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The density maximum of He4 at the lambda point modeled by the
stochastic quantum hydrodynamic analogy

Piero Chiarelli

National Council of Research of Italy, Area of Pisa, 56124 Pisa, Moruzzi 1, Italy

Interdepartmental Center “E.Piaggio” University of Pisa
Phone: +39-050-315-2359
Fax: +39-050-315-2166

Email: pchiare@ifc.cnr.it.

Abstract. The lambda point in liquid He# is a well established phenomenon acknowledged as an example of
Bose-Einstain condensation. This is generally accepted, but there are serious discrepancies between the theory
and experimental results, namely the lower value of the transition temperature 7 P and the negative value of dT )

/dP. These discrepancies can be explained in term of the quantum stochastic hydrodynamic analogy (QSHA).

The QSHA shows that at the He41—>He4H superfluid transition the quantum coherence length A, becomes of

order of the distance up to which the wave function of a couple of He# atoms extends itself. In this case, the
He42 state is quantum and the quantum pseudo-potential brings a repulsive interaction that leads to the negative
dT ) /dP behavior. This fact overcomes the difficulty to explain the phenomenon by introducing a Hamiltonian

inter-atomic repulsive potential that would obstacle the gas-liquid transition.

PACS numbers: 67.40.-w; 03.75.Hh; 03.75.Nt; 05.30.5p

Keywords: Lambda point; Liquid He#; Maximum density, Low temperature critical dynamics; Ballistic to
diffusive transition; Anomalous transport

1. Introduction

To explain the He4I—>He4H superfluid transition London [1] in 1938 made the hypothesis that He# lambda

point might be an example of Bose-Einstain (BE) condensation (BEC). This hypothesis was based upon the
similarity between the shape of the heat capacity of an ideal boson gas at the BEC transition and the data for the

He41—>He4H transition. This convincement was reinforced by the observation that there is no similar phase

transition in the Fermi liquid He3. However, even if the basic BEC hypothesis is acknowledged, looking in
details some discrepancies exist [2]. Among those, two are the majors: (1) the calculated BE transition

temperature 7' s for an ideal gas is 3.14 K while the measured one for the He# is of 2.17K. (2) The variation of
the transition temperature Tk with pressure is negative and is opposite in sign to that expected from the BEC.
The standard way out is to address the differences to the fact that the BEC theory is applied to an ideal gas

while the He# is clearly not, since it shows a van der waals-like liquid gas phase transition. Therefore, the inter-
molecular potential must be taken into account when we calculate the transition temperature T A and its

variation with temperature.
The BEC theory [3] affirms that below the BE temperature 7 » the number of particles , Ne, in the excited state

reads
N = h_3j.;d3qd3p (1)
€ exple/kT]—-1

and hence
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N (T)=2,612V e T, )

At the BE temperature T’ 2 it is assumed that all the particles go in the excited state so that

h? N
TB: ( )3/2'
2mmk 2,612V

3)

As equation (3) shows, the increase of pressure, leading to the volume V decrease, will bring to the increase of
T, This contradicts what is experimentally observed at lambda point where d T P /dP is negative.

By considering the van der Waals state equation

P={nkT/(V-nb)} —an?/V2, ©)

(where n is the number of molecules, b is the fourfold atomic volume and a is the mean inter-molecular
potential energy derived by using the rigid sphere approximation given by (21-22)) that for punctual particles
(i.e., b =0) with an attractive potential (i.e., a>0) reads

P=nkT/V —an2/V2 (6)

we can see that the pressure decrease — a n? /V2isa consequence of the attractive intermolecular potential.
This is equivalent to a compression of the ideal gas and, since the integration in (1) is carried out on the
system volume, we can say that a cohesive intermolecular potential reduces the system volume and by (3) that
T, increases.

Therefore, given the ideal gas pressure P, G=n k T/ V, the variation of BEC temperature AT It has the same

sign of the pressure variation AP (with respect to the real gas) according to the expression
<« AP=P _P= an2/V2
AT,<AP=P, —P= an®/V=>0 (M

Moreover, given dT /dP ~dAT B/dP it follows that

dT /dP o< an® d(V=2)/dP> 0 ®)

since V decreases with the pressure.

Feyman [4] in 1953 and later Butler and Friedman [5,6] calculated in detail the contribution of the inter-
molecular potential for a bosonic system showing that it would need a repulsive potential, causing an expansion
of the gas, in order to lower T s one might expect from (7).

Shortly afterwards, ter Haar [7], pointed out that the repulsive potential was unphysical and would hinder the
gas-liquid transition from taking place.

Recently, Deeney et al. [8] showed that a quantum source of energy leading to the expansion of the condensate
may explain the negative dT P /dP behavior. The QSHA model supports this hypothesis showing that the

quantum pseudo potential (QPP) (that acts only in the quantum condensed state) generate a repulsive force
leading to the anomalous behavior at lambda point.

The QPP is a well-defined potential energy in the Madelung’s quantum hydrodynamic analogy (QHA). It is
responsible for the realization of the eigenstates and the consequent quantum dynamics. As shown by Weiner
[9], this energy is a real energy of the system and consists in the difference between the quantum energy and the
classical one.

If fluctuations are present, the stochastic quantum hydrodynamic analogy (QSHA) shows that the quantum
potential may have a finite range of interaction [10] so that dynamics owing a larger scale acquire the classical
behavior. On the contrary on a scale shorter than the quantum coherence length A. the quantum behavior is
restored [10].

Following this approach, when the couples of He# molecules lie at a distance smaller or equal to the quantum
coherence length A, the atomic dynamics becomes quantum (the related quantum pseudo potential interaction

appears) and the systems makes the He41—>He4H transition (see section A.3. in appendix [A]).
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In the following the effects of the quantum pseudo potential energy onto the BEC temperature as well as on the
sign of dT /I/dP are derived.

2. The QSHA equation of motion

The QHA-equations are based on the fact that the Schrodinger equation, applied to a wave function
W = Ao €xpli Sy /7], is equivalent to the motion of a fluid with particle density ngy = Az(q,t) and a

velocity ¢ a(q,t) =m~1 0Sn/ 9q o governed by the equations [11]

A +V g+ (¥ 4)=0. 9.2)
)= Vo, (9.b)
l.?=—Vq(H+un) 9.c)
H= % N 9.d)

By defining UHj = (aH/apa, - aH/an), Uq“j =(0, - qu“/an) we can ideally subdivide the phase-space velocity
into the Hamiltonian and quantum part to read DQj = DHj + unj . Moreover, n is the number of structureless

particles of the system whose mass is m and V! is the quantum pseudo-potential that originates the quantum
non-local dynamics and reads

2
h -1/2 172
un :—(%)n Vq qun . (10)
When fluctuations are considered into the hydrodynamic quantum equation of motion, the resulting stochastic
QHA dynamics preserve the quantum behavior on a scale shorter than the theory defined quantum coherence
length A, [10]. Moreover, in the case of non-linear systems, on very large scale the local classical behavior can

be achieved when the quantum pseudo potential has a finite range of interaction given by the non-locality
length A, [10] (with A, > A).

400
Following the procedure given in reference [10], with ngy = J. Plqop.) dpl...dp3n , where pqp.y 18 the
probability density function (PDF) of the system (whose spatial density n.y represents the squared wave
function modulus) , the QSHA equation of motion can be established to read

Iy ==Vg(gyVed)+ig, 10 (1D
4m(k® )? p)

<N(gut)Mqu+istr) >=H %exp[—(ﬂ— )2 15(7)8,45 (12)
T c

4 /]
2 =232 13
= e )

where O is a measure of the noise amplitude.
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Moreover, given that (for the mono-dimensional case) the quantum potential range of interaction A, (for A, > A,)
reads [10]

o gy
[la™ =" 1dg
A, =22, OdV i : (14)
qu
| d l(q=2.)

Where the origin (0,0) is the point of minimum Hamiltonian potential energy that is the rest mean position of
the particle, for A, U A, << AQ equations (11-13) acquire the classical stochastic form

Oy ==Vg+(MgyVed)+g,.10) (15)

14C)
<Tqy.t)MNgy,+At+t) >:£5a,6' /1_5(/1)5(7) (16)
C

R t
g=L=v, lim S=-v ¢ lim ijdt(V(q) +Vgung ) + 1)
fo

m TAQ/ A —em T AQ/ 2y —eom
17)
1 ‘ Pl Apy
=——V { |d Vs, +1%) =" +—L

to

The reader who is interested in more detail about the QSHA picture of a gas phase can refer to the Appendix A.

3. Determination of the quantum potential at the He#j—He4|| transition

In order to calculate the experimental outputs of the He4I—>He4H superfluid transition we make use of the well-

established statistical method of the Virial expansion that fits very fine for van der Waals fluids. This is possible
in the stochastic hydrodynamic analogy since the presence of the quantum pseudo potential brings in the Virial
expansion the quantum contribution to the system energy. A central point to derive the thermodynamic quantity
by means of the Virial approach is the knowledge of the interaction in the pair of molecules (quantum potential

included). Therefore, we firstly calculate the features of the He4 - He? couple interaction.

As shown in ref. [19], the He# -He# interaction can be satisfying approximated by means of a square well
potential of depth U* and width 2A such as

VLJ(q) =0 Xx<O (18)
VLJ(q):_{U* 0 <x<0+2A (19)
VLJ(q) =0 x>0 +2A (20)

(where ¢ + A is about the mean molecular (half) distance) and by introducing the self states wave functions
y =B ssin[K;, (x - 0)] 6<x<o+2A E,>-v 21

v =B sin[ K, (2A)]] exp[-T, (x— (0 +24))] x>0+2A E,<0 (22)

where I'y; = (=2mE,/ h 2)% , K =Cm(U+Ep)/ h 2)% , into relation (10), the quantum potential reads
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v = — (B 2m) Ty = By x>G+2A 23)
v = (77 2m) Ky = (U+Ep) G<x<G+2A 4)
Where the values E,, are given by the trigonometric equation

tan [Ky, QA)] = — Ky, / Ty=— (= (U+E) /By E,<0 25)
and hence

A=(h"/8km) " arc tan [~ (- (U+Eq) / Eg) 1/ (Uk +Eglk) =
—1.231x 10" {arc tan [~ (— (U+Eq) / Eg) 1} / (Uk + Eg/k) (26)

Moreover, by assuming that the mean square well deepness U* is slightly smaller than the L-J potential one U (Uk =
10.9 °k) and by evaluating that the value of the energy E() of the fundamental state at the transition is about

—Eg/k~T=5.19°K @7
we obtain
A>120x10 " m=23 Bohr. (28)

if we choose U* to obtain the value for “a” given by (22) it follows that

V* 1k = [Vep NA(G +28) — (0))] U/ k = 0.82 U/k = 8.9 °K,

from where, it follows that

A~154x 10" m=29 Bohr (29)

and that the mean He42 atomic distance

G+A=382x10" m=72Bohr (30)

that well agrees with the values 7.1 Bohr given in ref. [16]. Moreover, as shown in Appendix [B] the above

results well agree with the Virial expansion applied to the He4.
On this data, we can check that the coherence length of the deterministic quantum state A. is coherently

of order of the intermolecular distance at the He4l—>He4H superfluid transition.

Reaching the lambda point (let’s suppose by He? - He? cooling), the mean half atomic distance decreases

to the value ¢ + A of the fundamental state and the wave function variance decreases to 2A (the He# atoms lie
almost inside the potential well). Therefore, assuming that the quantum coherence length A, becomes much
bigger that to the dimension of space domain where the wave function is relevant (i.e., the well width of
2A) to read

h

A _(£ 3/2—1/2>
2 (2mk® )

24, 31)

for the couple of He# - He# atoms, at lambda point it follows that
0, <0.59x 10719 A=2 ok (32)

and hence, by (28) that
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0 <4,0°K
or, more precisely, by using (29) that

0, < 2,49 °K (34)

Even if O is not exactly the thermodynamic temperature T, the result (47) is very satisfying since it
correctly gives the order of magnitude of the transition temperature of the lambda point. The fact that ®
is close to T can be intuitively understood with the fact that going toward the absolute null temperature,
correspondingly, ® must decrease since the systems fluctuations must vanish in both cases.

As shown in [10]a relation between ® and T can be established for an ideal gas at equilibrium. In this
case, the thermodynamic temperature T converges to the vacuum fluctuation amplitude ® in going
toward the to absolute zero. In the case of a real gas and its fluid phase, a bit of difference between ®
and T may exists for ® # 0.

The result (34) definitely says that below a temperature of about 2,5°K degrees Kelvin the quantum

potential enters more and more in the He4I—He4I pair interaction. As it is shown in the following section,

this well agrees with the features of the He lambda point that clearly shows how the increase of Het
density (the sign of the quantum potential interaction) starts before the transition He4I%He4H takes
place.

3.2. The sign of 4T, =T, - T and of dT;\’/dP at He4 lambda point

The above equation (22) holds for normal fluid phases at a temperature above the superfluid transition one.
Below the superfluid transition temperature, as shown by (31 and 47) the quantum coherence length A, becomes
larger than the inter-atomic He# - He# distance and hence the quantum potential contributes to the molecular

energy and it must be taken into account in the calculation of the mean inter-molecular potential energy “a
that reads

a5727'cJ‘ (VLI + Ve 12 dr :7275{_[ VL) 2 dr +J vau 12 dr } =acl + a2 (35)
Iy I Iy
where
o C+\y
ali=_27 j vau 2 dr =2 1 (U +E) j 12 dr = - %m (U+Eg) [(0 +hx )3-2"2(6)31 < 0. (36)
Iy Iy

From (36) we can observe that ad" is negative since from (24) V" = (U +E,)) is positive. Therefore, below the
superfluid transition temperature, the state equation (20) reads:

(P+an2/V2+aaun2/V2Z} (V-nb)={P+an2/VZ+AP®} (V-nb)=nk T (37)
where AP\ = adun2 / V2, 5o that the pressure for He4I and He4H respectively reads

P (Hedy = 0k T/ (V-nb)} - al n2 /v2 (38)

= Cabn —acl n2 V2
PII( Hedy) {nkT/(V-nb)} —a® n=/V<— AP

(39)
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Where it is posed V = VI = VH since the fluid phase is poorly compressible. By using the same criterion of (7)

the variation AT P T P has the same sign of the pressure difference to read

Ty (He#)
AP=(P-P )= AP =at n?/v2<o0 (40)
and the sign of a’T/1 /dP is the same of the derivative

dAPAU /dP = adt n2 d (V=2)/dP < 0. (41)

given that d(V_z)/dP is positive.

Therefore, the quantum potential of the QSHA leads to both AT, and dTﬂ /dP negative.

Finally, in order to show that the result obtained above is a direct consequence of the convex harmonic
quantum potential, we use its more precise expression given in appendix C, where the interaction of a

couple of He# - He# atoms is approximated by a harmonic well (as given by the atomic Lennard-Jones
potential) and coherently found to be

vy = = 2yl Fwaada == 27 m) Ko @-a) + (' m) Ko’ 42)
where

2. %
where K= (2m(U+ E())/h) and gis the mean He? - He# inter-atomic distance.

4. Discussion

The negative sign of both AT& = T/1 - TB and of alT/1 /dP are the direct consequence of the convex

harmonic quantum potential that leads to a repulsive inter-atomic force so that the pressure of the

4 4

superfluid He™}; is higher of that one it would assume the He®| at the same temperature. Due to the

repellent quantum potential energy, the passage from the He4H state to the equivalent He4I one
(submitted to a lower pressure) needs less kinetic energy to happen and hence T P is smaller than the

condensation temperature 7, Moreover, since in He4H a higher pressure than in He41 is needed to

(Hetp)'
maintain the same atomic distance, when the temperature is lowered at constant pressure near the
lambda point (crossing T/l) a decrease in density is produced as we get closer to the transition

He41—>He4H. Therefore, during the cooling process the He# shows a maximum in its density just above

the He41—>He4H transition as confirmed by the experimental outputs.
It must be noted that for the realization of the maximum density, the crossover between the rate of

4

change of the He4I thermal shrinking and that one of the He™}; quantum dilatation is needed.

Moreover, since the density maximum is at 2.2 °K while T/1 =2.17 °K, we can infer that the quantum

interaction starts little bit before the transition temperature (i.e., ®) < 2,49 °K ) as (37) well signals (a

larger and large fraction of He# atoms fall in the quantum interaction closer and closer we get to Tl)'

Moreover, it is worth mentioning that the QSHA model does not exclude the possibility of similar
maximum density phenomena close to liquid-solid transitions (such as that of water) since, in this case,
the quantum interaction between the atoms in a crystal is also set by the quantum potential whose
interaction range A; becomes larger than the typical inter-atomic distances (see appendix [C]). This fact

well agrees with the similarity between the He4l%He4H and the water-ice transitions widely accepted by

the scientific community in the field. Also in this case, in order to have the maximum density at the
liquid solid transition, the quantum dilation must overcomes the thermal shrinking velocity.

IntellectualArchive Vol.1, No.3



5. Conclusion

The finite range the quantum interaction in the QSHA is able to explain the controversial aspect of negative
dT ﬂ/dP at the He#* lambda point without the introduction of a non-physical repulsive atomic potential that

would hinder the gas-liquid phase transition [20,21]. The quantum pseudo-potential of the QSHA model is
exactly the required potential: it is repulsive as widely requested by the scientific community to explain the

maximum density of He# lambda point, but it also has the property to disappear in the classical phase and to not
hinder the liquid-gas phase transition as any Hamiltonian potential would do.

The pseudo-potential of the QSHA approach also explains both why the lambda transition temperature 7' 1 is

smaller than the BE one T’ It and why the liquid He# has a maximum in its density just above the lambda point in

agreement with the experimental measurements. The model puts in evidence that the perfect BE condensation is
a phenomenon that happens between an ideal gas and its condensed quantum phase. As far as it concerns the

liquid He?, the phenomenon is slightly different being, by the fact, a transition between a real gas (in the fluid
phase) and its quantum condensed phase so that the transition temperature is smaller.

Finally, it must be noted that even if the He4I—>He4H is very well described by Montecarlo numerical

simulation of standard quantum equations, the SQHA gives a modeling explanation that leads to a figurative
comprehension of such a phenomenon that is complemental to that one coming by the numerical methods.

The SQHA kinetic equation is not a semi-empirical kinetic equation as those used to study the system behavior
and its universality class near the phase transitions [23] but is a microscopic theoretical model from which exact
Langevin kinetic equation can be obtained by the standard procedure of coarse-graining [24].

Appendix A

The QSHA model for gas and condensed phases

A.1. Analysis of the quantum potential of localized free particles

In order to elucidate the particle PDF evolution, in a classical phase (i.e., the mean inter-particle distance bigger
than A;) we inspect the interplay between the Hamiltonian potential and the quantum potential that define the
quantum non-locality length.

Fixed the PDF at the initial time, then the Hamiltonian potential and the quantum one determine the evolution
of the PDF that on its turn modifies the quantum potential.

A Gaussian PDF has a parabolic repulsive quantum potential, if the Hamiltonian potential is parabolic too (the
free case is included), when the PDF wideness adjusts itself to produce a quantum potential that exactly
compensate the force of the Hamiltonian one, the Gaussian states becomes stationary (eigenstates). In the free
case, the stationary state is the flat Gaussian (with an infinite variance) so that any Gaussian PDF expands itself
following the ballistic dynamics of quantum mechanics [see Unpublished note 1] [12].

From the general point of view, we can say that if the Hamiltonian potential grows faster than a harmonic one,
the wave equation of a self-state is more localized than a Gaussian one (its PDF decreases faster), and by (10)
this leads to a stronger-than -linear quantum potential (also at large distance).

On the contrary, a Hamiltonian potential that grows slower than a harmonic one will produce a less localized
(stationary) PDF that decreases slower than the Gaussian one [see Appendix D], so that the quantum potential
grows less-than-linearly and may lead to a finite quantum non-locality length by (15).

h
As shown in ref. [10], the large distances exponential-decay of the PDF such lim|q\ N |n1/2 | = exp[-P (9)]

with i < 3/2 is a sufficient condition to have a finite quantum non-locality length.

Thence, we can enucleate three typologies of quantum potential interactions:

(1) h > 2 strong quantum potential that leads to quantum force dV4Y(q) /dq that grows faster than linearly and
A, is infinite (super-ballistic free particle PDF expansion)

limg_yeo [V (q) /0q | > ql*e (e>0) (A1)

(2) h =2 strong quantum potential that leads to quantum force dVI¥(q) /dq that grows linearly and A, is infinite
(ballistic free PDF enlargement)

IntellectualArchive Vol.1, No.3



limg_yo0 |9V (q) /q | o ql. (A2)

(3) 2 > h > 3/2 middle quantum potential; the integrand of (15) ax well as the quantum force may be vanishing
at large distance to read

Const > limg_,o lg-lovar (q) /9q | > q~ L. (A.3)

but A; may be still infinite (under-ballistic free PDF expansion).

(4) h <3/2 week quantum potential leading to quantum force that becomes vanishing at large distance following
the asymptotic behavior

limg_se lg~1 OV (q) /0q | = q(19), (e>0) (A4)

with a finite A; for ©® # 0 (asymptotically vanishing free PDF expansion).

A.2. Free pseudo-Gaussian particles of a gas phase in presence of noise

Gaussian particles generate a quantum potential that has an infinite range of interaction and hence they do not
admit macroscopic local dynamics.

Nevertheless, imperceptible deviation by the perfect Gaussian PDF may possibly lead to finite quantum non-
locality length [see Appendix D]. Particles that are inappreciably less localized than the Gaussian ones (let’s
name them as pseudo-Gaussian) own dVa%(q) /dq that can sensibly deviate by the linearity so that the quantum
non-locality length may be finite.

In the case of a free pseudo-Gaussian particle we can say that A, extends itself at least up to the Gaussian core (where
the quantum force is linear). At a distance much bigger than A; for & < 3/2, the expansive quantum force

becomes vanishing.

On short distance, for q << A, the noise is progressively suppresses (i.e., the deterministic quantum dynamics is
established). Therefore, it follows that:

(1) For q << A. <, the evolution is quantum ballistic.

(2) For q >> A, > A, the evolution is classically stochastic.
q L y

(3) For <Aq®>"2 << A, < Az, the quantum deterministic state with 4 = 2 is approached by the free pseudo-
Gaussian particle.

(4) For <Aq2>1/2 >> ), >\ and for & < 3/2 the expansion dynamics of the free pseudo-Gaussian PDF are almost
diffusive.

If at the initial time, we have the pseudo Gaussian PDF confined on a micro-scale (i.e., <Aq2>1/2 << Ae <A,
the expansion of the particle PDF is always very fast (ballistic).

For A, << Aq2>1/2<7\,L the noise will add diffusion to the PDF ballistic enlargement.

This until <Aq2>l/2 reaches the length of A;. Then, when <Aq2>1/2 >> 7\,1‘, the expansion dynamics slow down toward
the diffusive one.

When the (pseudo-Gaussian) PDF has reached the mesoscopic scale (<Aq2>1/2 ~7;), we can infer that its core
expands ballistically while its tail diffusively.

Since the outermost expansion is slower than the innermost, there is an accumulation of PDF (p is a conserved
quantity) in the middle region (q ~A;) generating, as time passes, a slower and slower (than the Gaussian one)

PDF decrease so that (for a free particle) the quantum potential and A; decrease (and cannot increase) in time.

In force of these arguments (i.e., the core quantum ballistic enlargement is faster than the diffusive outermost
classical one), the free pseudo-Gaussian states (with 4 < 3/2) are self-sustained and remain pseudo-Gaussian in
time.

As far as it concerns the particle de-localization at very large times, the asymptotically vanishing quantum
potential does not completely avoid such a problem since the (®-noise driven) diffusion spreading of the
molecular PDF remains (even if it is much slower than the quantum ballistic one).

If the particle PDF confinement cannot be achieved in the case of one or few molecules, on the contrary, in the
case of a system of a huge number of structureless particles (with a repulsion core as in the case of the Lennard-
Jones (L-J) potentials) the PDF localization can come from the interaction (collisions) between the molecules.
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More analytically, we can say that in a rarefied gas phase at the collision, when two particles get at the distance
of order of the L-J potential minimum r,, the quantum non-locality length becomes sensibly large and bigger
than the inter-particle distance of interaction r( (since for a sufficiently deep L-J well the potential is

approximately quadratic and the associated state largely Gaussian) [see Appendix C].

After the collision, when the molecules are practically free, the PDF starts to expand again and 7"L decreases
again. It will never reach the flat Gaussian configuration since, in a finite time, the molecule undergoes another
collision taking a bit of PDF squeezing leading to a new increase of the XL /<Aq2>1/2 ratio. The overall effect of

this process is that the random collisions among the huge number of free particles in a gas phase with L-J type
intermolecular potential, maintain their localization. Finally we observe that more rarefied is the gas phase

closer is 7\,L to its minimum value A, . Thence, except for solids where 7\.L is sensibly higher than A, [see

Appendix C] we assume for classic liquid and gas phases XL ~\s

A.3. Condensed phase and He4j—He?4yy transition

When both the lengths A. and A; are much smaller than the smallest physical length of the system (so that the
resolution of the descriptive scale can be of order or bigger than A;) the macroscopic classical description
arises. This for instance happens in a rarefied gas phase of L-J interacting particles where A; as well as A, are

very small compared to the intermolecular mean distance (except for few colliding molecules).

On the contrary, when the mean inter-particle distance becomes comparable with the quantum non-locality
length, the classical description may break down because the quantum potential enters in the particle
interaction. Furthermore, if the wave function of the interacting particles is localized on a length of order or
smaller than the quantum coherence length A., the quantum deterministic description takes place for the
bounded states of the couples of molecules.

In the classical regime, the Virial expansion furnishes an elegant conceptual understanding for passing from a
gas to a condensed phase for molecules having finite range of interaction even in non-equilibrium condition
[21].

In the classical treatment of the Virial expansion, the energy function does not include the quantum potential
and hence converges to the classical value failing, for instance, to predict the law of the specific heat for solids
where the quantum dynamics enters in the atoms interaction.

In the frame of the QHA description, the quantum potential energy (that changes at each stationary state) added
to the classical value of the energy, leads to the variety of the quantum energy eigenvalues. This is very clearly
shown in Ref. [9], the energy of the quantum eigenstates is composed by the sum of the two terms: one steams
from the classical Hamiltonian while the other one by the quantum potential, leading to the correct eigenvalue
E. Therefore, in principle the Virial approach can be applied (in the QSHA model) both for quantum as well

classical molecular interactions

Since in a crystal the atoms fall in the linear range of interaction, the quantum non-locality Ay is larger than the
inter-molecular distance [see Appendix C] and the system shows quantum characteristics (in those properties
depending by the molecular state).

Usually, for crystalline solids the inter-atomic distance lies in the harmonic range of the L-J interaction even at
temperature higher than the room one due to the great deepness of the potential well [see Appendix C].

When, at higher thermal oscillations, the mean molecular distance starts to increases by the equilibrium position
r( toward the non-linear range of the L-J inter-molecular potential, we have a transition from the solid phase to
the liquid one [22]. During this process, the inter-particle wave function extends itself more and more in the
non-linear L-J zone so that the quantum potential weakens and A; decreases [see Appendix C].

For deep L-J intermolecular potential well, this happens at high temperature and we have a direct transition
from the solid to the classical fluid phase.

For small potential well, the liquid phase can persist down to a very low temperature. In this case, even if A,
may result smaller than the inter-particle distance (so that the liquid phase is maintained), decreasing the
temperature, and hence the amplitude ® of fluctuations, when A. grows and becomes of order of the mean
molecular distance, the liquid phase may acquire quantum properties (about those depending by the molecular
interaction such as the viscosity). The fluid-superfluid transition can happen if the temperature of the fluid can
be lowered up to the transition point before the solid phase takes place (i.e., A; < rq).

Therefore, it worth noting that the mechanism that brings to the quantum inter-atomic interaction in a solid is
different from that one in a superfluid: in the former the linearity of the interaction leads to a quantum non-
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locality length A; larger than the typical atomic distance while in the latter is the decrease of ®, by lowering the

temperature, that increases A, up to the mean inter-atomic length.

Even if the relation between the PDF noise fluctuations amplitude ® and the temperature T of an ensemble of
particles is not straight [10], it can be easily acknowledged that when we cool a system toward the absolute zero
(with steps of equilibrium) also the noise amplitude ® reduces to zero since the energy fluctuations of the
system must vanish. Thence, even there is not a fix linear relation between the fluctuation amplitude ® and the
temperature we expect lower values of ® for lower values of the temperature [10].

Appendix B

The Virial expansion applied to the He fluid

As far as it concerns the first point, we have that from the standard Virial expansion [13] the state equation of
(classical) real gas accounting only for double collisions, reads:

PV=nkT{l-(n(akT-b)V)}, (18)
that under the standard substitution [14]

{1+nb/V}= {I- nb/V}] (19)
leads to the van der Waals equation

(P+an?/V2}(V-nb)=nkT (20)
where P is the pressure, V the volume, n the number of molecules,

b=%nry3= Vor/3Np @1

is the fourfold atomic volume [15] and

a=-27 [ Vi dr=dmry U3 =20 Vg /3Ny 22)
To

is the mean inter-molecular potential energy derived by using the rigid sphere approximation [13] that reads

V(r) = oo, x<rg (23)

V() = VLI(q) = 4V [(c/9)" - (5/9)°] , X>10 (24)

where U=-V, I(ro) is the well depth of the L-J intermolecular potential. Moreover, by using the relation[15]

a=9k T Ve /8Ny, (25)
from (22), for He# Uk reads

U /k=27 Ty /16=8.77°K, (26)

satisfactory close to the value U/ k = 10.9 given by quantum Monte Carlo models [16] and to the
value U/k =11.07 given by He# -He? scattering [17].

Moreover, by using for helium [18] the value of

Ver=57x 107 m3/moles, 27

it follows that
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r0=2.56x 10 'm=4.8 bohr (28)
where

rg=2"c (29)
is the point of minimum for the L-J intermolecular potential with

_A1l6 . -0
6=2""ry=232x10 m=435Bohr.

Appendix C

Quantum non-locality length of L-J bounded states

In order to calculate the quantum potential and its non-locality length for a L-J potential well, we can
assume the harmonic approximation

VLi(q) = ¥k (@-10)*+ C. (C.1)
where
k=4Ky'h'/m (C.2)

2%
where Ko = 2m(U + Eg)/h ') , and where the constant C can be calculated by the energy eigenvalue of
the fundamental state

C=Eg- Vau (C.3)

0 (aa-0)°

leading to a Gaussian wave function whose series expansion at second order coincides with that one of
egs. (21-22) having the same eigenvalue E(y and mean position g = ¢ + A that reads

Vo = B exp[-K(*(q— 9)*]1 = B [1-K(*(q — 9)°] = B sin[K((q—0)] q — rg|<<2A/m. (C.4)
The convex quadratic quantum potential associated to the wave function () reads

vau = —(h"2m)y|” Fiwoqda = - @ Im) Ko' @-a) + () Ko (C.5)
that leads to the quantum force

—9 VvV dq=2 Ko (7 '/m) (@-9) (C.6)
and to

C=Eq-Vavg = Y%hk/m)* - (h’/m) K¢ = 0.

Given the simple exponential PDF decrease of (21-22) for x > ¢ +2A (that leads to a vanishing quantum
potential as well as to vanishing small quantum force), we can disregard the contribution to the quantum
non-locality length for x> ¢ + 2A.

Thence, by (13) it follows that,
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o+2A dv
-1 %" qu
—|d
I lq i |dq

A, =24, -9+A (C.7)
'L (e |quu |
dq (q:ﬂ’c)

1d Vau /dq [= 2 Ko* (7 /m) Ac

718 Vau /3q = 2 Ko* (7 /m)|

o+2A
=2 [ dg=24a=2

c+A

Appendix D

Pseudo-Gaussian PDF

If a system admits the large-scale classical dynamics, the PDF cannot acquire an exact Gaussian shape because it
would bring to an infinite quantum non-locality length.

In section (III.B.1) we have shown that for # < 3/2 (when the PDF decreases slower than a Gaussian) a finite
quantum length is possible.

The Gaussian shape is a physically good description of particle localization but irrelevant deviations from it, at
large distance, are decisive to determine the quantum non-locality length.

For instance, let’s consider the pseudo-Gaussian function type

n(q,t) = expl- (a-9)% /<Aq>>[1 + [(q-0)%/Af(g-9)]]], (D.1)
where f(q-q) is an opportune regular function obeying to the conditions
A2 £(0) >><AgZ>and lim f(q-q) << (q-q)? / A2

19-q | :

For small distance (q-g)2 << A2 f(0) the above PDF is physically indistinguishable from a Gaussian, while for
large distance we obtain the behavior

Mg }—se0 1(q,t) = €XPI-A? f(q- @)/<Aq?>]. (B.3)

For instance, we may consider the following examples

flq-q) =1 limig_ggi—seo(qt) = exp[-A2/<Aq%>] ; (D.4)
f(g-q)=1+1q - gl limig. o/ seo (.1 < XPI-AZld- 4 [/<Aq?>]; (D.5)
h . —h AZ/<Aq?>
flQ-@)=1+In[l+|g-qf ] (0<h<2)  limg qqse0f(q,t) > Id-dl ; (D.6)

h . h
flg-@)=1+lg-af  (0<h<2) limyg ggj—s000(q,t) < XPI= A%[a- qf /<Ag2>]. (D.7)

All cases (i-iv) lead to a finite quantum non-locality length A1 .
In the case (iv)(D.1) reads

n (.0~ expl- (@02 <Aq2>{1 + A2q-0)¥q-a/ D] (h<2). (D.3)
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Given that for the PDF(D.8)

; —li Y5 — exol— A2(a- q) 2
limy - gl—seo [W[=1iMig gl se0 1 "> =exp[= A%(q- q) /2<Aq~>],

the quantum potential for |q| >> |g| reads:

).

limg gy o0 V9= ~(h 120}yl iyi/300q = ~(h 2m)[(A% @)/ 4<aq>) ~hh-) @) ) (D)

leading, for i #2, to the quantum force

I VA =— (7 2m) A=Y (qa) TA<Aq > -AZhh—1)Y-2) ) 2<Aq2>] (D.10)
M(q-q)—o q m aq q aq q->], )

that for 4 < 3/2 gives lim(q_g) 500 0 VAU /0q =0.
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Photon diffraction and interference

J.C. Hodge!*
IBlue Ridge Community College, 100 College Dr., Flat Rock, NC, 28731-1690

Abstract

Some observations of light are inconsistent with a wave-like model.
Other observations of light are inconsistent with a traditional particle-like
model. A single model of light has remained a mystery. Newton’s spec-
ulations, Democritus’s speculations, the Bohm interpretation of quantum
mechanics, and the fractal philosophy are combined. The resulting model
of photon structure and dynamics is tested by toy computer experiments.
The simulations include photons from a distance, in Young’s experiment,
and from a laser. The patterns on the screens show diffraction patterns
fit by the Fresnel equation. The model is consistent with the Afshar ex-
periment.

Interference, Young’s experiment, Afshar’s experiment PACS 42.50Ct, 42.25Hz,
42.25.Fx

1 INTRODUCTION

A single model of light has remained a mystery. Black body radiation, the
photoelectric effect, and the Compton effect observations reject the wave-in-
space model of light. The reflection, diffraction, interference, polarization, and
spectrographic observations reject the traditional particle model of light. The
challenge of uniting the Newtonian and quantum worlds is to develop laws of
motion of photons that obtain the diffraction experimental observations. The
goal is to model a set of photon characteristics that can produce interference
patterns.

The popular Copenhagen interpretation of quantum mechanics suggests the
simultaneous existence of both apparently mutually exclusive concepts resulting
in the principle of complementarity (wave—particle duality).

The Afshar experiment (Afshar 2005) may challenge the principle of com-
plementarity in quantum mechanics. Coherent light was passed through dual
pinholes, past a series of wires placed at interference minima, and through a
condensing lens. The resulting images showed the dual pinholes that suggested
the which-way information had been recovered.

*E-mail:jc_hodge@blueridge.edu
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1 INTRODUCTION

The Bohm interpretation of quantum mechanics is an alternative to the
Copenhagen interpretation (Dirr,et al. 2009; Goldstein 2009). It is a causal,
“hidden variable”, and, perhaps, a deterministic model. Physics in the Newto-
nian and cosmological scales revolve around the concept that the motion of a
single particle can be modeled. The Bohm interpretation posits particles have
a definite position and momentum at all times. Particles are guided by a “pi-
lot wave” in a W-field that satisfies the Schrodinger equation, that acts on the
particles to guide their path, that is ubiquitous, and that is non-local. The
probabilistic nature of the Schrodinger equation results because measurements
detect a statistical distribution. The origin of the W—field and the dynamics
of a single photon are unmodeled. The ¥—field of Bohmian mechanics acts on
particles and produces interference patterns with photons through slits.

Democritus of Abdera speculated that because different animals ate similar
food, matter consists of an assembly of identical, smallest particles that recom-
bine to form other types of matter. His term “atom” has been applied to an
assembly of nucleons and electrons. Today, the Democritus concept applies as
well to nucleons and smaller particles. Therefore, the Democritus “atom” is a
still smaller, single type of particle.

That light moves slower through denser materials is well known. The index
of refraction is the ratio of the speeds of light in differing media. Frizeau’s ex-
periment (Sartori 1996) measured a different speed of light between a medium
moving toward a source and a medium moving away from a source. Both the
“ether drag” model of Fresnel and the Special Theory of relativity are con-
sistent with Frizeau’s result. Because the index of refraction varies with the
wavelength of light, refraction causes the analysis of light into its component
wavelengths. This experimental observation is considered to decisively rule out
the corpuscular model of light.

The gravitational lens phenomena may have two causes (Will 2001). The
model for the gravitational lens phenomenon is that the convergent gravitational
field (1) attracts light, (2) causes the curvature of coherent light, or (3) both.
The gravitational attraction of photons was suggested in Newton’s Opticks spec-
ulations. This produces a velocity ¢ perpendicular to ¢. This gravitational affect
on light alone is insufficient to explain the gravitational lens phenomena yielding
a calculated angular deviation approximately half the observed value.

The curvature-of-coherent-light model is that the light from stars is coherent
and that coherence implies mutual attraction. An analogy is that of a rod with
its axis maintained along the streamlines of the gravitational field. The rod
travels perpendicular to its axis. The inner part of the rod slows or has a
time dilation relative to the outer part. As light emerges from the convergent
gravitational field, the rate of change in the direction of ¢ and ¢ decreases
or is dampened. This is similar to the refraction of light by differing “media”
densities. This model can account for the observed value of gravitational lensing
(Eddington 1920, p. 209).

Models of photons have assumed the photon structure to be similar to other
matter particles. That is, photons are assumed to be three-dimensional. The
conclusion drawn from the well-known Michelson-Morley experiment’s null re-
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1 INTRODUCTION

sult was that light is a wave, that there is no aether for light to “wave” in, and
that a Fitzgerald or Lorentz type of contraction existed.

Fractal cosmology has been shown to fit astronomical data on the scale of
galaxy clusters and larger (Baryshev and Teerikorpi 2002). At the opposite
extreme, models such as Quantum Einstein Gravity have been presented that
suggest a fractal structure on the near Planck scale (Lauscher and Reuter 2005).
However, the Democritus’ concept of the smallest particle suggests a lower limit
of the fractal self-similarity.

The distinction between incoherent and coherent light is whether the light
forms a diffraction/interference pattern when passed through one or more slits
in a mask. Because interference has been thought to be a wave phenomenon,
coherence is considered a property of waves. However, the definition of coherence
allows a distribution of particles to be coherent.

Coherence is obtained (1) by light traveling a long distance such as from a
star as seen in the Airy disk pattern in telescope images, (2) by the pinhole in
the first mask in Young’s experiment, and (3) from a laser.

Young’s double-slit experiment has become a classic experiment because it
demonstrates the central mysteries of the physics and of the philosophy of the
very small. Incoherent light from a source such as a flame or incandescent light
impinges on a mask and through a small pinhole or slit. The light through the
first slit shows no diffraction effects. The light that passes through the slit is
allowed to impinge on a second mask with two narrow, close slits. The light
that passes through the two slits produces an interference pattern on a distant
screen. The first slit makes the light coherent. The intensity pattern on the
screen is described by the Huygens-Fresnel equation.

The assumptions of Fresnel model of diffraction include: (1) The Huygens’
Principle that each point in a wave front emits a secondary wavelet. (2) The
wavelets destructive and constructive interference produces the diffraction pat-
tern. (3) The secondary waves are emitted in only the forward direction, which
is the so called “obliquity factor” (a cosine function). (4) The wavelet phase
advances by one-quarter period ahead of the wave that produced them. (5) The
wave has a uniform amplitude and phase over the wave front in the slit and zero
amplitude and no effect from behind the mask. (6) Note the Fresnel model has
a slight arc of the wave front across the slit. That is, the distribution of energy
in the plane of the slit varies. The Fresnel model with larger distance between
the mask and the screen or with condensing lenses before and after the mask
degenerates into the Fraunhofer diffraction model.

The intensity patterns produced by multiple slits can be compared to the
intensities of the single slit pattern of equal total width. Thus, the resulting
pattern may be regarded as due to the joint action of interference between the
waves coming from corresponding points in the multiple slits and of diffraction
from each slit. Diffraction in the Fresnel model is the result of interference of all
the secondary wavelets radiating from the different elements of the wave front.
The term diffraction is reserved for the consideration of the radiating elements
that is usually stated as integration over the infinitesimal elements of the wave
front. Interference is reserved for the superposition of existing waves, which is
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1 INTRODUCTION

usually stated as the superposition of a finite number of beams.

Sommerfield (1954) gave a more refined, vector treatment for phase appli-
cation. However, these other more complex models make many simplifying
assumptions. When the apertures are many wavelengths wide and the obser-
vations are made at appreciable distance from the screen, intensity results are
identical to the Fresnel model.

Newton in his book Opticks (1730) speculated light was a stream (ray) of
particles. The aether in query 17 overtakes (travels faster) the rays of light and
directs the rays’ path. Newton’s analogy was of water waves. That is, Newton
was using a self-similarity (fractal) postulate. The rays of light recede from
denser parts of the aether in query 19. The aether grows denser from bodies in
query 20 and this causes gravity in query 21. Newton seems to have suggested
light is particles that are directed by the aether to produce the wave phenomena.
The prevailing models of the 19th century considered light to be a wave. The
prevailing interpretation of Newton’s model is that Newton was suggesting light
is both a wave and a particle rather than two entities having differing effects
like a rock (photon) creating transverse waves in water (aether).

The Maxwell equations followed by the Special Theory of Relativity posited
the velocity ¢ of photons was constant in the absence of matter. This says
nothing about the speed of gravity (aether) waves.

The cosmological, scalar potential model (SPM) was derived from consider-
ations of galaxies and galaxy clusters (Hodge 2004, 2006a,b,c,d,e) 1. The SPM
posits a plenum exists whose density distribution creates a scalar potential p
(erg) field. The term “plenum” was chosen to distinguish the concept from
“space” in the relativity sense and from “aether”. The term “space” is reserved
for a passive backdrop to measure distance, which is a mathematical construct.
The plenum follows Descartes (1644) description of the plenum. The plenum
is infinitely divisible, fills all volume between matter particles, is ubiquitous,
flows to volumes according to the heat equation, is influenced by matter, is
compressible in the sense that the amount of plenum in a volume may change,
and influences matter.

Consideration of the electromagnetic signal of the Pioneer Anomaly led to
the postulate that matter caused a depression in the plenum (Hodge 2006e). The
redshift of the Pioneer Anomaly on the solar system scale ignored several terms
because they had significant values only on the galactic scale (Hodge 2006e). In
addition to the propositions of the galactic SPM, matter is posited to cause a
static? warp in the p field in accordance with the Newtonian spherical property.
“Static” because matter is neither a Source nor a Sink of energy. Because the
p field near matter must attract other matter, the matter decreases the p field.
The p field then causes matter attraction according to established gravitational
physics and causes the frequency change of the EM signal®. Matter merely
modifies the p energy flowing from Sources to Sinks. The SPM of the Pioneer

LA more complete discussion of this model is in Hodge (Theory of Everything)

2“Static” such as caused by a stationary electron in a stationary EM field.

3This concept is from General Relativity where matter shapes the geometrical “space” and
“space” directs matter.
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Anomaly is an effect on only the EM signal and is a blueshift superimposed on
the Doppler redshift of the receding spacecraft.

Hodge (2004) showed that if the surface of the hod held p = 0, the p equipo-
tential surfaces were ellipsoidal near the surface of the hod. The streamlines
terminated on and perpendicular to the surface. Farther from the hod, the
equipotential surfaces become spheres and the hod appears as a point at the
center of the sphere. Newtonian equations apply at larger distance. The p > 0
always including the scale of photons and, possibly, atomic nuclei*. Because the
hod has extent, the effect on p from a distance is treated as a negative p value
at the center of the hod. Therefore, the p < 0 in matter equations reflects the
hod having a surface area.

This Paper proposes a model of light that postulates the necessary character-
istics of photons to satisfy observations and yield diffraction phenomenon. The
model combines Newton’s speculations, Democritus’s speculations, the Bohm
interpretation of quantum mechanics, and the fractal philosophy. The wave—
like behavior of light results from the photons changing the U—field that guides
the path of the photons. The resulting model is tested by numerical simula-
tion of diffraction and interference, with application to the Afshar experiment.
Therefore, the wave characteristics of light may be obtained from the interaction
of photons and ¥-field.

In section 2, the model of photons is described and the equations are de-
rived. Section 3 describes the computer simulation. Section 4 describes the
computer simulation of photons traveling a long distance. Section 5 describes
the computer simulation of Young’s experiment. Section 6 describes the com-
puter simulation of laser light. Section 7 describes the model application to
the Afshar experiment. The Discussion and Conclusion are in section 8 and
section 9, respectively.

2 Model

Newton’s third law suggests that if the U—field acts on photons, the photons
and other matter should act on the U—field.

Compare coherent light passing through multiple slits in a mask to light
passing through a single slit. The slits may be viewed as transmitters of light
that produces a diffraction pattern in the W—field if the incoming light is coher-
ent. The fractal philosophy of self-similarity suggests that the photons passing
through a slit have similar elements that emit waves. If light is a particle, then
the energy of a photon is smaller than the other known particles. Differing
energy levels (color) among photons suggests light is an assembly of smaller,
identical particles (hods). Like the Democritus’s argument, the proportionality
of mass and energy suggests mass is also an assembly of hods. Each photon
must be coherent, must be emitting a diffraction pattern into the W—field, and

4The action of the plenum on atomic nuclei at the largest was suggested by the differing
Ha and HI galactic rotation curves (Hodge 2006c).
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be composed of smaller emitters. That is, moving photons emit coherent for-
ward waves in the U—field like multiple slits. The analogy of a photon, of a slit,
and of multiple slits is analogous to a linear antenna array of smaller emitters
in a photon.

Photons exhibit gravitational effects caused by matter perpendicular to their
direction of travel. The Michelson-Morley experiment suggests the hods and the
photon have no resistance or drag in the W—field in the direction of movement.
This suggests the hod has zero thickness. Asymmetry in photon behavior near
mass suggests asymmetry in photon structure. Therefore, the hod is a two
dimensional object. The simplest structure that can produce a coherent wave
is one hod next to another. Additional hods create a column of hods.

Each hod of a photon attracts ¥ at its surface to its maximum value. Be-
tween these hod surfaces and very near the hods of a photon, a ¥ = 0 surface
is created. Beyond this surface, VU is directed first toward then away from a
hod by the other hods. This holds the hods together. The U—field cavitates as
hods travel through the W—field like an air foil traveling at the maximum speed
through a gas.

If a hod transmits ¥ changes into the U—field, the hod also receives changes
in W. The resulting force F. of the U—field acts on a hod to change ¢ and to
rotate the hod. The 7 is the result of a force F, acting on the hod cross—section
proportional to 77 e VU on the cross-section ms of matter where ~indicates a
vector in 3—space,

Fl o< my (7 @ V)i, (1)

where 77 is the surface, normal, unit vector. A vector without the “indicates the
value of the vector.

The ¥ change that results from the effect of other matter M on the W—field
is

N
U= Z GM;/R;, (2)

where N is the number of bodies used in the calculation and R is the distance
from the center of mass of M to the point where ¥ is measured. The R is large
enough that the equipotential surfaces are approximately spherical. The M is
linearly related to Ny, where IV}, is the number of hods in the body.

The gravitational lens phenomena suggest the photon’s response to VA
changes relative to the direction of ¢. The Shapiro delay phenomena could
be modeled as a decrease of ¢ in a gravitational field. This also suggests c is a
function of the gravitational field. The lower ¢ suggested by the Shapiro delay
in a lower W—field causes a refraction in the direction of ¢. The matter caused
variation of the W—field and the action of the W—field on light causes ¢ to change.
The plane of the Michelson-Morley experiment was perpendicular to the Earth’s
surface and, therefore, in a nearly constant W—field.

The V¥ produces the effect of gravity. The speed of the gravity wave (¥
wave) that are changes in the force exerted by V¥ is much greater than c
(van Flandern 1998). The development of Special Relativity was done using
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electromagnetic experimental results. The speed limit of electromagnetic force
changes is c¢. The higher speed of the VU wave is consistent with the quantum
entanglement phenomena and is necessary if photons are to project the changing
WU—field forward.

The redshift and blueshift of the Pound-Rebka experiment suggests a de-
pendence of photon energy shift on the changing W—field. That is, the energy
of a photon is partly composed of the W—field between the hods of the column
as well as the number of hods in a photon. If the hods in a photon have no
WU—field between them, the photon would have no third dimensional characteris-
tics. Because a blueshift increase of energy occurs when ¥ decreases, because ¢
decreases with ¥, and if number N}, of hods in a photon remains constant, the
inertial mass mp of kinetic energy is posited to be

Wrl'la.X
mr = Ny(1+ Ky T )s (3)

where Ky is a proportionality constant.

