restrict dynamics of the basic
variables on the spin surface determined by SO(1, 3) -invariant equa-
tions

7 = ay, w? = as, wr = 0. (7)
As J" ], = 8(w?r? — (wm)?) = 8agas, an appropriate choice of the
numbers ay and a5 in Eq. (@) fixes the value of spin. Besides, we
impose the constraints

pw = 0, pr =0, (8)

where p* stands for conjugate momentum to the world-line coordi-
nate z#. Egs. () guarantee the transversality (II) of the Frenkel ten-
sor. The set (), (8) contains one first-class constraint (see below).
Taking into account that each second-class constraint rules out one
phase-space variable, whereas each first-class constraint rules out
two variables, we have the right number of spin degrees of freedom,
8—(4+2)=2.

Dynamics of the position variable z*(7) is restricted by the stan-
dard mass-shell condition

p? +m? =0. 9)

Our next task is to formulate the variational problem which implies
these constraints. Since they are written for the phase-space vari-
ables, it is natural to start from construction of an action functional



in the Hamiltonian formalism. We introduce the canonical pairs
(gismgi), © = 1,2,3,4,5, of auxiliary variables associated with the
constraints. Then the Hamiltonian action can be taken in the form

Sy = / dr pui® + muit + myg; — H, (10)

1 1
H = §gl(p2 +m2c?) + §g2(7r2 + ag) + g3(pm)+

1
g4(pw) + 595(&)2 —+ CL5) -+ )\giﬂ'gi- (11)

We have denoted by Ay the Lagrangian multipliers for the primary
constraints 7, = 0. Variation of the action with respect to g; im-
pliesH the desired constraints (7), () and (@).

2 Lagrangian of a theory with quadratic con-
straints

Lagrangian of a given Hamiltonian theory with constraints can be
restored within the extended Lagrangian formalism [17]. Our con-
straints (@), (8) and (@) are either linear or quadratic with respect
to momenta. For this case, the general formalism can be simplified
as follows. Consider mechanics with the configuration-space vari-
ables Q*(7), gab(T) = Gba, h%(7) and ke (7) = kpy and with the
Lagrangian action

1 1 1.
S = / Ar39:DQ"DQ" = Skua" Q" = SM(3,h k). (12)

We have denoted DQ = Q* — h%,QP, and §* is the inverse matrix
of g This action can be used to produce any desired quadratic
constraints of the variables @), P. Indeed, denoting the conjugate
momenta as F,, m,, m, and 7, the equations for P, can be solved

oL : .
Pa = T~ = gabDva = Qa = abe + habeu (13>
oQ°
while equations for the remaining momenta turn out to be the pri-
mary constraints 7, = m, = m, = 0. The Hamiltonian reads

1 1 1
H = §~abPan + P,h%Q° + 5@,@“@ + 5M+

5The equation wm = 0 appears as the third-stage constraint, see Eq. (Id) below.



)\gﬂ'g + )\kﬂ'k + )\hTFh. (14)

Then preservation in time of the primary constraints implies the
quadratic constraints P, P, + 6 oM. — (), and so on.

Comparing the Hamiltonian of our interest (II]) with the expres-
sion (I4)), let us take Q* = (z*,w"), P, = (pH,7"),

~ab _ [ 91 93 a [0 94 (9 O
g _<93 g2>>hb_<0 0>akab_<0 O)’

where g1 = ¢1n*” and so on. Besides, we take the "mass” term in
the form M = gym?2c® + goas + gsas. With this choice, the equation
(I4) turns into the desired Hamiltonian (III). So the corresponding
Lagrangian action reads from (I2) as follows

S = /dT 92 D:)s) —2¢g3(Dxw) + glwﬂ —
1
§glm202 — 592&2 — 595(w + as). (15)

We have denoted A = det § = g1go — g3, D" = i* — gywh.

3 Free theory

Equations for the canonical momenta p* and 7# of the theory (L5

p_92p.n_ 9. " I i
P ADx Aw T AD —i—A (16)

can be resolved as follows
' = gipt + gsm 4 guwt', DM = gspt' + gom, (17)

while equations for the remaining momenta imply the primary con-
straints, 7w, = 0. Using these equations in the expression pi+rw—L,
we immediately obtain the Hamiltonian (IIl). Preservation in time
of the primary constraints implies the following chains of higher-
stage constraints:

=0 = p*+m?=0. (18)

Tpe=0, = ™ +ay=0

Tgs =0, = w’4a5=0 }:MWZO’:>
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az az
= — = A5 = —Ag2. 19
g5 a5g2a g5 as g2 ( )
7T93:O:>p71':0, = g4 =0, :>)\g420.
7Tg4:0 = pw=0 = g3=0, = )\93: . (20)
The constraints p* + m*c*> = 0 and 7 + az + 2(w® +a5) = 0

form the first-class subset. This indicates that the action (I0) is
invariant under the two-parametric group of local transformations.
It is composed by the standard reparametrizations as well as by the
following transformations with the parameter v(7):

5(")“ = /79271-“7 571—“ = _7g5w“7
09> = (v92)s 995 = (795), 093 = —Va9a,
091 = 79395, OAg = (0g;)- (21)

Note that z#, J* and S* = %EWQB DuJap are y-invariant quantities.
Besides the constraints, the action implies the Hamiltonian equa-
tions

j:M = glpuv pﬂ = 07
wH = g27-‘-#7 Tt = —gg—w“. (22)

Obtaining these equations, we have used the constraints (I9]) and
@0). The functions ¢;(7) and g(7) can not be determined nei-
ther with the constraints nor with the dynamical equations. It
implies the functional ambiguity in solutions to the equations of
motion (22): besides the integration constants, solution depends on
these arbitrary functions. The ambiguity of z* due to g; reflects the
reparametrization invariance, while the ambiguity of w* and 7 due
to g is related with the v -symmetry. According to the general the-
ory of singular systems [18] [19] 20], the variables with ambiguous dy-
namics do not represent the observable quantities. So, our next task
is to find candidates for observables, which are variables with unam-
biguous dynamics. Equivalently, we can look for the gauge-invariant
variables. As the physical variables of the spin-sector, we can take
either the Frenkel tensor or the BMT-vector, both turn out to be -
invariant quantities. The ambiguity related with reparametrizations
can be removed in the standard way: we assume that the functions
x#(7) represent the physical variables z*(¢) in the parametric form.