If ¢ is much lower than the wave velocity of the W—field, then the limiting
factor of ¢ may be like a terminal velocity. The Shapiro delay and the well known
E = mc? relation combined with the lower ¥ near mass suggest for short range
experiments,

L4
) @)
max

where K. is the proportionality constant and Wy, is the maximum ¥ in the
path of light wherein ¢ is measured.

c=K(

2.1 Hod action on V—field

The action of all matter (hods) causes the ¥ to change. Therefore, the motion
of a hod is relative to the local ¥—field variation.

Matter causes the ¥ to decrease. Therefore the hod motion which pulls the
U to zero displaces the W—field. The W—field then flows back when the hod
passes a point. That is, the hod’s motion within a volume neither increases nor
decreases the amount of U—field in that volume. The cavitation in the W—field
produces a wave in the U—field. The cavitation limits the ¢. The cavitation
depends on the density of the W—field, higher density allows a faster refresh of
the ¥ round the hod and, therefore, a faster ¢ than in a low W—field. The wave
has a — cos(kr) affect from the point of the hod center. Because the U—field
wave travels faster than the hod, the WU-field flows around the hod to fill in
the depression behind the hod. If the speed of the wave in the U—field is much
larger than ¢, the harmonic wave is transmitted forward and the ¥ level behind
the wave reaches a stable, non-oscillating level very rapidly and is the effect of
gravity. This can be modeled as a cos(KQ3) decrease of ¥’s value, where § is
the angle between the direction ¢ of a hod and the direction of the point from
the hod center where V¥ is calculated. The angle at which the ¥—field no longer
oscillates has the cos(Kgf) = 0. This is analogous to the Fresnel model that
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secondary wavelets are emitted in only the forward direction. Therefore, the
effect on the W—field of a single hod is

TUgingle = —2= cos (2;—;) cos(Kf)exp @) KgB < 1/2
‘Ilsingle = _Krril Kﬂﬁ > 7T/2, (5)

where K, is a proportionality constant, j = v/(—1), exp /(! is the wave time
dependent component in the W—field, and At is the radial wavelength of the
forward wave.

2.2 WV-field action on a hod

If energy may be transferred to the hods from the WU—field, then the motion
of the hods may be dampened by the U—field. Posit the dampening force is
proportional to the ¥, mg, and ¥’ in analogy to non—turbulent movement through
a medium. Non—turbulent flow is because the U—field is ubiquitous and the speed
of changes in the W—field is much greater than c¢. Therefore,

miv = K, Fy — KqmgW, (6)

where the over dot means a time derivative, K, and K4 are proportionality
constants, Fy o< ms|V¥|sin(f), and 0 is the angle between VU and .
Solving for v yields:

vp = (Avh + th'Ui) eXpBVhAt _Avh

B (7)

where ¢ is the time of measurement, v; = v(time = t), vf = v(time = ¢t + At),
Ay = Kom VU sin(#)/my, and
th = dems\I//mI.

Posit the action of the U—field on a single hod is acting with the same radial r
component of the hod. The 7is directed along the hod surface in the direction of
¢. If the hod has a mg and circular shape, # = 0. The mg and r are constant and
the same for all hods. Because the hod is free to move, a change in orientation
of the hod results in the hod changing direction. A differing F. from one side of
the hod surface to the other along 7 will cause a rotation of the hod. Assuming
the hod is rigid is unnecessary, but convenient. If the F. is close to ¢, the
rotation will be to align ¢ with ﬁs. If the ﬁs is close to the axis of the photon,
the rotation will be to align the axis of the photon with ﬁs. Define « as the
critical angle between ¢ and the angle at which F, changes from acting to align
with the axis to acting to align with ¢. Because the dampening is in only the
axial direction, the dampening caused by rotation is also proportional to the W,
ms, and rotational velocity 0 in analogy to non—turbulent movement through a
medium.

The torque from Fs is rFy, = Kgsmsr|§‘ll| sin(6) or

d . .
a(TQmIH) =rFy, — Koarms¥0, (8)
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Solving for 9 yields:

6 — (Agn + Bonb;) expBonit _A9h7
Bon

where 6; = f(time = t), ; = f(time = ¢ + At),

Agn = Kgsms|§\ll| sin(@)/rmy,

Beh = 7K9d%mi1 — (ml/ml), and

mhy/my is small and nearly constant.

2.3 Photon action on V—field

The suggested structure of the photon in Hodge (2004) implies each hod is
positioned at a minimum ¥ because the hod surface holds the ¥ = 0. Therefore,
the distance between hods in a photon is one wavelength Ap of the emitted U—
field wave. Also, the hods of a photon emit in phase. Further, the number of
hods in a photon and the W—field potential ¥,,,, due to all other causes around
the hod effects this distance. Therefore, the transmitted potential ¥ from a
photon is

¥y = —— Negr, (10)

where

Negir = cos (2)\7”“) cos(KB) |2ullumsinBl |\ g3 < 7 /2

Ar sin[7 sin(8)]

Negr = Nyr Kgf > m/2 (11)

and Ar = K)/(ViazNVnr) and Nyt is the number of hods in the transmitting
photon.

These equations apply to the plane that includes the center of the photon,
the direction vector, and the axis of the photon.

2.4 VY-field action on a photon

The W—field wave from each cause impinges on a photon through the hods. Be-
cause the photon is linearily extended, the photon is analogous to the receiving
antenna. Therefore,

S sin[4N1’§§AT7' sin(8 + —27;)‘;1' )]

Ve = VI
et sin[m sin(8 + %)]

, (12)

where NyR is the number of hods in the receiving photon; Ar is the wavelength,
which is the distance between hods, of the receiving photon; and ¥;, A;, and
6\:[/6&“]' is the effective ¥, Ar, 6\11, respectively, for the i*" cause.

Using Eq. (12) in Eqns. (7) and (9) and summing the effect of all causes
yields the total change in a At.
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3 Simulation

A particle in the computer experiment was a set of numbers representing the
points in position and momentum space whose motion was advanced in discrete
time intervals of one calculation cycle. The particles position at the previous
interval determines W—field effect by the equations developed in section 2. The
limitations of a computer experiment are caused by (1) noise from using a
relatively small number of particles and the relative distances used, (2) bias
caused by the approximate solution limitation of the number of digits, (3) the
discrete time interval rather than continuous time progression, and (4) other
possible effects. Understanding the results requires insight that can be obtained
by experimental observation in the real world.

The simulation was conducted using a PC running a Visual Basic V program
on the Windows XP platform. The horizontal axis (Y-axis) was the initial direc-
tion of the photons. The vertical axis (X-axis) was perpendicular to the initial
photon direction. The n** photon p, had X and Y position coordinates, Px(px)
and Py (pn), respectively, and the parameter values required by the equations.
“Masks” were simulated by a range of y values at specified Y coordinates for
all x values, a zone wherein photons were deleted, and a gap wherein photons
were unchanged that defined the “slit”. Each calculation was an “interval”.
Each “step” was one unit of distance measure along the X-axis or Y-axis. The
values of At = mg = 1 were used. The y = 0 was the initial value of introduced
photons. The x = 0 was the center of the initial photon distribution, the center
of the one slit gap, and the center of the two slit gaps.

A “screen” was a virtual, vertical column positioned at a constant Y wherein
the lower X coordinate zs of the bin range determines the value that was
recorded. Each X step was divided into 50 bins. As photons pass through
the screen, the number B(xs) of photons at each bin was counted. Each photon
was eliminated after being counted. Therefore, the accumulation of the number
of photons through each bin over several intervals was the intensity of light at
each bin. After 1000 photons were counted, zs and B(zs) were recorded in an
Excel file.

Because of the sampling error and of calculation errors noted above, the
calculation of the best-fit Fresnel curve used an average

i=xs+0.1

Ble)= Y B/ (13)

1=xs—0.1

where ¢ increments by 0.02 steps.

All the photons in these experiments were identical. That is, Nyt = Nyr =
10 and At = Ar. The constants in the equations are listed in Table 1 and were
determined by trial and error. The difficulty in determining the constants was
so the angle (xs/L), where L (step) is the distance from the last mask to the
screen, corresponded to the Fresnel equations. That is, so that x = 1 step and
y = 1 step was the same distance of photon movement for the calculations,
which is a Cartesian space.
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4 PHOTONS TRAVELING A LONG DISTANCE

Table 1: The values of the constants.

Parameter value units

K. 1 x107%  step interval !

Ky 1 x10! gr. hod~!

Kjp 1.1

K, -8 x 107!  erg step

K, 1 x107°

Kq 2.4 x107*  gr. step~2 erg~! interval !
o 5 x 107! radian

Koy, 6 x 10! gr. interval =2 erg~!

Koq 2 x 10! gr. step~2 erg ! interval !
K, 1 x107%  erg step hod

U ax 1 x103 erg

Table 2 lists the curve fit measurements for the plots shown in the referenced
figures. The first column is the figure number showing the curve. The second
column is the number N, of photons counted at the screen. The third column is
the center of the theoretical curve (Kcent). The fourth column is the asymmetry
Agym of the data points (number of photons counted greater than Kceny minus
number of photons counted less than Kcent)/Ne. The fifth column is the sum of
the least squares Lg, between the B(zs) and the theoretical plot for -5 steps<
zs < b steps divided by N.. The sixth column is the correlation coefficient
between B (xs) and the theoretical plot for -5 steps < x5 < 5 steps.

4 Photons traveling a long distance

The initial distribution of photons was within a 60 steps by 60 steps section. One
photon was randomly placed in each 1 step by 1 step part. The equations were
applied to each of the photons in the section. Because the section has an outer
edge, additional virtual photons were necessary to calculate the W. Therefore,
[Px(pn)v Py(pn)]a [Px(pn)a Py(pn) + 60]7 [Px(pn)v Py(pn) - 60]7 [Px(pn) + 607
Py (pu)), [Pe(pa) 60, Py (p)] [Pe(pa)+60, Py (pu) +60], [Pe(pa) =60, P, (ps)+60],
[Px(pn)-60, Py(pn) — 60], and [Px(pn)+60, Py(pn) — 60] were included in the
calculation of ¥. Only photons and virtual photons within a radius of 30 steps
were used in the calculation of ¥ at a point.

The equations were developed without consideration of photons colliding.
That is, some photons were too close which generated very large, unrealistic ¥
values. Another characteristic of the toy model is that each interval moves a
photon a discrete distance that occasionally places photons unrealistically close.
When this happened, one of the close photons was eliminated from considera-
tion. The initial distribution started with 3600 photons from which 111 were
eliminated because of collision.

Figure 1(left) is a plot of the Negr versus § with Nyt = 10. The first five
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Figure 1: The left figure is a plot of the Nogr versus angle from the direction
of the photon 8 Nyt = 10. The first six minima are at § = 0 rad, 0.144 rad
(a), 0.249 rad (b), 0.355 rad. (c), and 0.466 rad (d). The right figure is a plot
of the longitudinal vs. latitudinal position of photons after 1000 intervals. The
line labeled “e€” is 8 = w/2. The lines are labeled as the angles in the left
plot. The position of photons along lines corresponding to minima of a photons
transmission pattern is what determines coherence.

peaks are at 5 = 0 rad, 0.144 rad (a), 0.249 rad (b), 0.355 rad. (c), 0.466 rad
(d), and 7/2 rad (e). This pattern is similar to the antenna emission pattern.

After 1000 intervals, a pattern of photon position developed as seen in
Fig.1(right). The photons positions were recorded. The photons were orga-
nizing themselves into recognizable patterns of lines with angles to the direction
of travel (Y axis) corresponding to the minima of Fig. 1(left).

A mask with a single slit with a width Wy = 1 step was placed at y = 100
steps and a screen was placed at y = 140 steps (L = 40 steps). The positions of
the photons were read from the recording. The group of photons were placed in
60 steps increments rearward from the mask. The photons were selected from
the recording to form a beam width Wi, (step) centered on the x = 0 step axis.
Because the incoming beam had edges, the calculation for Pygq(pn) < 100 was
Pynew(Pn) = Pyoid (pn) + Ko *1 interval, where Pyq1d(pn) is the position of the nth
photon from the last calculation and Pynew(pn) is the newly calculated position.
The Py(pn) remained the same. If Pyoq(pn) > 100, the Pypew(pn) and Px(pn)
were calculated according to the model.

Figure 2 shows the resulting patterns for varying Wi,. The thicker, solid line
in each figure is the result of a Fresnel equation fit to the data points. Although
each plot shows a good fit to the Fresnel equation, the fit differs among the plots
and depends on W;,. Because the calculation includes all photons, the photons
that were destined to be removed by the mask have an affect on the diffraction
pattern beyond the mask.
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Figure 2: The single slit width Wy = 1.0 step screen patterns for L = 40 steps:
(A) input beam width Wi, = 1.0 step which is the same as the slit width, (B)
Win = 2.0 steps, (C) Wi, = 4.0 steps, and (D) Wi, = 6.0 steps. The filled
squares are the data points, the thin line connects the data points, and the
thick line marks the theoretical calculation. Although each plot shows a good
fit to the Fresnel equation, the fit differs among the plots and depends on Wj,.
Because the calculation includes all photons, the photons that were destined to
be removed by the mask have an effect on the diffraction pattern beyond the
mask.
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Table 2: The measurements of the curve fit.
Flg Nca Kcentb Asymc qud C4ce
2A 1000 0.585 0.014 0.219 0.96
2B 1000 0.605 -0.028 0.199 0.97
2C 1000 0.408 0.000 0.247 0.96
2D 1000 0.383 0.006 0.259 0.96
3A 1000 0.259 0.084 0.360 0.97
3B 1000 0.426  0.050 0.021 0.92
3¢t 1000 0.271  0.060 0.185 0.98
3D 1000 0.535 0.006 0.246 0.83
5A 438 0.187 -0.046 0.178 0.92
5B 1000 0.314 -0.070 0.717 0.82
8 400 0.850 -0.320 0.221 0.68
9 1000 0.145 -0.122 0.909 0.79
11 1000 0.273 -0.074 0.895 0.81

& The number of photons counted at the sceen.

P The center of the theoretical curve.

¢ The (number of photons counted greater than K e, minus number of photons
counted less than Keent)/Ne.

d The sum of the least squares between the B (xs) and the theoretical plot for
-5 steps < zg < 5 steps.

¢ The correlation coefficient between B(acs) and the theoretical plot for -5 steps
< xg <5 steps.

f This curve is relative to a Fraunhofer equation fit.

IntellectualArchive Vol.1, No.3



5 YOUNG’S EXPERIMENT

Figure 3 shows the resulting patterns for varying L. The mask, screen,
and photon input was the same as the previous experiment with Wi, = 6 steps.
Comparing Fig. 3(A), Fig. 2(D), and Fig. 3(B) shows the evolution of the diffrac-
tion pattern with L = 30 steps, L = 40 steps, and L = 50 steps, respectively.
Fig. 3(C) and Fig. 3(D) show the Fraunhofer equation fits. The greater L pro-
duces a closer match between the Fresnel and Fraunhofer equation fits.

Figure 4 shows an expanded view of Fig. 3(B). The center area, first ring,
and second ring of Fig. 3(B) and Fig. 4 has 954 photons, 20 photons, and 4
photons, respectively, of the 1000 photons counted.

Figure 5 shows the screen pattern with the mask from the previous experi-
ment replaced by a double slit mask. Figure 5(A) was with the slits placed from
0.50 step to 1.00 step and from -1.00 step to -0.50 step. The best two slit Fresnel
fit (a cosine term multiplied be the one slit Fresnel equation) is expected for
slits with a ratio of the width b of one slit to the width d between the centers of
the slits (the “d/b ratio”). Figure 5(B) shows the screen pattern with the slits
placed from 0.75 step to 1.25 steps and from -1.25 steps to -0.75 step.

Figure 6 shows the paths traced by 10 consecutive photons through the slits
at two different intervals that form part of the distribution of Fig. 5A. The
traces are from the mask to the screen. The 6 for each photon is established
after y = 130 steps. Before y = 120, there is considerable change in 6, which is
consistent with Fig. 3. That is, the photon paths do not start at the slit and
follow straight lines to the screen. The Fresnel equation applies only after some
distance from the mask.

The numbers in Fig. 6 mark the following occurrences: (1) One photon
follows another and traces the same path. The following photon travels a longer
path before path merging. (2) One photon follows another and traces a parallel
and close path. (3) A photon experiences an abrupt change in 0 as it passes
close to another photon. These events were probably a result of the discrete
nature of the simulation like the collision condition noted previously. (4) A
photon from one slit follows another from the other slit. The leading photon
determines the x4 and 6 at the screen.

5 Young’s experiment

The input to Young’s experiment was at 0 step < y < 1 step and -3 steps < x <
3 steps. A photon is placed at random in each 1 step X 1 step area. The input
was repeated every 100 intervals. The first mask was place at y=100 steps with
Ws = 1 step centered on the X-axis. If a photon’s P,(p,) < 100 step, then
Pynew(Pn) = Pyoid(pn) + Ko * 1 interval. If a photon’s Pyoia(pn) > 100 step, then
the new position was calculated in accordance with the model.

A screen placed at y= 140 steps showed a rounded pattern between -4 steps
< x5 < 4 steps. Comparison with Fig. 2 diffraction patterns shows Fig. 7 is not
a diffraction pattern for L = 40 steps.

Figure 7 (right) shows the distribution of photons between the first mask
and the screen. The lines and the lower case letters are as in Fig. 1.
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Figure 3: Resulting patterns for varying L. The mask, screen, and photon input
was the same as the previous experiment with W;, = 6 steps. The single slit
Ws = 1.0 step screen patterns for L = 30 steps (left figures A and C) and for
L = 50 steps (right figures B and D). The top row is the Fresnel calculation
plots and the bottom row is the Fraunhofer calculation plots. The filled squares
are the data points, the thin line connects the data points, and the thick line
marks the theoretical calculation. Comparing Fig. 3(A), Fig. 2(D), and Fig. 3(B)
shows the evolution of the diffraction pattern with L = 30 steps, L = 40 steps,
and L = 50 steps, respectively. Fig. 3(C) and Fig. 3(D) show the Fraunhofer
equation fits. The greater L produces a closer match between the Fresnel and
Fraunhofer equation fits.
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Figure 4: Plot of Fig. 3B with an expanded scale to show the second and third
diffraction rings. The filled squares are the data points, the thin line connects
the data points, and the thick line marks the theoretical calculation. The center
area, first ring, and second ring of Fig. 3(B) and Fig. 4 has 954 photons, 20
photons, and 4 photons, respectively, of the 1000 photons counted. The number
of photons in each ring agrees with the theoretical calculation of the relative
intensity of the diffraction rings.
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Figure 5: Plot of the double slit screen pattern at L = 40 steps and Wi, = 8
steps. The A figure is with the slits placed from 0.50 step to 1.00 step and
from -1.00 step to -0.50 step. The B figure is with the slits placed from 0.75
step to 1.25 steps and from -1.25 steps to -0.75 step. The filled squares are the
data points, the thin line connects the data points, and the thick line marks the
theoretical calculation. The model produces the double slit interference pattern.
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Figure 6: Traces of 10 consecutive photon paths between the mask and screen at
two different intervals. The numbers mark the following occurrences: (1) One
photon follows another and traces the same path. The following photon travels
a longer path before path merging. (2) One photon follows another and traces
a parallel and close path. (3) A photon experiences an abrupt change in 6 as
it passes close to another photon. These events were probably a result of the
discrete nature of the simulation like a collision condition. (4) A photon from
one slit follows another from the other slit. The leading photon determines the
x5 and 6 at the screen. The photon’s path continues to change direction for a
short distance after the mask.
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Figure 7: The right figure is a plot screen pattern of Young’s experiment at
L = 40 steps after the first mask and Wj, = 6 steps. The filled squares are the
data points. The thin line connects the data points. The Fresnel equation fit is
poor. Therefore, the pattern is not a diffraction pattern. The right figure shows
the distribution of photons from the first mask to the screen. The lines and the
lower case letters are as in Fig. 1. Random photons through a first slit fail to
produce a diffraction pattern that indicates incoherence. However, the position
distribution shows coherence (see Fig. 1B).

The screen was removed and the second mask was placed at y= 140 steps.
The second mask had two slits placed 0.5 step < z < 1.0 step and at -1.0 step
< x <-0.5 step. The screen was placed at y= 180 steps (L = 40 steps). Figure 8
shows the resulting distribution pattern.

Although the statistics for Fig. 8 are poorer than previous screen interference
patterns, inspection of Fig. 8 indicates an interference pattern was obtained.
Figure 3(B and D) after 50 steps of calculation compared with Figure 3(A and
C) after 30 steps of calculation indicates that the calculation errors are causing
increased and noticeable scatter after 50 steps of calculation. Figure 8 is after
80 steps of calculation.

6 Laser

The initial, overall photon density in the previous sections was approximately
uniform and incoherent. The photons in the distance simulation or the slit
in the Young’s simulation formed the coherent distribution. These coherent
distributions resulted from an application of the model to an initial random
distribution.

The popular model of a laser is that a seed photon in a medium stimulates
the emission of more photons. Because the photons from a laser impinging
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Figure 8: Plot of the double slit screen pattern at L = 40 steps from the
second mask and 80 steps beyond the first mask. The slits were placed
from 0.50 step to 1.00 step and from -1.00 step to -0.50 step. The filled squares
are the data points, the thin line connects the data points, and the thick line
marks the theoretical calculation. The position distribution after the first mask
is coherent.
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Figure 9: Plot of the pattern on a screen at L = 40 steps of a laser pulse input
Win = 6 steps through a double slit. The slits were placed from 0.50 step to 1.00
step and from -1.00 step to -0.50 step. The filled squares are the data points,
the thin line connects the data points, and the thick line marks the theoretical
calculation.

on a slit(s) produces a diffraction pattern, the laser simulation must produce
the coherent distribution of photons. Because of the diversity of materials that
produce laser emissions, the laser must form an ordered distribution within the
light.

The Fourier transform of a triangular function is the sinc-type function.
Another function with a Fourier transform of the sinc-type function is the rect-
angular function. If the slit acts as a Fourier transform on the stream of photons,
a pulse pattern with high density and a low duty cycle may also produce the
diffraction pattern.

A simple model of the simulation of the laser light is several photons followed
by a delay between pulses. Figure 9 shows the result of passing a pulse through
a double slit. The pulse is formed by positioning a photon randomly in half step
x intervals and randomly within a 1.1 steps y interval. These pulses were three
steps apart and Wi, = 6 steps. Several other pulse configurations were tried and
yielded a poorer fit. The parameters are unique. Also, the fit is inconsistent
with observation of interference patterns for a d/b ratio of 3/1. That this is
what lasers in general produce seems unlikely.

That the photons form lines with a set angle to ¢ was noted in Fig. 1 and
Fig. 7. Posit that a seed photon follows a free photon in the laser material.
These photons form themselves at an angle noted in Fig. 1. The angles are
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Figure 10: Plot of the position of photons between 0 step< y < 100 steps and
Win = 6 steps.

related to V. These photon then exert a force along the angle to free weakly
bound photons. Thus, a line of photons is formed. The lines are then emitted.

The experiment was to create two seed photons at y = 0 and randomly
between -3 steps < z < 3 steps. A line of 13 additional photons was introduced
from each of the seed photons at one of the four angles, which was randomly
chosen, progressing positively or negatively. Figure 10 depicts a plot of such a
distribution at one interval. This model has the advantage of being dependent
on Ny, and the form of the distribution produced by distant travel and by the
first slit in Young’s experiment.

The photons were then directed to a mask at y = 100 with a double slit.
The slits placed from 0.50 step to 1.00 step and from -1.00 step to -0.50 step.

The fit is consistent with observation of interference patterns for a d/b ratio
of 3/1.

7 Afshar experiment

The Afshar experiment involves a wire grid and lenses in addition to a screen.
Placing thin wires of one bin thickness at minima is possible in the present
experiment. The B(zs) values averaged 11 bins. There were bins with no
photons near the minima.

The modeling of the photon interacting with matter and lenses is for a future
paper. Therefore, the zs and the angle ¢4 of ¢ to the Y axis was also recorded
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Figure 11: Plot of the pattern on a screen at L = 40 steps of a line laser input
(see Fig. 10) W, = 6 steps through a double slit. The slits placed from 0.50
step to 1.00 step and from -1.00 step to -0.50 step. The filled squares are the
data points, the thin line connects the data points, and the thick line marks the
theoretical calculation.
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Figure 12: Plot of ¢4 vs. x4 for the photons that passed through the Positive Slit
(left) and the photons that passed through the Negative Slit (right). The groups
of photons with -3 steps < x5 < 3 steps to have a nearly linear distribution. A
linear regression was done on the data of each of the groups. Photons existed
outside this range. However, occurrences (1) and (2) of Fig. 6, which was
considered an artifact of the simulation, caused errors. The distribution outside
this range became non-linear. Over 86% of the recorded photons were in this
range.

when a photon was counted at the screen.

Figure 12 shows a plot of ¢ vs. xs for the photons that passed through
the slit at 0.5 steps < x5 < 1.0 steps (the “Positive Slit”) and the photons that
passed through the slit at -1.0 steps < zs < -0.5 steps (the “Negative Slit”).

Figure 12 shows the groups of photons with -3 steps < x5 < 3 steps to have
a nearly linear distribution. A linear regression was done on the data of each
of the groups. Photons existed outside this range. However, occurrences (1)
and (2) of Fig. 6, which was considered an artifact of the simulation, caused
errors. The distribution outside this range became non-linear. Over 86% of the
recorded photons were in this range.

¢s = mzs + b, (14)

where m is the slope and b is the intercept of the linear regression.

Table 3 lists the resulting values of the linear regression equation for each
of the data sets and the calculated ¢4 at s = 2 steps and x5 = 2 steps. The
majority of the photons impinge on the screen at angles that would cause a con-
densing lens to focus them at different points associated with the slits. Figure 6,
occurrence (4) showed some photons from one slit follow another photon from
the other slit and, therefore, were recorded with the ¢g as if from the wrong slit.
This occurred for both slits. Therefore, the statistical effect would balance.

The majority of the photons impinge on the screen at angles that would
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8 DISCUSSION

Table 3: The values of the constants in the linear regression Eq. 14.

slit m b ¢s(xs = 2 steps)  ds(xs = —2 steps)
rad. step~!  rad. rad. rad.

Positive Slit  0.0428 -0.0177  0.068 -0.10

Negative Slit  0.0348 0.00512  0.074 -0.065

cause a condensing lens to focus them at different points associated with the
slits. The model produces the Afshar experiment.

8 Discussion

The constants were determined iteratively and with few significant figures. The
solution presented may not be unique or optimal.

The E = mc? relation was used to derive Eq. (3) and (4). This suggests a
way to relate measurable quantities to the constants E = mc? = hv. Further,
U is responsible for inertial mass. Thus, ¥ is a wave in a “real” physical entity.

The “wave” in quantum mechanics is a wave in the W—field. The hod causes
the wave and the wave directs the hod. The speed of the wave in the ¥—
field is much greater than c¢. Because the number of hods in a moving photon
determines the wavelength of the W—field wave, the photon causally interacts
with other similar hods. Because the wave is a sine or cosine function, matter
producing equal wavelength in the W—field can “tune” into each other. This
produces the interference pattern. Therefore, quantum entanglement may be a
causal and connected observation.

This paper suggests the transverse and longitudinal position of photons un-
dergo forces that may be treated as Fourier transforms with each encounter with
more massive particles. The varying W—field experienced by photons causes a
Fourier transform on the distribution of photons. Therefore, the probability
distribution of the position and movement of the large number of photons may
be treated as in quantum mechanics.

The flow of photons through a volume with matter would produce a pattern
of waves from each matter particle. Therefore, the Huygen’s model of each
point being a re-emitter of waves is justified if “each point” means each matter
particle such as atoms.

Fourier mathematics assumes an infinite stream of particles obeying a given
function for all time. Each encounter with other matter produces a different
function. The mathematics of the Fourier transform includes the integration in
both time and distance from —oo to +00. Therefore, observations made over
a region or over a shorter interval allows for the uncertainty of waves. This
non-uniformity of the time and distance of the particle stream distribution is
Fourier transformed into the Heisenberg Uncertainty Principle (Tang 2007, see,
for example, Section 2.9).
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8 DISCUSSION

The change in the diffraction pattern upon the change in the width of the
photon stream that the mask blocks (see Fig. 2) suggests these photons have
an influence on the photons that go through the slit. This differs from the
traditional wave model of diffraction. It also suggests the photon diffraction
experiment is an experiment of quantum entanglement. Indeed, the photons
blocked by the mask are non-local to the transmitted photons beyond the mask.

Bell’s inequality includes the assumption of locality (Diirr,et al. 2009; Gold-
stein 2009). Because the present model is intrinsically nonlocal, it avoids Bell’s
inequality.

The calculation equations allow several negative feedback loops. For exam-
ple, ¢ is dependent on ¥. If a photon is at a high ¥ region, c is high. This
causes the photon to be faster then the photon producing the wave and move
to a lower ¥. The lower ¥ slows the photon to match the speed of the photon
producing the wave. This mechanism exists in 6 and .

The present concept of “coherent” differs from the traditional model. The
photons interact through the U—field and tend toward lower W. Coherence in
the sense of interaction of photons is when the photons are maintained at a
position and momentum relative to other photons through the feedback mech-
anisms. This occurs when a photon distribution causes a constant relative,
moving minima. That is when cos(K38)/r < 1/r. This also implies there
are constant relative forbidden zones where cos(Kgf3)/r > 1/r and ¥ =~ Uy ,y.
Thus, position and momentum are quantized.

Knowledge of the density of particles is insufficient to determine the Bohmian
quantum potential as noted in Young’s experiment. The structure of hods must
also be known to provide the W-field. For example, the W—field wave caused
by a photon structure of Ny; hods differs from the W—field wave caused by a
photon structure of Nps hods where Ny # Npo.

Gravity is another manifestation of the U—field-hod interaction. Moving par-
ticles produce “pilot waves” (gravity waves) in the W—field. The wave—particle
duality of the Copenhagen interpretation may be viewed as which of the two
entities (U—field or particle) predominates in an experiment.

For 6 > a the photon’s tendency is to align its axis along streamlines of the
VU—field and axes of other photons. Because of the symmetry of the photon, a
converging W-field such as from Sinks and matter and a diverging U—field such
as from Sources and galaxy clusters have the same angle changing effect on a
photon.

Comparing the SPM and the present model yields the conclusions that the
plenum is the W—field and the p is the ¥. A possible addition to the concept of
the plenum is that the U—field in the present model supports a transverse wave.

The SPM of the gravitational lens phenomena is that of gravitational at-
traction changing v; and of @ changing the direction of é.

Conceptualizing the macroscopic scale of everyday experience, the galactic
scale, and the quantum scale can now be done with a single concept as fractal
cosmology suggests. The SPM view strengthens the deterministic philosophy.
Therefore, the Schrodinger equation represents our lack of knowledge or inabil-
ity to measure the initial and evolving parameters. The SPM solution for the
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9 CONCLUSION

Bohmian trajectory(Goldstein 2009) is unique for each particle. The uncer-
tainty of the measurement of position and momentum produces other possible
trajectories.

Our measuring instruments measure particles that consist of hods and bound
W-field. That is, we measure only particles and their behavior. The properties
of the U—field are inferred from how the particles are guided by the ¥—field and
not by measurement of the U—field itself.

Because the plenum is real and because the structure of the photon is consis-
tent with the Michealson-Morley and diffraction experiments, there is no need
to introduce action-at-a-distance, length contraction, time dilation, or a single
big bang. Because of the unity of concepts between the big and the small, the
SPM may be a Theory of Everything.

9 Conclusion

Newton’s speculations, Democritus’s speculations, the Bohm interpretation, and
the fractal philosophy were combined with the cosmological Scalar Potential
Model (SPM). The resulting model of photon structure and dynamics was tested
by a toy computer experiment.

The simulation of light from a distance produced the diffraction pattern after
passing through one and two slit masks. The screen patterns were determined to
be diffraction patterns by fitting the pattern on a screen to the Fresnel equation.
The distribution that was interpreted as coherent was formed by several lines
of photons at angles to ¢ consistent with the antenna pattern for the photons
with the given Ny. The photons impinging on the opaque portion of the mask
were necessary in the calculation. Tracing the path of the photons showed the
Fresnel pattern forms after a number of steps from the mask. Also, by varying
the distance between the mask and the screen, the Fresnel pattern became the
Fraunhofer pattern.

The simulation of Young’s experiment showed randomly distributed photons
were not coherent but became coherent after passing through one slit. The
distribution of photons after the first slit resembled the line pattern of the light
from a distance. This pattern was shown to be coherent after passing through
a double slit. Young’s experiment was duplicated.

The simulation of laser light examined two possible photon distributions.
One considered the laser to be emitting pulses of random composition. A Fresnel
fit was found. However, the number of minima was inconsistent with the physical
structure of the mask. The second posited seed photons formed lines of photons
at angles related the Ny,. This distribution was also fit by the Fresnel equation
and the number of minima was consistent with the mask construction.

Because a model for photon interaction with lenses is lacking, the slit the
photon passed through and the position and angle the photons strike the screen
were recorded. The average difference of angle depending on the slit the photon
passed through could produce the Afshar result. The model is consistent with
the Afshar experiment.

IntellectualArchive Vol.1, No.3

42



REFERENCES

Acknowledgments

I appreciate the financial support of Maynard Clark, Apollo Beach, Florida,
while I was working on this project.

References

Afshar, S.S., Proceedings of SPIE 5866 (2005): 229-244. preprint
http://www.arxiv.org/abs/quant-ph/0701027v1.

Baryshev, Y., Teerikorpi, P., 2004. Discovery of Cosmic Fractals. World Scien-
tific Press.

Bertolami, O., Paramos, J., 2004. Clas. Quantum Gravity 21, 3309.

Descartes, R, 1644. Les Principes de la philosophie. Miller, V.
R. and R. P., trans., 1983. Principles of Philosophy. Reidel.
http://plato.stanford.edu/entries/descartes-physics/ .

Diirr, D., et al.., 2009. preprint http://arxiv.org/abs/0903.2601.

Eddington, A. S., Space, Time and Gravitation: An Outline of the General
Relativity Theory (Cambridge University Press, London, UK).

Goldstein, S., 2009. preprint http://arxiv.org/abs/0907.2427.

Goldstein,  S.,Tumulka, R., and  Zanghi, N, 2009.  preprint
http://arxiv.org/abs/0912.2666.

Hodge, J.C., 2004. preprint http://arxiv.org/abs/astro-ph?0409765v1.pdf .
Hodge, J.C., 2006a. NewA 11, 344.

Hodge, J.C., 2006c. preprint http://arxiv.org/abs/astro-ph?0603140v1.pdf .
Hodge, J.C., 2006b. preprint http://arxiv.org/abs/astro-ph?/0611029v2.pdf .
Hodge, J.C., 2006c. preprint http://arxiv.org/abs/astro-ph?0611699v1.pdf .

Hodge, J.C,, 2006¢. preprint http://arxiv.org/PS_cache/astro-
ph/pdf/0612/0612567v2.pdf .

Hodge, J.C., Theory of Everything: Scalar Potential Model of the big and the
small(ISBN 9781469987361, available through Amazon.com, 2012).

Lauscher, O. and Reuter, M. 2005. Asymptotic Safety in Quantum Gravity.
preprint http://arxiv.org/abs/hep-th?0511260v1.pdf .

Newton, I., Opticks based on the 1730 edition (Dover Publications, Inc., New
York, 1952).

IntellectualArchive Vol.1, No.3

43



REFERENCES

Sartori, L., Understanding Relativity(Univ. of California Press, 1996).
Sommerfield, A., 1954. Optics, chaps 5 and 6. Acedemic Press, New York, NY.

Tang, K.T. 1999. Mathematical Methods for Engineers and Scientists 3, Berlin,
Germany: Springer—Verlag.

von Flandern, T., 1998. Physics Letters A 250, 1.

Will, C.M., 2001. ”The Confrontation between General Relativity and Experi-
ment”. Living Rev. Rel. 4: 4-107. http://www.arxiv.org/abs/ gr-qc?0103036.

IntellectualArchive Vol.1, No.3

44



Algebrizing friction: a brief look
at the Metriplectic Formalism

Massimo Materassi (1)
Emanuele Tassi (2)

(1) Istituto dei Sistemi Complessi ISC-CNR, Sesto Fiorentino, Firenze, Italy
E-mail: massimo.materassi@fi.isc.cnr.it

(2) Centre de Physique Théorique, CNRS -Aix-Marseille Universités, Campus
de Luminy, Marseille, France

E-mail: tassi@cpt.univ-mrs.fr

Abstract: The formulation of Action Principles in Physics, and the introduction of the
Hamiltonian framework, reduced dynamics to bracket algebra of observables. Such a
framework has great potentialities, to understand the role of symmetries, or to give rise to
the quantization rule of modern microscopic Physics.

Conservative systems are easily algebrized via the Hamiltonian dynamics: a conserved
observable H generates the variation of any quantity f via the Poisson bracket {f,H}.
Recently, dissipative dynamical systems have been algebrized in the scheme presented
here, referred to as metriplectic framework: the dynamics of an isolated system with
dissipation is regarded as the sum of a Hamiltonian component, generated by H via a
Poisson bracket algebra; plus dissipation terms, produced by a certain quantity S via a
new symmetric bracket. This S is in involution with any other observable and is
interpreted as the entropy of those degrees of freedom statistically encoded in friction.

In the present paper, the metriplectic framework is shown for two original “textbook”
examples. Then, dissipative Magneto-Hydrodynamics (MHD), a theory of major use in
many space physics and nuclear fusion applications, is reformulated in metriplectic
terms.

Keywords: Dissipative systems, Hamiltonian systems, Magneto-Hydrodynamics.

1. Introduction

Hamiltonian systems play a key role in Physics, since the dynamics of
elementary particles appear to be Hamiltonian. Hamiltonian systems are
endowed with a bracket algebra (that of quantum commutators, or classically of
Poisson brackets): such a scheme is of exceptional clarity in terms of
symmetries [1], offering the opportunity of retrieving most of the information
about the system without even trying to solve the equations of motion.

Despite their central role, Hamiltonian systems are far from covering the main
part of real systems: indeed, Hamiltonian systems are intrinsically conservative
and reversible, while, as soon as one zooms out from the level of elementary
particles, the real world appears to be made of dissipative, irreversible processes
[2]. In most real systems there are couplings bringing energy from processes at a
certain time- or space-scale, treated deterministically, to processes evolving at
much “smaller” and “faster” scales, to be treated statistically, as “noise”. This is
exactly what friction does, and this transfer appears to be irreversible.
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A promising attempt of algebrizing the classical Physics of dissipation appears
to be the Metriplectic Formalism (MF) exposed here [3, 4]. The MF applies to
closed systems with dissipation, for which the energy conservation and entropy
growth hold: the MF satisfies these two conditions [5]. The first important
ingredient of the MF is the metriplectic bracket (MB):

((f.g)=1{f.g}+(f.0),

where the first term {f,g} is a Poisson bracket, while the term (f,g) is a
symmetric bracket, bilinear and semi-definite. The total energy is represented by
a Hamiltonian H which has zero symmetric bracket with any quantity (i.e. (f,H)
= 0 for all f). The total entropy is mimicked by an observable S that has zero
Poisson bracket with any quantity (i.e. {f,S} = 0 for all f). Then, a free energy F
is defined as

F=H+asS,

a being a coefficient that will disappear from the equations of motion, due to
the suitable definition of (f,g); it coincides with minus the equilibrium
temperature of the system (see below in the examples). The dynamics of any f
reads:

f=((f.F)=1{f H}+a(f,s).

This dynamics conserves H and gives a monotonically varying (increasing) S.
Metriplectic systems admit asymptotic equilibria (due to dissipation) in
correspondence to extrema of F.
In this paper the MF is applied to some examples of isolated dissipative
systems: two “textbook” examples and, more significantly, to visco-resistive
magneto-hydrodynamics (MHD).

2. Two “textbook” examples

In order to illustrate how the MF works, two simple systems are considered.

The first one is a particle of mass m dragged by the conservative force of a
potential V throughout a viscous medium. A viscous friction force, proportional
to the minus velocity of the particle via a coefficient A, converts its kinetic
energy into internal energy U of the medium, with entropy S. The equations of
motion of the system read:

Xx=L2, p=-VV-2AL S§-24

m?T
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T is the temperature of the medium, simply defined as the derivative of U with
respect to S. If the MB is defined as follows:

=((1.F), ((f.9))={f.a}+(f.q) /

fof=%3-2%
(F,9)=T"2 1y =(xpsS),
(VW)1,,-VV ®wV 0 0
g 0 ATl,, -m™ap|,
0 _m_%pT p°
m2T

it is easy to show that these ODEs are given by the MB of x, p and S, with a free
energy F constructed as:

F(x, p,S)=H(x, p,S)+asS,
H(x, p,S)=% +V(x)+U(S).

The matrix I' is semi-definite with the same sign as a. The foregoing framework
conserves H and increases S, driving the system to the asymptotic equilibrium:

P =0, W(x,)=0, T,=-0.

At the equilibrium the point particle stops at a stationary point of V once its
kinetic energy has been fully dissipated into heat by friction.

The second rather simple example of metriplectic system is a piston of mass m
and area A, running along a horizontal guide pushed by a spring of elastic
constant k. It works against a viscous gas of pressure P and mass M. The system
is depicted in the following Figure.

m
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Piston moved by the spring of elastic constant k and mass m, working against a
viscous gas of density p.

If € is the rest-length of the spring, then the equations of motion of the system
read:

=2 p=-PA-k(x-£)-12, S=2_

m?T

These equations of motion may be obtained out of a metriplectic scheme
assigned as

=((f.F). ((f.9))={f.g}+(f.9) /

f
{fo}=53-25 (fo)=T"I=% / y=(xps)

oy’ oyl
0 0 0
=0 AT -m'p|,
0 —mip r’n“;i

provided the following free energy is defined
F(x,p,S)=H(x,p,S)+asS,
H(x p,S)=% +%(x—¢) +U(p(x),S).

Again, this T is semi-definite with the same sign as «. The asymptotic
equilibrium of the foregoing F read

XquE_%’ pquO’ Teq:_a

(the temperature T is still defined as the derivative of U with respect to S): the
piston stops where the spring equilibrates the gas pressure, its kinetic energy all
dissipated by friction.

3. Dissipative MHD

Dissipative MHD is expected to describe many plasma processes, wherever its
fundamental hypotheses apply to a highly conductive plasma interacting with its
own magnetic field [6, 7]. Ideal MHD has already been cast into Hamiltonian
formalism [8], here the metriplectic extension of the Poisson algebra, and the
free energy extension of the Hamiltonian, is proposed to include dissipative
effects [9].
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The 3D visco-resistive MHD equations read:

oy =—(v- V-5 CUB_yy  +Te

2p
6B=—(B-VN-(V-v)B-(v-V)B+uV’B,
0,p ==V (pv),
05 =—(v-V)s+7020 "(V/)XTB)Z +82T,

The MHD, defined on a 3D domain D, with suitable boundary conditions on
oD, is a complete system described by: plasma bulk velocity v, magnetic
induction B, plasma density p and plasma mass-specific entropy s. In the
foregoing field equations, p is plasma pressure, Vg is an external gravitational
potential; o is plasma stress tensor, containing (linearly) the fluid viscosity
coefficients # and { (see below), while | is resistivity. k is thermal conductivity,
and T is temperature of the plasma. The system conserves the total energy:

H :jdsx(vaZ+BTZ+pVgrav +pU(p’S))’
D

which is the Hamiltonian, being U the mass-specific internal energy of the
plasma. In the non-dissipative limit c = 0, u = 0 and « = 0, the whole physics is
given by H and the following noncanonical Poisson brackets:

{f,9}=—£dSX[§—pV-(%)+§’—;V-(%)+
@) (G @ sl Bl <)
s L x(exa)in. (fe_as)

55 o 85 o

(here &f/3¢ is the Fréchet derivative of the functional f with respect to the field
¢). When dissipation is considered, the Hamiltonian must be extended to free
energy adding a suitable entropic term:

S[p.s]=[psd’%, {f,S}=0 Vv f=1f[v,B,ps],
D
F[v,B,p,s]=H[v,B,p,s]+aS[p,s];

the symmetric bracket to be used to form a complete MB, together with the
Poisson bracket defined before, reads:
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cnirols)-+ivevslvals)-+avey)
ro:[vels)-rives)eve(y)-rives]]

Note the strict analogy between the dissipative v-terms and B-terms, which are
so alike because in the equations of motion dissipation terms appear as quadratic
in the gradients of v and B, respectively through the rank-4 tensors A and ®
(quadratic dissipation, see [9]):

Aikmn :77(5 5 +5 5 _%5ik5mn)+§5ik5mn O =A: (V ®V)’

ni~ mk

®ikmn :uglklg
Due to the symmetry properties of A and ©, the symmetric bracket (f,g) just
defined is semi-definite with the same sign of «; the functional gradient of H is
a null mode of it. Finally, the quantities related to the space-time symmetries,
generating the Galileo transformations

P :Ipvdsx, L:jp(xxv)dsx, G sz(X—tV)dSX
D D D

via the Poisson bracket algebra given in [8] and reported above, are conserved
by the metriplectic dynamics:

f ={f,H[v,B,p,s]}+a(f,S[p,s]),

provided suitable boundary conditions are assigned to all the fields.

In the above Eulerian description of MHD, the bracket is noncanonical, depends
on s, and the entropy S appears as a Casimir of the bracket which, by definition,
belongs to the kernel of the co-symplectic form associated to the bracket [10],
while in the “textbook” cases the Poisson bracket was canonical and was
independent on the entropy-related variable S.

The free energy F[v,B,p,S] constructed before is able to predict the asymptotic
equilibrium state:

Vg =0, By =0, Tou=-0, Pey+PecVgray = Peqg(TS U )yq-

eq q " grav
Such an equilibrium configuration has zero bulk velocity and magnetization,

while pressure and gravity equilibrates the thermodynamic free energy of the
gas.
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4. Conclusions

In metriplectic formalism friction forces, acting within isolated systems, are
algebrized. The dissipative terms in the equations of motion are given by a
suitable symmetric, semi-definite bracket of the variables with the entropy of
the degrees of freedom to which friction drains energy.

Two simple “textbook” examples are reported: the point particle moving
through a viscous medium; a piston, moved by a spring against a viscous gas in
a rigid cylinder. In both the examples the evolution is generated via the
metriplectic bracket with the free energy F = H + aS, where H is the conserved
Hamiltonian and S is the monotonically growing entropy. « appears to coincide
with the equilibrium temperature.

The same formalism is then applied to an isolated magnetized plasma,
represented by the dissipative (i.e. viscous and resistive) MHD with suitable
boundary conditions. A Hamiltonian scheme already exists for the non-
dissipative limit; furthermore, the full MF had been introduced for the neutral
fluid version. In this paper, we report the extension of the latter formalisms to
include the magnetic forces and the dissipation due to Joule Effect [9]. The
“macroscopic” level of plasma physics is described by the fluid variable v, but a
“microscopic” level exists too, encoded effectively in the thermodynamical field
s. The energy attributed to the macroscopic degrees of freedom v is passed to the
microscopic ones by friction, while the electric dissipation of Joule Effect
consumes the energy pertaining to the magnetic degrees of freedom B. Notice
that the metriplectic formulation for dissipative MHD that we found, does not
require div.B = 0.

Dissipative MHD is mathematically much more complicated than the two
“textbook” examples, nevertheless its essence is rigorously the same: the MF
algebraically generates asymptotically stable motions for closed systems. At the
equilibrium, mechanical and electromagnetic energies are turned into internal
energy of the microscopic degrees of freedom: the asymptotic equilibria found
here for the three examples are essentially entropic deaths.

Let’s conclude with few more observations.

MF is a deterministic description, but it must be possible to obtain it as an
effective representation of a scenario where the superposition of the
Hamiltonian and the entropic motion mirrors the Physics of a deterministic
Hamiltonian system under the action of noise [8].

The appearance of MF offers potentially great chances because it drives the
algebraic Physics out of the realm of Hamiltonian systems: many interesting
processes in nature (as the apparent self-organization of space physics systems
[12], not to mention biological or learning processes) are not expected to be
even conceptually Hamiltonian. It is very stimulating to imagine dealing with
algebraic formalisms describing them. MF, however, is not able to compound
such processes, because it pertains to complete, i.e. closed, systems, while the
processes just mentioned take place in open ones. Adapting MF to open systems
will then be a necessary step to face this challenge.
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Before concluding, let’s underline again the dynamical role of entropy in MF:
entropy may be interpreted as an information theory quantity [13, 14], and here
we find information directly included in the algebraic dynamics. Furthermore:
irreversible biophysical processes appear to have something in common with
learning processes [15], i.e. processes in which the information is constructed or
degraded, and having a formalism where “information” is an essential function
appears to offer hopes in this branch.
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Abstract

We show how antigravity effects emerge from arrangement field theory.
AFT is a proposal for an unifying theory which joins gravity with gauge
fields by using the Lie group E6 or Sp(6). Details of theory have been
exposed in the ArXiv papers 1206.3663 and 1206.5665 (2012).
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1 Introduction

Arrangement field theory is a quantum theory defined by means of probabilistic
spin-networks. These are spin-networks where the existence of an edges is regulated
by a quantum amplitude. AFT is a proposal for an unifying theory which joins
gravity with gauge fields. See [1] and [2] for details. The unifying group is U (6, H)
for the euclidean theory (Sp(6) in other notation), while it is E6 for the lorentzian
theory. The unifying group contains three indistinguishable copies of gauge fields,
mixed by gravitational field. Moreover, commutators between gravitational and
gauge fields are non null and give new terms for the Einstein equations. In what
follows we focus on the term which mixes gravity with electromagnetism, showing
that its contribution to Einstein equations could generate antigravity. In the end

we verify that new interactions don’t affect the making of nucleus and nucleons.

2 Antigravity

The term which mixes gravity with electromagnetism is given by space-time inte-

gration of the following expression:

_1f(G)(EMl)(EMQ)ALG)AI(,EMl) (F(EMZ),U,Z/ + af(EMd)(EMl)(EMQ)A(EM?)),uA(EMl)V)

4
(1)

Remember that AFT includes three indistinguishable electro-magnetic fields, with
non-trivial commutators. In this way A is the gravitational gauge field, AFM»)
is the n-th electromagnetic field and « is the fine structure constant. In the realistic

case of null torsion, the gravitational gauge field can be rewritten in function of

the tetrad field:

1 1
G)be v[b c vb _oc d
AEL Joe _ 3¢ [ 8[Mey]] + Jeuac”e Irey;
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From now we take a low energy limit so defined: e; = 1 with i = 1,2, 3, egy = 0(x)

and Jyf(z) = 0. Varying with respect to e we obtain:

5A£‘G)bc 1 vlbgc] T 1 vb _oc ST
5 = 5° [ 5515[1/8“] + euse”e 10s]
5A1(1G)bc ws §ALG)bC wle blv §T 1 w vb_ocgT
ang = 2e a—ef_ =e [ (& ] 5[Va#} + 5(5M€ e [uao']

The component with ¢ = w =7 =0 and b # 0 results:

§AOM 1 3
— _0—150 . _0—150 _ __50
8900 “ab 2 'uab 260 “317
JA 3
A(EM)pA(EM)A(E'M),u H — abA(EM)OA(EM)pA(EM)
P 9900 20 P

The minus sign has disappeared because we have reversed the derivative. The

quartic term in (1) becomes:

_gfbi

3o
A(E'M)OA(EM),DA(EM) - _ b 2772 A2
1, ¢ O SV (022 — A2)

b
b _ (bo)ca pdea ~ 4£L'_
o= 3 g e 47

cade

Here we have indicated with V' the electric potential and with A the magnetic
vector potential. The sum inside f is over the three electromagnetic fields.

It’s so clear that varying the complete action with respect to g,, we obtain
a new term for Einstein equations. In the Newtonian limit we can substitute
goo = —(1 — 2¢) and Rgy — (1/2)Rggo = V*¢ where ¢ is the newtonian potential.

Hence:

~2 §y=gL
W% ~ 8rT% = g2 OV ILmat
vy 0900
b
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For radial potential we have

b
O = —0, 0.
T

In such case

Co = 0,0 ~ 12maV (0V? — 971 A?)
Now we insert the appropriate universal constants and approximate ¢ with 1:
(G€0)3/2
AL,

Here L, is the Planck length, equal to y/AG/c?. The multiplicative constant is

Ca ~ 12ra V(V? =A%) = kV(V? - 2 A% (3)

127 (6,67 107" - 8,85 - 10712)%/2 C3s?
g 12m (6 ’ 7 30,07 107% G

137 (3-10%)%- (1,62 10-59) K@ms
This means that for having a weight variation (on Earth) of about 10% (ACg = 1)

we need an electrical potential of 10 Volts. These are 100 billions of Volts. For
V =@Q/r and A =0 we have:

k 3 4 3

Co = ~Q—:2,198-10‘2<m )Q

(4meg)? 13 s2C3 ) 13

73
Note that the sign of Cg is the sign of () and then we obtain antigravity for

negative (). We associate to this interaction an equivalent mass m, substituting
Ce = Gm/r?. We have

k k 3

m=—=V3?= —Q—

G G(4meg)® r

which is a negative mass for negative (). Negative mass implies negative energy via

— 3,293 10° (Kgm) @

C3 r
the relation £ = mc?. Intuitively, if we search a similar relation for gravi-magnetic

field (which is V x (¢%), i = 1,2, 3), we should find the same formula (3) with an

exchange between V' and cA.
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We calculate now at what distance the gravitational attraction between two

protons is equal to their electromagnetic repulsion.

R Q1@
r2  G2(47meg)® 4 dmeg 12
FQ

G2(47T€0)5 N

= 1r* =79,49-107"m? = r = 8,916 - 10~ m = 5,516 L,

Note that we are 20 orders of magnitude under the range of strong force and 23
orders of magnitude under the range of weak force. In this way the gravitational

force doesn’t affect the making of nucleus and nucleons.

3 Conclusion

We have seen that a potential of 101 Volts can induce relevant gravitational ef-
fects. They are too many for notice variations in the experiments with particles
accelerators. However they sit at the border of our technological capabilities. The
possibility to rule gravitation is very attractive and constitutes a good reason for
try experiments with high electric potentials. Such experiments can be connected
to the work of Nikola Tesla and can also be a good test for the arrangement field

theory.
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The Theory of existences
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Abstract: Some new concepts on the perception of physical existences, based on
new interpretations of quantum mechanical wave functions are presented. These
new concepts remove the earlier imbalance in the notion towards the physical
existences. A new understanding about Gravity is also presented. This
understanding explains why gravity does not have a force-carrying particle. These
concepts also lead to decipher the cosmological concepts, dark matter and dark
energy. Further, It is found that time can exist even before the “big bang”.

Preface

It is true that the existence of the physical universe is real. If asked whether the existence of the physical
universe is positive, negative or both, one may reply that it is positive. However, every physical existence
in the universe is composed of two components, of which one is a positive existence and the other is a
negative existence. This may sound startling. However, after reading the reasoning discussed below, one
may get convinced. Moreover, this understanding leads to a clue on the cosmological observations, dark
matter and dark energy.

One interprets negative quantities mostly in a simple sense. For example, by declaring a distance to be
negative, one means that its direction is opposite to that of a distance that is taken to be positive. There
is nothing fundamentally different between these positive and negative distances. Similarly, a negative
time would mean the past with reference to a point of time, if positive time means future. Arithmetic
sum of these positive and negative quantities simply means a shift in the corresponding ray of distance,
time or any other quantity concerned. This indicates the obsession with existence that it is eternal and
concrete while its origin is not understood. One normally takes the existence of everything physical, for
granted, to be positive. There is a problem in this assumption. If the physical existences are positive,

where did they come from? If they came from nothing, what happen to the conservation? This is an

imbalance or asymmetry in the common notion of existence. | present my solution to this problem,
below.

The norm of a complex quantity, x + iy is represented as x? + y%. The square of real part is x> and the
square of imaginary part is (iy)? = -y2. However, we expect something 'positive definite' as the norm of

1 Author's email: akbmuruhan@gmail.com
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the complex quantity. The definition of the norm as the product of itself with its complex conjugate
satisfies this expectation. This change of the sign of the square of the imaginary part in the norm is
factitious in the case of quantum wave functions and it conceals many facts.

Quantum Wave Functions

The norm of a wave function represents the probability of existence of the system that it represents.
However, why should the norm be obtained by the combination of the absolute squares of the real and
imaginary parts? | posit that the squares of the two parts should be considered separately to interpret
the existences and that the two parts describe independently, the existences of two components of the
system that the wave function represents. The squares of the real and imaginary parts are positive and
negative respectively. This means that the existences that they represent are positive and negative

existences. Positive and negative existences mean that they are opposite to each other in all aspects,
like the mass, space, charge etc attributed to them. This concept should be understood carefully. This is
very fundamental to the other discussions in the article. One would commonly think of positive
existence as a normal existence and a negative existence as something weird. However, a new picture
is presented here. According to this, both the existences are equivalent, however, not the same;
neither of these two existences is more privileged by any means than the other is. From the
concepts introduced here, one cannot identify any priority given to either of the existences. Any
privilege identified with the positive existence could be because of a biased thought. In fact, the two
existences are similar. One does not have to attribute the positive existence that is mentioned here to
some normal existence and the negative existence that is mentioned here to something imaginary. Both
are equivalent. In other words, the existences are bipolar and the two polarities of existences are
equivalent, in contrast to the conventional notion of mono-polar existences. The advantages exclusive
to this bipolar-existence interpretation are discussed next.

Merits of the interpretation

There are many advantages from this interpretation, some of which are discussed in the following.

Understanding spin

The conventional interpretation says that spin is an intrinsic property of elementary particles [1], which
comes as an outcome of quantum mechanical analysis. However, it does not give any physical
interpretation for spin and warns that one cannot imagine spin as the revolution of elementary particle.
Neither is it advocated here, to interpret it so. A new interpretation is presented here that according to
the bipolar-existence picture, the spin is the time dependent cycling between the two polarities of the

existence-states. This interpretation also leads to an interesting interpretation of time that is discussed

later in the article. The spin of, say, an s-electron is the time dependent cycling of its existence-states
with a period of m/w. In general, if Y(r, t) is the wave function of a particle spinning in a particular
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Illustration 1: Stages of two s-electrons spinning in opposite directions

direction, then, Y(r, t)exp(irn/2) is the wave function of an identical particle spinning in the opposite
direction. lllustration 1 shows the different stages of two s-electrons spinning in opposite directions. The
two colors, light blue and orange represent the two existence-states. The gradual change of colors in the
illustration represents the gradual transformation of the states from purely positive to purely negative
state and vice versa, the intermediate ones being mixtures of both states. It is to be remembered that
either of the two existences can be taken as either positive or negative; there is no preference for one
polarity over the other. Thus, a negative mass, for example, is present all over the universe, in contrast
to the normal anticipation that it could be in some remote space. In fact, there is no preference in any
respect, including the abundance, for positive or negative existence over the other. Both are
equivalently present.

The old interpretation of wave functions allows the arithmetic summation of the squares of the two
parts of the wave function, of course, after making both as positive. As a result, we get monotonously
time independent pictures of, for example, the s-orbitals and p-orbitals as static, spherical and ring-like
shells. On the other hand, since we deal the two parts separately in the bipolar picture presented here,
we are able to see the dynamism called as spin.

Angular motion of electrons in atoms

Similar interpretation on a p-electron with a non-zero value for the quantum number 'm' gives rise to a
more interesting scene. The electron in an atom, with a non-zero value for ‘m’ has a magnetic moment
as if it has an angular motion. However, our old quantum mechanical interpretations impose that orbital
motion also, like the spin, is an inherent property of the electron, nothing is moving in the classical
sense and one should not interpret an angular motion of the electron. However, one logically expects an
angular motion since the electron is having a magnetic moment. According to the bipolar interpretation,
the angular motion is evident, as shown by the factors cos’(md+wt) and -sin’(md+wt) in the squares of
the real and imaginary parts of the wave function of a p-electron. lllustration 2 shows a few stages of
two p-electrons spinning in opposite directions and revolving in the same direction because of the same

'm' value. The revolution appears to be a consequential effect of spinning.
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lllustration 2: Stages of two p-electrons spinning in opposite directions and revolving in same direction

From this simple case, where the spin of a p-electron manifests as a physical motion, | deduce that all
the physical motions including macroscopic motions are the results of coordinated spins (polarity
transformations) of all the particles involved in that motion.

In the old picture, where the norm is taken as the product of the wave function with its complex
conjugate, these factors are summed up with suitable change of sign to get unity independent of time
and hence, these physical interpretations are missed.

Pauli Exclusion Principle

According to the bipolar-existence picture, an electron is always in a state that is a combination of the
two mutually opposite existence-states. Whatever the state this electron is in, the state complementary
to it is available for another identical electron to occupy. However, its own state cannot be occupied by
the second electron. This understanding provides the insight into the Pauli Exclusion Principle, which
states that no two identical fermions can occupy the same quantum state simultaneously.

The compliance of this picture with the more rigorous statement of the Pauli exclusion principle that the
total of the wave functions of two identical fermions is anti-symmetric with respect to the exchange of
the particles, can be verified as follows. According to the bipolar-existence, the flip of spin is achieved by
multiplying the wave function by the phase factor exp(imn/2). The exchange of particles in Pauli Exclusion
Principle involves flipping of the spins of the two particles considered. This dual flipping amounts to
multiplying the wave function by the factor exp(irt). Multiplying by exp(int) causes rotation of the wave
function in the complex plane through m, which means that the resulting wave function is anti-
symmetric with respect to the original function. Thus, the bipolar-existence picture and the Pauli
Exclusion Principle comply with each other.
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Source of the creations

There are both physical and subtle creations in the world. Physical matter is an example of physical
existence. Mind is an example of subtle existence. Creation of physical existence is discussed in this
article. Is the source of all creations some 'nothing'? How can the source of the universe be nothing
while something from nothing means violation of conservation? | propose that the source of all
creations is a subtle thing, it contains all the creations within it in a subtle form and all the physical
creations are brought in to physical existence from this subtle source during the time of creation. This
subtle source is found to correspond to the 'Mayai' or Maya described in Indian scripture. My
interpretation of wave functions discussed above avoids the violation of conservation during creation,
since it tells that every physical creation is composed of two mutually opposite existences. These two
opposite existences together can be assumed to amount to null since their polarities are opposite.
However, these two opposite existences are REAL although their source of creation is subtle. This idea is
discussed, next.

The origin of universe

Before “the big bang”, there was no space, mass etc, in short, no physical universe. However, the subtle
source always exists. The 'big bang' marks the start of creation from the subtle source. The subtle
source 'does not have' any physical dimension since these dimensions are the properties of its creations.
The subtle source gives birth to space, particles (mass charge, etc), etc. and exists with the creations.

This means that the subtle source is spreading with the creations created from it. This can be visualized
as analogous to expanding water gel crystals. This is not an exact analogy since the crystal has some
initial physical dimensions. There is a speck of subtle source at the center of every physical particle or a
region of space created from it. The order of creation may be that the subtle source gives birth to space
first and then the other creations since all other physical creations have to be held in the space created.
This order of creation is described in the Indian scripture.

Here, we have to remember that each of these creations is constituted by the two mutually opposite
components of existences as discussed above. Thus, the creation maintains conservation. If the wave
function of a created particle is x(r, t)+iy(r, t), then x3(r, t) represents one existence-state of the particle
and -y*(r, t) represents the other existence-state of the particle. However, these two terms should not
be simply summed together, since it means counteracting the creation with a result that the particle's
very existence grows and vanishes with time. The conventional interpretation does sum up the two
terms, however by changing the sign of the second term, to get a positive definite quantity. Because of
this, we get a function for existence that may be dependent on space and monotonously independent of
time. It preserves the 'reality of existence', however, monotonously. However, it fails in explaining the
conservation during the creation of everything. The bipolar interpretation also preserves the reality of
existence, however, in a dynamic manner that it provides an insight into what spin is, which
consequently demonstrates orbital revolution.
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Thus, the conventional interpretation does well as long as the reality of existences is concerned without
concerning the origin of the existences since it deals with both the polarities of the existences not only
equivalently but also as one and the same. However, the new bipolar-existence interpretation is
necessary to demystify the concepts like conservation during creation, quantum spin and more aspects
to be discussed further.

Creation of time

The spinning of a particle is defined above as its transformation between its two states of existences. At
a given time, the transformations of existence-states of two particles spinning in opposite directions, are
opposite in direction. However, the only difference between them is in a shift in time by n/(2w). The
existence-states and the transformation of existence-states of two similar particles spinning in opposite
directions, one considered at time t and the other considered at time t + m/(2w) are the same. Then,
what is unique about a particular direction of spin? Since the difference between the two
transformations corresponding to the two directions of spins is in time, the time at which a
transformation happens has to be unique. From this requirement and the requirement for the
conservation during the creation of all physical quantities, | understand that time also, being a creation,
has two mutually opposite existence-states. With this understanding about the time, the uniqueness of
the direction of spin of other creations becomes evident. The transformations of existence-states of all
other physical creations are 'synchronized with' or 'rooted at' the transformation of existence-states of
time. The direction of the spin of a particle means the similarity or dissimilarity between the directions
of transformation of its existence-states and the direction of transformation of existence-state of time.
In the first instance, this disparity, between the two directions of spins with respect to the direction of
transformation of time, may appear to contradict my earlier proclamation that the two existence-states
are very similar. However, this is not a contradiction since we have the freedom to consider the polarity
of either of the existence-states of time as either positive or negative so that either of the spins can be
viewed to be similar or dissimilar with respect to the spin of time. This brings back the equal stature
between the two spins as well as the existence-states.

From these discussions, it follows that time is a creation that is connected with all the instances of all
other physical creations like space, mass etc, whereas each instance of those other creations (space etc)

are individualistic, being connected with their corresponding quantum of subtle source. This indicates

that the subtle source of time is something different from and subtler than the subtle source of the

other physical creations. Time, being common to all other creations and having a subtler source of

creation, time can exist before the “big bang” that marks the start of this universe. Hence, time is the

first creation and the subtle source of time should be subtler than the subtle source from which the
other physical existences are created. Thus, time is always ticking.

This picture of time resembles the clock pulse in a digital computer. In a digital computer, an
event/command is executed in synchronization with every clock pulse. Similarly, in Nature, in
synchronization with every spin of time, the other creations spin. Recall the hypothesis from the section,
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'‘Angular motion of electrons in atoms' above, that spin is the fundamental entity responsible for the
dynamics that are also more complex than the angular revolution of an electron.

The fact that time, being a single entity, shows different periods of its spin to the spins of different other
existences, appears to imply some theory of relativity, probably the existing theories of relativity. This
also indicates the subtlety of time and the inadequacy in our understanding about time.

Gravity

Gravity, according to me, is the force of attraction between the specks of subtle source and hence it is
'within the subtle source'. Hence, out of the four fundamental forces, gravity does not need a created
particle to act as a carrier of force. Newton stated that the gravitational force exists between instances
of physical mass. However, | infer that the gravitational force exists between the instances of subtle
source (specks or quanta of subtle source). Is there any verification that gravitation is the force of
attraction rather between the specks of subtle source from which physical creations are created than
between the instances of mass that are creations? Yes, this can be verified by understanding the
existence of “Dark matter”.

Dark Matter

Observational cosmologists have discovered Dark matter by the gravitational force that they exert [2],
[3], [4] in the absence of any luminous matter (mass) at places where dark matter is envisaged.

The hypothesis

My hypothesis on gravitation agrees with Newton’s law of gravitation in the sense that every physical
mass also has its subtle source with it. However, the latter is a special case of the former. The regions of
space in the cosmos devoid of physical mass also have their portions of subtle source and hence should
exert gravity, according to my hypothesis. This gravity is observed as caused by some matter called as
‘dark matter'. According to the hypothesis, dark matter is just space and the gravitation observed is
caused by the subtle source of that space. If this explanation is true, they need not be called as dark
matter anymore since they are just the space. Cosmologists have mapped the distribution of dark
matter. This actually could be the distribution of space in the physical universe.

Mass-Energy conversion

Creation of mass from energy or energy from mass in mass-energy conversion events is not equivalent
to the creation of mass and energy from the subtle source. The latter is the real creation while the
former are transformations within the creations. However, subtle source also plays a role in the mass —

IntellectualArchive Vol.1, No.3

67



energy conversions. The hypothesis proposed is that when a gamma ray photon of sufficient energy
intercepts a quantum of subtle source (for example, at the center of an atom), a particle-antiparticle
pair is produced. Thus, subtle source transform energy into mass in addition to giving birth to both of
them. By this way, pair production can happen even in ‘empty’ space since empty space also has its
subtle source with it, which we have called as dark matter! The experimental observation of these
'antiparticles' as originating from cosmic space can be an experimental verification of this hypothesis.

Conservation between source and creation

Can there be conservation between the subtle source and the creation? The 'dark matter effect' of the
subtle source indicates that there could be some sort of conservation between a speck or quantum of
subtle source and the creation from it. The indication is by the following observation.

The local dark matter density in the milky way galaxy (the density of subtle source giving birth to only
space) is estimated [5] to be less than the physical matter density (the density of subtle source giving
birth to physical matter, probably in addition to space) by more than 20 orders of magnitude. This

indicates that the source gives birth to more space when giving birth to only space than when giving
birth to other creations, probably in addition to space. In other words, subtle source density is more
with physical matter than with 'empty' space. This amounts to an inference that there could be
conservation between the subtle source and its creations.

Curvature of space

It is interesting to conceive the curvature of space from this picture. Each physical entity like a particle
and a quantum of space has its existence radiating out from the corresponding quantum of subtle
source located at its center. Moreover, the quanta of subtle source maintain the link among them,
gravity being the force of attraction between them. Since the density of subtle source, as discussed
previously, is orders of magnitude higher in celestial objects like planets and stars than in the space
between them, we observe the space curving towards these celestial objects.

Interweave between source and creation

How are the subtle source and its creations interwoven with each other? If the source also exists with
the creation, how is the infusion between the source and the creations? Various possibilities are
assumed:

1. There is no infusion between the source and the creations. The quantum of source remains as
an ideal point without occupying the space created from it.

2. The source evenly infuses with the creation.
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3. The source has a graded infusion with the creation. This is a core-shell model. This can be
visualized for an atomic system by comparing with the planetary system. Because of the finite
mass of the sun and the consequent pull by the orbiting planets, the sun as well as the planets
can be modeled to be orbiting in spheroidal shells, the result being that the motion of planets
relative to the sun is elliptical as in a spirograph. An atom can also be expected to have similar
spheroidal shells for the nucleus and the electrons. The intensities of these atomic shells would
be vanishing gradually towards the core as well as outwards. We could observe this if we solve
the hydrogen atom problem as a literally two-body problem without invoking the reduced-mass
concept that reduces the problem to a one-body problem. We can expect the subtle source to
occupy this central core of these shells in an atom with its intensity complementing the intensity
of the creation (the nucleus and electrons).

Cold fusion

The third model above proposes a model for the cold fusion [6]. When two atoms come so close that
there is a critical overlap between the intensities of the subtle sources of the two nuclei, the sources
coalesce leading to the 'cold fusion'. The dimensions of this core-shell model can be computed and the
corresponding 'active-surface' potentials that can facilitate this mutual approach of nuclei causing the
LENR (Low Energy Nuclear Reactions) [7] can be studied.

Dark Energy

The expansion of universe had been earlier understood to be simply inertial [8]. Recently, it is observed
that the rate of expansion of the universe is increasing [2], [9]. Physicists, generally, imagine a physical
energy causing this acceleration of expansion of the universe. Since the source of this energy is not
known, it is called as 'dark energy'.

The interpretation

Many natural laws have been discovered so far. These are the laws created with the physical universe
and for the physical universe. However, these laws do not bind why and how the physical universe and
these laws themselves were created.

Let us consider the creation that started with the 'big bang'. Is it still continuing? The observed
accelerated expansion of the universe suggests that the creation of space is continuing at this
accelerated pace. Thus, this is not a form of physical energy, contrary to the common belief. It is the
'‘energy' of creation. Our science deals only with the created physical universe. The act of creation is
beyond the physical laws since those laws are also amongst those created. Hence, it is not necessary to
consider 'dark energy' as a physical energy.
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Conclusions
A new interpretation of the quantum mechanical wave functions is proposed. This new interpretation

leads to a new interpretation of the spin of elementary particles. This also enables one to 'observe'

orbital motion of electrons in atoms and proposes that spin is the base event of any more complex

dynamics too. Consequent to this interpretation, the concept of subtle source is introduced, which is the

source for the creation of the universe. This leads to the new definition of Gravity and explains why

gravity does not require a force-carrying particle. This also deciphers the problem of dark matter. This

analysis suggests that time is created before the other physical existences were created. The problem of

dark energy associated with the accelerated expansion of the universe is deciphered by discerning the

physical laws from laws of creation.
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Bivariate least squares linear
regression:
towards a unified analytic formalism.
[I. Extreme structural models
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Abstract

Concerning bivariate least squares linear regression, the classical
results obtained for extreme structural models in earlier attempts
[14, 10] are reviewed using a new formalism in terms of deviation (ma-
trix) traces which, for homoscedastic data, reduce to usual quantities
leaving aside an unessential (but dimensional) multiplicative factor.
Within the framework of classical error models, the dependent vari-
able relates to the independent variable according to a variant of the
usual additive model. The classes of linear models considered are re-
gression lines in the limit of uncorrelated errors in X and in Y. The
following models are considered in detail: (Y) errors in X negligible
(ideally null) with respect to errors in Y; (X) errors in Y negligible
(ideally null) with respect to errors in X; (C) oblique regression; (O)
orthogonal regression; (R) reduced major-axis regression; (B) bisec-
tor regression. For homoscedastic data, the results are taken from
earlier attempts and rewritten using a more compact notation. For
heteroscedastic data, the results are inferred from a procedure related
to functional models [23, 7]. An example of astronomical application is
considered, concerning the [O/H]-[Fe/H] empirical relations deduced
from five samples related to different stars and/or different methods
of oxygen abundance determination. For low-dispersion samples and
assigned methods, different regression models yield results which are
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in agreement within the errors (Fo) for both heteroscedastic and ho-
moscedastic data, while the contrary holds for large-dispersion sam-
ples. In any case, samples related to different methods produce dis-
crepant results, due to the presence of (still undetected) systematic
errors, which implies no definitive statement can be made at present.
Asymptotic expressions approximate regression line slope and inter-
cept variance estimators, for normal residuals, to a better extent with
respect to earlier attempts. Related fractional discrepancies are not
exceeding a few percent for low-dispersion data, which grows up to
about 10% for large-dispersion data. An extension of the formalism
to generic structural models is left to further investigation.

keywords: bivariate regression; linear regression; least squares regression;

1 Introduction

Linear regression is a fundamental and frequently used statistical tool in
almost all branches of science, among which astronomy. The related prob-
lem is twofold: regression line slope and intercept estimators are expressed
involving minimizing or maximizing some function of the data; on the other
hand, regression line slope and intercept variance estimators are expressed
requiring knowledge of the error distributions of the data. The complex-
ity mainly arises from the occurrence of intrinsic dispersion in addition to
the dispersion related to the measurement processes (hereafter quoted as in-
strumental dispersion), where the distribution corresponding to the former
can be different from the distribution corresponding to the latter i.e. non
Gaussian (non normal).

In statistics, problems where the true points have fixed but unknown co-
ordinates are called functional regression models, while problems where the
true points have random (i.e. obeying their own intrinsic distribution) and
unknown coordinates are called structural regression models. Accordingly,
functional regression models may be conceived as structural regression mod-
els where the intrinsic dispersion is negligible (ideally null) with respect to
the instrumental dispersion. Conversely, structural regression models where
the instrumental dispersion is negligible (ideally null) with respect to the
intrinsic dispersion, can be defined as extreme structural models [7]. A dis-
tinction between functional and structural modelling is currently preferred,
where the former can be affected by intrinsic scatter but with no or only min-
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imal assumptions on related distributions, while the latter implies (usually
parametric) models are placed on the above mentioned distributions. For
further details refer to specific textbooks e.g., [8] Chap. 2, §2.1. In addition,
models where the instrumental dispersion is the same from point to point for
each variable, are called homoscedastic models, while models where the in-
strumental dispersion is (in general) different from point to point, are called
heteroscedastic models. Similarly, related data are denoted as homoscedastic
and heteroscedastic, respectively.

In general, problems where the true points lie precisely on an expected
line relate to functional regression models, while problems where the true
points are (intrinsically) scattered about an expected line relate to structural
regression models [10, 11].

Bivariate least squares linear regression related to heteroscedastic func-
tional models with uncorrelated and correlated errors, following Gaussian
distributions, were analysed and formulated in two classical papers [23, 25],
where regression line slope and intercept variance estimators are determined
using the method of partial differentiation [25]. On the contrary, the method
of moments estimator is used to this aim in later attempts e.g., [12] Chap. 1,
§1.3.2, Eq. (1.3.7), [10].

Bivariate least squares linear regression related to extreme structural
models, where the instrumental dispersion is negligible (ideally null) with
respect to intrinsic dispersion, was exhaustively treated in two classical pa-
pers [14, 10] and extended to generic structural models in a later attempt
[1].

The above mentioned papers provide the simplest description of linear
regression. In reality, biases and additional effects must be taken into consid-
eration, which implies much more complicated description and formulation,
as it can be seen in specific monographies e.g., [12, 8, 4]. Restricting to the
astronomical literature, a recent investigation [15] is particularly relevant in
that it is the first example (in the field under discussion) where linear re-
gression is considered following the modern (since about half a century ago)
approach based on likelihoods rather than the old (up to about a century
ago) least-squares approach. More specifically, a hierarchical measurement
error model is set up therein, the complicated likelihood is written down,
and a variety of minimum least-squares and Bayesan solutions are shown,
which can treat functional, structural, multivariate, truncated and censored
mesaurement error regression problems.

Even in dealing with the simplest homoscedastic (or heteroscedastic) func-
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tional and structural models, still no unified analytic formalism has been de-
veloped (to the knowledge of the author) where (i) structural heteroscedastic
models with instrumental and intrinsic dispersion of comparable order in
both variables, are considered; (ii) previous results are recovered in the limit
of dominant instrumental dispersion; and (iii) previous results are recovered
in the limit of dominant intrinsic dispersion. A related formulation may be
useful also for computational methods, in the sense that both the general
case and limiting situations can be described by a single numerical code.

A first step towards a unified analytic formalism of bivariate least squares
linear regression involving functional models was performed in an earlier at-
tempt [7], where the least-squares approach developed in two classical papers
23, 25] was reviewed and reformulated by definition and use of deviation (ma-
trix) traces. The current investigation aims at making a second step along
the same direction, in dealing with extreme structural models.

More specifically, the results found in two classical papers [14, 10] shall
be reformulated in terms of deviation traces for homoscedastic models, and
extended to the general case of heteroscedastic models by analogy with their
counterparts related to functional models, within the framework of classical
error models where the dependent variable relates to the independent variable
according to a variant of the classical additive error model.

In this view, homoscedastic structural models are conceived as models
where both the instrumental and the intrinsic dispersion are the same from
point to point. Conversely, models where the instrumental and/or the intrin-
sic dispersion are (in general) different from point to point, are conceived as
heteroscedastic structural models.

Regression line slope and intercept estimators, and related variance esti-
mators, are expressed in terms of deviation traces for different homoscedas-
tic models [14, 10] in section 2, where an extension to corresponding het-
eroscedastic models is also performed, and both normal and non normal
residuals are considered. An example of astronomical application is outlined
in section 3. The discussion is presented in section 4. Finally, the conclusion
is shown in section 5. Some points are developed with more detail in the
Appendix. An extension of the formalism to generic structural models is left
to further investigation.
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2 Least-squares fitting of a straight line

2.1 General considerations

Attention shall be restricted to the classical problem of least-squares fit-
ting of a straight line, where both variables are measured with errors. With-
out loss of generality, structural models can be conceived as related to an
ideal situation where the variables obey a linear relation!, as:

yr =ax; +0b ; 1<i<n ; (1)

in connection with true points, P; = (z7,y7), 1 < i < n. The occurrence
of random (measure independent) processes makes true points shift outside
or along the ideal straight line, inferred from Eq. (1), towards actual points,
Psi = (s, ysi). The occurrence of mesaurement processes makes the actual
points shift towards the observed points, P; = (X}, Y;).

In this view, the least squares fitting of a straight line is conceptually
similar for functional (in absence of intrinsic scatter) and structural (in pres-
ence of intrinsic scatter) models: “What is the best line fitting to a sample
of observed points, P;, 1 < i < n?” It is worth noticing the correspondence
between true points, P}, and observed points, P;, is not one-to-one unless it is
assumed all points are shifted along the same direction. More specifically, two
observed points, P;, P;, with equal coordinates, (X;,Y;) = (X, Y}), relate to
true points, P}, P}, with (in general) different coordinates, (z},y;) # (2}, ¥;),
both in presence and in absence of intrinsic scatter. The least-square esti-
mator and the loss function have the same formal expression for functional
and structural models, but in the latter case the “statistical distances” e.g.,
[12] Chap. 1, §1.3.3, depend on the total (instrumental + intrinsic) scatter.

The observed points and the actual points are related as:

Zi=z5i+(&r)i 3 Z=XY ; z==zy; 1<i<n ; (2)

where (&g, )i, (&r, )i, are the instrumental (i.e. due to the intrumental scat-
ter) errors on Is;, ys;, respectively, assumed to obey Gaussian distributions
with null expectation values and known variances, [(0.:)rli, [(04y)rli, and
covariance, [(0gy)Fi-

IThe Italian convenction shall be adopted here, according to which the slope and the
intercept of a straight line on the Cartesian plane, are denoted as a, b, respectively.
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The actual points and the true points on the ideal straight line are related
as:

=2+ (Es)i 5 r=my; 1<i<n g (3)

where (s, )i, (s, )i, are the intrinsic (i.e. due to the intrinsic scatter) errors
on z}, y!, respectively, assumed to obey specified distributions with null
expectation values and finite variances, [(0.z)sli, [(04y)sli, and covariance,
[(02y)s]i-

The observed points and the true points on the ideal straight line are
related as:

where the (instrumental + intrinsic) errors, &,,, &,,, are defined as:

E=0r)i+(&s)i s z=ay ; 1<i<n ; (5)

which obey specified distributions with null expectation values and finite
variances, (0.z)i, (0,y)i, and covariance, (0,,);. The further restriction that
(&r.)i, (&5.)i, 2 = x,y, 1 < i < n, are independent, implies the relation [1]:

(022)i = [(022)r)i + [(022)s)i s (0ay)i = [(O2y)rli + [(0my)s]i 5 (6)

where the intrinsic covariance matrixes are unknown and must be assigned
or estimated, which will be supposed in the following.

Then the error model is defined by Egs. (1)-(6), where both instrumen-
tal errors, (&r.);, and intrinsic errors, (&s.);, are assumed to be indepen-
dent of true values, z;, for given instrumental covariance matrixes, (Xg); =
|| [(02y)F]i ||, intrinsic covariance matrixes, (Xs); = || [(0zy)si ||, respectively,
and (total) covariance matrixes, ¥; = || (04y)i ||, hence ¥; = (Xg); + (Xs)s,
1 < i < n. It may be considered as a variant of the classical additive error
model e.g., [1], [8] Chap. 1, §1.2, Chap. 3, §3.2.1, [15, 16|, [4] Chap. 4, §4.3.

In the case under discussion, the regression estimator minimizes the loss
function, defined as the sum (over the n observations) of squared residu-
als e.g., [25], or statistical distances of the observed points, P; = (X;,Y}),
from the estimated line in the unknown parameters, a, b, x1, ..., T, e.g., [12]
Chap. 1, §1.3.3. Under restrictive assumptions, the regression estimator is
the functional maximum likelihood estimator e.g., [8] Chap. 3, §3.4.2.
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The coordinates, (x;,y;), may be conceived as the adjusted values of re-
lated observations, (X;,Y;), on the estimated regression line [23, 25] and, in
addition, as estimators of the coordinates, (z7, y;), on the true regression line

i.e. the ideal straight line. The line of adjustment, P;P; e.g., [25], may be
conceived as an estimator of the statistical distance, P;P} e.g., [12] Chap. 1,

§1.3.3, where P;(x;, ;) is the adjusted point on the estimated regression line,
which implies the relation:

~

Y =axr; +0 ; 1<i<n ; (7)

where, in general, estimators are denoted by hats, and P} (x},y) is the true
point on the ideal straight line, Eq. (1).

To the knowledge of the author, only classical error models are considered
for astronomical applications, and for this reason different error models such
as Berkson models and mixture error models e.g., [8] Chap. 3, Sect. 3.2, shall
not be dealt with in the current attempt. From this point on, investigation
shall be limited to extreme structural models and least-squares regression
estimators for the following reasons. First, they are important models in their
own right, furnishing an approximation to real world situations. Second,
a careful examination of these simple models helps for understanding the
theoretical underpinnings of methods for other models of greater complexity
such as hierarchical models e.g., [15, 16].

2.2 Extreme structural models

With regard to extreme structural models, bivariate least squares linear
regression were analysed in two classical papers in the special case of oblique
regression i.e. constant variance ratio, (0,,):/(0s)i = ¢*, 1 < i < n, and
constant correlation coefficients, r; = r, 1 < ¢ < n. More specifically, or-
thogonal (¢ = 1) and oblique regression were analysed in the earlier [14]
and in the latter [10] paper, respectively. In absence of additional informa-
tion, homoscedastic models are used [14] unless the intrinsic dispersion is
estimated [1], from which related weights may be determined and the least
squares estimator together with the loss function may be expressed for both
homoscedastic and heteroscedastic models [1, 16].

The (dimensionless) squared weighted residuals can be defined as in the
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case of functional models [25]:

(él)2 _ w$v(XZ - xi)Q + wyi(Y; - %’)2 - 2Ti\/ w$1‘,wyz’(Xi - xz)(Y; - yi) : (8&)

2
1—r;

(Uﬂcy>i .
[(Uﬂcx)i(ayy)i]l/Q ’

where w,,, w,,, are the weights of the various measurements (or observations)
and r; the correlation coefficients. The terms, w,. (X; — )%, w,, (Y; —v:)?, i,
1 <i < n, are dimensionless by definition. An equivalent formulation in ma-
trix formalism can be found in specific textbooks, where weighted true resid-
uals are conceived as (dimensionless) “statistical distances” from data points
to related points on the regression line e.g., [12] Chap. 1, §1.3.3, Eq. (1.3.16).

Accordingly, the least-squares regression estimator and the loss function
can be expressed as in the case of functional models [7] but the weights,
Wy, Wy,, and the correlation coefficients, 7;, are related to intrinsic scatter
instead of instrumental scatter. Then the regression line slope and intercept
estimators take the same formal expression with respect to their counter-
parts related to functional models, while (in general) the contrary holds for
regression line slope and intercept variance estimators.

Classical results on extreme structural models [14, 10] are restricted to
oblique regression for homoscedastic data with constant correlation coeffi-
clents (wy, = Wy, wy, = wy, r; =r, 1 <i <n). In the following subsections,
the above mentioned results extended to heteroscedastic data shall be ex-
pressed in terms of weighted deviation (matrix) traces [7]:

= <1 1<i<n ; (8b)

Do = 3 Qulatas w0y, 1) (X, — XV (Vi — T ()
=1

C?oo = i@i(wxm Wy, T5) = nQ ; (10)
=1

where Q,, are the (weighted) pure (p = 0 and/or ¢ = 0) and mixed (p > 0
and ¢ > 0) deviation traces, and X, Y, are weighted means:

S Wiz,
_ =1

> Wi
i=1

7 ; Z=XY ; (11)
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Wy 2
W, — it 1<i<n : 12
1+a2§2$—2ari§2¢ =t=n ( )
Q= =L 1<i<n ; (13)
Wy,

in the limit of homoscedastic data with equal correlation coefficients, w,, =

Wy, Wy, = Wy, r; =1, 1 <1 < n, which implies Q;(wy,, w,,, ;) = Q(Wg, wy, ) =

Q, Egs. (9), (10), (11), (12), and (13) reduce to:

qu = QSpq ; (14)
Spg = D (Xi = X)PP(Yi = Y)" ; (15)
i=1
Qoo = QS0 ; (16)
Soo =1 ; (17)
Z=17 ; Z=X)Y ; (18)
W, =W = w2 . 1<i<n ; (19)
T 140202 = 2arQ) ==
Q,=0= %; 1<i<n ; (20)
wil:

where S, are the (unweighted) pure (p = 0 and/or ¢ = 0) and mixed (p > 0
and ¢ > 0) deviation traces.

Turning to the general case and using the weighted squared error loss func-
tion, T = S (R;)?, yields for regression line slope and intercept estimators
the same expression with respect to functional models [7]. Accordingly, re-
gression line slope and intercept estimators may be conceived similarly to
state functions in thermodynamics: for an assigned true point, P} = (z}, y}),
what is relevant is the related observed point, P; = (X;,Y;), regardless of the
path followed via instrumental and/or intrinsic scatter. More specifically, the
regression line intercept estimator obeys the equation e.g., [25, 7]:

b=Y —aX ; (21)

which implies the “barycentre” of the data, P= (5(: , 17), lies on the estimated
regression line, inferred from Eq. (7), and the regression line slope estimator
is one among three real solutions of a pseudo cubic equation or two real
solutions of a pseudo quadratic equation, where the coefficients are weakly
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dependent on the unknown slope. For further details refer to earlier attempts
(23, 25, 7]. The above mentioned equations have the same formal expression
for functional and structural models, which also holds for the regression line
slope and intercept estimators.

The regression line slope and intercept variance estimators for functional
models, calculated using the method of partial differentiation e.g., [25] and
the method of moments estimators e.g., [12] Chap. 1, §1.3.2, Eq. (1.3.7), yield,
in general, different results [7]. The same is expected to hold, a fortiori, for
structural models, for which the method of moments estimators and the o-
method have been exploited in classical investigations e.g., [14, 10]. Accord-
ingly, related results shall be considered and expressed in terms of unweighted
deviation traces for homoscedastic data with equal correlation coefficients
and extended in terms of weighted deviation traces for heteroscedastic data,
with regard to a number of special cases considered in earlier attempts in the
limit of uncorrelated errors in X and in Y [14, 10]. With this restriction, the
pseudo cubic equation reduces to:

f/zoa3 - 21711a2 - (Wzo - ‘702)a + I7‘711 =0 ; (22)

where the deviation traces are defined by Eq.(9), via Eq.(12) and V; =
W2 /w,,. For further details refer to the parent paper [23] and to a recent
attempt [7]. A formulation of Euclidean and statistical squared residual sum
for homoscedastic and heteroscedastic data is expressed in A.

2.3 Errors in X negligible with respect to errors in Y

In the limit of errors in X negligible with respect to errorsin Y, a?(0,,); <
(Oyy)iy (0zy)i K (04y)is 1 < @ < n. Ideally, (042)i — 0, (04y)i — 0,
1 <4 < n, which implies r; = 0, w,, = +00, ; = 0, W, = w,,, 1 <i <n.
Accordingly, the errors in X and in Y are uncorrelated.

For homoscedastic data, w,, = w,, w,, = w,, 1 <1 < n, the regression
line slope and intercept estimators are [14, 7]:

~ Sll
=—; 23
bY = ? - dyy ) (24)

where the index, Y, stands for OLS(Y|X) i.e. ordinary least square regression
or, in general, WLS(Y|X) i.e. weighted least square regression of the depen-
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dent variable, Y, against the independent variable, X [14]. Accordingly,
related models shall be quoted as Y models.

The regression line slope and intercept variance estimators, in the special
case of normal residuals may be calculated using different methods and/or
models e.g., [12] Chap. 1, §1.3.2, Eq. (1.3.7), [10, 7]. The result is:

-2 (ay)? [(n—2)Ry o
(a ) = [ 2 a i )
A 2 A~ _ A
- ;ai)g lax&YaY +@(dy,dy,&x)] ; 25)
N I Bt —2]AA o Gy Sug. oo
[(UbY)N] - [dY Soo + (X) [(UGY)N] n_o9 S()O@(CLY,CLY,CLX) ; (26)

where the index, N, denotes normal residuals, R is defined in A, and ax =
So2/S11. The funcion, O(ay,ay,ax), is a special case of a more general
function, ©(ac, ay, ax) which, in turn, depends on the method and/or model
used. For further details refer to B.

The regression line slope and intercept variance estimators, in the general
case of non normal residuals may be calculated using the §-method [14]. The
result is:

_ Sag 4 (ay)?Ss0 — 24y Sa

(&&Y)Q - (520)2 ) (27)
. 2 Gy ax —aySn 25, )2 27AA , 98
(03,)° = 7TS_00+( ) (Gay)” — 5 Obyay (28)
. Sia + (ay)*S30 — 2ay S

UBy&Y - 5'20 ! (29>

where Egs. (27)-(29) are equivalent to their counterparts expressed in the
parent paper [14].

The application of the -method provides asymptotic formulae which un-
derstimate the true regression coefficient uncertainty in samples with low
(n < 50) or weakly correlated population [10]. In the special case of normal
and data-independent residuals, O(ay,ay,ax) — 0, Eqgs.(27), (28), must
necessarily reduce to (25), (26), respectively, which implies an additional
factor, n/(n — 2), in the first term on the right-hand side of Egs. (27)-(29).
For further details refer to C.

The expression of the regression line slope and intercept estimators and
related variance estimators for normal residuals, Eqs. (23), (24), (25), (26),
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coincide with their counterparts determined for Y models in classical and
recent attempts e.g., [10] Eq. (4) therein in the limit ¢ = 0,,/0.; — +00,
[17] Egs. (3)-(7) therein.

For heteroscedastic data, the regression line slope and intercept estimators
are [7]:

o = Wyu
K (@)zo 7 (30)
bY =1 — GYX ; (31)

where the weighted means, X and Y, are defined by Egs. (11)-(13).

For functional models, regression line slope and intercept variance estima-
tors in the general case of heteroscedastic data reduce to their counterparts
in the special case of homoscedastic data, as {Ga, [(Wy)pe] 1> = [Gay (W,Spe))%,
{&By[(@)pq]}z — (63, (wySpe)|?, via Eq. (9) where Q; = (wy); = wy, 1 <1 <
n. For further details refer to an earlier attempt [7].

Under the assumption that the same holds for extreme structural models,
Egs. (25)—(29) take the general expression:

R n— 2R (w0,
[(O'&Y 2 l Y y 00
Con— wy 11

+ O(ay, ay, d;()]

= ( 2 ~+0 &Y,aYvax)l ; (32)
A\ 12 1 (wy 2 y Gy (Wy)11 T AN
(63, ) = [ Gy ] (oa il — 2 M 60y, v, (39
e (Wy)oo (Wy)as + (ay)*(Wy)ao — 2ay (Wy)a1
(O'ay) - A 73 A - [(wy)20]2 ) (34)
(0, = BB (200, — 2Ky, )
. (wy)12 + (&Y)(%)QZO = 2av (W) (36)

where a% = (w,)o2/(wy)11, R is defined in A and © is expressed in terms of
n(wWy)pq/ (Wy)oo instead of Sp,.

In the special case of normal and data-independent residuals, O(ay, ay, ) —
0, Egs. (34), (35), must necessarily reduce to (32), (33), respectively, which
implies an additional factor, n/(n — 2), in the first term on the right-hand
side of Egs. (34)-(36).
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In absence of a rigorous proof, Egs. (32)-(36) must be considered as ap-
proximate results.

2.4 Errors in Y negligible with respect to errors in X

In the limit of errors in Y negligible with respect to errors in X, (0,,); <
a*(0pe)is (Ony)i K a(042)i, 1 <4 < n. Ideally, (0,,); = 0, (0zy)i — 0, 1 <
¢ < n, which implies 7, = 0, w,, = 400, ; = +o00, W; = w,,, 1 <1 < n.
Accordingly, the errors in X and in Y are uncorrelated. As outlined in an
earlier paper [7], the model under discussion can be related to the inverse
regression, which has a large associate literature e.g., [18, 13, 19, 2, 17].

For homoscedastic data, w,, = w,, w,, = w,, 1 < ¢ < n, the regression
line slope and intercept estimators are ([14, 7]:

~ SOZ
=== 37
bX = ? — dxy ) (38)

where the index, X, stands for OLS(X]|Y) i.e. ordinary least square regression
or, in general, WLS(X]Y) i.e. weighted least square regression of the depen-
dent variable, X, against the independent variable, Y [14]. Accordingly,
related models shall be quoted as X models.

The regression line slope and intercept variance estimators, in the special
case of normal residuals may be calculated using different methods and/or
models e.g., [12] Chap. 1, §1.3.2, Eq. (1.3.7), [10, 7]. The result is:

[(@axn]* = 7(??2 [(na;gle -

A 2 ~ _ ~
— flai)z laXA ay + @(&X,&Y,dx)‘| 3 (39)

+ @(an dY, dX)‘|

Qy

1 Su | e s 2
2t (X [(Gay

&X Sll ~ ~ ~
— —0 : (40
n—2 S(]() (ax, avy, aX) ) ( )

(o)) = |

where the index, N, denotes normal residuals, R is defined in A, and ay =
S11/S2. The funcion, ©(ax,ay,ax), is a special case of a more general
function, ©(ac, ay, ax) which, in turn, depends on the method and/or model
used. For further details refer to B.
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The regression line slope and intercept variance estimators, in the general
case of non normal residuals may be calculated using the é-method [14]. The
result is:

_ Soa + (dx)2522 — 2ax513

(a'dx)Q (Sll)2 ; (41)
A2 &X&X_&YSU 72 ~ 2 QYA* . 49

(be) = WTS—OO_F( ) (Gax )" — " Obyax (42)
. Sos + (ax)%S91 — 2ax.512

Ui?xdx = Sll ) (43)

where Egs. (41)-(43) are equivalent to their counterparts expressed in the
parent paper [14].

The application of the d-method provides asymptotic formulae which un-
derstimate the true regression coefficient uncertainty in samples with low
(n ~ 50) or weakly correlated population [10]. In the special case of nor-
mal and data-independent residuals, ©(ax, ay, ax) — 0, Egs. (41), (42), must
necessarily reduce to (39), (40), respectively, which implies an additional fac-
tor, n/(n — 2), in the first term on the right-hand side of Egs. (41)-(43). For
further details refer to C.

For heteroscedastic data, the regression line slope and intercept estimators
are [7]:

N (@)02

ax = — ; 44
x (wa:)ll ( )

I;X = }N/ - (A]JXE(: ) (45)

where the weighted means, X and Y, are defined by Egs. (11)-(13).

For functional models, regression line slope and intercept variance estima-
tors in the general case of heteroscedastic data reduce to their counterparts
in the special case of homoscedastic data, as {Fay [(Wy)pe) }2 — [Fax (W Spe)]%,
{&BX[(@)IJQ]}2 — (03, (wzSpg)|?, via Eq. (9) where Q; = (w,); = w,, 1 <i <
n. For further details refer to an earlier attempt [7].