As it should be, dynamics of the physical variables is unambiguous

dxt pt dpt dJw  dS*

=c— =0 =—=0. 23
at ~ Cpy At O Tdat di (23)
According to the equations (I8)-(20), the variables obey also the
constraints p* + m?c? =0, J¥p, = 0, J* = 8agas, S'p, = 0,
S? = dm?cPasas.

4 Interaction with uniform electromagnetic field

Let us consider the spinning particle with electric charge e and the
anomalous magnetic moment p. We take the Hamiltonian of inter-
acting theory in the form

1
H= 91(772 + 2 o LT +m?) + §g2(7r2 + ag)+
1
93(Pm) + ga(Pw) + =gs(w® + as) + Agimmyi. (24)

2

We have denoted P* = p* + ¢A*. In contrast to p*, the U(1)-
invariant quantities P* have non-vanishing Poisson brackets. We
restrict ourselves to the case of uniform electromagnetic field, F),, =
O, A, — 0,A,, = const, then {P+, P} = —SFH.

We point out that the v-symmetry survives in the interacting
theory even for nonuniform field.

The Hamiltonian (24]) implies the constraints (I9), the mass-shell
condition

P4 Z—”FWJW +mi =0, (25)
c
as well as the chains

e(p—1
Pr=0, = g4:—gl%(7rF7?), = A1 ~ Agi.

e(p—1)

Pw=0, = g3=n ESVE

(WFP), = Ags~Ag.  (26)

We have denoted M? = m? 4 6(2” 1) F »J*. The constraints imply
the useful consequence

g3(mF'P) + ga(wWFP) = 0. (27)



This equation can be used to verify that the quantities F,,J*, M?
and P? represent the integrals of motion.
Hamiltonian equations for the basic variables read

= giut, PH = —glz(Fu)“, (28)

. e
wh = —91?'“(}%)“ + go" + g3 P*,

T = —glﬁ(Fﬂ)“ - %ggw” — g4 P, (29)
C as
where the four-velocity u* is (see Eq. (20))
pw_pu o B I M_e(,u—l)JF ju 30
u' =P +gl7r +glw P SV (JFP)~. (30)

Hence the interaction leads to modification of the Lorentz-force
equation. Only for the ”classical” value of anomalous momentum,
i = 1, the constraints (26]) would be the same as in the free the-
ory, g3 = g4 = 0. Then the four-velocity coincides with P. When
i # 0, the difference between u and P is proportional to C—J3 ~ c—h3 All
the basic variables have ambiguous evolution. z* and P* have one-
parametric ambiguity due to g; while w and 7 have two-parametric
ambiguity due to g, and g».

The quantities z#, P* and the Frenkel tensor J*” are vy -invariants.
Their equations of motion form a closed system

T M_e(,u—l) ju S Copam

=g [73 SYEIVE (JEP)|, P C(F:z:) , (31)
Iy € av 1% -1 vla
=g [MFCLMJ = S PRI (EP) | (32)

The remaining ambiguity due to g; presented in these equations re-
flects the reparametrization symmetry of the theory. Assuming that
the functions z*(7), p*(7) and J*’(7) represent the physical vari-
ables x(t), p*(t) and J*(t) in the parametric form, their equations
read % = cZ—;, ‘Z;: = —e%, d‘ZV = c;l‘;uo. As it should be, they
have unambiguous dynamics.

Since J*P, = 0, the Frenkel tensor is equivalent to the BMT-

vector constructed as follows:

1 1
St = S P, Jog = S PuyJup. (33)




So the physical dynamics can be described using S* instead of J**.
Using the identities

1 2
JH = EEMVOCBPQSB, e J o5 = P
to represent J*” through S* in Eq. (BI), we obtain the closed system
of equations for vy -invariant quantities

slepl, (34)

. € —1 vo,
it = a1 |:]D# — %Eu ﬁ(FP)VPa55] ,

P — —S(Fj:)”, (35)

P D (PS)P*. (36)
These equations are written in an arbitrary parametrization of the
world-line. The choice of proper time as the evolution parameter

corresponds to g; = mec.

] | 1
=92 [(FS)“ + —(SFP)P“] N

5 Conclusion

In this work we have specified the construction of spin surface [12]
for the case of SO(1,3)-group. On this base, we have constructed
the Lagrangian action (I5]) which describe the particle with fixed
value of spin interacting with uniform electromagnetic field. Due to
the constraints ([7), (8]), the number of physical degrees of freedom
in the spin-sector is equal to 2, as it should be. The basic spin-space
coordinates w#, T are gauge non-invariant variables, hence they do
not correspond to the observable quantities. We can take the anti-
symmetric tensor (@) as an observable quantity. For an appropriate
choice of the parameters as, as, this obeys both the transversality
constraint ([I]) and the value-of-spin constraint (2)). Its dynamics is
governed by the Frenkel-type equation (B32). Equivalently, we can
take the vector (33]) as an observable quantity. This is subject to the
constraints ([B), (@) and obeys the Bargmann-Michel-Telegdi equa-
tions of motion (36).
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