Under the assumption that the same holds for extreme structural models,
Egs. (39)-(43) take the general expression:

(a2 = 2 |72 P (oo

— =2 + O(ax, ay, a
n—21 n ax (Wy) (ax, dy, ax)
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~ N2 A A
_ (&) [“X “Y+@(ax,ag(,ax)] : (46)

S n—2 ay
(057 = [t (7] - —25 M, ) 5 (47)
L2 (Wy)oo (Wy)oa + (ax)?(Wy)22 — 2ax (Wy )13
(UGX) - A 73 A B [(@)11]2 ) (48)
(63,00 = BEC I (X252 - 2R, (19
6y = (W3 )03 + (ax)*(Wz)21 — 2ax (Wy)12 : (50)

(Wz)11

where a4, = (w;)11/(Wz )20, R is defined in A, and © is formulated in terms
of n(wWz)pe/(Wz)oo instead of Sp,.

In the special case of normal and data-independent residuals, O (ax, @i, ax) —

0, Egs. (48), (49), must necessarily reduce to (46), (47), respectively, which
implies an additional factor, n/(n — 2), in the first term on the right-hand
side of Egs. (48)-(50).

In absence of a rigorous proof, Eqs. (46)-(50) must be considered as ap-
proximate results.

2.5 Oblique regression

In the limit of constant y to x variance ratios and constant correlation
coefficients, the following relations hold:

(Uyy)i o . Wy ) 2 (Uwy)i 1<i<n :

= L=072=c; Wl —pe=rc ;o (51)
(wa)i Wy, Umc)i
A Wa, C d<i<n g \Qw (@m (52)
a? + c2 — 2rac (Wy)rs  (Wa)rs

where the weights are assumed to be inversely proportional to related vari-
ances, w,, < 1/(0.,);, 2 = x,y, as usually done e.g., [10]. By definition,
¢ has the dimensions of a slope, which highly simplifies dimension checks
throughout equations, and for this reason it has been favoured with respect
to different choices exploited in earlier attempts e.g., [23], [12] Chap. 1, §1.3,
[10].

It is worth noticing that Eq. (51) holds for both homoscedastic and het-
eroscedastic data. It can be seen that the lines of adjustment are oriented
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along the same direction [24] but are perpendicular to the regression line only
in the special case of orthogonal regression, ¢> = 1 e.g., [8] Chap. 3, §3.4.2.
Accordingly, the term “oblique regression” has been preferred with respect
to “generalized orthogonal regression” used in an earlier attempt [7].

The variance ratio, ¢?, may be expressed in terms of instrumental and
intrinsic variance ratios, ci, and c2, respectively, as:

c? [(?;:jti% + %cg : 1<i<n ; (53a)
O [[EZZHE 6 % ; 1<i<n . (53b)

&)

where ¢ = ¢ implies ¢& = & = ¢%; ¢ — & for functional models, [(0..)]s <

[(0..)ilF, 2 = 2y, 1 < i < n; ¢ — & for extreme structural models,
[(UZZ)i]F < [(UZZ)i]Sa 2=z, 1 <1< n.

For homoscedastic data, w,, = w,, w,, = w,, 1 < ¢ < n, the regression
line slope and intercept estimators are [10, 7]:

Soz — 02520 2 Soz — 02520 -1
ac = Tm 1F |1+4+c¢ (T) ]
ity — &  (axiy — 2\ 7]
=S L [T <—2dy ) ] ; (54)
be =Y —acX ; (55)

where the index, C, denotes oblique regression, ay = S11/S2), ax = Sp2/S11,
and the double sign corresponds to the solutions of a second-degree equation,
where the parasite solution must be disregarded. Accordingly, related models
shall be quoted as C models or O models in the special case of orthogonal
regression (¢? = 1). For further details refer to an earlier attempt [7].

The regression line slope and intercept variance estimators, in the special
case of normal residuals may be calculated using different methods and/or
models e.g., [12] Chap. 1, §1.3.2, Eq. (1.3.7), [10, 7]. The result is:

() (=R
(s = L | =2

A~ N2 A & A — Q
_ (ac) [GX - ac + ac _ ay + @(&Ca &Ya &X)] ; (56)
n—2 ac ay

+ @(&c,&Y,dx)l

IntellectualArchive Vol.1, No.3

86



Table 1: Explicit expression of the function, O(ac, ay, ax), appearing in the
slope and intercept variance estimator formula for oblique regression, Eq. (56)
and (57), respectively, according to different methods and/or models. Symbol
captions: Ayy = ay/av — 1; (U,V) = (X,C), (C,Y). Method captions: AFD
- asymptotic formula determination; MME - method of moments estimators;
LSE - least squares estimation; MPD - method of partial differentiation.
Model captions: F - functional; S - structural; E - extreme structural. Case
captions: HM - homoscedastic; HT - heteroscedastic.

O(ac, ay, ax) method model case source
0 AFD E OM (1]
AxcAcy + Yl MME  E HM  [10]
AxcAoy + U MME S HM  [12]
xcdov  (4x)® ISE E HM [L1]
2AxcAcy MPD F HT [7]
[(&BC)N]Q — [alog_; + (7)2] (620 )n]% — na_CQg_;@(aC, ay,ax) ; (57)

where R is defined in A and © depends on the method and/or model used, as
shown in Table 1. For a formal demonstration, see B. The extreme situations,
ac — ay, ac — ax, are directly inferred from Table 1 as O(ay, ay,ax) = 0,
O(ax, ay,ax) = 0, respectively, in all cases. More specifically, the former
relation rigorously holds while the latter has to be restricted to large (n > 1,
ideally n — +o0) samples when appropriate. In general, © can be ne-
glected with respect to the remaining terms in the asymptotic expressions
of Eqgs. (56) and (57). If the residuals are independent of the data, © also
vanishes regardless of the sample population. For further details refer to B
and C.

The regression line slope and intercept variance estimators, in the general
case of non normal residuals, may be calculated using the §-method [14, 10].

The result is:
~ 2 ~
~ = (q
. 2 Gclax —ac  ac—ay | S 9. w2
. — = + — + X N
(ch) n &C dY SOO ( ) (UGC)

26N (Gay )? + ()" (Gax)? + 2(ay)*PFayax

(58)
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2— . .
- gX(UBYaC + UBXaC) ) (59)

Si3 + ayax Sz — (ay + ax)Sa

Oayax = 505 ; (60)

o il Sua + iviicS — (ay +ac)Sn o
bvic = Gy Ta(ay 22 + (ayax — 2)21/2 Son ’

5 acly Soz + axacSx — (ax + ac)Siz (62)
bxac [4(dY)202 + (deX _ 02)2]1/2 S !

where Eqs. (58) and (59) in the special case, ¢ = 1, are equivalent to their
counterparts expressed in the parent paper [14] provided absolute values ap-
pearing therein are removed. For a formal discussion refer to D. In addition,
Eq. (58) is equivalent to its counterpart expressed in the parent paper [11].

The dependence on the variance ratio, ¢?, in Eqgs. (58), (61), (62), may be
eliminated via Eq. (142), B. The result is:

(Gay)® + (ay)*(Acy)*(Gax)® + 2(ay)?*(ac)? AxcAcy Taya | (63)
(ay)*{4(ay)?(ac)?AxcAcy + lavaxAcy — (ac)?Axc)?} ’
5 (ac)*Axc
bvac gy {4(ay)?(ac)2 AxcAcy + [(ayaxAcy — (ac)?Axc]? /2
« Sia + ayacSsy — (ay + ac)Sa : (64)
Sao
P acayAcy
bxc  L4(ay)2(ac)2AxcAcy + [(ayaxAcy — (ac)2Axc]?}1/2
« Sos + axacSa — (ax + ac)She : (65)
St
Apy =70 -1 (UV) = (X.0L(CY) (X.Y) : (66)

in terms of slope estimators, variance slope estimators, and deviation traces.

The application of the d-method provides asymptotic formulae which un-
derstimate the true regression coefficient uncertainty in samples with low
(n ~ 50) or weakly correlated population [10]. In the special case of nor-
mal and data-independent residuals, O(ac, ay, ax) — 0, Egs. (58), (59), must
necessarily reduce to (56), (57), respectively, which implies an additional fac-
tor, n/(n —2), in the first term on the right-hand side of Eqs. (27), (41), and
(59)-(62). For further details refer to C.
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For heteroscedastic data, the regression line slope and intercept estimators
are [7]:

~ ~ ~ . _o11/2
fe = (wz)OZ ZCZ(U)x)zo 17 |1+ 2 ((wz)02 102(wm)20> ?
2(we) 11 2(wy )11
N AA/_2—21/2
=—ax(§é,Y g4 (—ax‘;“é,Y C) ] : (67)
be=Y —acX ; (68)

where @y = (Wg)11/(Wz)20; Gx = (Wg)o2/(We)11; and the weighted means, X,
Y, are defined by Egs. (11)-(13).

For functional models, regression line slope and intercept variance estima-
tors in the general case of heteroscedastic data reduce to their counterparts
in the special case of homoscedastic data, as {Fa. [(Ws)pe] }* = [Fac (W Spe)%,
{&BC[(@)M]}Q - [6130 (wzSpg)]?, via Eq. (9) where Q; = (w;); = w,, 1 <i <
n. For further details refer to an earlier attempt [7].

Under the assumption that the same holds for extreme structural models,
Egs. (56)—(65) take the general expression:

n—2RC ww 00
2 n wz 11

; @(ac,a@,axﬂ

ax—ac ac—aY

_(

+ O(ac, ay, dx)} ; (69)
ay

20 174 2 ac  (Wz)u - )
L (%) ] (o - 5 GOl ) 5 (0

204(6-&\()2 + (&Y)4(0-ax) + 2(aY) C Uayax

/\[\3
l—|

s ) = (a - 1
(U c) (aC) (&Y)2[4(dY)202 + (aYaX _ 02) ] ! (7 )
. e Gc lax —ac | Gc—ay | (We)i1 | 2. o
_ %c X
el =7, l ac ay ] (@)oo N ()
2~ . .
— EX(O-bY(IC + O-BX(IC) 5 (72)
G = (Wz)o0 (Wz)13 + &Y&X@c)iﬂ - (ay + ax) (W )22 : (73)
n (wz)ZO(wz)ll

A2
A acc
T3 A e
bxac gy [d(ay )2 + (ayax — ¢?)?]1/?
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y (Wz )12 + ayac(Wz)s0 — (Gy + ac)(Wy)ao1 (74)
(W )20 ’
N _ acay
Tbxac — [4(ay)2c2 + (ayax — c2)2] /2

(Wy)o3 + axac(Wy)21 — (ax + ac)(Wg )12

(o | (73)
(6ac)” = (ac)?
 (80) (Axc)*(Gay )* + (av)*(Aoy:)*(Gax)® + 2(av)*(ac)® Axc Aoy Oayax . (76)
(ay)*{4(ay)*(ac)*AxcAcy’ + [ayaxAcy — (ac)?Axc]?}
5 — (ac)®Axc
bvie gy {4(ay)*(ac)?AxcAcy’ + [(avaxAcy — (ac)?Axc)?}/?
« (Wy)12 + ayac(Wy)30 — (ay + ac)(Wz)21 (77)
(Wz)20 7
5 acayAcy
bxae  {4(ay)?(ac)?AxcAcy: + [(ayaxAcy — (ac)?Axc]?}/?
(Wy)o3 + Gxac(Wy)n — (ax + ac)(We)12 (78)
(Wz)11 7
and, in addition:
(a'a’ )2 _ (dc)264(6&%)2 + (&AY)4(O-GX> + 2(aY> ? Uayax . (79)
© (ay)?[4(ay)?c® + (ayax — c)?] ’
(6@/\()2 _ (wm)OO (w ) ( E (wm)40 - 2&Y(@)31 : (80)

(wm)QO]

where ay = (wy)11/(Wy)20; @y = (Wz)11/(Wz)20; ax = (W )oz/(Wa)11; Acy’ =
ac/dy —1; R is defined in A, and © is formulated in terms of n(wy),,/(Wz)oo
instead of .S),.

In the special case of normal and data-independent residuals, O (ac, a4, ax) —

0, Egs. (71), (72), must necessarily reduce to (69), (70), respectively, which
implies an additional factor, n/(n — 2), in the first term on the right-hand
side of Eqs. (34), (48), and (72)-(75).

In absence of a rigorous proof, Eqs. (69)-(75) must be considered as ap-
proximate results.

2.6 Reduced major-axis regression

The reduced major-axis regression may be considered as a special case
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2

of oblique regression, where ¢* = axay. Accordingly, Egs. (51) and (52) also

hold.
For homoscedastic data, w,, = w,, w,, = w,, 1 <1 < n, the regression
line slope and intercept estimators, via Eqgs. (54) and (55) are:

So2
S0
I;R = ? - dRY 3 (82)

ar = F = Fy/axay ; (81)

where the index, R, denotes reduced major-axis regression, ay = S11/S20;
ax = Sp2/S11; and the double sign corresponds to the solutions of the square
root, where the parasite solution must be disregarded. Accordingly, related
models shall be quoted as R models. For further details refer to an earlier
attempt [7].

The regression line slope and intercept variance estimators may be di-
rectly inferred from Egs. (56), (57), for normal residuals, in the limit, ac —

ar = Vaxay. The result is:

.y 2 _ (ar)* [(n —2)Rg S
om 2 = 0 =D i)
A 2 A _ A A _ A
_ (@r) [“XA L “Y+@(aR,ay,ax)1 : (83)
n—2 ar ay
15 ar S
A 2 _ | - Pu 2 - 2 R ~11 .
(O] = |32 + (0 (G ] = 25 2 Oam v, i) (34)

and for non normal residuals the application of the §-method yields [14]:

R X 1(6a,)%  1(64e)* 106
2 2 ay ax ayax
i )2 = = - ; 85
(Gar) (ar) [4 (ay )? T 4 (ax)? ) 2 ayax (%)
9 dR dx - dR (IR - aY Sll <\ 2 2
2= R - +(X)(0a
( bR) n &R * dy 1 Soo +( ) (U R>
2, .
= X (Gyap + Fiyan) (86)
. _ 1 fax Y% Sy + ayan Sso — (v + ar)Sy (87)
bvar 9 \ gy S20 7
. 1 (ay 2 Sos + ax@rSa1 — (ax + ar)S1o . (88)
bxar 9 ax St ’
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where 64,4y 18 defined by Eq. (60) and Eqgs. (85), (86), are equivalent to their
counterparts expressed in the parent paper [14]. For further details refer to
D.

The extension of the above results to heteroscedastic data via Egs. (81)-
(88) reads:

ap = F E~§02 = F/axay ; (89)
bp =Y —agX ; (90)

ax — Q ar — a- o
x —dn s Y+e<aR,ag{,ax>] ; (1)

n—2 aR ay
(G4 )n]" = [Ai (@)11 + (XV)Q] [(Gap)n]? = in (@)119(%,@%{,&)() ; (92)
" ar (Wy)oo n — 2 (Wz)oo

2 20y [1(Gay)? | 1(Gay)® | 1Gavax

a = ~ |77 - 5 A ; 93
() = (a5 |17 1O L (93

9 QR |Gx — GR dR_&/\(] (Wa)11 . =2, 2
= — — — —— + (X)*(0y
(= 2 | Bty S ) (B Ry
2.
. 1 [ax 2 (Wg)12 + ayar(Wy )30 — (Ay + ar)(Wy)21
O-BYdR = —- = —— ) (95)
2 \ay (W )20
. 1 fay 2 (Wg)o3 + axar(Wz)21 — (ax + ar)(Wy)12
s L[ ) , (%)
2 \ax (Wz)11
and, in addition:
1]a a
~ N2 Xia )2 Yoo oy2 - )
(Gar )" = 1 [&Y (6as,) +&(0dx) + 20avax | (97)

where ay = (@)11/(@)20; @Q = (@)11/(@)20; ax = (@)02/(@)11; R is
defined in A, a4y, (&%)2, are expressed by Egs. (73), (80), respectively,
and © is formulated in terms of n(wy),,/(Ws)oo instead of S,

In absence of a rigorous proof, Egs. (91)-(96) must be considered as ap-
proximate results.
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2.7 Bisector regression

The bisector regression implies use of both Y and X models for deter-
mining the angle formed by related regression lines. The bisecting line is
assumed to be the estimated regression line of the model.

Let av, ax, ag, be the angles formed between Y, X, B, regression line,
respectively, and z axis, and v the angle formed between Y and X regression
lines, as outlined in Fig. 1. Accordingly, v/2 is the angle formed between Y
or X and B regression lines.

The following relations can easily be deduced from Fig.1: ax = ay + 7;
ag = ay +7v/2 = (ay + ax)/2, and the dimensionless slope of the regression
line is tan ag. Using the trigonometric formulae:

tanwu + tanv U sin u
; tan —

tan(u +v) = 2:1+COSU

1 —tanutanv

and the identity:

X(1+Sy)+Y(1+Sx) o XY — 1+ 5SSy

1+S0)(1+Sy)—XY  X+Y !
X:Z_X; YZZ_Y; Sx =V1+X?2 ; Sy=V1+Y?

the regression line slope estimator, after some algebra, is expressed as [14]:

ayax —a + \/ai + (&Y)Q\/aﬁ + (ax)?

ay + ax

ap =

; (98)

where a, is the unit slope, ay = S11/52, ax = So2/S11, and the regression
line intercept estimator reads [14]:

by =Y —apX ; (99)

where the index, B, denotes bisector regression.

The bisector regression may be considered as a special case of oblique
regression where the variance ratio, ¢?, is deduced from the combination of
Egs. (54) and (98), requiring ac = ap. After a lot of algebra involving the
roots of a second-degree equation, the result is:

-1

a ag /@ a

CQZ(aB)Q x F B<B:F Y) :
an

(100)

ay

IntellectualArchive Vol.1, No.3

93



where the parasite solution must be disregarded. Accordingly, Egs. (51) and
(52) also hold.

For normal residuals and homoscedastic data, the regression line slope
and intercept variance estimators may be directly inferred from Eqs. (56)
and (57) in the limit, ac — ag. The result is:

5 o (ap)? [(n—2)Ry A
a = ~ © ) )
(= S 2T 6, v, 0)
A 2 A _ A A _ A
_ (@) [‘IXA L A +@(aB,ay,ax)1 . (101)
n—2 ap avy
1S — ag S
2 11 20 1/4 2 B 11 ~Nfa A
e S Il — 2RO (ag, dy, dx) (102
(G T2 = |25 o (0] (G2 = ~ 225 2O . ) £(102)
and for non normal residuals the application of the §-method yields [14]:
SR (a5)” ap +(ax)* . o an+(ay)® A
as)” = 7% - ~ a ——5 (04 204vax | 5(103
() = 2 | O e S 5 b 260 109
~ 2 dB &X_&B dB_&Y Sll ~\2/ A 2
2 =B 2 (X)) (6,
(= 2 | ey I O] B ()
2— . .
- gX(UBYaB + Gian) (104)
5 _ dB\/ a% + ((AIX)2 Sis + ayapSsg — (&Y + dB)Sgl ) (105)
M (ay + ax)yJa2 £ (ay)? Sao ’

5 &B\/m Soz + axapSa — (ax + ap)Sa (106)
bxa N NN A 7
XaB (aY ‘|‘aX> a% + (aX)Q Sll

where 75,4y is defined by Eq. (60) and Egs. (103), (104), are equivalent to
their counterparts expressed in the parent paper [14]. For further details
refer to D.

For heteroscedastic data, the combination of Egs. (67) and (98), requiring
ac = ag, after a lot of algebra involving the roots of a second-degree equation,
yields:

;N\ -1
2 (aB)QaX Tag (aB ¥ aY> ; (107)

ag ay

where ax = (Wg)o2/(Wz)11; @4 = (Wy)11/(Wy)20; and the parasite solution
must be disregarded. Accordingly, Egs. (51) and (52) also hold.
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The extension of the above results to heteroscedastic data via Egs. (98)-
(99) and (101)-(106) reads:

by =Y —apX ; (108)
R ( n—2 RB (wy) VI
[(UGB 2 n wz (1)(1) + @(aBa alYa aX)

lax — (ZB aB — GJY

+ @(&B,(Alg(,dx)‘| 3 (109)
ay

(53,5 = Hw—) (0] oo - =22 20 s (110
()" = Gt | O 4 S 5 b 2 s (120
(= L[St o B (B (e

~ =Xy, + Py (112)

. _ CALB\/(I% + ((AIX)2 (w:c)12 + ayaB(w )30 - (GY + GB)(wx)ﬂ (113>
" (ay + ix)y ol + (ay)? ()20
5 _ &B\/ a2 + (Gy)? (W )oz + axap(wy)a1 — (ax + ap)(Ws )12 ((114)
P (ay + ix)y ok + (ax)? ()1
and, in addition:
(ag)? ay + (ax)*
(dy + dx)Q aﬁ + (&Y)Q

ag + (ay)?
a2 + (ax)?

(5’@?3)2 = (5’@/\()2 + (&&X)Z + 2&&\(50( 7(115)
where Gy = (wy)11/(Wy)20, a4 = (Wz)11/(We)20, ax = (Wy)oz/(Wz)11, R is
defined in A, Gayax, (0a )2, are expressed by Egs. (73), (80), respectively,
and © is formulated in terms of n(wy),,/(W;)oo instead of S,

In absence of a rigorous proof, Eqs. (109)-(114) must be considered as

approximate results.

2.8 Extension to structural models

A nontrivial question is to what extent the above results, valid for ex-
treme structural models, can be extended to generic structural models. In
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general, assumptions related to generic structural models are different from
their counterparts related to extreme structural models e.g., [3], [4] Chap. 6,
86.4.5, but, on the other hand, they could coincide for a special subclass.

In any case, whatever different assumptions and models can be made with
regard to generic and extreme structural models, results from the former are
expected to tend to their counterparts from the latter when the instrumental
scatter is negligible with respect to the intrinsic scatter. It is worth noticing
that most work on linear regression by astronomers involves the situation
where both intrinsic scatter and heteroscedastic data are present e.g., [1, 22,
15, 16].

A special subclass of structural models with normal residuals can be de-
fined where, for a selected regression estimator, the regression line slope and
intercept variance estimators are independent of the amount of instrumental
and intrinsic scatter, including the limit of null intrinsic scatter (functional
models) and null instrumental scatter (extreme structural models). More
specifically, the dependence occurs only via the total (instrumental + in-
trinsic) scatter. In this view, the whole subclass of structural models under
consideration could be related to functional modelling [8] Chap.2, §2.1. For
further details refer to the parent paper [7].

3 An example of astronomical application

3.1 Astronomical introduction

Heavy elements are synthesised within stars and (partially or totally) re-
turned to the interstellar medium via supernovae. In an ideal situation where
the initial stellar mass function (including binary and multiple systems) is
universal and the gas returned after star death is instantaneously and uni-
formly mixed with the interstellar medium, the abundance ratio of primary
elements produced mainly by large-mass (m <~ 8mg, where mg, is the solar
mass) stars maintains unchanged, which implies a linear relation. This is
why large-mass stars have a short lifetime with respect to the age of the
universe, and related ejecta (due to type II supernovae) may be considered
as instantaneously returned to the interstellar medium.

A linear relation also holds if low-mass (m ~ 8mg) stars are considered,
where the stellar lifetime can no longer be neglected with respect to the age
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of the universe. Close binary systems including a white dwarf with masses,
mwp + mc > Mmcn, are (type la) supernovae progenitors, where mwp is
the white dwarf mass, m¢ is the companion mass, and mc, ~ 1.44m is
the Chandrasekhar upper mass limit for stable white dwarfs. An additional
restriction, for a linear relation between two generic primary elements in
the interstellar medium, is a constant number ratio of type II to type la
supernovae at any epoch. For further details refer to F.

Restricting to iron and oxygen, the generic linear relation, Eq.(227),
reads:

(O/H]" = a[Fe/H]* + b (116)

where [O/H], [Fe/H], are logarithmic number abundances normalized to the
solar value e.g., [5] and the asterisks denote the ideal situation. More specif-
ically, oxygen and iron abundance determinations performed on ideal stars
by use of ideal instruments yield coordinates of points lying on the straight
line defined by Eq. (116).

The intrinsic dispersion outside or along the ideal regression line may be
owing to several processes, such as fluctuations in the stellar initial mass
function (including binary and multiple systems) and inhomogeneous mixing
of stellar ejecta with the interstellar medium, at different rates for differ-
ent elements. Accordingly, ideal points, P} = ([Fe/H];, [O/H];), are shifted
towards actual points, Ps; = ([Fe/H]g,, [O/H]g;).

More specifically, coeval ideal stars are represented by a single point on the
ideal regression line, while related actual stars correspond to points which, in
general, are shifted to a different extent outside or along the ideal regression
line. Conversely, stars with different age could be represented by a same
actual point, Pg;. The occurrence of instrumental scatter, related to iron
and oxygen abundance determination on a star sample, makes actual points,
Psi, be shifted towards observed points, P; = ([Fe/H],, [O/H],).

With regard to the ideal regression line, there is a one-to-one correspon-
dence between the coordinates, [Fe/H] and [O/H], while the contrary holds
for actual points and observed points. In the limit of extreme structural mod-
els, where instrumental scatter is negligible with respect to intrinsic scatter,
observed points are very close to actual points (if otherwise, any linear de-
pendence would be hidden). The latter, to a first extent, may be determined
along the following steps.

(1) Estimate a plausible regression line.
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(2) Calculate the mean distance of observed points from the estimated re-
gression line, parallel to each coordinate axis.

(3) Subdivide each coordinate axis into bins of width equal to the related
mean distance calculated in (2).

(4) Evaluate the intrinsic scatter within each bin, using the method de-
scribed in an earlier attempt [1].

(5) Minimize the loss function and determine the regression line slope and
intercept estimators.

(6) Verify the absolute difference between previous and current regression
line slope and intercept estimators is less than a previously assigned
tolerance value. If otherwise, return to (2) taking into consideration
the current estimated regression line.

In general, the total scatter, U[W M), = U[W JH]p, T O'[W /H]g,» Should be used
for evaluating the weights, w,,, w,,, 1 <i < n, appearing in the sum of the
squared residuals, expressed by Eq. (8a), which implies the knowledge of the
instrumental covariance matrix e.g., [1, 16].

3.2 Statistical results

An astronomical application performed in an earlier attempt [7] with
regard to functional models, shall be repeated here for extreme structural
models. Accordingly, related samples will be left unchanged but with the
additional assumptions: (i) the intrinsic scatter is dominant with respect
to the instrumental scatter, and (ii) uncertainties mentioned in the parent
papers and reported below are related to the intrinsic scatter.

More specifically, the following samples related to the [O/H]-[Fe/H] rela-
tion shall be considered: RB09, n = 49, heteroscedastic data [20]; Fa09, n =
44, homoscedastic data with three different [O/H] determinations, namely
LTE (standard local thermodynamical equilibrium for one-dimensional hy-
drostatic model atmospheres), SHO (three-dimensional hydrostatic model at-
mospheres in absence of LTE with no account taken of the inelastic collisions
via neutral H atoms, Sy = 0), SH1 (three-dimensional hydrostatic model
atmospheres in absence of LTE with due account taken of the inelastic col-
lisions via neutral H atoms, Sy = 1) [9]; Sa09, n = 63, heteroscedastic data
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[21]. For further details refer to the parent paper [6]. In any case, [Fe/H]
and [O/H] are determined independently for each sample star.

The [O/H]-[Fe/H] empirical relations are interpolated using the regres-
sion models, G, Y, X, O, R, B, for heteroscedastic data (FB09 and Sa09
samples) and Y, X, O, R, B, for homoscedastic data (Fa09 sample, cases
LTE, SHO, SH1) and heteroscedastic data where intrinsic scatters are taken
equal to the typical uncertainties mentioned in the parent papers (FB09,
Sa09), orpe/n) = 0.15, 0701 = 0.15, for both FB09 and Sa09 samples. Model
G relates to a general case where the slope and intercept estimators are de-
termined via Egs. (22) and (21), respectively. For further details refer to the
parent papers [23, 25, 7|. Slope and intercept estimators together with related
dispersion estimators are listed in Tables 2, 3, and 4, 5, for heteroscedastic
and homoscedastic data, respectively.

Owing to high difficulties intrinsic to the determination of slope and in-
tercept dispersion estimators for G models, related calculations were not
performed, leaving only approximate expressions [23] and asymptotic formu-
lae [B, Eq.(160) related to G models]. For the remaining models, the
regression line slope and intercept estimators and related dispersion estima-
tors are calculated using Eqs. (23)-(29) and (30)-(36), case Y, homoscedas-
tic and heteroscedastic data, respectively; Eqgs. (37)-(43) and (44)-(50), case
X, homoscedastic and heteroscedastic data, respectively; Eqgs. (54)-(62) and
(67)-(75), ¢ = 1, case O, homoscedastic and heteroscedastic data, respec-
tively; Eqs. (81)-(88) and (89)-(96), case R, homoscedastic and heteroscedas-
tic data, respectively; Eqgs. (98)-(106) and (108)-(114), case B, homoscedastic
and heteroscedastic data, respectively.

The regression lines determined by use of the above mentioned methods
are plotted in Figs.2 and 3 for heteroscedastic and homoscedastic data, re-
spectively, where sample denomination and population are indicated on each
panel together with model captions. Homoscedastic data are conceived as
a special case of heteroscedastic data in Fig.2 to test the computer code,
which is different for heteroscedastic and homoscedastic data. It can be seen
that lower panels of Figs.2 and 3 coincide, and the regression lines related
to models G and O in lower panels of Figs. 2 also coincide, as expected. The
whole set of regression lines for all methods and all samples is shown in the
upper right panel of Figs.2 and 3.

Regression line slope and intercept estimators have the same expression
for both structural and funcional models. Accordingly, Figs. 2 and 3 maintain
unchanged with respect to their counteparts shown in an earlier attempt [7]
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Table 2: Regression line slope estimators, a, and related dispersion esti-
mators, 0, for heteroscedastic models, G, Y, X, O, R, B, applied to the
[O/H]-[Fe/H] empirical relation deduced from the following samples (from
up to down): RB09, Sa09. Dispersion column captions: ENNR - extreme
structural models with non normal residuals [14]; ENRR - extreme struc-
tural models with normal residuals [10]; FNRR - functional models with
normal residuals [23, 25, 7]; YANR - approximate formula for normal residu-
als [23, 25, 7]; AFNR - asymptotic formula for normal residuals [B, Eq. (160)
related to the appropriate model]. For G models, exact expressions of slope
estimators were not evaluated in the present attempt. For Y models and nor-
mal residuals, different slope dispersion estimators yield coinciding values, as
expected.

sample

D
Q
<}

m
ENNR ENRR FNRR YANR AFNR

0.7279 0.0294 0.0288 RB09
0.6714 0.0302 0.0314 0.0314 0.0314 0.0314
0.7305 0.0271 0.0290 0.0290 0.0279 0.0290
0.6964 0.0277 0.0276 0.0278 0.0271 0.0274
0.7050 0.0254 0.0280 0.0282 0.0272 0.0277
0.7005 0.0254 0.0278 0.0280 0.0271 0.0275

W= O X<

0.6383 0.0435 0.0582  Sa09
0.6167 0.0810 0.0398 0.0398 0.0398 0.0398
0.8652 0.0772 0.0833 0.0829 0.0664 0.0829
0.6355 0.0753 0.0609 0.0637 0.0541 0.0580
0.6927 0.0677 0.0664 0.0700 0.0560 0.0626
0.7336 0.0662 0.0704 0.0738 0.0579 0.0666

WO X <@
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Table 3: Regression line intercept estimators, 1;, and related dispersion es-
timators, 03, for heteroscedastic models, G, Y, X, O, R, B, applied to the
[O/H]-[Fe/H] empirical relation deduced from the following samples (from
up to down): RB09, Sa09. Dispersion column captions: ENNR - extreme
structural models with non normal residuals [14]; ENRR - extreme struc-
tural models with normal residuals [10]; FNRR - functional models with
normal residuals [23, 25, 7]; YANR - approximate formula for normal resid-
uals [23, 25, 7]; AFNR - asymptotic formula for normal residuals [via B,
Eq. (160) related to the appropriate model]. For G models, exact expressions
of intercept estimators were not evaluated in the present attempt. For Y
models and normal residuals, different intercept dispersion estimators yield
coinciding values, as expected.

A

m b 0j, sample
ENNR ENRR FNRR YANR AFNR

+0.0043 0.0672 0.0660 RBO09
—0.1121 0.0608 0.0675 0.0675 0.0675 0.0675
+0.0316 0.0636 0.0736 0.0735 0.0712 0.0735
—0.0512  0.0523 0.0702 0.0707 0.0689 0.0697
—0.0305 0.0521 0.0710 0.0725 0.0693 0.0704
—0.0413 0.0522 0.0706 0.0711 0.0691 0.0700

WO <Q

+0.0619 0.0251 0.0336  Sa09
+0.0439 0.0105 0.0198 0.0198 0.0198 0.0198
+0.3080 0.0712 0.0676 0.0673 0.0575 0.0673
+0.1461 0.0396 0.0509 0.0525 0.0469 0.0491
+0.1864 0.0436 0.0547 0.0549 0.0485 0.0524
+0.2153 0.0455 0.0575 0.0603 0.0501 0.0552

WO =< @
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Table 4: Regression line slope estimators, @, and related dispersion estima-
tors, G, for homoscedastic models, Y, X, O, R, B, applied to the [O/H]-
[Fe/H] empirical relation deduced from the following samples (from up to
down): RBO09, Sa09, Fa09, cases LTE, SHO, SH1. Dispersion column cap-
tions: ENNR - extreme structural models with non normal residuals [14];
ENRR - extreme structural models with normal residuals [10]; FNRR - func-
tional models with normal residuals [23, 25, 7]; YANR - approximate for-
mula for normal residuals [23, 25, 7]; AFNR - asymptotic formula for normal
residuals [B, Eq. (160) related to the appropriate model]. For Y models and
normal residuals, different slope dispersion estimators yield coinciding values,

as expected.

Q>

m

ENNR

ENRR

0P

FNRR

YANR

AFNR

sample

0.6917
0.7600
0.7143
0.7251
0.7253

WO X<

0.5868
0.8077
0.6476
0.6885
0.6916

WO X<

0.8961
0.9381
0.9150
0.9168
0.9169

W= O X<

1.2261
1.2884
1.2640
1.2569
1.2568

W= O X<

1.0492
1.0946
1.0732
1.0716
1.0716

W= O N

0.0268
0.0326
0.0282
0.0278
0.0278

0.0596
0.0563
0.0620
0.0523
0.0513

0.0333
0.0294
0.0319
0.0310
0.0310

0.0459
0.0434
0.0449
0.0441
0.0441

0.0358
0.0315
0.0337
0.0332
0.0332

0.0317
0.0349
0.0327
0.0332
0.0333

0.0461
0.0637
0.0509
0.0541
0.0544

0.0303
0.0318
0.0310
0.0310
0.0310

0.0432
0.0454
0.0445
0.0443
0.0443

0.0341
0.0356
0.0349
0.0348
0.0348

0.0317
0.0348
0.0331
0.0336
0.0336

0.0461
0.0635
0.0526
0.0562
0.0565

0.0303
0.0317
0.0311
0.0312
0.0312

0.0432
0.0454
0.0448
0.0445
0.0445

0.0341
0.0356
0.0350
0.0350
0.0350

0.0317
0.0332
0.0319
0.0321
0.0321

0.0461
0.0541
0.0468
0.0479
0.0480

0.0303
0.0310
0.0305
0.0305
0.0305

0.0432
0.0443
0.0436
0.0435
0.0435

0.0341
0.0348
0.0343
0.0343
0.0343

0.0317
0.0348
0.0324
0.0328
0.0329

0.0461
0.0635
0.0491
0.0519
0.0521

0.0303
0.0317
0.0308
0.0308
0.0308

0.0432
0.0454
0.0443
0.0440
0.0440

0.0341
0.0356
0.0347
0.0346
0.0346

RB09

Sa09

Fa09
(LTE)

Fa09
(SHO)

Fa09
(SH1)
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Table 5: Regression line intercept estimators, l;, and related dispersion esti-
mators, 63, for homoscedastic models, Y, X, O, R, B, applied to the [O/H]-
[Fe/H] empirical relation deduced from the following samples (from up to
down): RBO09, Sa09, Fa09, cases LTE, SHO, SH1. Dispersion column cap-
tions: ENNR - extreme structural models with non normal residuals [14];
ENRR - extreme structural models with normal residuals [10]; FNRR - func-
tional models with normal residuals [23, 25, 7]; YANR - approximate formula
for normal residuals [23, 25, 7]; AFNR - asymptotic formula for normal resid-
uals [via B, Eq. (160) related to the appropriate model]. For Y models and
normal residuals, different intercept dispersion estimators yield coinciding
values, as expected.

m b 0j, sample
ENNR ENRR FNRR YANR AFNR

—0.0766 0.0598 0.0737 0.0737 0.0737 0.0737 RB09
+0.0742  0.0811 0.0807 0.0806 0.0773 0.0806
—0.0268 0.0658 0.0759 0.0766 0.0741 0.0752
—0.0030 0.0664 0.0770 0.0778 0.0746 0.0762
—0.0025 0.0665 0.0770 0.0778 0.0746 0.0762

WO X<

+0.0908 0.0211 0.0338 0.0338 0.0338 0.0338  Sa09
+0.2011  0.0423 0.0431 0.0430 0.0397 0.0430
+0.1212  0.0268 0.0357 0.0363 0.0343 0.0351
+0.1416  0.0279 0.0373 0.0381 0.0352 0.0365
+0.1431 0.0282 0.0375 0.0382 0.0352 0.0367

W=oO X<

+0.5476  0.0761 0.0663 0.0663 0.0663 0.0663  Fa09
+0.6366 0.0665 0.0693 0.0693 0.0678 0.0693 (LTE)
+0.5877 0.0725 0.0676 0.0680 0.0666 0.0673
+0.5916 0.0706 0.0678 0.0681 0.0667 0.0674
+0.5916  0.0706 0.0678 0.0681 0.0667 0.0674

WO

+0.8717 0.1017 0.0945 0.0945 0.0945 0.0945  Fa09
+1.0037 0.1003 0.0992 0.0991 0.0968 0.0991 (SHO)
+0.9519 0.1019 0.0973 0.0978 0.0953 0.0967
+0.9369 0.0998 0.0967 0.0973 0.0950 0.0961
+0.9367 0.0998 0.0967 0.0973 0.0950 0.0961

WO X<

+0.6518 0.0808 0.0745 0.0745 0.0745 0.0745  Fa09
+0.7479  0.0730 0.0777 0.0777 0.0761 0.0777 (SH1)
+0.7027 0.0772 0.0762 0.0765 0.0750 0.0758
+0.6993 0.0760 0.0761 0.0764 0.0750 0.0757
+0.6993 0.0760 0.0761 0.0764 0.0749 0.0757

WO X<
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where, on the other hand, B models were not included.
An inspection of Tables 2-5 and Figs. 2-3 discloses the following.

(1) Either of the inequalities [14]:

dy<do<dR<dB<dX; &B<au; Sll>0§ (117&)
dy<dB<dR<do<dX; &B>au; Sll>0§ (117b)

where a, is the unit slope, is satisfied for homoscedastic data but the
contrary holds for heteroscedastic data. In particular, ag < ar <
a, for RB0O9 sample, see Table 2. In addition, ay < ag < ax for
heteroscedastic data, but a counterexample is provided in an earlier
attempt [23].

(2) Slope and intercept estimators from O, R and B models are in agreement
within Fo. The extension of the above result to slope and intercept
estimators from Y and X models holds for samples with lower dispersion
(Fa09). An increasing dispersion yields marginal (RB09) or no (Sa09)
agreement within Fo, for both heteroscedastic and homoscedastic data.

(3) For normal residuals, slope and intercept dispersion estimators related
to functional and structural models yield slightly different results, as
expected from the fact that related asymptotic formulae coincide [B,
Eq. (160) related to the appropriate model]. Asymptotic formulae used
in the current attempt make a better fit with respect to earlier approx-
imations [23, 25, 7].

(4) Systematic variations due to different sample data are dominant with
respect to the intrinsic scatter.

In conclusion, regression lines deduced from different sample data represent
correct (from the standpoint of regression models considered in the current
attempt) [O/H]-[Fe/H] relations, but no definitive choice can be made until
systematic errors due to different methods and/or spectral lines in determin-
ing oxygen abundance, are alleviated.

4 Discussion

For an assigned sample, structural models belonging to a special subclass
are indistinguishable from extreme structural models, as outlined in an earlier
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attempt [7]. Accordingly, the results of the current paper also apply to
structural models of the kind considered. The expression of regression line
slope and intercept estimators and related variance estimators in terms of
weighted deviation traces, for heteroscedastic and homoscedastic data, makes
a second step towards a unified formalism of bivariate least squares linear
regression.

Exact expressions of regression line slope and intercept estimators and
related variance estimators have been rewritten in a more compact form
with respect to an earlier attempt [10] in the limit of oblique regression i.e.
(04y)i/(0zz)i = ¢, 1 < i < n. Tt is noteworthy that a constant variance
ratio, ¢?, for all data points, does not necessarily imply equal variances,
(Ozz)i = Ozz = const, (0,y); = 0, = const, 1 < i < n. While regression
line slope and intercept estimators attain a coinciding expression in different
attempts [23, 25, 14, 10], the results of the current paper show that the
contrary holds for related variance estimators. The same holds for both
reduced major-axis and bisector regression.

Approximate expressions provided in earlier attempts for normal resid-
uals [23, 25] make (at least in computed cases) a lower limit to their exact
counterparts, as shown in Tables 2-5, YANR vs. ENRR, FNRR. The same
holds, to a better extent, for the asymptotic expressions determined in the
current paper, as shown in Tables 2-5, AFNR vs. ENRR, FNRR. Related
fractional discrepancies for low-dispersion data (RB09, Fa09) do not exceed
a few percent, which grows up to about 10% in presence of large-dispersion
data (Sa09).

It is well known that the regression line slope and intercept estimators are
biased towards zero for Y models e.g., [12] Chap. 1, §1.1.1, [8] Chap. 3, §3.2
[15, 16], [4] Chap.4, §4.4. Biases can be explicitly expressed in the special
case of homoscedastic models with normal residuals. More specifically, the
condition 1 — pgg < 1 ensures bias effects are negligible, where poy is the
reliability ratio:

. Sap

N Sgo + (n - 1)0‘5656
which implies 0 < pyg < 1. For further details refer to specific monographies
e.g., [12] Chap.1, §1.1.1, [8] Chap. 3, §3.2.1, [4] Chap. 4, §4.4.

Similarly, it can be seen that regression line slope and intercept variance
estimators are biased towards infinity for X models. In the special case
of homoscedastic models with normal residuals, the condition 1 — pgps < 1

; (118)

P20
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ensures bias effects are negligible, where pgy is the reliability ratio:

SOZ
Soz + (n — 1)ay,

which implies 0 < pg2 < 1 e.g., [7].

Accordingly, slopes are understimated in Y models and overstimated in
X models by a factor, pyy and 1/pge, respectively. For C models (oblique
regression), O models (orthogonal regression), R models (reduced major-axis
regression), B models (bisector regression), the regression line slope estima-
tors lie between their counterparts related to Y and X models, according to
Egs. (118) and (119), which implies bias corrections e.g., [8] Chap. 3, §3.4.2.
Though there is skepticism about an indiscriminate use of oblique regression
estimators, still it is accepted the method is viable provided both instrumen-
tal and intrinsic covariance matrix are known e.g., [8] Chap.3, §3.4.2, [4]
Chap. 4, §4.5.

With regard to heteroscedastic data, an inspection of Tables 2-5 shows
that for lower data dispersion (RB09 sample) the values of regression line
slope and intercept estimators, deduced for weighted (Tables 2-3) and un-
weighted (Tables 4-5) data, are systematically smaller in the former case
with respect to the latter, but are still in agreement within Fo. For larger
dispersion data (Sa09 sample) no systematic trend of the kind considered
appears, but the values of regression line slope and intercept estimators are
still in agreement within Fo for O, R, and B models. It may be a general
property of the regression models considered in the current attempt or, more
realistically, intrinsic to the samples selected for the application performed
in subsection 3.2.

The reliability ratios, Eqgs. (118) and (119), have been calculated for all
sample data and the inequalities, pog > 0.92, pgz > 0.91, hold in any case
except pp2 > 0.86 for the Sa09 sample, which implies poorly biased regression
line slope and intercept estimators for the samples considered using Y and
X models and, a fortiori, using C, O, R, and B models.

Numerical simulations can determine the performance of the regression
coefficients in presence of small samples and large scatter, and evaluate
whether the approximations made in deriving variances are accurate. Ac-
cording to the results of a classical paper [14], the uncertainties to the slope
predicted by O models are, on average, larger than those predicted by Y, R,
or B models. For this reason, skepticism is expressed towards O models and,

IntellectualArchive Vol.1, No.3

106



in any case, caution is urged in interpreting slopes when small samples and
large scatter are involved [14].

On the other hand, O models are special cases of C models, which could
also include R and B models, and the predicted slopes lie between their coun-
terparts related to the limiting cases of Y and X models. Extended numerical
simulations should be used for searching a relation between the family of C
models, ¢? = c2. | with the lowest uncertainty to the slope, and values of
population variances and covariance, namely c2. = f(oxx,0yy,oxy). In
this view, it should be recommended use of C models where ¢* = ¢ for
assigned sample variances and covariance, which estimate their counterparts
related to the parent population.

Concerning samples listed in Tables 2-5 and represented in Figs. 2-3, the
slope uncertainty predicted by O models is slightly larger than the slope
predicted by R and B models for non normal residuals (ENNR), while the
reverse occurs for normal residuals (ENNR). In addition, the slope uncer-
tainty predicted by G models (the general case), when estimated, is close to
the slope uncertainty predicted by O, R, and B models.

5 Conclusion

From the standpoint of a unified analytic formalism of bivariate least
squares linear regression, extreme structural models have been conceived as
a limiting case where the instrumental scatter is negligible (ideally null) with
respect to the intrinsic scatter.

Within the framework of a variant of the classical additive error model
e.g., [8] Chap.1, §1.2, Chap.3, §3.2.1, [4] Chap.4, §4.3, [16], the classical
results presented in earlier papers [14, 10] have been rewritten in a more
compact form using a new formalism in terms of weighted deviation traces
which, for homoscedastic data, reduce to usual quantities, leaving aside an
unessential (but dimensional) multiplicative factor.

Regression line slope and intercept estimators, and related variance esti-
mators, have been expressed in the special case of uncorrelated errors in X
and in Y for the following models: (Y) errors in X negligible (ideally null)
with respect to errors in Y; (X) errors in Y negligible (ideally null) with
respect to errors in X; (C) oblique regression; (O) orthogonal regression; (R)
reduced major-axis regression; (B) bisector regression. Related variance es-
timators have been expressed for both non normal and normal residuals and
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compared to their counterparts determined for functional models [7].

Under the assumption that regression line slope and intercept variance
estimators for homoscedastic and heteroscedastic data are connected to a sim-
ilar extent in functional and structural models, the above mentioned results
have been extended from homoscedastic to heteroscedastic data. In absence
of a rigorous proof, related expressions have been considered as approximate
results.

An example of astronomical application has been considered, concerning
the [O/H]-[Fe/H] empirical relations deduced from five samples related to
different populations and/or different methods of oxygen abundance deter-
mination. For low-dispersion samples and assigned methods, different regres-
sion models have been found to yield results which are in agreement within
the errors (o) for both heteroscedastic and homoscedastic data, while the
contrary has been shown to hold for large-dispersion samples. In any case,
samples related to different methods have been found to produce discrepant
results, due to the presence of (still undetected) systematic errors, which
implies no definitive statement can be made at present.

Asymptotic expressions have been found to approximate regression line
slope and intercept variance estimators, for normal residuals, to a better ex-
tent with respect to earlier attempts [23, 25]. Related fractional discrepancies
have been shown to be not exceeding a few percent for low-dispersion data,
which has grown up to about 10% in presence of large-dispersion data.

An extension of the formalism to generic structural models has been left
to further investigation.
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A Euclidean and statistical squared residual
sum

For homoscedastic data, the sum of squared (dimensional) Euclidean dis-
tances between observed points, P (X, Yz‘); and adjusted points on the esti-
mated regression line, P;(x;, y;), y; = ax;+b, is expressed as e.g., [12] Chap. 1,
§1.3.3, [10, 7]:

n — —.12
(n—2)R=>[(YV; =) —a(X; = X)|" = Soo + (2)2S0 — 2 ; (120)

i=1

where R is denoted as s,, in the earlier quotation [12].

The sum of squared (dimensionless) statistical distances e.g., [12] Chap. 1,
§1.3.3, between the above mentioned points, P;(X;,Y;) and P;(z;,y;), reads
[7]:

T— = W [502 + (&)2520 — 2&511] N (121)
which, for heteroscedastic data, takes the general expression [7]:
Tﬁ = Wog + (&)QWQO - 2&W11 ) (122)
accordingly, the extension of Eq. (120) to heteroscedastic data reads:
Wog + (@)2Wag — 2aWh,]
Woo
which, in the limit of homoscedastic data, W; = W = W, 1< i< n,

Woo = nW = nW, W,, = WS,,, via Egs. (9), (10), reduces to Eq. (120), as
expected.

(n—2)R =" : (123)

B Equivalence between earlier and current
formulation

Let oblique regression models be taken into consideration under the fol-
lowing restrictive assumptions: (1) homoscedastic data; (2) uncorrelated

IntellectualArchive Vol.1, No.3

111



errors in Y and in X; (3) normal residuals. Accordingly, the regression
line slope variance estimator is expressed by Eq.(56) where the function,
O(ac, ay,ax), may be different for different methods and/or models, as
shown in Table 1. Aiming to a formal demonstration, some preliminary
relations are needed.

In terms of dimensionless ratios, using Eqgs. (23) and (37), Eq. (120) trans-
lates into:

n—2)R & a ax—a a—a
(A—): AX + = S + — Y 3 (124)
a511 a ay a ay

where the following identities:

dx—d a— ay dx—dy dx—dd—dy

= = (125)
a avy ay a ay

ax —aa—ay ax—ay ax—a a—ay ax—a ax-—a (126)
a ay ay a ay ay a

may easily be verified.
In the case under discussion of oblique regression models, @ = ac, the
following inequalities hold [14]:

; S >0 ; (127)
; S <0 ; (128)

Q>
I/\ I\/
Q>
IN IV
Q>

C
C

Q>
jop
Q>

which makes the left-hand side of Eq. (124) always positive provided Si; # 0.
Using the method of partial differentiation, the regression line slope vari-
ance estimator in the case under discussion is [7]:

(ac)? [2502520 — (S11)? Lo So2 + (ac)*Sa0
n—2 (511)2 dCSH

and the substitution of Eqs. (23) and (37) into (129), using (125) and (126)
yields after some algebra:

(&&0)2 =

|

. w  (ac)? [ax —ac  ac — ay ax — ac ac — ay
(Ufbc) =

2 . (130
n—2| s | a7 ac ayl’()

from which the following is inferred by comparison with Eq. (56):

O(ac, ay, ax) = p0x — 0o~y (131)
ac aY
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as listed in Table 1.
Using the method of moments estimators, the elements sample covariance

matrix are:
So So2 S

) myy = ) mxy = Myx = )
n—1 n—1 n—1

mxx = (132)
which, in terms of the variance estimators, (6,,)s (intrinsic z error distribu-
tion), (0, )r (instrumantal x error distribution), (6,,)r (instrumental y error
distribution) via ¢i = (0,,)r/ (0 )r, and regression line slope estimator, ac,
are expressed as:

myy = (&0)2 Azz)S + (CF)2(6_mm)F ; (133b)
mxy = Myx = ac(0zz)s ; (133c)

for further details and specification of the model refer to the parent paper
[12] Chap.1, §1.3.2.
The substitution of Eqs. (132) and (133) into (120) yields:

(n—2)Rc = (n = 1)[(ac)” + (cr)*1(6u0)r (134)

where the variance ratio, (cp)?, may explicitly be expressed using Eqs. (132)
and (133). The result is:

ac(Se2 — acSu)
A )
acSa0 — S

(cr)” = (135)

which, using Eq. (120) and performing some algebra, takes the equivalent
form:

. ac(n — 2)Re
do)? + (cp)? = e = DFe 136
(a0 + (er)? = S =2 (136)
finally, the substitution of Eq. (136) into (134) yields:
. acSa — Sn
(0 )F (’fl — l)ac ( )

where the dependence on the variance ratio, (cp)?, has been eliminated.

IntellectualArchive Vol.1, No.3

113



In the limit of large samples (n > 1, ideally n — 400) where, in addition,
S11 # 0, the regression line slope variance estimator is [12] Chap. 1, §1.3.2:

1 1
n—1[(642)s]?

and the substitution of Egs. (124), (132), (133), (137), into (138) yields after
some algebra:

(a'dc)2 =

((5# )2 _ (&0)2
e n—2
N N . . . A a . N A\ 2
o ax—ac+ac—ay+ax—acac—ay+ 1 ac — ay . (139)
dc dY &C dY n—1 dY ’

from which the following is inferred by comparison with Eq. (56):

A A A

. A . . A N2
A A s ax —acac —a 1 ac — a
O(ac, ay, ax) = X _ote T ( ¢ Y) ; (140)
ac ay n—1 ay
as listed in Table 1.
On the other hand, the regression line slope variance estimator reported
in an earlier attempt [10] Eq. (4) therein, reads:

(6a.)% = (ac)? l(n —2)Rc n ac(Se2 — acS1) (n — 2)Re
ac n — 2 dCSH (03)2 dc(Sll)Q
_n—2 (dc)i (502—d3511>2 : (141)
n — 1 (SH> (CS)
where cg = ¢ and the counterpart of Eq. (135) holds [7]:
CQ _ Cg _ dC(SOQ - &CSH) : (142)

dCSQO - Sll

and the substitution of Eqs. (124), (142), into (141), after some algebra yields
Eq. (139). Then the regression line slope variance estimator, expressed by
Eq. (141), coincides with its counterpart deduced by use of the method of
moment estimators, expressed by Eq. (139).
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Using the method of least squares estimation, under the assumption that
the entire instrumental covariance matrix is known, the regression line slope
variance estimator reads [12] Chap. 1, §1.3.3:

1 1

A& ? = — 1N Avv TT Avv - A:z:'v 2 ; 143
(s ) = 5 Ty U0 + (Goa)eton = (Gn)} 5 (143)
Gow = (Oyy)F + (&C)z(am)F — 2ac(0y)¥ (144)
&wv = (ny)F - dC(U:c:c)F ; (145)

where mx x is the maximum likelihood estimator for (o.;)s, Mmxx = (G )s-
In the special case under consideration, (o, )r = (cp)?(042)F, (Tuy
Eqgs. (143), (144), (145), reduce to:

1 1

~—
5|

Il
=

(Gac) = 7 Ty Lcx + (O] 00 = (@0)* ()i} 3 (146)
a-'v'v = [(dC)2 + (CF)Q](wa)F ; (147)
a'mv = _dC(UZBZB)F ; (148)

if, in addition, least squares estimators are proportional to corresponding
moments estimators, the following relations hold:

[(a'mr)U]lsc = CXU[(&ww)U]mme ; U= Fa S ; (].49&)
(&vv)lsc == C11)((5"01))mme 5 (].49b)

where Cx,,, C,, are constants and the indices, lsc, mme, mean least squares
estimators and methods of moments estimators, respectively.
The substitution of Eq. (149) into (146) yields:

1 1
n—1 (CXs)2[(&M)S]

(5-&0)2 =

5 {[Cxs(G20)s + Cxe (622 )¥] C(ac)” + (ex)”]
X (G20)F — (a0)"[Cop (Gua)e)}; (150)

where the index, mme, has been omitted for simplifying the notation.
The substitution of Eq. (134) into (150) produces:
1 1
n—1 [(a'm)S]Q

x{%[@m)HO—XS(&m)F n_lgc_(dcy(CXS)ZK%)F]Q}; .

(&&0)2 =
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where the estimators, (6,,)r and (6,,)s, are expressed by Eqgs. (132), (133),
(135), (137). Accordingly, the explicit expression of Eq.(151) after some
algebra reads:

(&A )2 _ (CALC)2 { Cy [Sn + CXF Soz — d0511] n—2
ac

Rc

(S1)?2 | Cxs Lac  Cxs  (cp)? n—1
(Cxp)? (ac)® [ So2 — acSu ? . (152)
(Cxg)?n—1 (cp)? ’
where the restrictive assumptions:
Cxyp C, n—1
—— =1 = ; 153
CXS , CXS n—2" ( )

make Eq. (152) reduce to:
(%y:m&{Fh+%—%&ﬂ%_@wy%—%&$}ww®

(511)2 dc (CF)2 n—1 (CF)2

which formally coincides with the result of an earlier attempt where cs = ¢
appears instead of cg [10] Eq. (4) therein.
Finally, the substitution of Eqs. (124) and (135) into (154) yields after
some algebra:
AN2 (&0)2
(O-CLC) - n—92

R R R R R A N . N2
ax — a ac — a ax — ac ac — a 1 ac — @
{ ¢, fc—iy  ix—dcic—dy ( Y”;(m)

~ ~ A~ ~ A~

ac ay ac ay n—1 ay

from which the following is inferred by comparison with Eq. (56):

~ A A ~ N N 2
— — 1 —
Olac, dy, ax) = > —C0C Z IV (aC aY) . (156)

~ ~ ~

ac ay n—1 ay

as listed in Table 1.
The revised version of the regression line variance estimator reported in
an earlier attempt [10] Eq. (4) therein, [11] reads:

AN2 (ac)® [ (n—2)Rc
(JaC) n n—2 { dCSH

L1 () P_n—z @@2][m—m&ﬂ? - (157)

n—1 (dc)2 + n—1 (dc)z + c? acS11
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and the substitution of Eqgs. (124), (142), into (157), after a lot of algebra
yields:

n—2 dc dy

R n R . N2
1 ax — ac ac — a 1 ac — a
i XA C CA Y+ CA Y : (158)
n—1 ac ay n—1 ay

from which the following is inferred by comparison with Eq. (56):

. .. . . N
1 — — 1 _
O(ac, iy, ix) = 2ok S S e | . (159)
n—1 ac ay n—1 ay

ac)? (ax — a ac — a
(6ac)? = (ac) x —dc | dc—ay

as listed in Table 1.
The asymptotic expression (n — +00) of Eq. (158) is obtained neglecting
the terms of higher order with respect to 1/n. The result is:

A 2 A _ ~ A~ _ A
(63 ) = L) {QXA ey aY} ; (160)

n—2 ac ay

which implies ©(ac, ay,ax) = 0, as listed in Table 1. The asymptotic for-
mula, Eq. (160), coincides with an approximation reported in earlier attempts
123, 25] for Y models and makes a better approximation for X, C, O, R, and
B models.

C Data-independent residuals

Let ua, ug, be independent random variables, fa(ua)dua, fz(up)dug,
related distributions, u}, up, related expectation values, and wa, ugp, re-
lated estimators. The random variable, u = uaugp, obeys the distribution,
flu)ydu = [ fa(ua)fs(up)dua dug, where U is the domain for which the
product, usugp, equals a fixed u. According to a theorem of statistics, the
expectation value is u* = (uaup)* = uwiujy and the related estimator is
U= U@R ~ U AﬁR.

The special case of the arithmetic mean reads @ = Uaup ~ Ua Ug Or:

12 12
— uA (up); EZ up); EZ(UB)z : (161)
i—1 i—1
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with regard to uay and up samples with population equal to n.
With these general results in mind, let Eqs. (27), (41), (60), be rewritten
into the explicit form [14] Eqs. (A4)-(A6) therein?:

(&&Y)Q (5'210)2 il {(Xl - 7)2[(}/; - ?) - dY(Xz - 7)]2} ) (162)
(Gax)® = (Sllm Z (i=-Y)?(Vi-7)—ax(X; - X))} ;  (163)
. 1 & — - - . —

Oovox = G 2 (X =) (Y =DV = V) — ay(X; = X)]

x [(YVi =Y) — ax(X; - 7)]} ; (164)

where (dimensional) residuals related to Y and X models are enclosed in
square brackets via Eqgs. (24) and (38), respectively.

If residuals are independent of coordinates of observed points, P, =
(XZ, Y;), 1 <i < n, then the particularization of Eq. (161) to uy = (X; —X)?,
(Y, = V)2 (X, ~ X)(Y; = V) g = (¥~ ¥) —ay (X, — X)P (¥~ ¥)
dx(X X2, [V — V) — a(X; — K)][(¥; = V) — ax(X; — X)); respectively,
makes Eqgs. (162)—(164) reduce to:

(O = 2T S = TP T~ (K- TOF ¢ (169
(0 = 25 0~ TP = T) (K= TOF 5 (160
11 _ & _ _
Favin = 75 2K~ DW= T) S~ V) = (X, - X
x[(Yi =Y) = ax(X; = X)] ; (167)

as outlined in an earlier attempt [14].

2With regard to the above quoted Egs.(A4)-(A6), it is worth noticing ay, ax, are
denoted as S, B2, respectively, and £; has to be replaced by (31)~! in Eq. (A6) to get the
right dimensions and to be consistent with the expression of the covariance term [14] note
to Table 1 therein.
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Using Eqgs. (15), (23), (37), while performing some algebra, Eqs. (165)-
(167) may be cast into the form:

o (ay)?ax —ay
(Gay)* = — el (168)
. (ax)? ax — ay
(Bax)” = — e (169)
A iy)? ix — iy
O’&Y&X = o dy ; (170)

which provide correct asymptotic (n — +o00) formulae but understimate the
true regression coefficient uncertainty in samples with low (n N 50) or weakly
correlated population [10].

An inspection of Table 1 shows Eq. (25) and the asymptotic (n — +00)
expression of Eq. (39) match Egs. (168) and (169), respectively, provided n
therein is replaced by (n — 2). Accordingly, Eqgs. (168)-(170) translate into:

.o (ay)?ax —ay
(U Y) n — 2 a/Y ( )
.o (ax)?ax —ay
(G = 5B (172)

&&Y&X = — N (173)
which are expected to yield improved values for samples with low or weakly
correlated population.

With regard to oblique regression models, the substitution of Egs. (171)-
(173) into (63) yields after some algebra:

AN2 (dC)2
(O-ac) _ n — 2
2(ay)?(ac)*(Axy)*AxcAcy }
X Axy + — — — — (174
{ T 4 (ay )2 (ac)? AxcAcy + [ayaxAcy — (ac)?Axc]? (174)

where the identity:

Axy = Axv + Avuy + AxvAuy (175)
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may easily be verified, being U = C in the case under discussion. Accordingly,
Eq. (174) may be cast under the form:

L N2
(6ac)? = fff)z [Axc + Acy + O(ac, ay, ax)] ; (176)

Ofac, ay, ax) = AxcAcy
226 )2( A )2
x {1+ ______ (@v)(Go) (Axv)” _ 2}(177)
A(ay)*(ac)*AxcAcy + layaxAcy — (ac)*Axc]
where Egs. (176) and (56) coincide in the limit, ©® — 0.

With regard to reduced major axis regression models, the substitution of
Egs. (171)-(173) into (85) yields after some algebra:

A N2 (dR)Z Axy ay
)P = XY () : 1
(Gar)” = =55 ( +&X> (178)
where the identity:
ay 1
- 179
ax  Axy+1 (179)

may easily be verified. Accordingly, Eq. (178) via (175) may be cast into the

form:

(ar)?

(6an)? = — [Axr + Ary + O(ar, ay, ax)] (180)
A 1 (Axy)?
O(ar, ay,ax) = AxpAry — if(lxji) T (181)

where Egs. (180) and (83) coincide in the limit, ©® — 0.
With regard to bisector regression models, the substitution of Eqgs. (171)-
(173) into (103) yields after some algebra:
(62,)? = (a5)* Axy(av)? |ay + (ax)* | ay + (ay)? (ax)’
B n—2 (dY + dx)Z (Z%L + (&Y)Q (Z%L + (dx)Q (dy)Z
which, using Eqgs. (175) and (179), may be cast under the form:

(6un)? = 2L

+21 . (182)

[Axp + Ay + O(ap, ay, ax)] ; (183)
Axy a, + (ax)? n ap + (ay)? (ax)”
(Axy +2)2 [a + (ay)? a2 + (ax)? (ay)?
— Axy + AxsApy ; (184)
where Egs. (183) and (101) coincide in the limit, © — 0.

O(ap, ay, ax) =
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D Special cases of oblique regression

With regard to homoscedastic data, special cases of oblique regression
may be considered starting from the expression of regression line slope and
intercept estimators, Eqgs. (54) and (55), and related variance estimators,
Egs. (56) and (57) for normal residuals or (58) and (59) for non normal resid-
uals. As outlined in the parent paper [10], the special cases, ¢ — +00, ¢ — 0,
¢ — 1, correspond to errors in X negligible with respect to errors in Y, errors
in Y negligible with respect to errors in X, and orthogonal regression, re-
spectively. In addition, the limiting case, ¢ = ¢ima = y/axay, corresponds to
reduced major-axis regression e.g., [14, 7]. An exhaustive discussion related
to regression line slope and intercept estimators, can be found in an earlier
attempt [7]. Finally, the limiting case, ¢ — cpis, where ¢y is expressed by
Eq. (100), corresponds to bisector regression. The result is:

lim ac=ay; limac=ax; limac=ao ; lim ac =ag; (185a
c—+oo C Yo c—0 C X c—1 C 0> C—Crma C R ( )
lim ac = agp ; 185b
e C B ( )

where related models are denoted by the indices, Y, X, O, R, B, respectively.
Concerning regression line slope variance estimators for normal residuals,
the following relations can be inferred from Eq. (56):

i [(7a ) = [dxdj( = @(ay,ay,axﬂ ; (186)
lin (53 )n]2 = ,fff); [dxf;, o +@<ax,ay,dx>] ; (187)
lim[(63. )x]? = ,fff); [&X&_fo dod_Y & +@<ao,fw,dx>] L (1s8)
g [ = (207 | B o) (50
i o = 2 [P0 B o] 100

where the function, O, is listed in Table 1 for different methods and/or
models.

A comparison between Egs.(25), (39), and (186), (187), respectively,
yields:

lim [(Gac)n]” = [(Gay )N]* (191)

c—+00
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lim((Gac )n]* = [(Gax)n]* (192)

c—0

and, on the other hand:

lim[(6a0)x]* = [(Ga0 )N]* (193)
Jim [(Gac)n]” = [(Gap)n]” (194)
Jim [(Gac)n]* = [(6ap)x]” (195)

by definition of orthogonal regression e.g., [8] Chap. 3, §4.4.2, reduced major-
axis regression e.g., [14, 7], and bisector regression e.g., [14].

Concerning regression line intercept variance estimators for normal resid-
uals, the following relations can be inferred from Eq. (57):

e
W I I (X [(Gag N (196)

. A 2 _ P11
cgg—noo[(abc)N] n—2 ay Soo

ax ax — ay Su

GRS EC LS TG (S ERNE (197
iyl f? = 20 |20 S0 SO By o, 7 ¢ (109
i (0507 = 28 | B IR0 By (2,47 5 (199
i (o7 = - [ Bt B 2O B e, o0

due to Egs. (185) and (191)-(195).
A comparison between Egs.(26), (40), and (196), (197), respectively,
yields:

Jim [(65,)n]* = [(63,)n])" (201)

lim (55, )x]* = [(G3, 8" 5 (202)
and, on the other hand;

lim[(63, )n]* = (63, )8)" 5 (203)

Jim (@8] = [(G)8]) 5 (204)

Jim (@ )n]* = [(@3,)8]" 5 (205)
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by definition of orthogonal regression e.g., [8] Chap. 3, §4.4.2, reduced major-
axis regression e.g., [14, 7], and bisector regression e.g., [14].

Concerning regression line slope variance estimators for non normal resid-
uals, the following relations can be inferred from Eq. (58):

i (530)° = (6ay)* (206)
lim(630)° = (62" (207)

&O)2aﬁ(&&y)2 + (&Y)4(&&x)2 + 2(&Y)2ai&&yﬁx
(ay)?[4(ay)?a2 + (ayax — a2)?]

. A2 _ .

iy (7.7 = e

where a,, = 1 is the (dimensional) unit slope, according to their counterparts

expressed in the parent paper [14] provided |ay| is replaced by ay therein.
On the other hand, the following relation holds:

11_12(6-&0)2 = (&&0)2 ) (209)

by definition of orthogonal regression e.g., [8] Chap. 3, §4.4.2.

The intercept variance estimators for special cases of oblique regression,
are expressed by a single formula characterized by different dimensionless
coefficients, vix, Yyar, where k = 1,2, 4, for Y, X, O, models, respectively [14].
The extended expressions for oblique regression, where k = 6 for C models,
read:

&062

_ : 210
Y16 dY[4(dY)202 + (ayax — 02)2]1/2 ( )
acay

_ : 211
726 = Td(ay)2e + (ayax — 2272 (211)

which, for the above mentioned special cases, reduce to:
Y11 = CEELHOO M6 =1 ; (212)
Vo1 = CEEFHOO Y26 =0 ; (213)
M2 = limye =0 (214)
Vo2 = l{{%%c} =1; (215)

according to their counterparts expressed in the parent paper [14] and, in
addition:

~ 2

. aoa
1 — u : 216
= I8 T A (ay)2a2 + (avax — a2)f 2 (216)
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aoly
a;, + (Gyax — af)?'/?

=1i = ; 217
where a,, = 1 is the (dimensional) unit slope, according to their counterparts
expressed in the parent paper [14] provided |ay| is replaced by ay therein.

The validity of Eqgs. (212)-(217) implies the validity of the following rela-
tions:

dim (650 = (3,)° (21
liy(,)° = (3,)° (219
liy(53,)° = (73,)? (220)

in the general case of non normal residuals.

The above results cannot be extended to R and B models i.e. £ = 5,3,
respectively, due to use of the d-method for determining variance estimators
[14], which implies limyg sy, (Gac)? # (6ay)?; u = a,b; U=R, B.

With regard to heteroscedastic data, the above results can be extended
starting from the expression of regression line slope and intercept estima-
tors, Egs. (69) and (70) for normal residuals, which yields counterparts of
Egs. (196)-(199) where n(w,),q/(wWz)o0 appears in place of S,, and @}, =
(Wy)11/(Wz)20 in place of ay = (wy)11/(w,)2. A similar procedure can be
used for non normal residuals, starting from Eqgs. (71) and (72).

E C11 erratum

Due to the occurrence of printing errors, Egs. (147) and (152) in an earlier
attempt [7] were lacking of a dimensionless factor and must be corrected as
follows:

() = — <""’7”>02{ 1 —sgn[(@m]i}; (147)

=2 (wy)a0 | (Mw,)? Aw,
~ N 2 % 1 B i ‘
(O-G«R) - n— 2 5120 ()\S)Z Sgn(Sll))\S 3 (152)

which are equivalent to their alternative expressions, Eqs. (149) and (154)
therein, respectively.
Sample FB09 listed in Table 2 therein has to be read as RB09.

IntellectualArchive Vol.1, No.3

124



F A linear relation between primary elements
from stellar nucleosynthesis

The composition of the interstellar medium, from which a star generation
was born, remains locked in stellar atmospheres. Attention shall be restricted
to primary elements i.e. those synthesized in stellar cores starting from hy-
drogen and helium regardless of the initial composition. Conversely, sec-
ondary elements can be synthesized only in presence of heavier (with respect
to hydrogen and helium) nuclides, which are called metals in astrophysics.

The ideal situation, where a linear relation holds between primary ele-
ments in stellar atmospheres, is defined by the following assumptions.

(i) The initial stellar mass function is universal, which implies the star dis-
tribution in mass (including binary and multiple systems), normalized
to unity, maintains unchanged regardless of the formation place and
the formation epoch.

(ii) Gas returned after star death is instantaneously and uniformly mixed
with the interstellar medium.

(iii) The yield of primary elements synthesized within a star depends only
on the mass regardless of the initial composition.

(iv) Supernovae may occur as either type II (m > 8mg) or type la (m <
8myg ).

Accordingly, the composition of the interstellar medium is due to the accre-
tion of newly synthesized material via supernovae. With regard to a suf-
ficiently short time step, At, let n; and ny;; be the number of type Ia and
type II supernovae, respectively; in addition, let dmwi and dmwy be the
mean mass in the primary element, W, newly synthesized and returned to
the interstellar medium via type Ia and type II supernovae, respectively.
Within a time range equal to the first ¢ steps, t,—ty = (At, the interstellar
medium has been enriched by a mass in the primary element, W, as:

=2

0
(nm)gdmw i + (n1)gdmw 1] =
Y
)

(221)

1)
7 ) kOMw 11 [1 + () mWI] ;

1 (nm)k Omw nn
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where dmw1 and dmw may be considered, to a good extent, as time inde-
pendent.
The further assumption of time independent number ratios:

((:III))I; N nn_III . (222)
makes Eq. (221) reduce to:
my = é(nll)kfsmWH [1 + 2 5mWI] (223)
k=1 NI OMw I

which implies an abundance ratio of two generic primary elements, A and B,
in stellar atmospheres i.e. interstellar medium, as:
€XP1p [A/H] - ¢_A _ ZA/(ZA)Q M (ZB)o

expy B/H] ~ 68 Zo/(Z)o  ms (Za)o
Ly Omar

_ OMAT nyoman (Z8)o . (224)
dmp 1+ﬂ5m31 (Za)o

ni dmun

where [A/H], [B/H], are logarithmic number abundances normalized to the
solar value; ¢, ¢, are mass abundances normalized to the solar value; Z,,
Zg, are mass abundances; values are related to the interstellar medium from
which the star considered was born, with the exception of (Z4)e, (Z8)e,
denoting solar abundances. For further details refer to the parent paper [5].

In terms of logarithmic number abundances, Eq. (224) may be cast under
the form:

[A/H] = [B/H] +b ; (225)
i ny 0max
dman nudman (Z8)o
©8 Imp 1 ng Ompr (Za)e | (226)
+ J——
ni Omga

which is a linear relation with unit slope. The general case:
[A/H] = a[B/H] + b ; (227)

could arise under different assumptions.
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Figure 1: Regression lines related to Y, X, and B models, for an assigned
sample. By definition, the B line bisects the angle, v, formed between Y and
X lines. The angle, ap, formed between B line and x axis, is the arithmetic
mean of the angles, ay and ax, formed between Y line and z axis and between
X line and z axis, respectively.
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Figure 2: Regression lines related to [O/H]-[Fe/H] empirical relations de-
duced from two samples with heteroscedastic data, RB09 and Sa09, and
three samples with homoscedastic data (using the computer code for het-
eroscedastic data), Fa09, cases LTE, SHO, and SH1, indicated on each panel
together with related population and model captions. The regression lines
related to six different methods are shown for each sample on the top right
panel. For further details refer to the text.
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Figure 3: Regression lines related to [O/H]-[Fe/H] empirical relations de-
duced from two samples with heteroscedastic data (with instrumental scat-
ters taken equal to related typical values), RB09 and Sa09, and three samples
with homoscedastic data, Fa09, cases LTE, SHO, and SH1, indicated on each
panel together with related population and model captions. The regression
lines related to five different methods are shown for each sample on the top
right panel. For further details refer to the text.
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Abstract

Numerical global optimization methods are often very time consuming and could
not be applied for high-dimensional nonconvex/nonsmooth optimization
problems. Due to the nonconvexity/nonsmoothness, directly solving the primal
problems sometimes is very difficult. This paper presents a very simple but very
effective canonical duality theory (CDT) unified global optimization algorithm.
This algorithm has convergence is proved in this paper. More important, for this
CDT-unified algorithm, numerous numerical computational results show that it is
very powerful not only for solving low-dimensional but also for solving high-
dimensional nonconvex/nonsmooth optimization problems, and the global
optimal solutions can be easily and elegantly got with zero dual gap.

1 Introduction

In recent years large-scale global optimization (GO) problems have drawn considerable
attention. These problems have many applications, in particular in data mining, com-
putational biology/chemistry. Numerical methods for GO are often very time consum-ing
and could not be applied for high-dimensional nonconvex/nonsmooth optimization
problems. Due to the nonconvexity/nonsmoothness, directly solving the primal prob-lems
sometimes is very difficult; however, in this paper, their prime-dual Gao-Strang
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complementary problems enable us to elegantly and easily not only get the global op-
timal solutions of primal problems but also of canonical dual problems. The canonical
duality theory (CDT) was originally developed for nonconvex/nonsmooth mechanics
[7]. It is now realized that this potentially powerful theory can be used for solving a
large class of nonconvex/nonsmooth GO problems [3], O, 10 12 13| [14] 15] with ap-
plications to data mining clustering, sensor network problems, and molecular distance
geometry problem [20], etc.. In this paper, a CDT-unified GO algorithm is presented.
According to the CDT, the proof of the convergent theorem for the algorithm is very
easy and clear. High-dimensional nonconvex/nonsmooth GO examples (such as the
minimization problem of Rosenbrock function) are tested by the new algorithm and
numerical results pleasantly show that the new algorithm has a great promise for solv-
ing some GO problems.

2 The Algorithm and its Convergence

The algorithm is established from CDT [7]. In this paper we will solve the following
nonconvex GO problem [I8| [16]:

(P)  min{P(z) = V(A(z)) - F(z)|lz € Xa}, (1)

where X, C R™ is a feasible space, V(A(x)) is not necessarily convex with respect to x
and it is a so-called canonical function satisfying

Vi) = sta{(§0) = V(OIE €V} V" =R, (2)
¢ =VV(§) &£ VV(s) & V() + V() = (&), (3)

A is a geometrically admissible (objective) mapping from the feasible space X, into a
canonical measure space V, F(z) = (z, f) — 3(z, Az), (x,x) denotes a bilinear form
in R” x R, f € R", A = AT € R™™ are given, and (*;*) represents a bilinear form
which puts V and V* in duality. By (2])-(3]), the nonconvex function P(z) in (I]) can be
rewritten as

E(r,¢) = (A(x);6) = V() — F(a). (4)

In real applications, the objective operator A is usually a quadratic measure over a given
a field 7, [18] and in finite space this quadratic measure can be written as [8, 18] [16]:

1

Ax) = {ngBk:E—I—b;fx+ck =& k= 1,2,...,m} =¢:R" - R™, (5)
where B, € R™*" is a symmetrical matrix, b, € R, ¢, € R! for each k = 1,2,...,m.

Denote
G()=A+) B R™ — R™™, (6)

k=1
d(§)=f—> bp :R™ = R", (7)
k=1
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and define

Se ={c e R™|d(s) € Col(G(s))}, (8)
Sa = {s € 84|G(s) = 0}, 9)
where Col(G(s)) is the space spanned by the column of G(s), and G(<) = 0 stands for

G(s) is a semi-positive definite matrix (if detG(s) = 0, G(s)~! should be understood as
the generalized inverse [8] [18, [16]).

The following algorithm is designed:

Algorithm 1 - A canonical dual theory algorithm.

Step 1. Call the subroutine Algorithm 2, or simply the Matlab’s fsolve program if dimension
of problems are less than a few thousands, to solve differential equations =(z, )" = 0.

Step 2. Output the roots ¢, Z.
Step 3. Check whether ¢ € S, are in Sj; if so, then

Step 4. Pick up the Zs that are satisfying G(¢)z = d(S).

Theorem 1 (Convergence of the Algorithm) T generated by Algorithm 1 is the global
optimal solution of (P).

Proof. By Theorem 3 of [I8] and its reference [6] we know that & generated by Algo-
rithm 1 is a global optimal solution of (P). B

The powerful of this simple algorithm can be easily demonstrated by easily and
effectively solving the following benchmark test problems of GO, even calculated by
hands on paper.

Example 1. (Two-dimensional Rosenbrock function) P(z) = (x1 — 1)? 4 100(xo —
2)2
x7)°.
Solution. Z(z,¢) = (z1 — 1) + (23 — 22)c — 5552 and S = {c € R'|¢ > —1} are got.

Let E(z,s) = 0 a critical point (Z1,Z2,<) = (1,1,0) is got. We easily know ¢ =0 € S

and satisfying G()z — (3 g) <1> _ <2> — f = d(¢). Thus, (#1,72) = (1,1) is a

global minimum of Rosenbrock function.

Example 2. (Two-dimensional De Jong function) P(z) = 100(z2 — 2%)? + (21 —
1)2 4 (z2 — 1)2
Solution. Z(z,) = (z1—1)2+ (22— 1)+ (23 —22)s — 55¢> and S = {¢ € Rl[¢ > —1}
are got. Let Z(z,¢)’ = 0 a critical point (71, Z2,3) = (1,1,0) is got. We easily know
¢ =0 € S and satisfying G(¢)z = f = d(S). Thus, (Z1,Z2) = (1,1) is a global minimal
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solution.

Example 3. (Colville function) P(z) = 100(z2 — 2%)? +90(23 — 24)% + (21 — 1)2 +
(v3 —1)2 +10.1((z2 — )% + (24 — 1)?) + 19.8(x3 — 1)(z4 — 1).
Solution. Let Z(z, <)’ = 0 and a unique critical point (Z1, T2, T3, T4,51,%) = (1,1,1,1,
is got such that (S1,%) € S and G(S)z = f = d(S). Thus, (Z1, %9, T3, 74) = (1,1,1,1
is a global minimal solution.

Example 4. (Two-dimensional Zakharov function) P(z) = 2?2 + 23 + (0.5z1 +
1‘2)2 + (0.5w1 + w2)4.
Solution. Let Z(z,¢)’ = 0 and a unique critical point (Z1,Z2,<) = (0,0,0) is got such

that ¢ € S, satisfying the formula G(<)z = (5{2 i) (8) = (8) = f =d(3). Thus,

(0,0) is the global optimal solution.

Example 5. (Four-dimensional Powell function) P(x) = (21 — 1022)? + 5(x3 —
24)? + (22 — 23)* +10(z1 — 24)*".

Solution. Let Z(z,<)" = 0 and a unique critical point (Z1, T2, T3, Z4,%1,52) = (0,0,0,0,0,0)

is got such that (¢1,$) € S and G(S)Z = f = d(<). Thus, (Z1, T2, Z3,74) = (0,0,0,0)
is a global minimal solution.

Example 6. (Double Well function) P(z) = 1(322 — 2) — 3a.
Solution. Z(z,¢) = (327 — 2)c — 3¢ — 3z and S; = {¢ € RY|c > 0} are got. Let
Z(z,5)" = 0 and three critical points of Z(z,): (z',¢') = (2.11491,0.236417), (2,¢?) =
(—1.86081, —0.268701), (2%, 3) = (—0.254102, —1.96772) are got, and a unique point ¢
in S} is got. Thus, 2! = 2.11491 is the global minimal solution of the Double Well

function. This can also be illuminated in Figure [1l

) ’ ) l v 3
-1t

Figure 1: The prime double-well function.

The canonical dual problem of Double Well function is:

1 1,
L 10
s 20 T (10)
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which is equal to

11,
in — 4+ — 2 11
min o=+ 5o+ 2% (11)
that can be transferred into (but not equal to (because of the constant of ¢y)) (this idea
is communicated from Wu C.Z.)

mint subject to< (12)

(29

S 0.5/v2 <0
05/vV2 t—3dsc—2¢ )~

and solved by Semi-Definite Programming (SDP) package SeDuMi 1.3 [24] (this idea
is communicated from Wu C.Z. In this whole paper, this is the single idea of other re-
searchers). However, after 6 circles in all 33 iterations SeDuMi 1_3 died at the solution
0.2585, which is still very far from the real global optimal solution 0.236417 of the dual
problem (10). This means the popular SDP package SeDuMi 1.3 has a poor perfor-
mance for Double Well function minimization problem, compared with our Algorithm
1. But other strategies to solve the following dual problem of () are sought:

1 /1
. d _ T -1 - —12 .
G?SQOP (6) = Fd(€)"G(9) d(<)+k§:1<2% Sk Ck§k>7 (13)

for example, one strategy is to replace (I3)) by the following quadratic semidefinite
programming problem (QSDP)

1 G(s)  Tsd(s
min  t+ —a T+ +¢Te subject tol| ( )T V2 ©) =0, (14)

where «,c,¢ are vectors, and some known QSDP packages can solve (I4]) for low-
dimensional problems and for high-dimensional problems we can design QSDP algo-
rithms by ourselves. This is one direction of algorithm design for CDT. Another direc-
tion is to efficiently and effectively get the roots of Z(x,<)" = 0 for Algorithm 1, i.e. to
solve the m + n quadratic equations (5] given as follows.

For high-dimensional nonconvex GO problems, the finite element method (FEM)-
based [25] subroutine of Algorithm 1 is well designed as follows. Step 1 of Algorithm 1
is to find the roots of Z(x,¢)" =0, i.e. the following m + n quadratic equations:

%:ETka + bz + e = a,;lgk, k=1,2,...,m (by E(z,¢). =0), (15)
Gz =d(<), e (A+2 4L aBu)r=f -0 abr (by E(z,¢); =0),
where ay, k = 1,2,...,m are the coefficients in V(A(z)) = 7", sax(327 Bra + bl z +

cx)?.

Algorithm 2 - A subroutine finding roots of (13). E.g. the finite element discretized
E(x,s) method if the dimension of the problem is large than a few thousands.
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Firstly the minimization problem for Rosenbrock function for (If) is tested. In global
optimization, the nonconvex minimization problem of Rosenbrock function is a bench-
mark test problem that is extensively used to test the performance of optimization
algorithms and approaches. The global minimum is inside a long, deep, narrow,
parabolic/banana shaped flat valley. The shallow global minimum is inside a deeply
curved valley. To find the valley and to converge to the global minimum is difficult.
Detailed introduction to the difficulty of the problem and the excellence as the testing
problem of GO can be referred to [19].

Minimizing the Rosenbrock function:

n—1
min P(z) = Y [100(af — z541)> + (2 — 1)°] s 2 € R” (16)
k=1
n—1 1 n—1 n—1
= n—1+ 56%(&3% — a:k+1)2 + sz — Z 2x (17)
k=1 k=1 k=1
w1 /1 2
= n—1+ e <§ZETBkl’ + bf:n + ck> + §$TA3: —zTf, (18)
k=1
0 0
0 )
where ap = 200, B = 2 ,be=10 e =0k =
0 -1
0
0 0
nxn nx1
2 2
1,....n—1, A = . f=1. ,m =n—1, and
2 2
nxn nx1

St={¢>-1,k=1,2,...,n—1}. For Rosenbrock function, (I5)) is written as:

(27 — 2341 = 0.005¢,, k = 1,2,...,n — 1,

2(1 + Spu1)Thr1 =2+ sk, k= 1,2,...,n — 3,

Sn—1 =0, (19)
(14¢)x =1,

20,1 =24 ¢u_9,
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(19) is solved by Matlab’s fsolve on the Intel(R) Celeron(R) CPU 900@2.20GHz Win-
dows Vista™ Home Basic personal notebook computer. The initial solution for (;¢)
is set as (3,...,3;2,...,2) and the numerical computational results are shown in Table
[l We may see in Table 1 that the global minimal solution (1,...,1) for () can be
easily and accurately got by Algorithm 1, at the same time the global maximal solution
(0,...,0) for the (I3]) over S can be easily and accurately got by Algorithm 1 directly
too. The smart Matlab’s fsolve does not output any other solution in S/S;.

Table 1: Results of numerical computations

Dimension n | Iterations | Calls of Equations (I9) | prime and dual opt sln | CPU time
3 6 42 (1,...,1) | (0,...,0) 0.0468
4 6 56 (1,...,1) | (0,...,0) 0.0468
5 6 70 (1,...,1) | (0,...,0) 0.0624
6 7 96 (1,...,1) | (0,...,0) 0.0780
7 7 112 (1,...,1) | (0,...,0) 0.1248
8 7 128 (1,...,1) | (0,...,0) 0.1248
9 7 144 (1,...,1) | (0,...,0) 0.0936
10 7 160 (1,...,1) | (0,...,0) 0.1404
20 7 320 (1,...,1) | (0,...,0) 0.2808
30 8 540 (1,...,1) | (0,...,0) 0.4368
40 8 720 (1,...,1) | (0,...,0) 0.6084
50 8 900 (1,...,1) | (0,...,0) 0.8736
60 8 1,080 (1,...,1) | (0,...,0) 1.0920
70 8 1,260 (1,...,1) | (0,...,0) 1.2948
80 8 1,440 (1,...,1) | (0,...,0) 1.6536
90 8 1,620 (1,...,1) | (0,...,0) 1.9344
100 8 1,800 (1,...,1) | (0,...,0) 2.2464
200 9 4,000 (1,...,1) | (0,...,0) 7.7844
300 9 6,000 (1,...,1) | (0,...,0) 15.8497
400 9 8,000 (1,...,1) | (0,...,0) 27.4250
500 9 10,000 (1,...,1) | (0,...,0) 42.4947
600 9 12,000 (1,...,1) | (0,...,0) 61.2616
700 9 14,000 (1,...,1) | (0,...,0) 88.2342
800 9 16,000 (1,...,1) | (0,...,0) 118.3736
900 10 19,800 (1,...,1) | (0,...,0) 170.8367

1,000 10 22,000 (1,...,1) | (0,...,0) 221.8334
2,000 10 44,000 (1,...,1) | (0,...,0) 1491.9

Chemical database clustering problem. Algorithm 1 is applied to solve the
real chemical database clustering problem (34)-(35) of [27], i.e.

n—1 n
. 1 2
min P(Y1, Yo, Ya) = 3 D7 gayy ([IYi = Yjl* — ) (20)
i=1 j=it1
= > 503 (Wi =) + (w2 = yj2)* = d)”, (21)
i.j=1i<j
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where aj; = oo if df; > 10712, oy = § if d; < 10712, for all i,j = 1,2,...,n (dj
©j

is calculated from the original n by 9 dataset [27]) and Y; € R%,i = 1,2,...,n. The
Gao-Strang generalized complementary function for (2I)) is:

n

— 1
IR W (SR et) (22)
i,0=1,2<g K

= Z (((yu —yi)? + (yi2 — y2)° — diy) sij — %C%) . (23)

i,j=1,i<j u

Choose the SVD-reduced initial solution YZ-O,Z' =1,2,...,n [27, 29] and calculate cioj =
aij([[Y? = YP||? = d3;) as the initial solution for ¢f; in solving the following quadratic
nonlinear equations of Z(Y,¢)'=0:

2 —yj1)si; =0,i=1,2,...,n—1,5=i+1,...,n,

=2y —yj)si; =0,i=1,2,....n—=1,j=i+1,...,n,

2yia —yjo)si; = 0,i=1,2,...,n—1,j=i+1,...,n, (24)
—2(yi2 —yj2)si; =0,i=1,2,....n—1,j=i+1,...,n,

(yir —yj1)? + (e —yj2)* — df; — 5-6; = 0,i=12,....n—Lj=i+1....n

The global optimal prime or dual solution is got and the comparison of Algorithm 1 with
the SD (steepest descent) method, CG (conjugate gradient) method, BFGS (approxi-
mated Newton) method, NR (Newton-Raphson) method, and TN (truncated Newton)
method T-THN (truncated incomplete Hessian Newton) method, etc can be made. The
equations (24]) are illuminated to make readers to easily understand the equations.
When n = 2, i.e. i = 1,5 = 2 there are the following 5 quadratic equations with 5 vari-

ables (with initial value (y9;, 9%, 491, 49; %) = (331.5590, —188.4908, 364.6889, —158.1010; 0)):

(2(y11 — yo1)s12 = 0,
—2(y11 — y21)s12 = 0,
2(y12 — y22)s12 = 0, (25)
—2(y12 — y22)512 = 0,
(y11 — y21)2 + (g1 — yo)? — 15701874.4205486¢12 — 2801.95239257813 = 0,

In ([24), different database of [29] has different n. Numerical computational results of
solving (24)) will be updated.

For CDT, there are two research directions for its algorithm design. One is to
design the CDT algorithm to solve (I3)); for example, one strategy is to design the
quadratic semidefinite programming (QSDP) algorithm to solve (I4]). Another research
direction is to design the CDT algorithm to solve the special m + n quadratic (non-
linear) equations, with m+n variables, (I3]); for example, Newton-type iteration algo-
rithms, gradient-type iteration algorithms, trust-region-type iteration algorithms, non-
linear finite-element-type algorithms, Hamiltonian system symplectic-type algorithms,
etc are good strategy to solve (IT]). Researchers may design a powerful CDT algorithm
along these two directions to solve (I3)) and (I3]) respectively.
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3 Advantages of Solving the Dual Problem Than Solving
the Prime Problem

In this section, we still use the benchmark GO test problem, minimizing the Rosen-
brock function, to illuminate some advantages of solving the canonical dual problem
([@3)) compared with directly solving the prime problem (). By the CDT [7, [16], the
canonical dual problem of (L6 is:

n—1
1 +2)2 1
Pl =15 |Gt F27 Lo 2
max P(<) =n ;[ Mo+ 1) 200k (26)

where ¢y = 0. (26]) is solved by the Discrete Gradient (DG) method [I], a local search
optimization solver for nonconvex and/or nonsmooth optimization problems, and the
numerical computational results are listed in Tables 23] (where seedl is the initial
solution (z%;¢%) = (3,3,...,3;-2/3,-2/3,...,-2/3,0) and seed? is the initial solution
(2% ¢%) = (100, 100, ..., 100; 100, 100, . .. , 100, 0)).

In Tables PH3] we may see that the dual problem (26]) can be elegantly, easily, quickly
and accurately solved to get its objective function value 0.00000000, compared with the
prime problem (I6]). We may also see that (20) is convenient for MPI (Message Passing
Interface) parallel computation. The successfully tested MPI code is followed:

broadcast n — 1

call MPI_LBCAST (n — 1,1,MPILINTEGER, 0, MPI_.COMM_WORLD , ierr)
check for quit signal

if (n—1.le. 0) goto 30
calculate every partials

sum = 0.0d0
do 20 i = myid+1, n — 1, numprocs

if (i —1 .eq. 0) then ¢(0)=0

sum = sum +(s(i — 1) +2.0) /(4 * (s(2) + 1.0)) + (1.0/400.0) * ¢(7) * *2
20 continue

f = sum
collect all the partial sums

call MPI_REDUCE (f,objf,1, MPI_LDOUBLE_PRECISION, MPI_SUM, 0,
& MPI_.COMM_WORLD, ierr)

30 node 0 (i.e. myid = 0) prints the sums = objf
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Table 2: Results of numerical experiments for seed1

Dimension n Iterations Function calls Objective function value
Prime | Dual Prime Dual Prime Dual
2 120 24 2843 28 0.00001073 | 0.00000000
3 422 26 8996 137 0.00401438 | 0.00000000
4 3737 35 48352 202 0.00615273 | 0.00000000
5* 335 34 10179 399 3.96077434 | 0.00000000
6* 2375 44 43770 868 4.00635895 | 0.00000000
* 1223 53 28009 1625 4.09419146 | 0.00000000
8 2160 55 46792 2100 0.01246714 | 0.00000000
9 2692 51 61017 2526 0.01397307 | 0.00000000
10 4444 63 91470 3979 0.01055630 | 0.00000000
20 3042 55 140924 10084 | 0.00940077 | 0.00000000
30 2321 58 133980 20515 | 0.01075478 | 0.00000000
40 1659 60 173795 26818 | 0.01227866 | 0.00000000
50 2032 57 219233 36459 | 0.01264147 | 0.00000000
60 1966 61 260701 50495 | 0.01048188 | 0.00000000
70 1876 56 272919 52545 | 0.01531147 | 0.00000000
80 1405 61 195156 59684 | 0.01594730 | 0.00000000
90 2142 61 371963 71320 | 0.01055831 | 0.00000000
100 2676 60 510722 70208 | 0.01125514 | 0.00000000
200 1395 61 653604 188589 | 0.01115318 | 0.00000000
300 1368 60 882760 235163 | 0.01574873 | 0.00000000
400 2085 66 1869675 | 301805 | 0.00928066 | 0.00000000
500 1155 59 1394240 | 358938 | 0.01168440 | 0.00000000
600 1226 63 1808285 | 451817 | 0.00918730 | 0.00000000
700 1557 60 2134359 | 559378 | 0.01257100 | 0.00000000
800 1398 61 2098062 | 522726 | 0.01442714 | 0.00000000
900 716 65 1904187 | 763449 | 0.01074534 | 0.00000000
1000 1825 61 3598608 | 681509 | 0.00897202 | 0.00000000
2000 257 62 2087277 | 1455472 | 0.00937219 | 0.00000000
3000 3221 60 | 20642543 | 2714296 | 0.01250373 | 0.00000000
4000%* 679 60 7581502 | 3659292 | 4.11193171 | 0.00000000

This shows the advantages of solving the dual problem (I3 than solving the prime
problem (IJ). We may use maximizing the canonical dual function of Colville function
(see Example 3) to illuminate this point again.

It is known that directly solving the minimizing of Colville function is difficult. But,
it is very easy to solving the following canonical dual problem:

1 1
Pd — 42 — —_ 2 - 2
max P7(c) 100°! T 360°2
2 T /ot9q 0 0 0 \" 9
RYEIERS 0 22 0 198 40 + ¢
9 2 0 0 2425 0 2 ’
40 + 6 0 198 0 202 40 + 6
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Table 3: Results of numerical experiments for seed2

Dimension n Iterations Function calls Objective function value
Prime | Dual | Prime Dual Prime Dual
2 10013 24 227521 28 47.23824896 | 0.00000000
3 144 32 4869 235 96.49814330 | 0.00000000
4 144 81 5279 938 82.46230602 | 0.00000000
5 148 137 5682 1768 94.19254867 | 0.00000000
6 154 166* 6238 2590 88.84382963 | 0.00000000
7 159 179* 7097 3288 237.63078399 | 0.00000000
8 165 202%* 7502 4300 238.41126013 | 0.00000000
9 153 206* 7137 5083 84.54205412 | 0.00000000
10 162 216%* 7491 5920 83.23094398 | 0.00000000
20 225 285%* 19111 17458 83.94779152 | 0.00000000
30 216 301%* 20939 28543*% | 156.95838274 | 0.00000000
40 163 291%* 19775 40444* 83.30960344 | 0.00000000
50 158 298% | 33269 51888* 85.93091895 | 0.00000000
60 158 312*% | 34094 61767* 89.07412094 | 0.00000000
70 162 284*% | 35436 69865* 92.45725362 | 0.00000000
80 209 297* | 35607 89127* | 157.69955825 | 0.00000000
90 227 294*% | 60398 08748* 82.44035053 | 0.00000000
100 202 290%* 57792 102796* | 81.94595276 | 0.00000000
200 1826 262 | 436413 189293 83.77165551 | 0.00000000
300 195 259*% | 169238 | 261320* | 152.95671738 | 0.00000000
400 195 278% | 212104 | 375816* | 82.49253919 | 0.00000000
500 190 297* | 331637 | 522695* | 82.40170647 | 0.00000000
600 292 303* | 431092 | 559068* | 150.15456693 | 0.00000000
700 189 275% | 383735 | 758631* | 89.14575473 | 0.00000000
800 198 270% | 429674 | 701053* | 84.50538257 | 0.00000000
900 198 280*% | 416150 | 867398* | 85.32757049 | 0.00000000
1000 193 283* | 445326 | 930761* | 89.48369379 | 0.00000000
2000 232 310* | 1123240 | 2030104* | 84.26810981 | 0.00000000

which is a simple problem of maximizing a concave function over a convex set: by
watching Figure 2, ¢ = (0,0) is easily known as the global optimal solution.

Thus, the following optimization algorithm designed to solve the canonical dual
problem (I4]) is very necessary.

Algorithm 3 - An optimization algorithm to solve the Quadratic Semidefinite Pro-
gramming (17).

In Example 6, (I is equal to

mn (Y90 (D) (D) ()
s.t. (0‘5;\/5 0'54\5)&0,
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Figure 2: Canonical dual Colville function on S;” = {¢ > —1}

which can solved by Algorithm 3.
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Canonical Duality Theory for Solving Minimization
Problem of Rosenbrock Function

David Yang Gao - Jiapu Zhang

Graduate School of Information Technology and Mathematical Sciences,

University of Ballarat, Victoria, Australia

Abstract This paper presents a canonical duality theory for solving nonconvex mini-
mization problem of Rosenbrock function. Extensive numerical results show that this
benchmark test problem can be solved precisely and efficiently to obtain global optimal

solutions.

Keywords global optimization - canonical duality - NP-hard problems - triality

1 Introduction

Nonconvex minimization problem of Rosenbrock function, introduced in [15], is a
benchmark test problem in global optimization that has been used extensively to test
performance of optimization algorithms and numerical approaches. The global mini-
mizer of this function is located in a long, deep, narrow, parabolic/banana shaped flat

valley (Figure 1).

Rasenbrack

loglE)

Figure 1: 2-dimensional Rosenbrock function (www2.imm.dtu.dk/courses/02610/)
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Although to find this valley is trivial for most cases, to accurately locate the
global optimal solution is very difficult by almost all gradient-type methods and some
derivative-free methods. Due to the nonconvexity, it can be easily tested that if the
initial point is chosen to be (3,3,...,3), direct algorithms are always trapped into a
local minimizer for problems with dimensions n = 5 ~ 7 as well as n > 4000; if the
initial point is chosen at (100,100, ...,100), iterations will be stopped at a local min
with the objective function value > 47.23824896 even for a two-dimensional problem.
This paper will show that by the canonical duality theory, this well-known benchmark

problem can be solved efficiently in an elegant way.

The canonical duality theory was originally developed in nonconvex/nonsmooth
mechanics [9]. It is now realized that this potentially powerful theory can be used for
solving a large class of nonconvex/nonsmooth/discrete problems [10, 12]. In this short
research note, we will first show the nonconvex minimization problem of Rosenbrock
function can be reformulated as a canonical dual problem (with zero duality gap) and
the critical point of the Rosenbrock function can be analytically expressed in terms of
its canonical dual solutions. Both global and local extremal solutions can be identified
by the triality theorem. Extensive numerical examples and discussion are presented in

the last section.

2 Primal Problem and Its Canonical Dual

The primal problem is

n—1

(P): min {P(X) = Z {(:cZ —1)%+ %a(miﬂ — xfﬂ] | x € X} , (1)

=1

where x = {z;} € X = R" is a real unknown vector, &« = 2N and N is a given real
number. Clearly, this is a nonconvex minimization problem which could have multiple

local minimizers.

In order to use the canonical duality theory for solving this nonconvex problem, we

need to define a geometrically admissible canonical measure

E={&}={2] —x1} €& CR"L (2)
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The canonical function V' : £, — R can be defined by

V(e =Y jo8 ®)

which is a convex function. The canonical dual variable ¢ = £* can be defined uniquely
by

s ={g} =VV(€) ={ag;}. (4)
Therefore, by the Legendre transformation, the conjugate function V* : S = R*! -+ R
is obtained as

V%c):squTc—xqg)|§ee;}::§j%a—%j (5)

Replacing >0 La(z,11 — 22)? by the Legendre equality V(A(x)) = A(x)Ts — V*(s),

the total complementary function = : X x § — R is given by

n—1

2009) = X [t~ 1 slo? i)~ 507 ©)

Let 6% and &” be shifting operators such that 6%; = ¢;,1 and 8°s; = ¢;_1. We define

8°¢; = 0. Then on the canonical dual feasible space
S,={seS| ¢g+1#0Vi=1,...,n—2, ¢,_1 =0}, (7)
the canonical dual can be obtained by

n—1 b 2
dic) — = 1 (0si +2) } -12
Pi(g) =sta{Z(x,6)|x € X} =n—1 ;:1 [4(9 .y + SRR (8)

Based on the complementary-dual principle proposed in the canonical duality theory

(see [?]), we have the following result.

Theorem 1 IfS is a critical point of P(s), then the vector X = {Z;} defined by

G +2 )

= ——, t=1,--- n—-1 z,=17,_ 9
2+ 1) 1 )

is a critical point of P(x) and

P(%) = £(x,8) = P43). (10)
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This theorem presents actually an “analytic” solution form to the Rosenbrock function,
i.e. the critical point of the Rosenbrock function must be in the form of (9) for each
dual solution ¢. The first version of this analytical solution form was presented in
nonconvex variational problems in phase transitions and finite deformation mechanics
[5, 6, 7]. The extremality of the analytical solution is governed by the so-called triality
theory. Let

St={ce8| ¢+1>0Vi=1,...,n—1}, (11)
we have the following theorem:

Theorem 2 Suppose that § is a critical point of PU(s) and the vector X = {Z;} is
defined by Theorem 1.
If S € S}, then § is a global mazimal solution to the canonical dual problem on S,

1.€.,
(PY): max{P(s)|¢e S, (12)
the vector X is a global minimal to the primal problem, and
P(x) = min P(x) = max P%(s) = P%(3). (13)
x€X gesd

Theorem 2 shows that the canonical dual problem (Pi) provides a global optimal solu-
tion to the nonconvex primal problem. Since (Pﬁf) is a concave maximization problem
over a convex space which can be solved easily. This theorem is actually a special
application of Gao and Strang’s general result on global minimizer in in nonconvex

analysis [13].
By introducing
SJIS/SJI{CERTL_H G+1<0 VZ:l,,n—l}, (14)

recently the triality theory (see [14]) leads to the following theorem.

Theorem 3 Suppose that S is a critical point of P4(s) and the vector X = {Z;} is
defined by Theorem 1.
Ifs €S, , then on a neighborhood X, x S, C X x S, of (X,S), we have either

P(x) = min P(x) = min Pi(s) = PU3), (15)
P(x) = max P(x) = max P*(s) = P*(), (16)
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The proof of this Theorem can be derived from the recent paper by Gao and Wu [14].
By the fact that the canonical dual function is a d.c. function (difference of convex
functions) on S, the double-min duality (15) can be used for finding the biggest local
minimizer of the Rosenbrock function P(x), while the double-max duality (16) can be
used for finding the biggest local maximizer of P(x). In physics and material sciences,

this pair of biggest local extremal points play important roles in phase transitions.

Because ¢,—1 = 0, we may know that &, is an empty set. Thus, by Theorem 3 in

this paper we cannot find a local maximizer or minimizer on S, or its subset for P%(g).

3 Numerical Examples and Discussion

(P) and (P2) will be solved by the discrete gradient (DG) method ([2]), which is a local
search optimization solver for nonconvex and/or nonsmooth optimization problems. In
two dimensional space, Rosenbrock function has a long ravine with very steep walls and
flat bottom; “because of the curved flat valley the optimization is zig-zagging slowly
with small stepsizes towards the minimum” (en.wikipedia.org/wiki/Gradient_descent).
This means any gradient method may fail to minimize the Rosenbrock function even
from 2 dimensions. The DG method is a derivative-free method which can be applied
for miminizing/maximizing Rosenbrock function and its dual. Numerical experiments
have been carried out in Intel(R) Celeron(R) CPU 900@2.20GHz Windows Vista™

Home Basic personal notebook computer.

We try N=100 (when N=10 we find the numerical results are similar to N = 100),
with the dimensions n=2~10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 600,
700, 800, 900, 1000, 2000, 3000, 4000. We first set (3,3,...,3) (called seedl) as the
initial solution for (P) (usually the feasible solution space is a box constrained between
-2.048 and 2.048 [1, 16, 17]). Numerical results (Table 1) show that to solve the primal
problem (P), the DG method can easily and quickly get approximate global minimum
solution to x = (1,1,...,1) with the approximate global optimal values at P(x) = 0,
except for n=5~7, 4000, where the DG method can only get a local minimum solution
x = (—1,1,...,1) with P(X) = 4. Then we let x, = (100, 100, ...,100) (called seed2)
be the initial solution for (P), searched in the intervals —500 < z; < 500,i = 1,2,...,n.
We find that the DG method was trapped into local optimal solutions but not getting

any global minimum at all, even from a 2 dimensional problem (see Table 2), its objec-
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tive function value is 47.23824896. However, from Table 2 we can see that by the same

DG method, the global maximum of the dual problem can be obtained very elegantly.

For (P?), the corresponding dimensions are 1~9, 19, 29, 39, 49, 59, 69, 79, 89, 99,
199, 299, 399, 499, 599, 699, 799, 899, 999, 1999, 2999, 3999. The initial solution is
set as ¢g = (—2/3,—-2/3,...,-2/3,0) (called seedl), the constraints ¢; + 1 > 0,7 =
1,2,...,n — 1 were penalized into the objective function; by Z(x,¢), = 0 of formula
(6), we can set the values of the last variable ¢,_; always being 0 (> —1). With these
numerical computation settings, the DG method can easily and quickly solve all these
test problems to accurately get a global maximizer ¢ = (0,0, ...,0) with the optimal
value P?(g) = 0 (Table 1). By the fact that the canonical dual problem (P{) is a
concave maximization over a convex open space, the DG method was not trapped into
any local optimal solution. But, for the nonconvex primal problem (P) in dimensions
n=>5~7 and 4000, the DG method was trapped into local minimizer x = (—1,1,...,1).
If we set the initial solution as ¢o = (100, 100, ...,100,0) (called seed2) and repeat the
calculations, our numerical results (Table 2) show again that the canonical dual prob-
lem can be easily and quickly solved by the DG method to accurately get the global
maximizer ¢ = (0,0, ...,0) with the optimal solution P4() = 0 for dimensions n = 1 ~
9,19, 29, 39,49, 59,69, 79, 89,99, 199, 299, 399, 499, 599, 699, 799, 899, 999, 1999.

The comparisons between (P) and (P?) in view of total number of iterations and
total number of objective function evaluations (i.e. function calls) are listed in Tables
1-2. Compared with (P%), the approximate global and local optimal solutions and their
optimal objective function values of (P) are not accurate, and even cannot be obtained
if the initial iteration is set to be xo = (100,100, ...,100). In Table 1, we can see that
the total number of iterations and function calls for (P) are always greater than those
for (P4). This means that (P%) costs less computer calculations than (P), though (P4)
still can get accurate global optimal solutions and the global optimal objective function
value. The initial solutions xo = (100, 100, ...,100) and o = (100, 100, ...,100,0) re-
spectively for (P) and (P%) are not practical for real numerical tests so that the total
number of iterations and function calls of (P) are sometimes less than those of (P%).
Regarding the CPU times for solving (P¢) with n = 4000, the largest CPU time for
seedl is 206.3581 seconds (i.e. 3.4393 minutes).

Example 1. Let n = 4 (four dimensions). The global minimizer is known to be
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Table 1: Results of numerical experiments for (P) and (P%): N = 100, seed1

Dimension n | Iterations Function calls Objective function value
(P) | (PD) (P) (Pf) (P) (Pf)
120 24 2843 28 0.00001073 | 0.00000000
422 26 8996 137 0.00401438 | 0.00000000
3737 | 35 48352 202 0.00615273 | 0.00000000
5* 335 34 10179 399 3.96077434 | 0.00000000
6* 2375 | 44 43770 868 4.00635895 | 0.00000000
* 1223 | 53 28009 1625 4.09419146 | 0.00000000
2160 | 55 46792 2100 0.01246714 | 0.00000000
2692 | 51 61017 2526 0.01397307 | 0.00000000
10 4444 | 63 91470 3979 0.01055630 | 0.00000000
20 3042 | 55 140924 10084 | 0.00940077 | 0.00000000
30 2321 | 58 133980 20515 | 0.01075478 | 0.00000000
40 1659 | 60 173795 26818 | 0.01227866 | 0.00000000
50 2032 | 57 219233 36459 | 0.01264147 | 0.00000000
60 1966 | 61 260701 50495 | 0.01048188 | 0.00000000
70 1876 | 56 272919 52545 | 0.01531147 | 0.00000000
80 1405 | 61 195156 59684 | 0.01594730 | 0.00000000
90 2142 | 61 371963 71320 | 0.01055831 | 0.00000000
100 2676 | 60 510722 70208 | 0.01125514 | 0.00000000
200 1395 | 61 653604 188589 | 0.01115318 | 0.00000000
300 1368 | 60 882760 235163 | 0.01574873 | 0.00000000
400 2085 | 66 1869675 | 301805 | 0.00928066 | 0.00000000
500 1155 | 59 1394240 | 358938 | 0.01168440 | 0.00000000
600 1226 | 63 1808285 | 451817 | 0.00918730 | 0.00000000
700 1557 | 60 2134359 | 559378 | 0.01257100 | 0.00000000
800 1398 | 61 2098062 | 522726 | 0.01442714 | 0.00000000
900 716 65 1904187 | 763449 | 0.01074534 | 0.00000000
1000 1825 | 61 3598608 | 681509 | 0.00897202 | 0.00000000
2000 257 62 2087277 | 1455472 | 0.00937219 | 0.00000000
3000 3221 | 60 | 20642543 | 2714296 | 0.01250373 | 0.00000000
4000* 679 60 7581502 | 3659292 | 4.11193171 | 0.00000000
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Table 2: Results of numerical experiments for (P) and (P%): N = 100, seed2

Dimension n Iterations Function calls Objective function value
P) | PH| (P (P9) (P) (P9)
2 10013 | 24 227521 28 47.23824896 | 0.00000000
3 144 32 4869 235 96.49814330 | 0.00000000
4 144 81 5279 938 82.46230602 | 0.00000000
5 148 137 5682 1768 94.19254867 | 0.00000000
6 154 | 166* 6238 2590 88.84382963 | 0.00000000
7 159 | 179* 7097 3288 237.63078399 | 0.00000000
8 165 | 202* 7502 4300 238.41126013 | 0.00000000
9 153 | 206* 7137 5083 84.54205412 | 0.00000000
10 162 | 216* 7491 5920 83.23094398 | 0.00000000
20 225 | 285*% | 19111 17458 83.94779152 | 0.00000000
30 216 | 301* | 20939 28543* | 156.95838274 | 0.00000000
40 163 | 291* | 19775 40444* 83.30960344 | 0.00000000
50 158 | 298* | 33269 51888* 85.93091895 | 0.00000000
60 158 | 312* | 34094 61767* 89.07412094 | 0.00000000
70 162 | 284* | 35436 69865* 92.45725362 | 0.00000000
80 209 | 297* | 35607 89127* | 157.69955825 | 0.00000000
90 227 | 294*% | 60398 98748* 82.44035053 | 0.00000000
100 202 | 290*% | 57792 102796* | 81.94595276 | 0.00000000
200 1826 | 262 | 436413 189293 83.77165551 | 0.00000000
300 195 | 259* | 169238 | 261320* | 152.95671738 | 0.00000000
400 195 | 278% | 212104 | 375816* | 82.49253919 | 0.00000000
500 190 | 297* | 331637 | 522695* | 82.40170647 | 0.00000000
600 292 | 303* | 431092 | 559068* | 150.15456693 | 0.00000000
700 189 | 275* | 383735 | 758631* | 89.14575473 | 0.00000000
800 198 | 270* | 429674 | 701053* | 84.50538257 | 0.00000000
900 198 | 280* | 416150 | 867398* | 85.32757049 | 0.00000000
1000 193 | 283* | 445326 | 930761* | 89.48369379 | 0.00000000
2000 232 | 310*% | 1123240 | 2030104* | 84.26810981 | 0.00000000

x=(1,1,1,1) and P(x) = 0.

Solution: By using the DG method for both primal problem (P) and its canonical
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dual (P?), we have the numerical solutions
x = (1.0166873133, 1.0337174892, 1.0687306765, 1.1425101552), P(x) = 0.00615273,
¢ = (0.0000000119, 0.0000000000, 0.0000000000), Pf(f) = 0.00000000.

This shows that the canonical dual problem provides more accurate solution.

Example 2. For dimension n = 5, the Rosenbrock function has exactly two
minima, one is the global optimal solution (1,1,1,1,1) with global optimal minimum
value 0, and another minimum is a local minimum near (—1, 1, 1, 1, 1) with local optimal
minimum value 4.

Solution: By the DG method, the primal solution is
x = (—0.9856129203, 0.9814803343, 0.9682775584, 0.9398661046, 0.8840549028)

with P(x) = 3.96077434. Clearly, this is a local minimizer. While the canonical dual

problem produces accurately a global optimal solution
¢ = (0.0000004388, 0.0000006036, 0.0000000000, 0.0000000000), Pff(i) =0.

Example 3. For n = 6 (six dimensions), the Rosenbrock function has exactly two

minima, i.e., the global optimal solution
x;=(1,1,1,1,1,1), P(x1) =0,
and local minimal solution
%o = (—1,1,1,1,1,1), P(%s) = 4.

Solution: To solve the primal problem directly, the DG method can only provide local

solution
x = (—0.9970726441, 1.0041582933, 1.0133158817, 1.0292928527, 1.0607123926, 1.1258344785)
with P(x) = 4.00635895. For the canonical dual problem, the DG method produces

¢ = (0.0000001747, —0.0000000559, 0.0000005919, 0.0000000000, 0.0000000000),

Pl(g) =o.
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Example 4. Similarly, if n = 7, the test problem has the same global optimal
solution
x; =(1,1,1,1,1,1,1), P(x;)=0

and the local minimal solution
Xy = (—1,1,1,1,1,1,1), P(xy) = 4.
Solution: By the DG method, we have

x = (—1.0003403494, 1.0106728675, 1.0264433859, 1.0561180077,
11168007274, 1.2483026410, 1.5594822181),
P(X) = 4.09419146,

¢ = (—0.0000001431, —0.0000011147, —0.0000010643, —0.0000003284,
0.0000000000, 0.0000000000),
Pl = o.

This shows again that the DG iterations for solving the primal problem is trapped to
a local min.

Example 5. Now we let n = 4000. The Rosenbrock function has many minima.
The global optimal solution is still x; = (1,...,1) with P(x) = 0. One of local minima
is nearby the point X9 = (—1,1,...,1) with P(Xy) = 4.

Solution: Again, by the DG method, the primal iteration is trapped at

x = (—0.9932861006, 0.9966510741, . .., 1.3122885708, 1.7233744896), P(x) = 4.11193171.

The conical dual solution is

¢ = (—0.0000000314,—0.0000000040, —0.0000000437, .. .,
—0.0000000281, 0.0000000008, —0.0000000214, 0.0000000000, 0.0000000000),

which produce precisely the optimal value Pff (¢) = 0. Indeed, as long as n > 5, the
DG method is always trapped into the local minimizer x = (—1,1,..., 1) if the initial
solution is set to be xy = (—1.0005, 1.0005, ..., 1.0005).
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It is worth to note that both P(x) and P%(s) are the sum of n — 1 items. This
is convenient for MPI (Message Passing Interface) parallel computations. We may
broadcast (MPI Beast) the sum to n — 1 processes, each process calculates one item,
and at last all the partials are reduced (MPI_Reduce) onto one process to get the sum.
Thus on Tambo machines of VLSCI (http://www.vlsci.unimelb.edu.au) we should be
able to successfully solve (1) and (12) with at least 3.2767 x 107 variables if setting
the maximal variables for the DG method to be 4000 (though the DG method and
its parallelization version ([3]) can solve optimization problems with more than 4000

variables). The successfully tested MPI code is followed:
broadcast n — 1
call MPI_LBCAST (n — 1,1,MPILINTEGER, 0, MPI.COMM_WORLD , ierr)
check for quit signal
if (n—1.le. 0) goto 30
calculate every partials
sum = 0.0d0
do 20 i = myid+1, n — 1, numprocs
sum = sum +(z(z) — 1.0) * %2 4 100.0 % (x(7) * *2 — 2(i + 1)) * %2
20 continue (for P(x))
do 20 i = myid+1, n — 1, numprocs
if (i —1 .eq. 0) then ¢(0)=0
sum = sum +(s(i — 1) +2.0)/(4 % (s(¢) + 1.0)) + (1.0/400.0) * ¢ (7) * *2
20 continue (for P4(c))

f = sum
collect all the partial sums

call MPI_REDUCE (f,objf,1, MPI_.DOUBLE_PRECISION, MPI_SUM, 0,
& MPI_COMM_WORLD, ierr )

30 node 0 (i.e. myid = 0) prints the sums = objf
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4 Conclusion

This research note demonstrates a powerful application of the canonical duality theory
for solving the nonconvex minimization problem of Rosenbrock function. Extensive
numerical computations show that by using the same DG method, the canonical dual

problem can be easily solved to produce global solutions.
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Five-Dimensional Tangent Vectors in Space-Time
I1. Differential-Geometric Approach
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Abstract

In this part of the series five-dimensional tangent vectors are introduced first as equivalence
classes of parametrized curves and then as differential-algebraic operators that act on scalar
functions. I then examine their basic algebraic properties and their parallel transport in
the particular case where space-time possesses a special local symmetry. After that I give
definition to five-dimensional tangent vectors associated with dimensional curve parameters
and show that they can be identified with the five-vectors introduced formally in part I. In
conclusion I speak about differential forms associated with five-vectors.

1. Five-vectors as equivalence classes
of parametrized curves

A. Definition

Consider a set R of all smooth parametrized curves
going through a fixed space-time point Q. I will lable
these curves with calligraphic capital Roman letters:
A, B, C, etc. The parameter of curve A will be de-
noted as A 4.

If f is a real scalar function defined in the vicinity
of @, one can evaluate its derivative at @) along a
given curve A:

df (P(Aa))
dAa Ba=aa@
and I will denote this derivative as 04 f|qg.

Let us focus our attention on the behaviour of
curves in the infinitesimal vicinity of ). From that
point of view, } can be divided into classes of equiv-
alent curves that coincide in direction or in direction
and parametrization. One can consider three degrees
to which two given curves, A and B, may coincide:

1. The two curves come out of ) in the same direc-
tion. A more precise formulation is the following;:
there exists a real positive number a such that
for any scalar function f

Oaflg =a-98flq. (1)

2. The two curves come out of () in the same di-
rection and in the vicinity of ) their parameters

*Former affiliation.

change with equal rates. More precisely: for any
scalar function f

oaflq = Osflq- (2)

3. The two curves come out of () in the same direc-
tion; their parameters change with equal rates in
the vicinity of @; and the values of these param-
eters at (Q are the same. This means that

Aa(Q) = As(Q) (3a)

and for any scalar function f

daflq = 08flq- (3b)

It is a simple matter to check that relations (1),
(2) and (3) are all equivalence relations on #, and
for each of them one can consider the corresponding
quotient set—the set whose elements are classes of
equivalent curves.

Relation (1) is of no interest to us and I will not
consider it any further.

The elements of the quotient set corresponding to
relation (2) will be denoted with capital boldface Ro-
man letters: A, B, C, etc. According to relation (2),
the derivative of any scalar function f at @ is the
same for all curves belonging to a given class A, so it
makes sense to introduce the notation 0a f|o.

In a natural way, one can define the addition of
two equivalence classes A and B: A + B is such an
equivalence class that for any scalar function f one
has

oa+Bflq =0aflq + B flqg-
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It is easy to prove that such a sum exists for any pair
of equivalence classes.

In a similar manner one can give definition to the
product of an equivalence class A and a real number
k: kA is such an equivalnce class that

Okaflog =Fk-0aflg

for any scalar function f. Again, one can verify that
kA exists for any A and any k.

With thus defined addition and multiplication by
a real number, the set of all equivalence classes cor-
responding to relation (2) becomes a vector space.
This space is four-dimensional, and I will denote it as
V4. As it will be discussed in section 2, the elements
of V; can be identified with four-dimensional tangent
vectors, so in the following I will refer to them as to
four-vectors.

Let us now turn to the quotient set associated with
relation (3). Its elements will be denoted with lower-
case boldface Roman letters: a, b, c, etc. As in the
case of four-vectors, one can introduce the notation
Oaf|q for the common value of the derivatives of any
scalar function f along all the curves belonging to
a given equivalence class a. Similarly, the common
value of the parameters of all these curves at @ will
be denoted as A, (Q).

One can now give the following definitions to the
sum of two equivalence classes a and b and to the
product of an equivalence class a and a real number
k: a+ b and ka are such equivalence classes that

Aa—&-b(Q) - )\a(Q) + )\b(Q)7
Ma(Q) = k- Xa(Q)

and for any scalar function f

Oat+bflo = O0aflg + Obflo,
6kaf|Q =k- 8af|Q'

One can easily check that such a sum and such a prod-
uct exist respectively for any two equivalence classes
and for any equivalence class and any real number.
These two operations turn the quotient set associated
with relation (3) into a vector space, whose dimen-
sion is evidently five. Let us denote this space as Vs
and call its elements five-dimensional tangent vectors
or simply five-vectors. In section 2 I will consider an-
other, equivalent representation for these vectors and
later on will show that they have all the formal prop-
erties of those five-vectors that have been introduced
in part L.

B. Structure of the five-vector space

As any other vector space, Vi is completely isotropic
with respect to its two composition laws and has no

distinguished direction nor any other distinguished
subspace of nonzero dimension. However, one can
distinguish two subspaces in V5 by associating them
with certain classes of parametrized curves.

Let us consider all those curves from R for which
O0flg = 0 for any scalar function f. It is evident that
all these curves belong to the same equivalence class
with respect to relation (2) and that this class is the
zero vector in V. With respect to relation (3), the
considered curves belong to equivalence classes that
make up a one-dimensional subspace in Vs, which I
will denote as £. One can say that £ is made up by
all those five-vectors that do not correspond to any
direction in the manifold.

Another distinguished subspace in V5 can be ob-
tained by considering all those curves from R for
which A(Q) = 0. The four-vectors corresponding to
these curves are all the vectors of V4. The correspond-
ing five-vectors make up a four-dimensional subspace
in V5, which I will denote as Z. It is easy to see
that £ and Z have only one common element—the
zero vector, and that Vj is the direct sum of £ and
Z. The components of an arbitrary five-vector u in
these two subspaces will be denoted as uf and u?,
respectively.

Other properties of £ and Z will be discussed be-
low.

C. Relation between four- and five-vectors

As it follows from the definition of four- and five-
vectors given above, there exists a set-theoretic rela-
tion between V4 and Vi: the former is the quotient
set corresponding to the following equivalence rela-
tion on Vs:

a=b < Oaf|g = Obflg for any scalar function f.

Denoting this relation as R, one has V; = V;5/R.
The fact that A is the equivalence class of a will
be denoted as a € A. From the definition of sym-
bols 0, and Ja it follows that a € A if and only if
Oa = Oa. It is a simple matter to see that R has
the following linearity properties: if a = b (modR)
and ¢ = d (modR), then a+ ¢ =b +d (modR) and
ka = kb (modR), where k is an arbitrary real num-
ber. Thus, as any other equivalence relation with
such properties, R can be presented in the following
form:

a=b(modR) < a—-belV,

where W is the subspace in V5 that contains all the
five-vectors equivalent to the zero vector. It is easy to
see that W coincides with the one-dimensional sub-
space £ introduced in the previous subsection, so R
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can be reformulated as:
a=b(modR) < a=b+e, whereee €.

The latter condition is equivalent to a and b having
equal components in the four-dimensional subspace
Z or, for that matter, in any subspace complemen-
tary to £. This means that there exists a one-to-one
correspondence between the five-vectors from Z and
four-vectors, and this correspondence is evidently a
homomorphism.

Let me say a few words about the selection of bases
in V4 and V5 and their transformation.

A typical five-vector basis will be denoted as ey,
where A (as all capital latin indices) runs 0, 1, 2, 3,
and 5. One can choose a basis in V5 arbitrarily, but
it is more convenient to select the fifth basis vector
belonging to £. Such bases will be called standard
and will be used in all calculations.

The basis in V4 can be chosen arbitrarily and in-
dependently of the basis in V5. It is more convenient
though to associate it with the five-vector basis. A
natural choice is to take E, to be the equivalence
classes of the basis five-vectors e, (the equivalence
class of e5 is the zero four-vector). I will refer to this
basis as to the one associated with the basis e4 in V5.

If e4 and €y are two standard bases in V5 and
e, = egLB, then L5 can be shown to satisfy the
condition

¢ =0 forall a.

The corresponding equivalence classes are related as
E,, =EgL”®,.

D. Reminder on the inner product of four-vectors

Four-vectors inherit their inner product from the Rie-
mannian metric of space-time. The latter is a rule
that assigns a certain number, called interval, to each
finite continuous line. This number is additive, and
for an infinitesimal line connecting two points with
coordinates x® and x® + dx® it equals

\/ Jap(z)dzdx? + terms of higher order in dz, (4)

where g.p is a real nondegenerate 4 X 4 matrix with
the signature (+,—, —, —).

Consider now a parametrized curve coming out of
a point . According to formula (4), the interval
assigned to the part of the curve between @ and a
nearby point corresponding to the parameter value

Q)+ d\ is

V9a5(Q) (92 /0N) (027 [0N)q - dA
+ terms of higher order in dA.

Since (0x“/0X)q is the same for all curves from a
given equivalence class associated with relation (2),
the expression under the radical sign is a function
of the four-vector corresponding to the curve rather
than of the curve itself. This enables one to assign
a number to each four-vector, which is interpreted as
its length squared. More precisely, the inner product
g is defined as a real bilinear symmetric function of
two four-vectors such that for any four-vector U

9(U,U) = gas(Q)(9uz)q(dua”)q.

The interval is a dimensional quantity. It is mea-
sured in centimeters or seconds or in any other units
of length or time. Accordingly, the quantity under the
radical sign in formula (4) is measured in em? or sec?
or in some other squared units. Throughout sections
1 and 2 of this paper I will consider only dimension-
less coordinates and curve parameters. Then, if the
interval is measured, say, in centimeters, the elements
of the matrix g,z will be measured in em?, g°# will
be measured in ¢m ™2, and the connection coefficients
for four- and five-vector fields will be dimensionless.

E. Symmetries

The set R of all parametrized curves going through
an arbitrary point ) has a certain symmetry with
respect to the behaviour of curves in the infinitesimal
vicinity of ). Namely, there exist certain maps of }
onto itself that have the following properties:

1. If Ars A, then Aa(Q) = A (Q).

2. f A— A and B+ B, and for any scalar func-
tion f one has daflg = k- Osf|g, where k is
some constant factor, then for any scalar func-
tion f one has aA’le =k- 3B«f\Q.

3.If A— A, B~ B, and C — (’, and for
any scalar function f one has 04 f|g + 9sflg =
Ocflg, then for any scalar function f one has

oa flg + 98 flg = dc flg-
4. If A— A, then

9ap(Q)(047%)q(daz?)q
= 9ap(Q)(Darr*)q(Oaz")q.

Property 2 at £ = 1 means that such transforma-
tions of R induce maps of V4 onto itself. Properties
2 and 3 mean that these transformations of V, are
linear, and property 4 means that they conserve the
inner product of two four-vectors.

Property 1 and property 2 at £k = 1 mean that
the considered transformations of & also induce maps

IntellectualArchive Vol.1, No.3

159



of V5 onto itself. Properties 1, 2, and 3 mean that
these maps are linear. Property 1 means that a vector
from Z is transformed into a vector from Z. And
properties 1 and 2 mean that vectors from £ are not
changed at all.

Let us now find the corresponding transformation
matrices for V4 and V.

Let E, be an arbitrary orthonormal basis in V; and
let us take that under the considered transformation
these basis vectors are transformed into E/, = EgA8,.
Since the transformation should conserve the inner
product, and the basis E,, is orthonormal, A?, should
be a matrix from O(3,1). As a basis in Vj let us take
a standard basis where e, € Z and e, € E,. Let us
suppose that e4 are transformed into €/, = e BLEA,
where L5 is some real nondegenerate 5 x 5 matrix.
Since vectors from £ do not change under the con-
sidered transformation, one should have L% = 1 and
L% = 0 for all a. Since vectors from Z are trans-
formed into vectors from Z, one should have L3, = 0
for all a. Finally, owing to the one-to-one correspon-
dence between Z and Vjy, one should have L% = A"é €
0(3,1).

F. Inner product of five-vectors

The method used in subsection D to define the inner
product g for four-vectors is also applicable in the
case of five-vectors. The resulting inner product on
V5, which for the time being I will denote as b/, is
a real bilinear symmetric function of two five-vectors
such that for any five-vector u

hl(“v u) = gaﬁ(Q)(auxa)Q(auxﬁ)Q

(Q is the space-time point where one considers the
tangent space of five-vectors). Since the value of the
derivative 9, is the same for all five-vectors corre-
sponding to the same four-vector, A’ will be a de-
generate inner product. It is not difficult to see that
the subspace of all degenerate five-vectors for h’ (of
all such five-vectors u that h'(u,v) = 0 for any v)
coincides with £ and that i’ is nondegenerate within
any subspace complementary to £. It is also apparent
that for any u and v one has

h'(u,v) = g(U,V), (5)

where u € U and v € V.

It is not difficult to construct from h’ a nondegener-
ate inner product on V5. For that one should consider
another natural measure that exists for five-vectors:
to each five-vector u one can put into correspondence
the value of the relevant curve parameter, \,. If one
then interprets this latter number as the length of

vector u, one will obtain another inner product—Iet
us denote it as h”—which will also be degenerate.
It is easy to see that h”(u,v) = Ay - Ay. Conse-
quently, the subspace of all degenerate vectors for A"
coincides with Z and h” is nondegenerate within any
(one-dimensional) subspace complementary to Z.

One should now notice that the subspaces of de-
generate vectors for b/ and h” are complementary to
each other, which means that the sum of A’ and h”
will be a nondegenerate inner product on V. The
only problem in constructing such a sum is that b’ is
a dimensional quantity and is measured in the same
units as g, whereas h', being the product of curve
parameters, does not have a dimension. We thus see
that to construct a nondegenerate inner product on
Vs from A’ and h”, one needs a dimensional constant,
&, which would play a role similar to that of the speed
of light: it would establish a relation between differ-
ent units used to measure the same quantity. The
resulting inner product measured in the same units
as g will be

h(u,v) =1 (a,v)+£-h'(u,v). (6)

The same result can be obtained from consider-
ations of another kind. For that one should adopt
the view-point that four-vectors and five-vectors are
subordinate objects, whose algebraic properties are
determined by the properties of the manifold with
which they are associated. In particular, this means
that the structure of V5 should have a symmetry no
less than the symmetry of . This, in its turn, means
that any inner product of five-vectors should be in-
variant under the transformations discussed in the
previous subsection.

Let us consider the same five-vector basis e4 that
has been used in subsection E. It is a simple mat-
ter to show that the matrix hap = h(ea,ep) of any
nondegenerate inner product h satisfying the above
symmetry requirement has to be of the form

]’Laﬁ =a-Tap, hocf) = h50¢ = 07 h55 = b7 (7)

where a and b are some nonzero constants. A direct
consequence of these formulae is that any five-vector
from Z is orthogonal to any five-vector from &, so for
any u and v

h(u,v) = h(u?,vZ) + h(u®,v%). (8)

Another consequence of formulae (7) is that the in-
ner product of any two five-vectors from Z is pro-
portional to the inner product of the corresponding
four-vectors. Thus, if the overall normalization of h is
selected in such a way that the proportionality factor
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between h and g be unity, one will have
h(u®,vZ) = g(U,V) = I/(u,v).

Finally, one should observe that the £-component of
any five-vector u equals Ay - i, where i is the vector
from £ that corresponds to the unity value of the
parameter: A\; = 1. Consequently,

h(us’ VS) = )\UAV h(i7 i) = h(i’ i) h//(u7 v)7

and formula (8) acquires the form of formula (6) with
¢ = h(i,i). Thus, at an appropriate choice of its
overall normalization factor, any nondegenerate in-
ner product on V5 satisfying the above, quite natural
symmetry requirement has the form indicated in for-
mula (6).

It is obvious that constant £ is not determined by
the Riemannian metric of space-time nor by symme-
try considerations, and consequently the same is true
of the nondegenerate inner product of five-vectors.
This is a distinctive feature of five-dimensional tan-
gent vectors (and of similar objects in other mani-
folds) and is a consequence of that specific way in
which five-vectors are associated with space-time.

In the previous subsection I have introduced a five-
vector basis where e, € Z. As we have seen above,
in terms of the five-vector inner product this means
that all e, are orthogonal to e;. This is one of the
two conditions satisfied by a regular five-vector basis
defined in section 3 of part I within the formal theory,
the other condition being that h(es,e5) = 1. When
five-vectors are introduced as equivalence classes of
parametrized curves, it is more convenient to define
the regular basis in a slightly different way, equating
to unity not the value of h(es,es) (which depends
on the choice of &) but the value of A\e,. A regular
basis will thus be a standard five-vector basis where
all e, € Z and e5 = i.

2. Five-vectors as operators

A. Another representation for five-vectors

In modern textbooks on differential geometry, ordi-
nary tangent vectors are usually introduced by iden-
tifying their fields with linear differential operators
(derivations) that act upon scalar functions from a
certain set & which determines the topological and
differential properties of the manifold. Each deriva-
tion is a map
U:8->9
that satisfies the following requirements:

Ul[k] = 0 for any constant function k € S,
U[f +9] = U[f] + Ulg] for any f,g €S, (9)
Ulfg] = U[f]- g+ f - Ulg] for any f,g € 3.

One can then prove a theorem that in a local coordi-
nate system each derivation can be presented as the
following differential operator:

U = U*(9/9z°), (10)

where 0/0xz® are derivatives along coordinate lines
and U® are scalar functions from . It is evident
that at each point in space-time there exists a natu-
ral isomorphism between the equivalence classes of
parametrized curves corresponding to relation (2)

and operators of the form (10):
A — 0Oj,

and basing on this isomorphism one can identify the
elements of V, with four-dimensional tangent vectors.

Let us now find a similar operator representation
for five-vectors. First, one should notice that the two
conditions that determine the equivalence relation (3)
can be replaced with a single requirement: that for
any scalar function f

Oafle +2a(@)f(Q) = Isflg + As(Q) f(Q).

This enables one to establish a one-to-one cor-
respondence between the equivalence classes of
parametrized curves associated with relation (3) and
differential-algebraic operators of the form

u=u"0/0z") +u’ -1, (11)

where 1 is the identity operator. The simplest variant
of such a correspondence is evidently

ars O+ a- 1. (12)

One can then consider five-vector fields and bas-
ing on the above correspondence, relate them to such
maps u : § — & which in any local coordinate sys-
tem can be presented in the form (11), where u* are
now scalar functions.

Finally, one can find a set of formal requirements,
similar to conditions (9) for derivations, that enable
one to introduce the above maps without referring
to any coordinates. One possible set of such require-
ments is the following:

ulk] = v - k for any constant k € <,
where v € & is characteristic of u,

ulf + g = ulf] + ulg] for any f,g € 9,

u[fg] =uf] g+ f-ulg] —u[1]fg for
any f,g € ¥, where 1 is the constant
unity function.

(13)

It is evident that any operator of the form (11) sat-
isfies these three requirements. Let us now prove the
reverse statement:
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In any local coordinate system each map u :
& — S satisfying requirements (13) can be
presented in the form (11), where u* are

scalar functions from $.

Proof : Let us consider the operator
w=u—v-1,

where v is the scalar function from < defined by the
first of the requirements (13). It is a simple matter
to check that w satisfies conditions (9) for derivations
and therefore can be presented in any local coordinate
system as

w = w*(9/0z"),

where w® € . Consequently, in any such system u
can be presented in the form (11) with u® = w® and
u? =v.1

One may observe that the operator corresponding
to a given four-vector U is exactly the differential part
of the operator that corresponds to any five-vector
belonging to U. This coincidence is a manifestation
of the fact that Vj is isomorphic to Z. This does
not mean, however, that one can identify four-vectors
with Z-components of five-vectors, for as one will see
in section 3, the isomorphism between V,; and Z is
not preserved by parallel transport.

The representation of five-vectors with operators
enables one to introduce the former in another way:
as maps § — & that satisfy requirements (13). In
its mathematical qualities, such a definition of five-
vectors is superior to the one given in section 1 and
enables one to introduce in a natural way the com-
mutator of two five-vector fields. On the other hand,
in this case one cannot see as clearly the correspon-
dence between five-vectors and parametrized curves,
and this is why in this paper I have first considered
the representation of five-vectors in the form of equiv-
alence classes associated with relation (3). It turns
out, however, that one should make a distinction be-
tween a given equivalence class and the five-vector
corresponding to it. In view of this, in the following
five-vector fields will always be identified with oper-
ators satisfying requirements (13), the set of which
will be denoted as F.

As in the case of four-vectors, tangent five-vectors
at a given point ) can be defined as equivalence
classes of maps from F with respect to the equiva-
lence relation

u=veulf)(Q) = v[/](Q) for any f € 3.

The algebraic properties of the five-vectors defined
this way are the same as of those defined as classes of
equivalent curves, and their analysis would have been

almost an exact repetition of the one made in section
1, except for a few obvious changes in the definitions.
Let me only mention that a regular five-vector basis
can now be defined as a basis where all e, are purely
differential operators and e5 = 1.

One should also note that the correspondence be-
tween equivalence classes of parametrized curves and
operators from F given by formula (12) is not the
only one possible. A more general form of such a
correspondence is

ar>a-0a+0b-Ay-1, (14)
where a and b are some nonzero coeflicients indepen-
dent of a. Since the overall normalization of the op-
erators representing five-vectors is of no importance,
one can always choose it so that ¢ = 1. In formula
(12) the second coefficient has been selected in the
simplest way: b = 1. However, as one will see in
section 3, to give a consistent definition to the five-
vectors associated with curves parametrized by di-
mensional parameters, one has to assign to b a cer-
tain dimension, so it will equal unity only at some
particular choice of the corresponding measurement
units.

B. Commutator of five-vector fields

The representation of five-vectors with operators en-
ables one to introduce the commutator of five-vector
fields. Namely, if u = u®(9/0z%) + u® - 1 and
v =0v% (0/0x%) + v° - 1, then by definition,

[w,v][(f) = u(v(f)) = v(u(f))

for any scalar function f, and one can show that w =
[u, v] is an operator of the form (11) with components
w? = uP (9v?)0xP) — 0P (Ou? ) 92P). (15)

For an arbitrary five-vector basis e4 one can define
the commutation constants, C 457, as

lea,ep] = Cyep,

and show that the components of [u,v] in this basis
are
Ouv? — Oyut + uBuPCOp

This is the analog of the well-known formula for com-
ponents of the commutator of two four-vector fields
U and V in an arbitrary basis E:

duV*H —ovU* +UVPC

where [Eq, Eg] = C,,"'E,,.

IntellectualArchive Vol.1, No.3

162



If es is a standard basis, one has C,;“ = 0. It
is a simple matter to show that if u € U and v €
V, then [u,v] € [U,V]. Thus, if e, € E,, then
Calgquor five-vectors

Let us now consider two subsets of five-vector fields
from F: (i) the subset Fz of all purely differential op-
erators, and (i7) the subset Fg of all purely algebraic
operators. It is evident that any element of F can be
uniquely presented as a sum of an operator from Fz
and an operator from Fg, so F = Fz ®&F¢. The com-
ponents of an arbitrary five-vector field u in these two
subspaces will be denoted as u? and u®. It is evident
that they correspond to the operators u®(9/0xz*) and
u® - 1, respectively.

One can easily see that the commutator of two five-
vector fields from JFz is, again, a field from Fz, so
Fz is a subalgebra: [Fz,Fz] C Fz. Furthermore,
the commutator of a field from F¢ with any other
field from F is an element of Fg¢, so Fg is an ideal:
[}-g,]:} C Fe.

— H
- Ca,B |f0r four-vectors-

Commutators of four-vector fields enable one to tell
whether or not a given four-vector basis is holonomic.
Namely, for a given set of basis fields E,, there exists
a system of local coordinates z® such that E, are
tangent vectors to coordinate lines (E, = 0/0z%) iff
[Eq,Eg] = 0. A similar statement for five-vectors is
the following:

For a given set of standard five-vector basis
fields e4 there exists a system of local co-
ordinates = such that e, are tangent five-
vectors to coordinate lines iff

[eZ,eF] =0, (16a)
[eZ,e5] = dap - 1. (16b)

where d,5 is the Kronecker symbol.!

Proof : If e, are tangent vectors to coordinate lines
x®, then e, = 9/0x* + x* - 1, and equations (16) are
evidently obeyed.

If e, satisfy equations (16) and E, are such that
e, € E,, then

0=[eZ,eF] = O, e, — Oey0e,
=g, 08, — OB,0E, = [Ea, Egl,

and by virtue of the corresponding theorem for four-
vectors, there exists a system of local coordinates x®
such that 0/0z® = Og, = Je,. In these coordinates

1For simplicity, this theorem is formulated and proved for
a=>b=1 in formula (14).

each Ae_ is a certain real function, which according
to (16b) satisfies the equation

ONey (1) /02" = bap.

This is only possible if Ae_, () = 2*4¢*, where ¢® are
integration constants. Consequently, one has e, =
0/0y* + y* - 1, where y® = 2* + . 1

By analogy with four-vectors, a standard five-
vector basis satisfying requirements (16) can be called
a coordinate basis. In certain cases, however, it proves
to be more convenient to select the £-components of
the first four basis five-vectors in a different way, for
example, equal to zero. Since such five-vector bases
still correspond to a coordinate four-vector basis, it
makes sense to call them coordinate, too.

C. Five-vector Lie derivative®

The formal definition of the Lie derivative with re-
spect to a four-vector field U is the following:
e the Lie derivative of a four-vector field V is

£uV =[U, V] (17)
e the Lie derivative of a scalar function f is
Luf =Uf; (18)

e the Lie derivatives of all other four-tensor fields
can be found from formulae (17) and (18) by using
the Leibniz rule, which in schematic form can be pre-
sented as

Lu(AxB)=LuyAxB+ Ax £yB, (19)
where A and B are any two four-tensor fields and *
denotes contraction or tensor product.

In a similar manner one can give a formal definition
to the Lie derivative with respect to a five-vector field
u. I will denote this latter derivative as £, and will
call it the five-vector Lie derivative. The analog of
rule (17) is quite apparent:

e the five-vector Lie derivative of a five-vector field
v is

(20)

£4v = [u,v].

As the analog of rule (18) it seems reasonable to take
the following one:

e the five-vector Lie derivative of a scalar function
fis

£of = uf. (21)

2The contents of this subsection is not necessary for un-
derstanding the rest of the material and can be skipped by a
reader not familiar enough with or not interested in this par-
ticular subject.
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It is easy to check that the five-vector Lie derivative of
the product of two scalar functions and the five-vector
Lie derivative of the product of a scalar function and
a five-vector field are expressed in terms of the five-
vector Lie derivatives of the factors not according to
the Leibniz rule but according to the rule

Lo(AxB) = Lo AxB+Ax £,B— £41-(AxB), (22)

where, as before, 1 is the constant unity scalar func-
tion. In view of this, it is not clear which of the
rules — (19), (22) or some other — should hold for
the contraction and tensor product. To answer this
question and to gain a better understanding of the
five-vector Lie derivative, let us find for the latter an
interpretation similar to the one that can be given
to the ordinary Lie derivative in terms of the one-
parameter local group of diffeomorphisms generated
by a four-vector field.

Let us recall that any sufficiently smooth four-
vector field U defines in the neighbourhood of any
point @ of the space-time manifold M a congruence
of integral curves, and that there always exist such an
open neighbourhood U of () and such a real number
€ > 0 that the map ¢; obtained by taking each point
of U a parametric distance ¢ along the corresponding
integral curve, at |¢| < ¢ is a diffeomorphism of ¢/ into
M. At sufficiently small s and ¢ one has ¢ps0p; = ds1y
and (¢;)~! = ¢_4, so these diffeomorphisms form a
one-parameter local group.

At each t map ¢; defines a certain transformation,
®,, of scalar functions: the image ®;{f} of a scalar
function f is such that

2 {f}Ho, Py = flp-

This transformation, in its turn, generates a certain
transformation of four-vector and other four-tensor
fields, which is determined by the following rules:

e the image ®,{V} of a four-vector field V is such
that for any scalar function f

‘I)t{v}‘pt{f} = fI)t{Vf};

e the image ®,{W} of a four-vector 1-form field
W is such that for any four-vector field V

(23)

(24)

<O W}, 0 {V} > =0, {< W,V >};

o the image ®,{A® B} of the tensor product of two
four-tensor fields A and B is such that

o {A® B} = o,{A} @ ®:{B}.

(25)

(26)

Within this approach, the Lie derivative of an arbi-
trary four-tensor field S is defined as

£uS = — (d/dt) ,{S}i—o. (27)

It is easy to see that at small ¢
o {f}=f—t-Uf+0(t%),

from which, using definition (27), one obtains rule
(18). In a similar manner, after rewriting equation

(24) as

(28)

O {VIf=3,{VP, {f}}

and using definition (27), one obtains rule (17). From
equation (25) it follows that the Leibniz rule holds for
the contraction of a four-vector field and a four-vector
1-form field and from equation (26) it follows that
it also holds for the tensor product of any two four-
tensor fields. Thus, the definition of the Lie derivative
by means of equations (23)—(27) is equivalent to its
formal definition according to equations (17)—(19).

It is now apparent that to obtain the desired inter-
pretation of the five-vector Lie derivative, one should
associate with every sufficiently smooth five-vector
field a certain one-parameter group of transforma-
tions of scalar functions and five-tensor fields. Let
us denote the transformations from this group as ¥,
and define the five-vector Lie derivative of an arbi-
trary five-tensor field S as

£u8 = — (d/dt) ¥{S}i=0- (29)
Considering what has been said above, it seems rea-
sonable to take that at small ¢

U {fy=f—t-uf+0(?)

for any scalar function f, which together with defini-
tion (29) gives us rule (21). If, by analogy with rule
(24), one then takes that

VvV {f} = U {vf}

for any v and f, from formulae (29) and (30) one will
obtain rule (20). Thus, the infinitesimal transforma-
tion (30) produces the desired result. Let us now find
the corresponding finite transformation.

It is evident that for any sufficiently smooth five-
vector field u, in the vicinity of any point @) one can
construct a congruence of integral curves of the corre-
sponding four-vector field U. In this case these curves
will be called the integral curves of field u. It is not
difficult to prove that at finite ¢ the image ¥;{f} of
any scalar function f of class C* equals

(30)

(31)

A 5
V{0 =exn(= [ @)=, (32)

where ) is the parameter of the integral curve of field
u and u® is the fifth component of the latter in a regu-
lar basis. We thus see that transformation ¥, consists
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in “shifting” every value of the function a parametric
distance t along the corresponding integral curve and
then multiplying it by a certain exponential factor.
It is easy to see that this latter factor equals the cor-
responding value of W;{1}, so for an arbitrary scalar
function f one has

Ui{f} =W {1}O:{f}.

From the latter formula it follows that transforma-
tions ®; induced by four-vector fields are a partic-
ular case of transformations ¥; — a case that cor-
responds to the five-vector fields from Fz. Another
particular case are the transformations ¥; induced by
five-vector fields from Fe. In this case

U {fH(P) = exp{~t-u’(P)} f(P).

It is evident that to each transformation W; one
can put into correspondence a certain map of U into
M, namely, the map ¢; induced by the four-vector
field corresponding to u. Thus, both in the case of
four-vector fields and in the case of five-vector fields
one is actually dealing with two maps: (i) a map from
U to M and (i3) a map from the set of restrictions to
U of all the functions from & to the set of restrictions
of all these functions to ¢;(U). In the case of four-
vector fields there exists a one-to-one correspondence
bewteen these two maps, which enables one to think
that the second map is induced by the first one. This
is not so in the case of five-vector fields: for example,
the identity map from U to M may correspond to
different nonidentical transformations of scalar func-
tions.

From equation (32) it is not difficult to derive that
for any two scalar functions f and g

Vi{fg} = @{f}¥i{g} = Ui {f}P:{g},

so in the general case the image of the product of two
scalar functions with respect to ¥ is not the product
of their images. By substituting W;{1}®¥,{f} for
®,{f} in formula (34) and differentiating both sides
of the latter with respect to ¢, one can verify that in
this case rule (22) is indeed obeyed.

It is natural to define the action of ¥; on a tensor
product in the following way:

(33)

(34)

Ui{A® B} = U, {A} @ ¥, {B}, (35)

where A and B are any two five-tensor fields of
nonzero rank. This formula does not work, however,
if one of the fields or both of them are of rank zero.
In the second case this can be seen from formula (34),
if one considers that for scalar functions f ® g = fg.
In the first case, if, for example, A = f and B = v,

from formula (34) and definition (31) one can easily
obtain that

V{f v =9 {fv}=o{f} ¥ {v}.

Difficulties also occur with the definition of the ac-
tion of ¥, on five-vector 1-forms. The direct analog
of rule (25) is

(36)

< U {w} U{v} > =T {<w,v >} (37)

which means that the operation of contraction is “cor-
related” with transformation ¥; in the sense that the
contraction of the image of a five-vector field v with
the image of a five-vector 1-form field w equals the
image of the scalar function equal to the contraction
of v with w. The quantity < w,v > can also be
regarded as a five-tensor field of rank zero obtained
by contracting the field w ® v of rank (1,1). A sim-
ilar operation can be performed on other five-tensor
fields, for example, on the field w ® v ® s. For the
contraction of this latter field to be correlated with
U, it is necessary that there would hold not rule (37)
but the rule

< U {w} U {v} > =P {<w,v>} (38)

Therefore, in those cases where W; does not coin-
cide with ®;, the requirements of correlation between
the contraction and transformation W, for five-tensor
fields of rank (1,1) and for five-tensor fields of other
ranks are conflicting.

It is also useful to look at the components of the
five-vector Lie derivatives of five-tensor fields of dif-
ferent ranks, in a regular coordinate basis. Let us
write out these components for the case where the
rule that determines the action of ¥; on 1-form fields
is

< U W) U {v} >= (U {1, {<w,v >} (39)

According to equation (21), the five-vector Lie deriva-
tive of function f is

Luf =u® af+u5f~

From equations (20) and (15) one finds that the com-
ponents of the five-vector Lie derivative of a five-
vector field v are

(£uv)A = uB(an"‘) - vB(aBuA),

(40)

(41)

where, for convenience, I have introduced the nota-
tion dg4 = Doy, 80 Oy = 0/0z% and 95 = 0. From
equation (39) one can easily derive that in the dual

basis of five-vector 1-forms 64,

(£uW)a = uP(Opwa) + wp(dau?)

+ (1 + k) vPwa 42)
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Finally, in the general case of an arbitrary five-tensor
field

T=T4"}"es ®...0e4, @07 @...005""
one has
(£uT)5ir = w!(OnTglpT)
+ n(l+k) P THEm
— Tg (e
TV f (Omus)
+ Ty (0p,u)

.+ TEUm(0p,uf).

(43)

As one can see from the formulae obtained, there
exists a distinguished value of parameter k: k = —1,
at which the terms proportional to «® in equations
(42) and (43) vanish, and the five-vector Lie deriva-
tive of any five-tensor field that has at least one lower
index depends only on the derivative of u°, as does the
five-vector Lie derivative of a five-vector field. One
can also see that in the case of a five-tensor field of
rank zero (at m = n = 0) formula (43) disagrees
with formula (40) for the five-vector Lie derivative of
a scalar function.

All these observations suggest that in the case of
transformations W; induced by five-vector fields, one
should make a distinction between scalar functions
which are elements of & and scalar functions which
are five-tensor fields of rank zero. Formally, these
two types of objects are of different nature: the for-
mer are the functions upon which act the operators
of five-vector fields; the latter are elements of a com-
mutative ring, by which one can multiply five-vector
fields, obtaining five-vector fields again. To establish
order in the theory, one should suppose that these
two types of functions are transformed by W, differ-
ently: the elements of & are transformed according
to formula (32), whereas the five-tensor fields of rank
zero are transformed according to the formula

U} (A) = f(A = 1), (44)
which means that for them transformation ¥, coin-
cides with ®;. Under this assumption formula (35)
for the tensor product will be valid for five-tensor
fields of zero rank as well. Moreover, since the con-
traction of a vector and a 1-form is a tensor of rank
zero, formula (37) will coincide with formula (38), and
consequently the contraction will be correlated with
transformation ¥, for tensor fields of any rank for
which it makes sense. Among other things, the latter
two facts mean that the five-vector Lie derivative of
a contraction and of a tensor product is expressed in

terms of the five-vector Lie derivatives of the factors
according to the Leibniz rule. In formulae (42) and
(43) one should now put k = —1, and so the deriva-
tives £y of the corresponding five-tensor fields will
depend only on the derivative of u®. Finally, the five-
vector Lie derivative of an arbitrary five-tensor field
f of rank zero will be

Laf = 0uf = u®0,f, (45)
which agrees with formula (43). Let me emphasize
once more that in the case of scalar fields from <,
the image of the product of two such functions with
respect to W; will not equal the product of their im-
ages, which is inevitable and has no relation to the
definition of ¥, for five-tensor fields.

3. Some other properties of five-vectors

A. Parallel transport of five-vectors

As for any other type of vector-like objects consid-
ered in space-time, one can speak of parallel trans-
port of five-vectors from one space-time point to an-
other. One can then define the covariant derivative
of five-vector fields; introduce the connection coeffi-
cients corresponding to a given five-vector basis; con-
struct the corresponding curvature tensor; etc. In
doing all this one does not have to use in any way the
fact that five-vectors are associated with space-time
by their definition.

One should expect that the origin of five-vectors
manifests itself in that the rules of their parallel
transport are related in some way to similar rules
for four-vectors and to the Riemannian geometry of
space-time. It is obvious that this relation cannot be
derived from the algebraic properties of five-vectors,
and to obtain it one has to make some new assump-
tions about five-vectors, which ought to be regarded
as part of their definition.

Let us first consider the relation between the rules
of parallel transport for four- and five-vectors. The
simplest and the most natural form of this relation is
obtained by postulating that parallel transport pre-
serves the algebraic relation between four- and five-
vectors discussed in subsection 1.C. A more precise
formulation of this statement is the following;:

If four-vector U is the equivalence class
of five-vector u, then the transported
U is the equivalence class of the trans-
ported u.

(46)

This assumption is quite natural considering that
u € U means that u and U correspond to the same
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direction in the manifold. It has two consequences,
which can be conveniently expressed in terms of con-
nection coefficients (the latter are defined in section
4 of part I).

Let us consider the parallel transport of vectors
from an arbitrary point @) to a nearby point @)'. If two
five-vectors at @ belong to the same equivalence class,
then according to our assumption, the transported
five-vectors should also be equivalent. Since paral-
lel transport is a linear operation, this means that
vectors from &, ¢ are transported into vectors from
Eat - Consequently, in any standard five-vector ba-
sis,

o, =0. (47)

Let e4 be an arbitrary standard five-vector basis
and let E, be the associated basis of four-vectors. If
E.(Q) are transported into vectors E5(Q')C?, then
according to our assumption, e, (@) should be trans-
ported into vectors es(Q")C8 + e5(Q')C3,, where the

coefficients C? are the same in both cases. This
means that in the selected bases,
B =T (48)

It is evident that assumption (46) tells one nothing
about G%,, and G%,. To get an idea of what these
coeflicients can be like, let us now consider a particu-
lar case where the connection for five-vector fields is
such that there exists a certain local symmetry which
can be formulated as the following principle:

For any set of scalar, five-vector and
five-tensor fields defined in the vicin-
ity of any point @ in space-time, by
means of a certain procedure one can
construct a set of fields in the vicinity
of any other point @Q’, such that at Q’
these new fields (which will be called
equivalent) satisfy the same algebraic
and first-order differential relations that
the original fields satisfy at Q.

The procedure by means of which the equivalent fields
are constructed can be formulated as follows:

1. Introduce at @) a system of local Lorentz coordi-
nates z¢.

Introduce the corresponding reqular coordinate
five-vector basis e 4.

Introduce the corresponding bases for all other
five-tensors.

2. Each scalar field f in the vicinity of @ will then
determine and be determined by one real coor-
dinate function f(x).

Each five-vector field u in the vicinity of Q will

determine and be determined by five real coordi-
nate functions u“(x) (= components of u in the
basis e4).

Each five-tensor field T in the vicinity of @ will
determine and be determined by an appropriate
number of real coordinate functions THE ¢ (z)
(= components of T in the relevant tensor basis
corresponding to ey4).

3. Introduce at Q' a system of local Lorentz coor-
dinates «'® such that 2’*(Q’) = z*(Q).
Introduce the corresponding regular coordinate
five-vector basis €/4.

Introduce the corresponding bases for all other
five-tensors.

4. Then the equivalent scalar, five-vector and five-
tensor fields in the vicinity of ' will be deter-
mined in coordinates z'® and in the correspond-
ing bases by the same functions f(-), u(-), ...,
TAHB--C(.) that determine the original fields in
the vicinity of @ in coordinates z® and in the
corresponding bases.

At Q' = @ the two mentioned systems of local
Lorentz coordinates, z® and z'®, are related as fol-
lows:

a'*(P) = 2*(Q) + A% (P) — 2°(Q)]
+ terms of order [2%(P) — 2%(Q)]?,

where P is an arbitrary point in the vicinity of @
and A% is a matrix from O(3,1). Reasoning as in
section 4 of part I, one can show that in the regu-
lar basis associated with either of these coordinate
systems one should have G%,(Q) = G%,(Q) = 0
and G%,,(Q) o 7. Since in these coordinates
9ap(Q) X 1ap, too, this means that the connection
coefficients G, H(Q) are proportional to the compo-
nents of the metric tensor. Denoting the proportion-
ality factor as —¢ and using the obvious transforma-
tion formulae for five-vector connection coefficients,
one can show that in any regular five-vector basis

G%,=0 (50)
and
GSa,u = _gga,u' (51)

From requirement (49) it also follows that five-
vector connection coefficients should have the same
form at any two points in space-time in similar five-
vector bases. In the case of four-vector connection
coefficients a similar condition is satisfied automati-
cally, and therefore is not necessary. For five-vectors
this is a nontrivial requirement, which means that ¢
in equation (51) should be a constant.
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It is evident that the value of ¢ is not fixed by
the symmetry principle. Since for dimensionless co-
ordinates and curve parameters the connection coeffi-
cients are dimensionless and g3 are measured in the
units of interval squared, ¢ should have the dimension
(interval) 2. There is no sense in talking about five-
vectors if ¢ = 0, for it is impossible to distinguish a
five-vector with such rules of parallel transport from
a pair consisting of a four-vector and a scalar. Indeed,
V5 is isomorphic to the direct sum of V4 and the space
of scalars (regarded as one-dimensional vectors), and
it is apparent that at ¢ = 0 this isomorphism is pre-
served by parallel transport. Considering this, I will
always assume that ¢ # 0.

B. Five-vectors associated with dimensional
curve parameters

So far we have been dealing with dimensionless curve
parameters and coordinates. In practice, the latter
are usually selected in such a way so that their values
would be associated in some particular way with cer-
tain lengths, time intervals or angles determined by
the space-time metric. For example, any system of di-
mensionless Lorentz coordinates in flat space-time is
such that the square of the interval between any two
events A and B, measured in certain units ¢, equals

[2°(4) = 2°(B)]? — [z (A) — = (B)]?
= [#2(4) = 2*(B)]? — [¢%(A) — 2°(B)J*.

It is evident that if one changes the unit for measuring
the interval as

0=kt (k>0), (52)

the dimensionless Lorentz coordinates will change in
the inverse proportion. This enables one to consider
the latter as numerical values of certain dimensional
quantities, £, measured in the units of interval, and
it is these latter quantities one usually has in mind
when using the term “Lorentz coordinates”.

The situation is similar in all other cases and as in
the above example, enables one to introduce the cor-
responding dimensional coordinates. For simplicity,
in the following I will suppose that all four coordi-
nates are measured in the units of interval. A con-
venient property of such dimensional coordinates is
that the corresponding metric coefficients, defined by
the equation

ds? = Gop dz®di”,
are all dimensionless quantities. It is easy to see that
Jag are the values of the dimensional metric coeffi-
cients g that correspond to the dimensionless co-
ordinates x® which are the values of Z at the given

L.

The same idea can be used to define dimensional
curve parameters (for simplicity, let us consider only
those of them which are measured in the units of in-
terval). One can then introduce the notion of a tan-
gent four-vector corresponding to a curve parameter-
ized by a given dimensional parameter A. Such four-
vectors behave as dimensional quantities in the sense
that at each ¢ they have a certain “value”, which,
by definition, is the four-vector that corresponds to
the dimensionless parameter A which is the value of
X for the given ¢. The algebraic operations and par-
allel transport for such dimensional four-vectors are
defined on the basis of the corresponding operations
for four-vectors associated with dimensionless param-
eters. For example, a sum of two dimensional four-
vectors U and V is a dimensional four-vector whose
value at any ¢ equals the sum of the corresponding
values of U and V. It is evident that when one
changes ¢ according to formula (52), the value of each
dimensional four-vector changes in the same propor-
tion, owing to which the inner product of any two
such four-vectors is a dimensionless quantity. This
and other properties of four-vectors associated with
dimensional curve parameters are well known, and I
will not discuss them any further.

Let us now see how one can define a tangent
five-vector corresponding to a curve parametrized by
some dimensional parameter A. Following the same
idea that has been used for tangent four-vectors, one
should consider such a five-vector as a quantity that
has a certain “value” at every choice of ¢. This
“value” is the tangent five-vector that corresponds
to the dimensionless parameter A which is the value
of \ for the given ¢. Let us now find the operator
that corresponds to this latter five-vector.

According to section 2, the general form of the op-
erator representing the five-vector tangent to a curve
parametrized by a given dimensionless parameter A
is

a-dfd\+b-A-1, (53)

where a and b are some arbitrary nonzero constants.
As it has been said above, the overall normaliza-
tion of the operators representing five-vectors can
always be chosen in such a way that a be unity.
When dimensionless curve parameters are considered
by themselves—not as values of some dimensional pa-
rameters, one can take b = 1, too, as it has been
done in formula (12). However, if operator (53) rep-
resents the value of a five-vector associated with a
dimensional parameter A, the value of b has to de-
pend on the choice of £. Indeed, let us suppose that
one has a dimensional five-vector, u, represented by
a purely differential operator and one parallel trans-
ports it from a given space-time point () to some other
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point Q. By definition, utr@"sperted ig the five-vector
at @’ whose value at any £ equals the value of u at Q
transported from @ to Q' along the selected path. It
is evident that if one changes ¢ according to formula
(52), the value of u will change in the same propor-
tion, and since parallel transport is a linear operation,
so will the value of utra»sported - Consequently, the al-
gebraic part of the operator representing utrarsported
which in the general case will not be zero, should
change in the same proportion as ¢, which is only
possible if b changes as b — k2b.

We thus see that in the case of five-vectors asso-
ciated with dimensional curve parameters, the co-
efficient b in formula (53) has to be the value of
some nonzero constant with dimension (interval)=2.
Apart from being nonzero, this constant is absolutely
arbitrary, and it is convenient to choose it equal to the
constant ¢ introduced in the previous subsection. The
operator representing a five-vector associated with a
dimensional parameter \ can then be presented in the
following form:

d/d\+X-c-1. (54)

In a similar manner one can introduce five-vectors
corresponding to parameters with dimension other
than that of the interval. The algebraic and differen-
tial properties of all such five-vectors will be practi-
cally the same as those of the five-vectors associated
with dimensionless parameters, and only the dimen-
sion of certain relevant quantities will be different.
For example, in the particular case considered above,
both the inner product k' induced by the metric and
the nondegenerate inner product h are dimensionless.
The relation between the two is still given by formula
(6), only now & has the dimension (interval)=2.

In the case of dimensional five-vectors, there exist
three convenient ways to normalize the fifth basis vec-
tor in a standard five-vector basis and, accordingly,
there are three ways to define a regular basis.

In those cases where the emphasis is made on paral-
lel transport of five-vectors, it is convenient to choose
e; = ¢ - 1. Then, in the corresponding regular basis
(in the one where the other four basis five-vectors be-
long to Z) one will have G5au = — Gay, and the fifth
component of any five-vector u will equal Ay. In the
following, such a basis will be referred to as an active
regular basis.

In those cases where the emphasis is made on the
action of five-vectors on scalar functions, it is conve-
nient to take es = 1. In the corresponding regular
basis one will then have G%,, = — g, and the fifth
component of any five-vector u will equal ¢A,. In the
following, such a basis will be referred to as a passive
regular basis.

Finally, in those cases where the emphasis is made
on the inner product of five-vectors (at some particu-
lar choice of £), it is convenient to normalize e5 by the
requirement h(es,es) = signé. It is evident that this
equation has two solutions: es = +[|¢|~%/2¢ -1 and
es = —[¢]72¢ -1, and to be definite, I will choose
the first one. In the corresponding regular basis one
will then have G5, , = — €]*/2 g4, and the fifth com-
ponent of any five-vector u will equal |£|*/?Ay. In the
following, such a basis will be referred to as a normal-
ized regular basis and the operator |£|~1/2¢-1 will be
denoted as n.

From now on, unless it is stated otherwise, I will
talk only about five-vectors associated with dimen-
sional curve parameters and coordinates, and will
omit the bar over the dimensional 2 and A. It is evi-
dent that any result obtained for such five-vectors can
readily be reformulated for five-vectors corresponding
to dimensionless parameters.

C. Four-vectors as simple bivectors over Vj

We are now ready to demonstrate that the five-
vectors introduced formally in part I can be iden-
tified with the five-dimensional tangent vectors in-
troduced in this paper. More precisely, it will be
shown that there can be established a natural iso-
morphism between the space of four-vectors and one
of the maximal vector spaces of simple bivectors over
Vs and that in those cases where the connection for
five-vectors possesses the local symmetry considered
in subsection A, this isomorphism is preserved by par-
allel transport. This will mean that the five-vectors
considered in this paper have all the formal properties
postulated for five-vectors in part I.

Let us fix a nonzero five-vector e € £ and con-
sider all simple bivectors of the form u A e, where
u € V5. It is evident that u A e = v A e if and only if
u — v € &, which is exactly the equivalence relation
R of subsection 1.C. Thus, one is able to establish a
one-to-one correspondence between four-vectors and
elements of the maximal vector space of simple bivec-
tors over V5 with the directional vector belonging to
E. Tt is evident that this correspondence is a homo-
morphism and that it depends on the choice of the
arbitrary nonzero vector e. Let us fix the latter by
requiring that the considered correspondence be an
isomorphism.

Let us consider some particular nondegenerate in-
ner product on Vi, where the constant £ has been
chosen positive, so that h would have the signature
(+———+). It is not difficult to check that if u € U
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and v € V| then

h(e,u)h(e,v)

g<U’V) = h(u,v) - h(e e)

(55)
On the other hand, the inner product of u A e and
v A e induced by h is

h(une,vAe)=h(uv)h(e,e) — h(u,e)h(v,e).

For the correspondence U +— u A e to be an isomor-
phism ¢g(U, V) should equal h(u A e,v Ae) for all u
and v, which is only possible if h(e,e) = 1. This
means that e is either +n or —n. We thus see that
(for the given £ > 0) there exist two isomorphisms
of V, onto the considered maximal vectors space of
simple bivectors, and unless additional requirements
are imposed, the choice between the two is a matter
of convention. To be definite, I will take e = n.

The fact that the above isomorphism (actually,
both of them) is preserved by parallel transport be-
comes evident if one considers that the relation u € U
is invariant under parallel transport and that n is
transported into n.

One can now use all the results obtained within the
formal theory of five-vectors. Most of the definitions
made in the present paper correspond to those made
in part I. The only essential difference concerns the
associated four-vector basis.

When introducing five-vectors formally, one has
no means of associating them with four-dimensional
tangent vectors other than saying that a five-vector
u corresponds to the four-vector identified with the
bivector u A e, where e is some directional vector.
The only way one can fix e within the formal theory
is to require that it be of certain length. However,
since the inner product of five-vectors is an object of
study itself, one prefers to have a purely “kinematic”
relation between the four- and five-vector bases, and
the only sensible choice is to take E, = e, Aes. This
means that

E, = £'/2)e, X (the equivalence class of e,). (56)

Considering that & (Xe,)? = h(es,es5), from formula
(55) one obtains the relation between the components
of g and h derived in part I:

9o = hsshag — hashgs.
Furthermore, if V,n = 0, then G%, = (Xe;) 'O es

and for the four-vector connection coefficients corre-
sponding to basis (56) one has

_ 5
%u - G(/yiu + 5SG5W

which is exactly the relation obtained in part I. Fi-
nally, if one assumes that flat space-time possesses

the symmetry considered in subsection A, then in any
orthonormal standard five-vector basis one will have

G55u =0 and Giw = — KNau,

where k = £%/2 (if we had taken e = —n, we would
have had x = — £1/2).

Let me also say a few words about the equation for
the first covariant derivative of h. Straightforward
calculations similar to those made in part I give the
following result:

{th}(V, W)
= kg(U, V)h(w,n)

(57)

where it is assumed that v € V and w € W. Since
for any v one has kh(v,n) = £ Ay, this equation can
also be presented as

It is easy to see that for an arbitrary nonzero e €
& the bivectors v A e and w A e correspond to
the four-vectors £1/2XV and £Y/2\ W, respectively.
Thus, by multiplying both sides of equation (57) by
¢ (Xe)? = h(e,e) one obtains

h(e,e){Vuh}(v,w)
= kg(U,v Ae)h(w,e)
+ kg(U,w A e)h(v,e),

which is exactly the equation for Vh obtained within
the formal theory of five-vectors.

D. Operator V and matriz g with five-vector indices

Above I have introduced the covariant derivative op-
erator, Vy, which differentiates five-vector fields in
the direction specified by its argument—by the four-
vector U. As a consequence, the corresponding con-
nection coefficients, G%H, have indices of two kinds:
two five-vector indices A and B and one four-vector
index p. This is not very convenient in those cases
where indices of different kinds have to be permuted,
for any relation with such permutations is valid only
if the four- and five-vector bases have been chosen
accordingly.

This inconvenience can be easily eliminated if in-
stead of Vy one considers the operator V,, defined
by the relation

Vu=Vy for ueU. (59)

It is obvious that V4, is absolutely equivalent to Vy.
However, unlike the latter, it formally depends on a
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five-vector. It is evident that V, = V(,z) for any
five-vector u, so for any e € £ one has Vo = 0. Op-
erator Vy is the analog of the operator 0, that acts
upon scalar functions, and relation (59) is the analog
of the relation

Oy =0y for ueU.

It is natural to introduce the notation V, =
Ve,- Then, in any standard five-vector basis

ith a five-vector inde;
one has Vs = 0 and VELWI ve-vi r index)
v(With a four-vector index)
2 .

In view of this, I will use
the same carrier letter ‘G’ to denote the connection
coefficients corresponding to V 4:

C
vAeB :eCGBA

Then G4 . With a five-vector p will equal G% . With
a four-vector p in any standard basis, and rules (47),
(48), (50), and (51) will apply to G“5 without any
changes. In addition, one will have a fifth rule: that
in any standard five-vector basis,

G55 = 0.

In the usual manner one can derive the transfor-
mation formula for G“}BC, corresponding to the basis
transformation €/, = egL5:

G'5o = (L7 pG L L + (L) p(0r L) Lc.

If both bases are standard, one will have G4, =
G%5 =0 and

G5, = (L) pG e L'BLY, + (L) D0, L)LY,
which is the usual formula for transformation of con-
nection coefficients.

In a similar manner one can deal with four-vector
indices in g,,. Actually, I have already defined the
corresponding five-vector quantity in subsection 1.F,
where it has been denoted as A’. From now on, in-
stead of h'(u,v) I will use the notation g(u,v), so
formulae (5) and (6) will acquire the form:

g9(u,v) =g(U, V)
forue U and v € V, and
h(u,v) = g(u,v) + £ - Auiy. (60)
It is evident that g(u,v) = g(u®,v?) for any five-
vectors u and v, so for any e € £ one has g(u,e) = 0.

If one now introduces the notation gap = g(ea, ep),
then in any standard five-vector basis one will have

955 = Ga5 = gsa = 0

and

(with five-vector indices) _ (with four-vector indices)
gaﬁ - Jap '
From these formulae and equations (47) and (48) of
subsection A it follows that in any standard five-

vector basis

6MgAB - gCBGCAu - gACG%p =0,

which means that g regarded as a five-tensor satisfies
the equation Vg = 0.

The latter equation and formula (60) enable one to
obtain the following expression for the first covariant
derivative of the inner product h regarded as a five-
tensor:

{Vuh}(v,w) = E{Vur v Aw + EAw{Vur )y,

where {VuA}v = Oulv — A(v,v). Comparing this
expression with equation (58), one can see that the
latter is equivalent to the following simpler equation:

{vu)‘}v = g(u,v). (61)

E. Forms associated with five-vectors

As in the case of any other type of vectors, one can
consider linear forms corresponding to five-vectors.
Such forms will be denoted with lower-case boldface
Roman letters with a tilde: a, b, ¢, etc., and their
space will be denoted as V;. To distinguish a p-form
associated with five-vectors from a p-form associated
with four-vectors I will call the former a five-vector
p-form and the latter a four-vector p-form.

Five-vector 1-forms have all the properties common
to linear forms in general. In addition, they have sev-
eral specific features, which are due to their associa-
tion with five-vectors, and it is these latter properties
I will now consider.

The existence of two distinguished subspaces in V5
results in the existence of two distinguished subspaces
in V5. The first of these subspaces is made up by all
those 1-forms from V5 whose contraction with any
five-vector from & is zero. It is evident that this sub-
space is four-dimensional, and I will denote it as Z.
The other distinguished subspace is made up by all
those 1-forms that have a zero contraction with any
five-vector from Z. This subspace is one-dimensional,
and I will denote it as £. It is easy to see that Z and
& have only one common element—the zero 1-form,
and that V5 is the direct sum of Z and £. The com-
ponents of an arbitrary five-vector 1-form w in these

two subspaces will be denoted as w? and W€, respec-
tively.
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If e,4 is a standard five-vector basis and 64 is the
corresponding dual basis of five-vector 1-forms, then
0% € Z for all a. The fifth basis 1-form will not nec-
essarily be an element of £: this will be the case
only if all e, € Z. The same conclusions follow
from the transformation formulae for the dual ba-
sis of 1-forms, corresponding to the transformation
e/, = egL®P from one standard five-vector basis to
another. Since in this case (L=1)% = 0, one has

&= (1) " = (L)} 8,
but
o'% = (L‘1)55 o’ + (L_l)% o°.

If e4 is a passive regular basis, then o° € £ and
< 0°,1 > = 1. This particular five-vector 1-form will
be denoted as J.

The fact that Z is isomorphic to V4 enables one to
establish a natural isomorphism between Z and the
space of four-vector 1-forms, which will be denoted
as V4. Namely, to each five-vector 1-form w from Z
one can put into correspondence such a four-vector 1-
form W that for any five-vector u € Z one will have
<w,u>=< W,U >, where u € U. It is evident
that this isomorphism can be extended to a map of
Vs onto Vj, which will be a homomorphism but will
not be a one-to-one correspondence. In the standard
way, this latter map defines an equivalence relation
on Vs:

U=V iff their images in Vj are equal. (62)
This enables one to regard ‘74 as a quotient set and
four-vector 1-forms as equivalence classes. It is not
difficult to see that the equality of the images of u
and v in V} is equivalent to u — v € £. The relation
between V4 and V5 is thus similar to the relation be-
tween V, and V5, however, unlike the latter, it is not
preserved by parallel transport, as it will be shown
below.

The parallel transport of five-vector 1-forms is de-
fined in the standard way: by requiring that it con-
serve the contraction. Consequently, if G, ;1 are con-
nection coefficients for a standard five-vector basis,
then for the corresponding dual basis of 1-forms one
has

Vo' =—-G’,0", (63)

and from formulae (47) and (48) one obtains that

~ ~B ~ ~
V,0% = —G"‘B#o =— G“ﬁuoﬁ = —F“‘Buoﬁ.

This means that 1-forms from Z are transported into
1-forms from Z and that the isomorphism between

Z and ‘74 is preserved by parallel transport. From
formula (63) it also follows that

V6% = —G%,06° — G%,0°,

which shows that in the general case, 1-forms from g
are not transported into 1-forms from &, so equiv-
alence relation (62) is not invariant under parallel
transport.

As in the case of any other vector space, each in-
ner product on V5 defines a certain correspondence
between five-vectors and five-vector 1-forms. Since
one has two inner products on V5 — g and h, there
are two such correspondences, which I will denote as
¥4 and ¥y, respectively. By definition, J4(u) is such
a five-vector 1-form that

<dg(u),v>=g(u,v) for any v e Vs. (64)

The definition of the 1-form ¥4 (u) is similar. It is
evident that both ¥, and 9, are linear maps of Vs
into ‘75. If u” are components of some five-vector u
in a certain five-vector basis, then the components of
¥4(u) and ¥, (u) in the corresponding dual basis of
1-forms are gapu® and hapu®, respectively. Since
the matrix hap is nondegenerate, this means that
¥ is a one-to-one correspondence and is a map of
Vs onto V5. Tt is also easy to see that 9,(2) = Z
and ¥,(£) = £. By contrast, ¥4 is neither a one-
to-one correspondence nor a surjection. It is evident

that J,(u) = Jy(u?) = Jp(u?), so ¥,(2) = Z, but
¥4(E) = {0}. Consequently, one can use gap only
to lower five-vector indices. Raising indices with gap
is possible only if one confines oneself to five-vectors
from Z and to 1-forms from Z.

All this is in agreement with the general theorem
that asserts that the following three statements are
equivalent: (7) the correspondence between vectors
and linear forms induced by a given inner product is
injective; (i7) this correspondence is surjective; (ii7)
the inner product is nondegenerate.

Another general theorem states that the correspon-
dence between vectors and linear forms is invariant
under parallel transport if and only if the correspond-
ing inner product is covariantly constant. Since g, as
a five-tensor, satisfies the equation Vg = 0, one has

[199 (u)]transported — ﬁg(utransported)
for any u. Alternatively, this can be expressed as
Vy[dg(u)] = 94(Vyu)

for all u and v, which means that the lowering of
five-vector indices with g4 g commutes with covariant
differentiation.
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As it has been discussed earlier, the nondegenerate
inner product h is not covariantly constant, and so in
the general case, [, (u)]tra2sported does not, coincide
with 9, (utransperted) - Consequently, the lowering and
raising of five-vector indices with h4p does not com-
mute with covariant differentiation, and one should
take special care whenever these two operations are
performed on the same five-tensor.

In section 5 of part I I have introduced the five-
vector 1-form X, which by definition coincides with
the fifth element of the 1-form basis dual to an active
regular five-vector basis. Comparing this with the
definition of the 1-form j, one finds that X = ¢~ ! -73.
Furthermore, it is easy to see that for any five-vector
v7

Av = <X,V > .
Substituting this expression for A, into the definition
of VA, one finds that

{Vurly = Ou<x,v>—<Xx,Vyv>
= <VuX,v>.

Substituting this latter expression and definition (64)
into equation (61), one obtains that

< Vux —g(u),v>=0
for any five-vector v, which means that
VuX = dy(u) (65)

for any u, which is nothing but equation (38) of part
I. In equation (65) the 1-form 94 (u) can be presented
as a contraction of g regarded as a five-tensor of rank
(0,2), with the five-vector u. Considering also that
VuX = < VX, u >, one can present equation (65) as

VX =g.

Let me finally say a few words about five-vector
p-forms with p other than 1. It is a simple matter
to see that any five-vector p-form s with p > 1 can
be uniquely presented as a sum of two terms: (i) a
p-form made only of 1-forms from Z and (ii) a wedge
product of the type t AJ, where t is a (p — 1)-form.
In the following, these two terms will be referred to
as the Z- and £-components of s, respectively, and

will be denoted as §Z and 5. It is easy to see that
at p = 1 this definition agrees with the definition of
the Z- and £-components of a 1-form given above. It
is obvious that a five-vector 5-form has only the &-
component, and it is convenient to take that for any
0-form f,

f% = fand f€ =0.
The application of five-vector forms in exterior dif-

ferential calculus will be discussed in detail in part
Iv.
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One-sided Lévy stable distributions
Jung Hun Han !

Abstract

In this paper, we show new representations of one-sided Lévy stable distributions for
p)

irrational Lévy indices of the type (g)H which are not covered in [8] : for rational Lévy
indices. Furthermore, other equivalent representations for a distribution of a rational Lévy
index is described. We also give a simplest proof for the formulae which cover the cases for
rational Lévy indices. Finally we introduce the concepts of Lévy smashing and Lévy-smashed

gamma stochastic processes.

1 Introduction and preliminary results

In [8], Penson and Gérska obtained a general form of one-sided Lévy stable distributions expressed
as a Meijer G-function for rational Lévy indices by putting v = 0 and a = 1 in the formula 2.2.1.19
in vol. 5 of [10]. In [2], the role of Mathai transformation in the theory of fractional calculus,
which connects ordinary integral to fractional integral through their kernels, is described and a-

level space is defined. Furthermore it is insisted that fractional integral and derivative preserve

1_s
the Lévy structure defined in [2]. The Lévy structure is nothing but the integrand I;(F‘Zkf;)) of

the H-function representation of the Lévy distribution with o known as the Lévy index which lies
D)

between 0 and 1. Hence the case of simple irrational Lévy indices of the type <§> " can be handled.

In this paper, we provide formulae for one-sided Lévy distribution of irrational Lévy index for
0 < a < 1 and some techniques to generate infinitely many new representations of one-sided Lévy
distribution. Furthermore, we introduce the concept of Lévy smashing as a consequence of Lévy

effect on the family of gamma density functions and Lévy-smashed stochastic processes.

We will use the following integral representation of the gamma function:

I'(z) = p° / t=~te7Ptdt, R(p) > 0,M|(z) >0
0

n! n®
= i 0,1,2,3,-- .
n1—>r{oloz(z+1)~~(z+n)’ 27 0.1,

Pochammer symbol is defined as

) = blb+1)---(b+k—1), blo=1, b#0
B ~ T(a+k)
O

whenever the gammas exist.

!Corresponding Author Address: Centre for Mathematical Sciences, Pala Campus, Arunapuram P.O., Pala,
Kerala-686 574, India, FEmail : jhan176@yahoo.com, jhan176@gmail.com
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For H-function representations and their convergence conditions, consult with [6], [7]:

z%ds.

Hmn [ (a1,41),(a2,A2), ,(ap,Ap) ] _ L {H;n:l (b + BS>}{H;L 1 ( — U AJ'S)}
(b B (b2 Ba) (o Ba) | 27 J7 AT,y T (1= b — Bys) H{I = s (aj+Ajs)}

Generalized Wright function, which is well explained in [7] and which is a particular case of the

H-function, is

(a1,A1),(a2,A2), (ap,Ap) az +An) n
2y [Z|(b1 B1),(b2,B2), bq Bq)] Z H b B n'z
where a;,b; € Cand A;,Bj € Rt A;#0,B; #0,i=1,--- ,p,j=1,--- ¢ B, %"

—1 for absolute convergence.
Hypergeometric series, which is well explained in [6] and which is a particular case of the H-

function, is

P+ q ) ) y 2 Y y YqH o H‘?Zl(b‘]) n'
which is absolutely convergent for all z in C if p < g.
Definition 1.1 Lévy jump function is defined as follows

H L, j<mn, jnel*

qn j%la ]2”7 j,n€Z+.

Lemma 1.1 [ Stirling asymptotic formula | [6]

For |z| — oo and a a bounded quantity,
[(z+a)~ (2m)Y/22107 12072 (1.1)

Lemma 1.2

Q.

D - el
ig—jp\ _ UT i
(o) - il

m,n (ap,Ap)| _ mmn | Jk (ap,kAp)
Hy4 |:Z‘(bj,B:):| =k Hy, [z ‘(b:,kB:)}

and

where v,n,p,q,i,j € ZT and k > 0.

Proof. Use the formula in [6], p44, T'(8 + 1 —v) = % and the properties in [7], which

complete the proof.
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ly

2 Lévy stable distribution of Lévy index (g)ﬁ

Let
ful2) 1}{%_%) “ids, 1>a> Re(sy) > 0 (2.1)
(1) = =— ¢ —=L—2"qp7"1ds,, o e(s . .
2mi J; ol'(1 — 1) ! !
1 s
Z%E(I__ES)) appears firstly in [5] in the literature. Then f,(x) is the well known Levy density function

having the Laplace transform e=*".

Theorem 2.1 Let 0 < o < 1 and p,q,l1,ly be arbitrary positive integers such that 0 < a =

lo o

Iy oy
A o 1
<§> <1, p<qandl—(§) .

If | is not a positive integer and Iy # lo, then

fap(z) = l—\/p_q_ e l Y (iz (B5R)

apPlge'( |( 1),

z(2m)"2" (G0 (47H )
i _ PR
_ I\/Pq plp vl ppl ‘(_%7_1)4..(_, ~1)(-1,-1) N l\/p—q ’IZ pjlf;
p(2m) 2 \atrqr) T | arlgrl ooy (et oy | T oy £\ il g
o, |2 OBl ) Gl =) Gl ) - (-, ) )
|t (st ) (55 ) (02 ) | -

Ifl=1 and l; = o, then

fan(z) = ﬂq, HaL0 { P’ }(

z(2m)"3" bl g

i |4
_ \/m q_l Hzl 2 <ql |:qi|7:1
— @’ qu 1 (uq JP)
22
(

va—p pp (1 a— JP) (1 p— 1)q JP)
,1Fq*2 {( 1) quq|(1_7 j )(1 % j ).(1_11(11_%[2](1_1)]. (2.3>

If I belongs to the set {2,3,4,---} and l; # lo, then

j=1

fon (@) = — VP2 10 [P |(% 1) (1) () (55 4)
() - (27T)q+1;p—l pH—2,g—1 xpqu (21)0(20)
Vel (PN

z(2m) T " o(2m) 2 g

(2.4)

lq Pq Pq

PP (2-[2],-0) (3 [3), ) (5[] ) ]
z) ’

X g-2Vp 1111 [_ pqu|(q i 1). <<171)q7j17,1)(q jpl 71).._<<p71)q7jp177
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Proof. Here we use a transformation 1 — s; = as, then

1 I'(s) e 1 1 -«
falz) = 57 %L F(as)x Lds, - > Re(s) > — > 0. (2.5)

Now, by using the Gauss-Legendre formula (Multiplicative formula) for gamma function, namely

1—m 1 - 1
C(mz) = (27T)Tmmz_l e + 2

S
&
!
o
_|_
|
-
=
3
I
\.H
\.M

we have

o = (9 () -ee () (5 e o)

Apply to the integrand in (2.5), then

11 (s LI:%ZS
fan(@) = —5— ls( )ls 1 —
<27T) ? ppq 2F<E)F(; + 5) F(g + T)
by Iy
where a = 2] =2 (2) h = (g) i
q q \q a)

We use

m,n (ap,Ap) m,n k|(ap,kAp)
Hp,q [ (bg, Bq)} k H [ ‘(bq,kBq)]
in Lemma 1.2. Then
q [(gs) P
fon(z) = 2m7{ o) T pPls— 3T (1 <r z) Ly..D(ls 4+ 222 *
(2m) 2 pree T (Us)(Is + ) -+ - D(ls + B2)

s—1 1 -1 ls
. ]{(%)wq D +3)- T + )
L

= iz (ZW)TpPlsf%F(ls) (Is+ ) (zs+z%1)
1 q 1 s

N e L ) R G >[P’”} s

omi Jy lsr(zs)r(zs+%>...p<l5+;%1> o

1 -1 L

g Lj{ F(S+1)F<s—|—a>...r<s+q7> [ppl] B
B 2 o <~ | =

x(2m) s LF(ls—i—l)F(ls—i—%)...F<ls+p71) xPlg

l

L [ﬂ u,z»(;,z)wn(z%z)}

oom) 8 g () (52

Since we have the following

Hpq[ﬁ;q‘ul)(( )) (( Z)]

ad k Y (ke — 2\ (e — L ko+1
Z ( )Rl (ko — T2) - T(—ko — 2)0(—ko — 1) (ppl > 0
ot —lko + 2= plq)r(—zk0+ Pla) (kg + 2D

xPlgt
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DL S L R I )
=0 k! D(—lky + BLZOD(— lk1+qp—jl)---r(—lk1+_<f’*;>qwl)
+§: k2F( ky + =2 2) (— kg—%)F(—k2+%)---F(—k2+%) ( o )k2+§
lk +Pq 2pl) ( lkfg—}—q%zpl)r(—lk’g—}— (p—lz))g—Qpl)

xpqu

a’;pqu
+

(—1)f 1D (=kgo1 + D)0 (=kgo1 — 2) - T(—kg1 — 3)
+ b= D) (- (r—Da—(a—Dpl
) D(—lkyy + ) (—lky_y + Py D (—lkg + )

rq

ko_ g=1
y ( ppl ) q—1t7 B ( plp ) v |: ppl ‘(_qq%l’_l)...(_f _1)(_, -1) :|
=\ ] a1 — _
aPlqt wleqa ) TP gplga (-t -0 (R gy (= lamrle g
D
q

0 q—2
! .5Zq> ot [_xzjqq’“’%“ l—)l(xqp; g )2”5—0}
N P ) L [_ p” (a6 }
PPligz ) TP L arlqn (5 (e e
p(q—l)l§ PPl (11—l 1y (=) gy -1
+ W) —1¥p [—quthq(il)pz’l)(q (qpql)pz )_.(<p1>qp<q1>pz’l)]7

x(2m) 2 Pl
_ l\/pq plp \II B ppl ‘(_%7_1)...(_3’_1)(_%7_1)
2(2m) 5" \atrgl P pplga (1) (R gy (@ Namrls )

NS <pﬂq ) \D[ P ,(1—[3111,—1)(3—[3127—1)(z—[z]y—l)w(q;—[z;]q_f—l)]

— xpqu (P(I;qul ,-l) ( q;gpl 7—l)( (p*l]igfjpl 7—l)

where [é] is the Lévy jump function.

n
Note that the series are absolutely convergent satisfying the condition 23:1 Bi—>" A >-1=
P iy
bl

—lp+Q—1>—1:>q>lp:>%>l:>%>§<§) :>%>1><§>11:Ozsincea<1.

If [ belongs to the set {2,3,4,---}, then we have

o[ 0 (20
fian(#) )H,,,q{ | ) 2.6)

(2 aplqa ! OD),(5:1). (45

j{ r(s)r(s+§>...p<s+g>

ED(s)T (1s+ 1)1 (1s

:L
x(2m)*2"

1
E2m

+
"GI»Q

We use

I(ls) = (2m) 'z I* 2T (s)T (s + %) .T (s + T) .

IntellectualArchive Vol.1, No.3

178



Hence we have

R (
x(%)‘” 72 2mi LD (s+1)..T(s

Va0 [P0 |(% 1) (FR1) (G ) (55 )
B z(2m) T PHE2 | glqa (3.0). (950 1)

Note that for [ € {2,3,4,---}, ¢ should be of the form kp, k = 4,5,6,--- and Iy < l5. 23:1 B; —
A; >Omeansq—1—(l—1)—l(p—1) >0=q>Ip= kp>Ip= k> I But this condition

is always satisfied since [ = (k) o

If we put [ =1 in (2.6), then

2] = i [l

flan(z) = —Y—— VPD a0 { P |(0 (1)

(a1) 53(271')% P | gpqa | (0.1),(5.1),, (% 2m) p=La=1 | Zpoql(
Z WU | = pp |(§i[%]2’71>(gf[%]3’71>"'<%*[%]q71,71)
S\ ) T g () ()

by applymg the formula I'(f + 1 —v) = ((I—ETI)) in Lemma 1.1

ql( )Huz < _Mil)
rlig LT (%)
e | ) )

For the case of [ = 1, the condition for their convergence is trivial since p < q.

j=1

Some special cases will be given. We will use (2.3) to show some known results.

we have

NI
-

Example 2.1 Whenp=1, ¢=4, a =

2 3,0

B S o R i DR TR N

)r(5) o7 sl * Tt (=3) () o2 sl

1
= 5—F
201(2m)
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*mr H) r (‘%) oF [ﬁ‘(i)(g)}
x{%r( i) r (” i) oF [%‘(i)(i)}

G)F( 1) o8 o) o () () o8 [msleaea)
22)

|
l\?\w

[\J\H

We will use (2.2) to show some new results.

Example 2.2 Letp=1, ¢q=2, 1, =2, l=1, a = % [ =2, then
x/§ 20 )
\/§< 1 l_ 1 |("71) 1

11
FvRA flff}Jr—ll%[_ f|(2 ) D
£E\/_ 4 4zV2 ' ( )] 9y 422 (1-%.-v2)

3 A process to generate more representations

For the same rational «, more representations of one distribution can be generated by using (2.3)
and (2.4).

Example 3.1 Whenp=1, ¢=2, a = % in (2.3), we have

1 10| 1= 1 -1, 1 -1
- H’ - — F _— e
f(;l)(x) zy/m [455 (é’l)] 202/ o {430 _} 2ﬁx%exp (4$>

Example 3.2 Letp=1, q=4, 1, =2, [b=1, a = }1% = %, [ =21in (2.4), then we have
V8 s0| 4 (31) 1 o L(—v + %) -1\
Jaa (@) = 5 i [ 7 (1), <z71>,<371>] aprrd D (4)
1 &T(—v—1) / —1 1 1 1 1
Bl = = oF |17
+24m% ; v! (4%2) 2\/Tx3 ( {43x2|(§)} 4 {4 |( )D

Note that exp (32) = o} [ﬁkl)] + oF {43 Ql(g)} and by setting o = (%)% = 5 in (24),
2 2

another representation can be born in the sum of faster convergent series.

4 Lévy smashing on the family of gamma density functions

and Lévy-smashed gamma stochastic process

Mellin transform of a density function in statistics shows its statistical structure and this technique

can be used as a tool to blend two independently distributed random variables. In this section,
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we show what Lévy effect could be and how we should understand it. To start with, consider

1

the Lévy density function ﬁ : gro(‘ 2; ~*ds and the gamma density functions %

0<a<l, 0<yand 0 < x < o0.

'yfl

) ©

27rz L aF 1-s)
found in [5] constructed in a different way in [2]

form th(%)hg(t)%,
— ) T(s+v-1)

1
= — 2) x~°ds by transformation s = 1 — asq,

- 2mi aF(l —s) I'(v)

L ) TO—as) o,
"o S Tlas) 1) 1

and its Laplace transform

_ [l f T T —os)
Li(y) = /0 2mi J, D(as)  T(v)

S (_1>kr(7+ak) ak
> ) ()

1 [T - as)
2mi Jp, I'(7)

2 tdsdr =

When o = 1 in (4.1), (4.1) becomes gamma density

concentrated at # = 1 for R™. To understand its effect, put a = 5

1 r I'(y-1 .
— <181) G 281)$58171d81781 = 2s
2mi Jp, F(ﬁSl) L'(v)

L [T@)T(y =) oap, L [27 ()0 +5) Dy -

T 2mi Jy T(s) T(Y) S}, V(s ()
w (—1)kr(7+§+k)x7k7% w1 T+ 1 —y-1
"X e e ()
_AD(y + 5) ()
vrl(y)

Fig. 1 shows the impact on the family of gamma functions.

[NIES

2

ol

-

(1+4z)2

gamma family Lévy smashed gamma family
(a) v=1 e < 2(1 + 4x)~3/2
(b) v=2 re — 12x(1 + 4a)~%/2
(c) v=3 sl o 6022(1 + 4a)~7/2
(d) v=4 yrte " < 28023 (1 + 4z)~9/2

IntellectualArchive Vol.1, No.3

where hy(z) and ho(x) are certain density functions. Then we have

2 L, dt 1 r(l — 2) 00 4s4+y—1—1
f a 7stsds = o o Q?S/
2m aF 1—3s) F( ) t  2mi J, al(1—s) o I'(v)

yfas dS

) x5 12ds

e~ * where

x~%ds is the one-sided Lévy density function

We will use the Mellin transformation of the

e tdtds

(4.1)

(4.2)

gl”j(;)le ?. S0 fay(x) is a one-sided function
1 in (4.1), then we have

(4.3)
(4.4)
(4.5)

(4.6)
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0.5+

12*t* (1+4*t) (- (5/2))

2% (1L+4*t) “ (-(3/2))

0.5+

035

280*t 3%

PH160* (£E52) * (1+4*t) * (- (7/2) (1+4%E) ™ (- (9/2))

029
025

0154
0.z

0.15 (tAZ*exp(—t))/z

(£*3*exp(-t)) /6

01

0.054
0.05

! () ! (d)
Figure 1.

fly(x) = QLM . Fr((jg) F(g(_f)‘s) 1%~ 1ds is absolutely convergent series for all z since yp = a—a+1 =
1 > 0, see [7]. From the fig. 1, f)(x) will be called as Lévy-smashed gamma density functions

especially when the parameter 0 < a < 1. Note that a can be any positive real number.

The stochastic process X(t),t > 0 with X(0) = 0 and having stationary and independent

increments, where X (¢) has the density function 5- fL 8) Li—as) pas—1gs 0 < o < 1, will be

T(as) T(t)
called Lévy-smashed gamma stochastic process. The Levy smashed gamma stochastic process
X (t) has the distribution function,for ¢ > 0, 0 < a < 1, Flap(z) = 5= ¢, r(lifas L t‘;‘s z*ds.

From [1] and [9], we can prove that the Lévy-smashed gamma dlstrlbutlon with parameter « is

attracted to the stable distribution with exponent o, 0 < o < 1. Namely,

> 1 I(s) I'(n —
lim Lf(g) — lim e YE_—_ (5> (TL 043) no‘sxas_ldeI
n—o00 n n—oo fq 27‘(’2 L F(OzS) F(n)
.1 ['(s)T'(n — as) _ DT(n +ak) fy\ed .«
=1 - as asde — i (_) y
ni00 2717 L ['(n) * T nhee Z kE!'T'(n) n ‘
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5 Remarks

In [3], they consider the signalling problem for the standard diffusion equation 2u(z,t) = D-2; o 7 u(x t)

with the conditions u(z,07) = 0 z > 0;u(0",¢) = h(t),u(4+o00,t) = 0, ¢ > 0. And they say ”
Then the solution is as follows u(x,t) fo G4z, T)h(t — 7)dT, where G(z,t) = Q%t’%exp—%;t.

Here G%(z,t) represents the fundamental solution (or Green function) of the signalling problem,

since it corresponds to h(t) = d(t). We note that

d Vi K z?
t) = t; = ——), t>0 = — 5.1
gs (33, ) pLS( v:u) \/ﬂt% easp( Qt)’ Z U, u 2D ( )

where prs(t; 1) denotes the one-sided Lévy-Smirnov pdf spread out over all non-negative ¢ (the
time variable). The Lévy-Smirnov pdf has all moments of integer order infinite, since it decays
at infinity as 3. However, we note that the absolute moments of real order v are finite only if
0<rv< % In particular, for this pdf the mean is infinite, for which we can take the median as
expected value. From Prg(tmeq; 1) = 3, 1t turns out that f,,.q ~ 2u, since the complementary

2

error function gets the value % as its argument is approximatively 1 5.

With the inspiration from the above paragraph, take the Lévy density function with the pa-

rameter o = 3, then the density function is well known to be f 7 exp(—+;). Put this in the mellin

dt : 0o Vi t
convolution formula [, hy(£)ho(t)%, then it becomes [; R exp (—4) ho(t)dt. 2ﬁx% exp (—L%)
has the same form with (5.1) when ¢ = u. Therefore the cases of Lévy smashing treated in section
4 can be thought of as superstatistics in Physics and Bayesian statistical analysis, subordination

in statistics, namely,

2 _ 2 t—1 d e8] t—1
= / 7{ s) _Sysds Y v :/ VY —exp (—i) y—e_ydy
o 2miJp 31 Ity 0 2\/_305 4z/) T(t)

(—D*» ot /Oo t—1+k+d -
_ _ e Yd = 2e”Yd
0 2yt iz B (40)F r(t) . Mr(tm Z o ’
“(-D)fr(t+k+132) 4Dt O 1
1 (=)D + +2)_ (+ 2)(47) (1+4x) ~3

o/al(t)z: &= k! (4a)t YN0

But in this paper, the concept of Lévy smashing is totally different from the point of view of

superstatistics in Physics and Bayesian statistical analysis, subordination in statistics.
Acknowledgement

The author would like to thank to the Department of Science and Technology, Government of India,

New Delhi, for the financial assistance under Project No. SR/S4/MS:287/05 and the Centre for

Mathematical Sciences for providing all facilities.

IntellectualArchive Vol.1, No.3

183



References

1]

Feller, W. An Introduction to Probability Theory and Its Applications, Vol. II, Wiley, New
York (1966).

Jung Hun Han, On the Lévy density function, arXiv:1102.2709v1 [math.ST] 14 Feb 2011.

Mainardi F., Paradisi P and Gorenflo R., Probability distributions generated by fractional
diffusion equations, FRACALMO preprint, www.fracalmo.org, 1997.

Mainardi F., Pagnini G. and Gorenflo R., Mellin convolution for subordinated stable processes,
J. Math. Sci., Vol. 132, No. 5, 2006.

Mathai A.M., Some properties of Mittag-Leffler functions and matrix-variate analogues: a

statistical perspective, Preprint.

Mathai A.M. and Haubold Hans J., Special Functions for Applied Scientists, Springer, New
York, 2008.

Mathai A.M., Saxena R.K. and Haubold Hans J., The H-function: Theory and Applications,
Springer, New York, 2010.

Penson K. A. and Gérska K., Exact and explicit probability densities for one-sided Lévy stable
distributions, arXiv:1007.0193v1 [cond-mat.stat-mech] 1 Jul 2010.

Pillai R. N., On mittag-leffler functions and related distributions, Ann. Inst. Statist. Math.
Vol. 42, No. I, 157-161 (1990).

[10] Prudnikov A. P., Brychkov Yu. A. and Marichev O. 1., Integrals and Series, Vols. 1-5 (Gordon

and Breach, Amsterdam, 1992-1998).

IntellectualArchive Vol.1, No.3

184



Approximation by Semigroups of Spherical Operators*

Yu Guang Wang Feilong Cao'

Department of Mathematics, China Jiliang University,
Hangzhou 310018, Zhejiang Province, P R China

Abstract

This paper discusses the approximation by a class of so called exponential-
type multiplier operators. It is proved that such operators form a strongly con-
tinuous semigroup of contraction operators of class (%p), from which the equiv-
alence between approximation for these operators and K-functionals introduced
by the operators is given. As examples, the constructed r-th Boolean of gener-
alized spherical Abel-Poisson operator and r-th Boolean of generalized spherical
Weierstrass operator denoted by @&"V,” and @&"W/} separately (r is any positive
integer, 0 < 7,5 < 1 and t > 0) satisfy that | ®" V,'f — flla = ™ (f,tY/)x
and || @ WEf — flla = w?V(f,t"/®%)y, for all f € X, where X is a Banach
space of continuous functions or LP-integrable functions (1 < p < o0) and || - ||x
is the norm on X and w*(f,¢)x is the moduli of smoothness of degree s > 0 for
f € X. The saturation order and saturation class of the regular exponential-type
multiplier operators with positive kernels are also obtained. Moreover, it is proved
that @"V," and @" W/ have the same saturation class if v = 2.
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1 Introduction

The study on spherical approximation started early in 1960’s when Butzer, Berens and
Pawelke (see [2]) studied the saturation properties of singular integrals on the sphere.
Since 1980’s, the approximation theory on the sphere has been developed by Nikol’skii,

Lizorkin et al. and since 1990’s, Wang, Li and Dai et al. pursued the research of
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approximation theory on the sphere (see for example [25]). Some classical theorems
in the case of one dimension, for example, Jackson-type theorem, were generalized to
the sphere (see [23]). The approximation tools then were mainly polynomial operators,
say, spherical Jackson operators (see [22]) and de la Vallée Poussin means (see [3]).
In recent years, the study on spherical approximation has attracted more and more
attention of researchers. There have been many interesting works in this field, such
s [8]-[13], [17]. In particular, we notice that as a non-polynomial operator on the
sphere, the classical Abel-Poisson operator was studied by Dai and Ditzian [8], where
the equivalence between approximation by Abel-Poisson operators on the sphere and
the K-functional introduced by their infinitesimal generator was given.
This paper is mainly about the approximation by non-polynomial operators on the

sphere, namely, a class of exponential-type operators denoted by {7} (¢)|0 < ¢t < oo}
with polynomial p(z) and 0 < v < 1, in the form of T} (t) f = § e~ @)ty f (f € X),
where Y f is the k-th term of the Laplace expansion of f on tklieosphere. T, (t) is called
regular if the coefficient of the first item of p(x) is positive, p(0) = 0 and the degree of
p(z) is larger than 0. These regular operators with positive kernels are proved to form
a semigroup of class (%p).

The semigroups of operators were early studied by Hille and Phillips (see [19]).
Later, in 1960’s, Butzer and Berens studied the approximation properties of semigroups
of operators (see [2]). By Ditzian and Ivanov’s method (see [14, Sec.5]), we will prove
that for a class of exponential-type multiplier operators that form a semigroup of class
(%p) and for r € Z, there holds

I(T(t) = 1) fllax ~ geé?&r)(”f = gllx + A9l %) (1)

if {T'(s)|s > 0} possesses additive properties that T'(¢t)f € Di(A) for all ¢t > 0 and
f € X and A satisfies the further following Bernstein-type inequality

AT fllx < NlIfllxe (>0, fe ), (2)

where D1 (A") = {g € X| A"g € X} and r-th power of multiplier operator A.

It will be proved that the regular T, (t) with positive kernel also satisfies (2). Hence
(1) holds for T} (t). Noticing (I —T'(t))"f = f — &"T(t)f, here &"T(t) is defined as
the r-th Boolean of T'(t), we shall obtain the equivalence between the approximation of
&"T, (t) and K-functional introduced by the multiplier operator, actually infinitesimal
generator of {T})(¢)[0 <t < oo}. In terms of convolution, we shall also obtain the sat-
uration order and saturation class of Booleans of the regular &7} (t). The generalized

spherical Abel-Poisson operators V' and generalized spherical Weierstrass operators
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W that were introduced by Bochner in [5, P. 43-47] and [4, P. 84] respectively, are
actually the examples of regular exponential-type operators with positive kernels. Thus
follows the equivalence between approximation of &"V,” or &" W/ and the moduli of
smoothness on the sphere. It is also discussed that the saturation properties of &"V,”
and "W,

The paper is structured as follows. In Section 2, some basic concepts will be in-
troduced. Section 3 discusses the properties of some spherical function classes as well
as K-functionals that are introduced by multiplier sequences. Section 4 consists of our
main results and their proofs. In Section 5, the results of previous sections are applied
to @"V,” and &"W{. Our main results are Theorem 4.2.3, Theorem 4.2.4, Theorem 5.3,
Theorem 5.4 and Theorem 5.5.

2 Preliminaries

Denote by letters C, C; or C(7) positive constants, where i is either a positive integer,
variable, function or space on which C depends only. Their values may be different at
different occurrences, even within one formula. The notation a =~ b means that there
exists a positive constant C' such that C~!b < a < Cb. Denote by f(t) = O(t) which
means there exists some constant C' independent of ¢ such that |f(¢)| < C|t|, here f(t)
is a function with respect to ¢t and we write f(t) = o(t) if f(t)/t tends to zero as t — o
or as t — tg where tg is a real number. The collection of all positive integers are denoted
by Z, . Let S" be the unit sphere in (n + 1)-dimensional Euclidean space R"*!. z and
y are denoted as the points on S” and x - y denotes the inner product in R"*!. Denote
by dwy,(x) the elementary surface piece on S" and by dw(x) for convenience if there’s

no confusion. The volume of S™ is

2ﬁn/2
St = d = )
)= [ dote) = 5
Denote by L£P(S™) the Banach space of p-th integrable functions f : S* — C (C is the

collection of all complexes) with norm || f{|oo := || f|| zoc(sn) := esssup | f(z)| and
xesSn

1/p
Ifler o= 1flerony = { [ f@lPauta) ] <o (1< p<o0)

Denote by C(S™) the Banach space consisting of all continuous functions f : S — C
with norm || fll¢ = m%}(\f(x)\. Denote by M(S™) the collection of all finite regular
resn

Borel measures on S" (the range is also in C) and it is a Banach space with norm
lillm = Jgn ldp(x)]. LP(S™) (1 < p < 00), C(S™) and M(S™) may be replaced by L?,
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C and M for convenience. Denote by X either LP(S™) (1 < p < 00) or C(S™). The dual
space of X, the collection of all bounded linear functionals on X, is denoted by X*.
A function f on R"*! is called harmonic if A f = 0 where A = 2 + 822 +ot

8:1:
n+1
is the classical Laplace operator on R"*!. The collection of all homogeneous and

harmonic polynomials on R™™! is denoted by A%?. And the collection of restrictions on
S™ of all functions in A} is denoted by H}. Denote by II} the collection of restrictions
on S™ of all polynomials on R"*! which is dense in X and any polynomial restricted on
S™ with degree k € Z, is in span{?—l?|0 < j < k}, the linear combination of HY,

s Hp.
Definition 2.1 The r-th (r € Z) Boolean of an operator T on X (an operator from
X to X) is defined as

here ()= " dT0 =1
whnere k = m an = 1.
The projection on H} of f € £L1(S") is defined by (see [2, Chap.1] and [25, Chap.1])

PO [ o
VD) = =g [P f(0) dn ()
and for p € M(S"), Yi(du)(z) :== W/ P (z-y) du(y), where 2\ = n — 2, and
Sn

PU(t), |t] <1,k =0,1,2,..., v > —1/2 is the ultraspherical polynomial (Gegenbauer
o0

polynomial) of degree k with v and is generated by (1 —2tr+7r%)7" = > P¥(t)r* (0 <
k=0

r < 1). {PY(t)}32, forms an orthogonal system with the weight (1 — ¢2)*~1/2  that is,
for v > —1/2, v # 0 (see [24, P. 81]),

/1 PY(6)PY(1)(1 — £2)" V2 dt

= ' 3)
— cos cos sin 2v (C( )) (k - ])7
= | Prlcoso)Pytcos0)sn o) s - {0 o
where c(k,v) = 2% YT (v)%(k + v)['(k + 1))/(xT(k + 2v)). Now let v = )\ :=
(n—2)/2 >0, then (see [24, P. 171])

[P0 = 0. (4)

A function f € X is called a zonal function with xzg on S™ if for some fixed xy € S",

f(xg-y) is a constant when xq-y is unchanged. The collection of all zonal functions with
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xo in LP or C is denoted by L (S", z0) (1 < p < 00), CA(S™, z0) (LK, C for convenience

if there’s no confusion). £X(S", ) (1 < p < 0o) with norm

loleg = { [ 1ot s} = {1 [Cloteosopsmoar . )

CA(S™, zg) with norm ||¢||c, := sup |p(cosf)|, and M (S™, zg) with norm ||u|rm, =
0<6<

|S”*1| /7r |du*(0)], where p* is the corresponding function in M]|0, 7] of the measure
wes” ?actually there is a bijection between M (S", zp) and some subset of M|0, 7],
see [15, P. 250-252] and [2, P. 204 and P. 209]), are all Banach spaces.

For f € LY(S") and ¢ € L1(S"), the convolution of f and the zonal function ¢ is
defined by

(f xp)(x) = . fWe(r-y) do(y) (zeS). (6)

The convolution of ¢ € L3(S") and u € M(S") is defined by (¢ * du)(z) :=
/ (2 - y)du(y). The convolution of f € L£1(S") and the zonal measure pu € My (S™)
N
with xg is defined by

(f * dp)(z) := . f(y) dezply) (z€87), (7)

where p,u(E) := u(pE), pxr = g, for all measurable subsets £ C S™ (Please refer to
[2, Chapter 1], [25, Chapter 1] and [15] for further details on convolution).

Remark 2.2 In this paper, we follow the definition of convolution in [25] and Young’s
inequality still holds on the sphere.

Definition 2.3 (see [2, P. 254]) Let two function spaces Y and Z either be C(S"),
LP(S™) (1 < p < o0) or M(S™). A sequence {a € C|k = 0,1,2,...} is called a
multiplier sequence from Y to Z if for each f € Y, there exists g € Z whose Laplace
expansion is as follows Yyg = A/(k 4+ X) apYif (k= 0,1,2,...). The collection of all
multiplier sequences from Y to Z is denoted by (¥, Z). For Y = Z, {ar}32, is called
a multiplier sequence on Y.

Remark 2.4 By [20, P. 222-P. 231]

(M, M) = (C,C) = (L', L") c (£P,LP) C (L%, L) (1< p < o).

Definition 2.5 An operator T on X is called a multiplier operator with a sequence
{ar}ey on X if for each f € X, Tf € X and Yi,(Tf) = apYr(f) (k=0,1,2,...). The
operator T* (o > 0) defined by T*f ~ > 22, —(a(k))*Yi(f), where “~" is in the sense
of distribution (see [12, P. 323-325] and [18, Section.1]), is called the fractional differen-
tial operator if T*f € X. Denote the domain of T® by D1(T%) = {f € X‘ Tf € X}.
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Denote by ||T||x the norm of an operator 7' on X. Then the collection of endomor-
phisms of X denoted by &(X) is a Banach algebra with norm ||T'||x (see [6, P. 7]).
Definition 2.6 (see [6, P. 7-8]) If T(t) is an operator function on the non-negative
real axis 0 <t < oo to the Banach algebra &(X), in the following conditions, if (8)
is satisfied, {T(t)] 0 <t < oo} is called one-parameter semigroup of operators in &(X)
and it is said to be of class (6p) if it satisfies the further property (9),

T(tl + tz) = T(tl) o T(tg) (tl,tg > 0), T(O) =1, (8)
s=lim T(t) = 1. ()

where Ao B means the composition of operators A and B, I is the identity operator on
X and S*tli%lJr fit = f denotes the strongly convergence which means ||f; — f||x tends to
H

zero as t — 0+. T'(t) is called to have contraction if it satisfies

IT@) flle < Ifllx (f € &), (10)

Definition 2.7 (see [6, P. 11]) The infinitesimal generator A of the semigroup

Tt)f —
{T(t)]0 <t < oo} is defined by A = s—tlir&(){f, whenever the limit exists;
ﬁ.
the domain of A is, in symbols D(A), being the set of elements f € X for which the
limit exists; forr =0,1,2,..., the r-th power of A denoted by A" is defined inductively

by the relations A° = I, A = A, and

DA i= {[] f € DIA™) and A7 € D(A)},

T(t) — I (11)

A= AAT) = slim —— AT (f € D).

For r € Z,, D(A") is a linear subspace and A" is a linear operator.

If an operator 7" in & (X') can be expressed in the form of convolution (6) or (7), then
p, Y € L'i or u € M there is called the kernel of T'. The Cesaro mean of f € X denoted
by o (f) is defined by (see for instance [25, P. 49]) o(f) = (1/A%) Z?:o Ap Y5l
where « is a complex whose real part is not less than —1, k € Z; and Af = (kzo‘) =
FNk+a+1)/T(a+1)T'(k+1)) (k € Zy), is the generalized combination number. For
a > X = (n—2)/2, there holds (see for instance Theorem 2.3.10 in [25, P. 54-55])

lo (e < Cln,a, X) || fllx - (k€ Zy, f € X). (12)
For any sequence {u}32,, denote dug, = pu — pp1 (k= 0,1,...) and 6"y = 6(6° )
(i=1,2...).

The definitions of moduli of smoothness on the sphere are given as follows (see
for instance [25, P. 56- P.57, P. 183-184]). The translation operator on £(S") is de-

fined by Sp(f)(z) := (|S"2|sin"1g) " f(y) dwn_1(y) (0 < 6 < ). Let

x-y=cos 0

IntellectualArchive Vol.1, No.3

190



a > 0, 8 > 0. The multiplier operator on X is called the finite difference of de-
gree o with step 6, defined by A§ := (I — Sp)z = i (—1)’“(%)(59)’“, where (%) =
B (51 (3-ke)

Definition 2.8 Let f € X, a > 0. The moduli of smoothness of degree o of f is
defined as w(f,t)x := Sup{”Ag‘fHX :0<0< t} (0<t<m).

Definition 2.9 (see for instance [12, P. 323-325]) Let f € X', t > 0. The K -functional

introduced by multiplier operator A with multiplier sequence {ay}3>, is defined as

K t)x := inf — t h
alfita= ot {17 gl +tlAglx}, here

Di(A) = {f € X|there exists g € X such that a(k)Yif =Yg, k=0,1,2,... } (13)

Particularly, for the K-functional introduced by («/2)-th Laplace-Beltrami operator
oo
D®/? with the multiplier sequence {( — k(k+ 2)\))a/2}k . (o > 0), there holds

Kpap(f;t%)x = w*(f, ), (14)

which was finally proved by Riemenschneider and Wang (see [23]). One might also
define K-functional introduced by infinitesimal generator as follows.

Definition 2.10 (see [6, Section 3.4]) Suppose {T'(t)|0 < t < oo} a semigroup of
operator of class (6p) in &(X) and let A be its infinitesimal generator. For f € X,

the r-th K-functional introduced by A is defined by K, (f, t)x := g%f;l : {Hf —gllx+
S "

t||ATgHX}, here D(A") is defined by Definition 2.7 and A" denotes the r-th power of
infinitesimal generator A.

Finally, it is worth mentioning here the concept of saturation for operators on X
(see [2, P. 217]), which was first proposed by Favard in [16].
Definition 2.11  Let ¢(p) be a positive function with respect to p, 0 < p < o0,
tending monotonely to zero as p — oo. For a sequence of operators {I,},~o if there
exists I S X such that

(1) If Mo(f) = fllp = ole(p)), then I,f = f for all p > 0;
(i) |L,(f) = fllp = O(p(p)) if and only if f € K;
then 1, is said to be saturated on X with order O(p(p)) and K is called its saturation

class.

IntellectualArchive Vol.1, No.3

191



3 Classes and K-Functionals Introduced by Multiplier Se-

quences on the Sphere

Let ¢ (z) be a function from R to C, define H({w(k)};ozo; X) = {f € X| there exists g €
X such that ¥(k)Yyf = Yig for £ =0,1,... }, and denoted by 7-[(1/)(k:); X) for conve-

nience.

Theorem 3.1 Suppose that o(z) and po(x) are functions from [0,4+00) to C and

there exist v, v € R such that ¥(z) = e g(x) and p(x) = e2Tpo(x) are both

real valued functions. And 0 < lir_i{l (¥(z)/¢(z)) = co < 400 and ¥(0) = ¢(0) =0,
T—>1+00

setting

Pt
, 0<t < +oo,
g(t) =14 1)
Co, t= 0,

if g(t), (g(t))~! € CP*20,+00) (CPM2]0,400) is the collection of real functions on
[0,4+00) that are (2\ + 2) times continuously differentiable), then for —oo < s < +00,
there holds

H((vo(k))*s X) = H((wo(k))*; X).

Proof. We first prove that for any s € (—o0, +00),

for= 2 (MY b= o)
(k)

belongs to (M, M). In fact, for any k € Z, g1(t) = (g(t))* € C**+2[0, 4+-00) allows us
to use Taylor’s formula for g;(¢) on [0,1/k] at t = 0, that is, there exists 0 < & < 1/k
such that

b(k) s B 1\ 1) 1 g(2’\+1)(0) 1)\ 221
<<P(k)> = o <k> =91(0) 017 O) + -+ Ty <k>

(22+2) 2A+2
g (&) (1
T2 (k:) ' (15)

We deduce from the assumption that gii) (0),i=0,1,...,2XA+1, are constants depend-

ing only on 9, ¢, s and n, and

96| < Clo, 5. (16)

Multiply (15) by (n + A)/A, then according to Definition 2.3, one can verify that the
sequence consisting of the first term (g1(0)(k + A))/A = (co(k + ) /A (k= 1,2,...)
belongs to (M, M). [1, I, P. 202-203] proved that (k+ \)/k® (o > 0) are Gegenbauer-

Stieltjes-coefficients of some measure in M. For the last term of (15), we estimate the
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following series that

00 2,\+2) 2242
&) (1 k+ A .
|S”| Z (2)\ + (2)k) <k:> 3 P (cos 0)(sin 6)**

1
< C@vwasnziz 0,
k=0

here the inequality is due to (16) and (4). Thus, there exits u; € M) (S™) such that

(2,\+2)(£) N2 4
i (0 |S"\Z (2X + 2)! () )

k

P} (cos 8) (sin 6)*}d6.

It follows that the Gegenbauer-Stieltjes-coefficients of 1 are

) = I8N /0 P (cos 0)dy; (0)
gt Ag§2A+2) €) (1 27A+2 o
= X (2)\+2)]! <]> (j=1,2,...).

Lemma 5.3.1in [2, P. 255] tells us that a sequence is Gegenbauer-Stieltjes-coefficients

of some zonal measure on S" if and only if it belongs to (M, M), hence,

k+>\g§2)‘+2)(£k) l 22+2)
A (2X\ + 2)! k -

are Gegenbauer-Stieltjes-coefficients of p7, which implies that

belongs to (M, M). By Remark 2.4, we obtain

{CY° e M,M) = (C,C) C (LP,LP) (1< p< o). (17)

Now we prove H((p(k))*; X) = H((¥(k))*; X). We will just take account of the case
of ¥ = LP(S") (1 < p < o0) and the proof of the case of X = C(S") is analogous.
For f € H((¢(k))%; LP(S™")) (1 < p < o0, s € R), there exists g1 € LP(S™) such that
(W) Yef =Yrg1 (k=0,1,2,...). Thus,

CE) VS = G Vi (F=12,.0),

It follows from (17) that C,* € (LP, LP). So, there exists go € LP(S™) such that

k_/i\_)\CsYkgl Ykgg (k‘:O,l,Q,...),
that is, (¢(k))® Yif = Yy g2 (k = 1,2,...), in addition, ( (0)*Yef = 0 = Yp g2, so
f € H((p(k))% X). Thus, H((w(k))%X) C H((¢(k))% X). One will similarly ob-
tain that H((¢(k))*; X) C H(((k))*; X). Hence, 7—[( ( N5 X) = H((p(k)%X) =
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H((W(k))% X) = H((¢o(k))*; X). This completes the proof of Theorem 3.1. [
Remark 3.2 Define

{f € X| there exists g € LP(S™) such that (k)Y f = Yig
forkzO,l,...} (X =LP(S™), 1< p < 0),
{f € X} there exists € M(S™) such that
D(k)Yif = Yi(dp) for k=0,1,... } (x = £(s")),
{ f € X| there exists g € L(S™) such that
W(k)Yif = Yig for k=0,1,... } (X =C(S")).

i ({00} X) =

Suppose po(x) and Po(x) satisfy the hypothese of Theorem 3.1, then one can analogously
prove that
Hi((po(k))*; X) = Hi((Wo(k)); X) (00 < s < 00),

by the fact (M, M) = (C,C) C (LP,LP) (1 <p < o0) (see Remark 2.4).

Theorem 3.3 Let a(x) and b(x) be polynomials with the same degree d. Suppose A and
B are operators in X with multiplier sequences {a(k)}3>, and {b(k)}32, respectively and
both possess a-th power (a > 0). If a(z) and b(x) satisfy the hypotheses of Theorem 3.1

and neither of a(x) and b(x) have any zero points on (0,400), then there hold
Di(A%) =Di(BY), Ka«(f,0)x = Kp=(f,8)x

for all « > 0 and 6 > 0.
Proof. The idea comes from [7]. By Theorem 3.1, there holds

Dy (A%) = H((a(k))™; &) = H((b(k))™; &) = D1(BY). (18)

For g € Di(A%), set h:== ) (%) Vi(ATg) = S°0%, (b(k))“Yi(g) ~ B'g. We show
k=0

that ||h||lx < C(a, b,a,n0)||;ng||X. Setting ¢ (z) = (b(z)/a(z))” (z € [0,+00)), it can
be verified that ‘(w(x))(lﬂ)‘ < C(a,b,a,1)(1 + x)~+2) (2 > 1), from which it follows

that
1 1
// ¢(l+1)($)
0 0
1

< Cla,b,,1)

IN

du1 . 'dUQ

’5l+1
r=k+uituz+--+upp1

Nk’

(1+ k)2

Thus, for [ > A, one has

e < 31+t (") o], < oot 140l
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here the first inequality uses Abel transformations (I + 1) times, and the second one

is by (12) and (19). That is, |B%g|l, = Z(b(k))o‘YkgH < C(a,b,a,l) || A% 5. In

X
the same way, one has || A%, < C(a,b,a,1) ||BYg| . So, [[A%]+ = ||Bg|| for all
g € X. In addition, taking into account (18), one obtains that for f € X,

Kao(f,6) = inf A= grlla+ 0714 |
~  inf - 5B~ = Kga(f,8) (6> 0).
omt {7 = gl + 818l } = Kee(f,6) (5>0)

This proves Theorem 3.3. 0O

4 Approximation for Semigroups of Contraction Opera-
tors of Class (%)) on the Sphere

4.1 Equivalence between approximation by semigroups of exponential-

type multiplier operators and K-functional

First, we prove the following lemma.

Lemma 4.1.1 Let {T'()|0 <t < oo} be a semigroup of class (6p) in &(X) and also be
multiplier operators with an exponential-type sequence {as(k)}32, on X, that is, there
exits {a(k)}, such that ay(k) = e*®)t (k= 0,1,...). Then forr € Zy,

D(A") C Di(A") (20)

and A" f ~ i( (k)'Yif (f € D(A")). Particularly, D(A) = D1(A). Moreover, for
feDA and g € X such that (a(k))"Yif =Yrg (k=0,1,...), there holds

(T(t)—I)Tf:/0 --~/0T(u1+-~-+u7~)gdu1---dur a.e., (21)

here D(A) and D1(A) is defined by (11) and (13) respectively.
Proof. First we prove D1(A) C D(A). Set f € Di(A) and Tf € X such that
Tf = > a(k)Yif (f € Di(A)). For each fixed z € S", Y (f)(z) (k =0,1,...,) is a

k=0
bounded linear functional on X', which can commute with Bochner integral Then, for

k=0,1,2,...,

Y (/Ot T(T)(Tf) dT> /Yk ) (x) dr—/otea(k)TYk(Tf)(x) dr

_ /0 B (k) (Vi) (z) dr = (XM — 1) (i f) (2) = Vi (T(1)f — 1) (x),
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hence by uniqueness theorem, we have

{T'(t)|0 <t < oo} is of class (%p) then by (9),

HT(t)t_I Hi/ot (T()(Tf) =T )dr )

sup | T(7)(Tf) =Tf||, =0 (t—0+).
o<r<t

r-i
x

IN

Therefore, f € D(A) and Af = s —tl_i}él I ) f Tf ~ Z k)Yef (f € D(A)),

thus D1 (A) C D(A).
Conversely, for f € D(A") (r € Z4),

<M> @ = (1) )
= ([ [T A ) @)

_ / / AR t4un) oy, Y (AT F) (2)
0 0

ea(k)t_l "
_ <t> (a(k) Y (Af) (x) (k=0,1,2,...).

where the second equality is by Proposition 1.1.6 in [6, P. 11-12]. Hence, Y (A" f) (x) =
(a(k))"Yif (k=0,1,2,...). Thus f € D1(A"). So D(A") C Dy(A").
To prove (21), we notice that

Y (/t-‘-/tT(ul—I—‘--—i-ur)gdul--‘dur) (x)

:/ / o) (a (k)" (Vi) (@) dus - du,
= (1) (00 (@) = (T - 1Y ) ) (23)

with which uniqueness theorem for Laplace series yields the result. This completes the
proof of Lemma 4.1.1. O
Remark 4.1.2 Suppose the hypotheses of Lemma 4.1.1 are satisfied, by (20),

KAr(f,t)X < Kj‘r(f7t)X (f eX, t> O)

By Ditzian and Ivanov’s method (see [14, P. 73-76]), we obtain the following theo-

rem.
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Theorem 4.1.3 Let X and &(X) be defined in Section 2. Suppose that {T'(t)|0 <
t < oo} is a strongly continuous semigroup of contraction operators of class (6p) in
E(X) and A is its infinitesimal generator and also T(t) is an exponential-type mul-
tiplier operator for each t > 0 defined in Lemma 4.1.1. For f € X and t > 0,
T(t)f € D(A) = D1(A) and there exists some constant N independent of t and f
such that

AT (@) fllx < N fllx (for all t>0). (24)

Then, for any r € Zy, there holds
|&" T#)f — flla = Kar(f:1")x-

To prove Theorem 4.1.3, we need the following remark that are not difficult to

verify.
Remark 4.1.4 Let {T(t)|0 <t < oo} be a semigroup of operators of class (¢p). Then
for any f € D(A") (r € Zy) and t > 0, there holds T(t)f € D(A") and A"T(t)f =
THA f. If T'(t)f € D(A) for all f € X and allt > 0, then forr € Z,, T(t)f € D(A")
forall f € X.

Proof of Theorem 4.1.3. The inequality ||&"T(t)f — fllx < CKar(f,t")x is not
hard to obtain. We just give the proof of the converse inequality || ®" T'(¢)f — fllx >
C(r)Kar(f,t"). For any g € D1(A"), there exists h € X such that Yyh = a(k)Yig (k =
0,1,2,...), then by Lemma 4.1.1,

t t oyt
(T(t)—1)'g= / / / T(up +ug + -+ + up)h durdusg - - - duy, (25)
0 0 JO

which is a Bochner integral on [0,¢]". In the rest part of proof of Theorem 4.1.3, we
also view A" as r-th power of the infinitesimal generator of {T'(¢)| 0 <t < co}. By the
corollary of Hahn-Banach theorem, for f € D(A™!), there exists ¢ € X* such that

2 (f + Z(—I)TT(k‘t)f — (—1)TtTATf) _ |
k=1

fH+ Y (FO)T(Rt)f = (1) A" f
k=1

x
(26)

x+ = 1. Define F' : [0,00) — C by F(z) = ¢(T'(z)f) (0 <z < o0), then F €

C" 10, 00) (C"10,00) is the space consisting of all » times continuously-differentiable

and ||

functions on [0, 00)). By induction, we obtain that
FO(2) = (T(x)Af) (i=1,2,...,r+1). (27)

Thus, HF(TH)(:U)HC[O o) S | A" f|| - Therefore,

T

F(m)+Z(—1)’f(;>F(x+kt)—(—1)%7“1?“)(3:) ggﬂ“HAT“fHX, (28)

k=1

sup
x>0
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here we use the relation between finite differences and derivatives and the mean value
theorem. Setting x = 0, then for ¢ > 0 and r € Z, there holds, by (26), (27) and (28)
that

r r+1
|7+ Sy - corears| <M, @)
k=1
On the other hand,
N
HAT(N 420 flx < s IAT(OF L, (30)

here Remark 4.1.4 and (24) are used. Then, there holds

HAT(N + 290 fle < TN +20f ~ T(N +2)t + )] + LAT(N +2)0) ]
HITUN + 20T f ~ Dl
2
< DIRT(N + 20 fle + 1T - flx

N
2(N + 1)

2

AT + 20l + (- +1) 70 - fl,

<

where the second inequality is because of (29) in the case 7 = 1 and the third is due to
(30). Therefore,
HIAT((N +2)t) flla < CNIT @) f = fll, (31)

where C(N) = ((N+1)(N?+2))/(N+2). Set m = r(N+2) and g = — kil(—l)kT(kmt)f.

By T(t)f € D(A) and Remark 4.1.4, there holds g € D(AF) for any k € Z,. Then, it
is deduced from (31) that

| Aglle < 27| AT (i) f
— oyt <t JAT((N +2)t) (A" T((m — N — 2)t)f) Hx)

< PONTHATIT((m — N = 26)(T(t) — 1) f]| 5

< 2(C(N)|[(T() — 1) f| -

Thus, by Remark 4.1.2, one has K- (f,t")x < K (f,t")x < || f —gllx + 7| A gl x <
(m" + (2C(N))") (T (t) = I)" f|| -, which completes the proof of Theorem 4.1.3. [
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4.2 Approximation by operators with exponential-type multiplier se-

quences

Definition 4.2.1 Let p(z) be a polynomial from R to R and 0 < v < 1, the exponential-
type multiplier operator on X with p(x) and 7 defined by

and
T)(0)f = f, (33)

is called regular if the coefficient of first term is positive, p(0) = 0 and the degree of
p(x) is larger than 0.
Remark 4.2.2 For f € X, T (t)f = f @) ,, here

)Wtk+>\

©p.1(cos0) |S"\ Z P (cos ).

Then, @) ,(cos) € L) and T, (t) € £(X). Forr € Zy,
(A)F ~ Z VYl ((A))"f € X). (34)

Theorem 4.2.3 Let {T}) (t)|0 < t < oo} defined by (32) and (33) be regular exponential-
type multiplier operators on X with p(x) and . For t > 0, the kernel go;t(cos 0) of
T, (t) is positive. Then {T,)(t)|0 < t < oo} forms a strongly continuous semigroup of
contraction operators of class (¢p) and fort > 0 and f € X, T, (t)f € D(A). Moreover,

45 770 < (35)

here N is a constant depending only upon n, -y, p(x) and X.
Proof. For ti,to > 0 and f € Z,, one has that

Ty (t1) o T (t2) f = T, (t1 + t2) f, (36)

and H(,pzt(cos('))uﬁl = ’S”_ll/ ©,.4(cos 0)(sin0)?* df = 1, which is by (5), the posi-
b )\ 0 9
tivity of @) ;(cos#) and (3). Thus,

1T @ F[lx < llepelcosCD| ol Flla = [1£llx- (37)
and also,
Jm [T f = flla =0 (for all feX), (38)
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which is by (37), the contraction of T, (t) and Banach-Steinhaus theorem as well as the
fact that the collection of all spherical polynomials is dense in X. By Lemma 4.1.1,
there holds for any f € X and t > 0, T,) (t) f € D1(A})) = D(A}), and

ATV f =Y —(pk)Ys (T => —(p(k))Te” POV f qe. (39)
k=0 k=0

Then we conclude by (33), (36), (37) and (38) that T, (¢) forms a strongly continuous
semigroup of contraction operators of class (%p).

Now we go to prove (35). There exists constants ¢ and ¢ such that
e < (p()) < da® (0< < oo, B=dv), (40)

where d is the degree of p(x). Then,

MLy O]l =

S 6L (p(k)) e Ao 1 H
— X
cy.
k=1

where the first equality uses p(0) = 0 and Abel transformations (I + 1) times and [ is

IN

sttt ((p(k;)ﬂe—(p(k))”) Kt

171 (41)

a positive integer larger than A = (n —2)/2.
It is necessary to estimate |> ;2 o' ((p(k))”e*(p(k))”)k:l! this moment. One can

verify by induction that

N_; N;
d )l v _—(p(z)) 7t — —~ 150 (Sw+1)'y (Miv+ris)
) (o)) Ze e ZZ " J
(dx ( ) v=1 j=1

d ZU+ . Z’U+

XQME;TL rig)—(n )( )7

where 0 < r;; <, 0 < 845, my4y <1 —14, ngy > 1 — i and IV, Ni' are all positive integers,

Q?Uj (d=0,1,2,...) is a polynomial with degree d and d(mj, + 7i;) — (niy + i) > 0.
Thus, for > 1, one has

N/_, N,
‘<(Z)l ((p( ))7 — P(fﬂ )'Yt> zl:e P(x )'Vt Zl: i CivjtswCC(Si”_‘_l)B_(nW'H)
2:0 v=1 7=1
l N/, ’
< Z —cxﬁtzc #siv p(siv+1)B ZCtz (i+1)p—1 ,—cat
=0 v=1 =0
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Therefore,

)5l+1 ((p(k))we_(l?(k))”t) )

1 1 I+1
< / / 4 ((p(x))%*(p(w))“’t> duy - - - dujq
- 0 0 dx r=k+u1+us+-+u4q
I+1
< chtzk(z+1 —(+1), fckﬁt

where C! (i =0,1,---,1+1) are positive constants depending only upon p(z), v, i and

[. Hence,
00 +1
Z‘Slﬂ((p( o~ (P(k))7t kl < ZC 4 Zk i+1)8—1 —ckﬂt (42)
=0 k=1

, d
Now consider function a(z) = z(+DF-1¢ —calt (i=0,1,...,m), %(a(ﬂﬁ)) = (((Z +
1)B—1)+(—cBt)x ) (i+1)8—2,—ca’t , thus there exists integer k; > 0 (may depend on t)
such that a(k+1) > a(zx) > a(k) (1 <k<z<k+1<k)and a(k+1) <a(z) <a(k)
(k+1>x>k>k;), here k is a positive integer. Then from (42),

I+1

<thzzkl+lﬁ 1 7ck5t
=0

251+1 kﬁ —ckBt k’

z+1
< Zc/tz<z/ pmeaft ()81 g Z / ool z+1)5—1dx>
k=ki+1
I+1
< Z (QC’th) /oo e_ca;ﬁtl,(i—i-l),()’—ldx — &,
i=0 0 ¢

+1
where N; = (Z 2C!c=(i+1); ') 871, Therefore, by (41), we obtain that || A}T) (t) f|| , <

g”f“x, here N = CN; = N(p(x),~,n,X). The proof of Theorem 4.2.3 is completed.
O

Theorem 4.2.4 Let T,) (t) (t > 0) be reqular ezponential-type multiplier operators on
X with p(z) and 0 < v < oo and their kernels are positive, then there holds for r € Z
that

[ &" T, () f — fllx = Ky (f,1")x (43)

for all f € X, here A} with multiplier operators is the infinitesimal generator of
{T)(#)]0 < t < oo} (see (34)). Moreover, {&"T, (t)|0 < t < oo} is saturated with
order O(t") and its saturation class is Hq( — (p(k))™; X).
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Proof. (43) follows from Theorem 4.2.3 and Theorem 4.1.3. We now discuss the
saturation property of {&"7T, (t)|0 < t < oo}. Let A} be the infinitesimal generator

of T)(t) and {&],,(k)},-, be the Gegenbauer coefficients of the kernel @], (cos6)

of &I (t). Then, @7, ,(cos) = (1/|S"]) > (1 — (1= ey )k W;Apk (cosh) €
k=0

CA(S™), and @), (k) = ((k + \)/\) (1 —(1- e—<p<k>>”t)r) (k=0,1,2,...). Thus,

R
i B2 gp’;f’t< 't )T (k=0,1,2,...). (44)
In addition,
s /07r ©, 4(cos ) (sin 0)* df = 1. (45)
and
" T () fllae < 271 f]lx- (46)

Using Theorem 3.1 of [2, P. 220] (the ¢(0, \) there is actually [S*~!|/|S"| in (45)), by
(44), (45) and (46), one obtains that f € Hi(—(p(k))™; X) if || ®" Ty (t) f - fllx = O(t")
and f is a constant if || " T, (¢) f — fllx = o(t").

Conversely, suppose f € H1(— (p(k))"; X). First, for the case of X = LP(S™), there
exists g € LP(S™) such that —(p(x))""Yrf = Yrg (kK = 0,1,2,...). By Lemma 4.1.1,
lo™ Ty (6 f = fll, = (T () - )" £, = ‘/ / (u1 +ug + -+ up)g duy - - du,
< |lgllp t" = O(t"). The proofs for the cases of X = L£}(S") and C(S") are similar. SO
we just take the case of X = £1(S") for example (the framework of the proof below
is from [2, P. 229-231]). By hypothesis that f € Hi( — (p(k))"™; L1 (S™)), there exists
€ M(S™) such that

—(p(@)Yif = Yildn) (k=0,1,...). (47)

By Remark 2.2, the convolution (@), * du)(x) := / ez - y)duly) € L£HS™)
N
and [0y * dplli < llepilletllullave = llullm. For given du, h(t) = ¢}, + dp defines a

vector valued function from (0, 00) to £}(S™) and it can be verified that for any ¢ > 0,
h(t) = @, . * (ppe xdu) = T)(t — €)h(e). Then for 0 < e <ty < t; < 00, one
has [[h(t1) = h(t2) L = ITp (b — e)h(e) = T (t2 — e)h(e)lly < ITp (0 —t2)f = flly —
0 (t1 — t2), where (38) is used. Therefore, h(t) is strongly continuous in [e,00) (¢ > 0).

Now, by /t |h(T)|[1dT < / llpellmdr < ||pllm t, it follows that h(t) is Bochner

integrable on (0,¢] for any ¢ > 0. Similar with the proof of (23), for £k = 0,1,2,.
Yk </ / pa (u1+ug+--+ur) * du) duy - - du ) =Yg (@TT;L;Y(t)f - f), hence,

IntellectualArchive Vol.1, No.3

202



t t
Tyt f - f = / / (@; (ur-tupttup) ¥ d,u) duq - - - du,, from which it follows
0 0 k) T
that | &" T, () f — fll1 < [[ullmt” = O(t"). This completes the proof of Theorem 4.2.4.
O

5 Approximation for Generalized Spherical Abel-Poisson

and Weierstrass Operators and Their Booleans

We now apply the results of Section 4 to two special operators, the generalized spherical
Abel-Poisson operators and the generalized spherical Weierstrass operators.
The generalized spherical Abel-Poisson operators (also called generalized Abel-

Poisson singular integrals) in & (X') are defined as (see [5, P. 43-47])
V=) exp(—kt)Yif = fxv] (0<y<1, fERX),
k=0

where exp(-) is the exponential function and v; (cos#) is the kernel that v] (cosf) =

x, kE+ A
(1/1S™)) Z exp(—k7t) + P (cosf) (0< 0 <m). Fory=1,setu=e"* one has (see
1—u?

2, P. 212-213|) Vi f = Y dwy, 0<
2 DVis = Sutis = [ e ) dnly) (0 <
u < 1), which is the classmal Abel-Poisson summation on the sphere. For r € Z., the
r-th Boolean of V" is

V) f=f-(I-V))f= i( (1= ) vis (rea),

k=0

The generalized spherical Weierstrass operators (also called generalized spherical

Weierstrass singular integrals) are given by (see [4, P. 84])
Wif=> exp (= (k(k+2\)"t)Vif =fxw] (0<r<1, feX),

k+

here w] is the kernel that w] (cos 0) = (1/|S"[) 3 exp (—(k(k+2X))"t)
k=0

0 < ). For r € Z, the r-th Boolean of W is
WS = f— (1= WE)'f = Z (1= (1= @) Y yvip (f e ).
The kernel of V,” and W} are both positive, that is, for 0 <0 <7, t >0, 0 <y <

10 <k <1,v)(cosf) >0 and wf(cosd) > 0 which were proved in [4], [5, P. 43-47] and
[21]. Therefore, by Theorem 4.2.3, one has the follow lemma.
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Lemma 5.1 V,” and W[ are both regular exponential-type multiplier operators with
positive kernels and with p(x) = x and p(x) = z(x + 2\) respectively and are both
strongly continuous semigroups of contraction operators of class (6p) and satisfy the
Bernstein-type inequality (35).

Now we prove the equivalence between the approximation of the two operators and
moduli of smoothness on the sphere.
Theorem 5.3 Let {V,|0 <t < oo} (0 <~ <1) be generalized spherical Abel-Poisson
operators in &(X). Then for any 0 <~y <1 and r € Z, there holds for all f € X that

&V f = flly = @™ (f, 1) 2

Proof. Set V7 the infinitesimal generator of {V;|0 < t < oo}. By (34), for
o0

(V)"f € X and r € Z4, there holds (V)" f ~ > (—=k7)"Yyf. By Lemma 5.1 and
k=0
Theorem 4.24, |&"V, f — f||, = Ky (fit")x

In Theorem 3.3, set a(z) = (=1)>722, b(z) = —z(z + 2)\) and o = (1)/2, as
lim ((=1)*7a(x))/((-1)b(z)) = 1, a(0) = b(0) = 0 and g(t) = ( +20t), (9(t) ! =
(1 +2x)"1 € CM2[0, +00), we obtain that Koy (ft)x K o(fitx (& >
0), then with (14) one obtains [|&"V; f — flly = Ky (f,t ) ~ K o (ft)x =

W (f, tl/'y)/y. The proof of Theorem 5.3 is completed. [

We have the following similar result for generalized spherical Weierstrass operators.
Theorem 5.4 Let {WF|0 <t < oo} (0<k <1) be generalized spherical Weierstrass
operators in &(X). Then for any 0 < k <1 and r € Z, there holds for all f € X that

|&"WEf — flla = w?™(f, /%) 5

Finally, we discuss the saturation properties for the Booleans of V" and W}.
Theorem 5.5 Forr € Zy, t >0, &V, (0 <~y <1) and & Wf (0 < k < 1), the
following statements are true.

(i) ®"V, is saturated with O(t") and its saturation class is Hi(—k"7; X);

(it) @"W[ is saturated with O(t") and its saturation class is Hi(—(k(k + 2X))™; X);
(i13) Hi(—k"™;X) = Hi(—(k(k+2X)™ X) if 0<~y=2k<1.

Proof. (i) and (ii) are deduced from Remark 5.1 and Theorem 4.2.4. (iii) follows
from Remark 3.2 by setting ¥o(z) = (=1)V/ %22 po(z) = (=1)Yz(z + 2)) and

s=rk. O
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